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Abstract: We calculate analytically and numerically the axial orbital and spin torques of
guided light on a two-level atom near an optical nanofiber. We show that the generation of these
torques is governed by the angular momentum conservation law in the Minkowski formulation.
The orbital torque on the atom near the fiber has a contribution from the average recoil of
spontaneously emitted photons. Photon angular momentum and atomic spin angular momentum
can be converted into atomic orbital angular momentum. The orbital and spin angular momenta
of the guided field are not transferred separately to the orbital and spin angular momenta of the
atom.
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1. Introduction

The ability to transfer momentum between light and atoms, molecules, or material particles is
one of the cornerstones of light-matter interactions and has found many applications in physics
and technology [1,2]. For the electromagnetic field in a dielectric medium, several formulations
for the linear and angular momentum densities can be found in the literature [3—7]. For example,
at the simplest level, the momentum of a single plane-wave photon is ps = fikg/n in the Abraham
formulation and py; = fikgn in the Minkowski formulation, where kg is wave number in free space
and n is the refractive index of the medium. The difference between these formulations originates
from the fact that, in the different existing theories, the divisions of the total energy-momentum
tensor into electromagnetic and matter contributions are different from each other and depend on
the choice of observable [4]. Depending on specific situations, one of the forms of momentum
appears as the natural, experimentally observed momentum [3-5]. It has been shown for a
single atom interacting with a light pulse that both the Abraham and Minkowski momenta of
photons have identifiable roles associated, respectively, with the kinetic and canonical momenta
of the atom [8]. The mass-polariton theory of light in a medium gives an unambiguous physical
meaning to the Abraham and Minkowski momenta [9]. According to this theory, a light pulse
propagating in a medium is made of mass-polariton quasiparticles, which are quantized coupled
states of the field and an atomic mass density wave, driven forward by the optical force. The
total momentum of a mass-polariton quasiparticle is the Minkowski momentum, the contribution
from the field is the Abraham momentum, and the difference is carried by the mass density
wave [9-13].

Angular momentum transfer from light to matter has been examined in a large number of
systems in recent years [5,14]. These include the transfers of angular momentum of a paraxial light
beam to particles [15-18], atoms [19-22], molecules [23,24], ensembles of cold atoms [25-28],
and Bose-Einstein condensates [29-32]. Periodic exchange of angular momentum between an
atom and a reflecting surface has been studied [33]. The optical torque on a two-level system
near a strongly nonreciprocal medium has been calculated [34].

One prominent and experimentally relevant example where the differences between the
Abraham and Minkowski formulations of linear and angular momenta are important is the case
of guided light of nanofibers. Such fibers are vacuum-clad ultrathin optical fibers that allow
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tightly radially confined light to propagate over a long distance and to interact efficiently with
nearby atoms [35-38]. Due to the cylindrical symmetry of the nanofibers, light in a higher-order
mode may have a large angular momentum. The cross-sectional profile of the guided light
of a vacuum-clad nanofiber has two parts, the inner part, which is confined in the dielectric
medium of the fiber, and the outer part, which extends radially in the vacuum outside the fiber
boundary [39,40]. Therefore, the magnitudes of linear and angular momenta of guided light
depend on the formulations for these characteristics [11,41]. Calculating the Abraham angular
momentum of a photon in a quasicircularly polarized guided mode with an azimuthal mode order
! shows that it increases with increasing [ [42], but is different from /7% [11,41,42]. Conversely,
the Minkowski angular momentum per photon is quantized to be exactly equal to /7 [11,41,43].
It is desirable to know what form is appropriate for transfers of angular momentum from guided
light to atoms. Since light in a high-order guided mode can have a large angular momentum, such
transfers can be used to generate, control, and manipulate the orbital and spin angular momenta
of atoms, molecules, and particles.

When considering the optical forces and torques that stem from the transfers of linear and
angular momenta from guided light to atoms, the near-field nature of the guided field requires
careful treatment. In particular, for atoms near a nanofiber, spontaneous emission can become
asymmetric with respect to opposite propagation directions [44—47] due to spin-orbit coupling of
light carrying transverse spin angular momentum [48-56]. Asymmetric spontaneous emission
may lead to a nonzero average spontaneous emission recoil and, hence, may contribute to the
optical force on the atoms. In particular, a lateral spontaneous emission recoil force may arise for
an initially excited atom near a nanofiber [57,58]. Recently, the full vector structure of the force of
guided light on an atom near a vacuum-clad ultrathin optical fiber has been investigated [59, 60].
It is clear that the azimuthal component of the force leads to an axial torque and consequently to
a transfer of angular momentum from guided light to the orbital motion of the atom.

In this work, we study the transfer of angular momentum from a guided driving light field to a
two-level atom near a vacuum-clad ultrathin optical fiber. We calculate the torque on the atom
by employing the previous results of [59, 60] for the force, which were obtained by using the
Hamiltonian formalism and the mode function expansion technique. We show that the generation
of the axial orbital and spin torques of guided light is governed by the angular momentum
conservation law with the photon angular momentum in the Minkowski formulation. We find
that the orbital torque on the atom near the fiber has a contribution from the averaged recoil
of spontaneously emitted photons. We show that the orbital and spin angular momenta of the
guided field are not transferred separately to the orbital and spin angular momenta of the atom.

The paper is organized as follows. In Sec. 2 we describe the model system and briefly review
the force of guided light on an atom. In Sec. 3 we study the axial orbital and spin torques of
guided light on the atom. Our conclusions are given in Sec. 4.

2. Model system and force of guided light on an atom

In this section, we describe the model system and briefly review the previous results of [59, 60]
for the force of guided light on an atom, which were obtained by using the Hamiltonian formalism
and the mode function expansion technique.

We consider a two-level atom driven by a near-resonant classical guided field with optical
frequency w, and envelope & near a vacuum-clad ultrathin optical fiber (see Fig. 1). The atom
has an upper energy level |e) and a lower energy level |g), with energies 7w, and 7iwg. The
atomic transition frequency is wg = w, — wg. The fiber has a cylindrical dielectric core of radius
a and refractive index n; > 1 and an infinite vacuum cladding of refractive index n, = 1. We are
interested in vacuum-clad silica-core ultrathin fibers with diameters in the range of hundreds
nanometers, which can support only the fundamental HE|; mode and a few higher-order modes
in the optical region. Such optical fibers are usually called nanofibers [35-38]. In view of the
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very low losses of silica in the wavelength range of interest, we neglect material absorption.
We use Cartesian coordinates {x, y, z}, where z is the coordinate along the fiber axis, and also
cylindrical coordinates {r, ¢, 7}, where r and ¢ are the polar coordinates in the transverse plane

xy.
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Fig. 1. Two-level atom driven by guided light of a vacuum-clad ultrathin optical fiber.

The atom interacts with the classical guided driving field & and the quantum electromagnetic
field. In the presence of the fiber, the quantum field can be decomposed into the contributions
from guided and radiation modes [61-63]. Then, the Hamiltonian for the atom-field interaction
in the dipole approximation is [59, 60]

B . .
Hipy = —EQO'ege’l(“’"’“’O)’ - ihz Gaaegaaef’(“’f“'")’
a

—ih Z G o0geaqe @ 4 He, (1

where o; = |i)(j| with i, j = e, g are the atomic operators, a, and al are the photon operators,
Q = d - &/n is the Rabi frequency of the driving field, with d = d., = (e|D|g) being the
matrix element of the atomic dipole operator D, and G,, and G,, are the coupling coefficients
for the interaction between the atom and the quantum field [59, 60]. The notations @ = g, v and
Ya = 2u+ 2, stand for the mode index and the mode summation. The index u = (wN fp)
labels guided modes, where w is the mode frequency, N = HE,,,, EH;,,,, TE,,, or TMy,, is
the mode type, with/ = 1,2,... and m = 1,2,... being the azimuthal and radial mode orders,
f = x1 denotes the forward or backward propagation direction along the fiber axis z, and
p = +1 for HE and EH modes and O for TE and TM modes is the phase circulation direction
index [61-63]. The longitudinal propagation constant 8 of a guided mode is determined by
the fiber eigenvalue equation. The index v = (wpIp) labels radiation modes, where 3 is the
longitudinal propagation constant, [ = 0, £1, £2, ... is the mode order, and p = +, — is the mode
polarization index. The longitudinal propagation constant 5 of a radiation mode of frequency
w can vary continuously, from —kn; to kny (with k = w/c). The notations Zﬂ =N fp fom dw

and %, = 2p fooo dw /_ kkr;zz dp denote the summations over guided and radiation modes. We
emphasize that the atom can absorb a photon in the classical guided driving field and then emit a
photon into the quantum guided and radiation modes. This is the reason why we need to include
the quantum guided and radiation modes in our model.

The expressions for the coupling coefficients G,, and G, with @ = g, v are given by

wp’ :
G, = P d-eWw l(fBZ+Pl<P)’
u dreyh d-e¥e
Gv = w (d . e("))ei(ﬁz‘*l‘ﬁ)’ (2)

dreph
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and

~ wp’ .
G, = [ —=— (@ - eW)e!Bztple)
u drhey ( e

5 w
Y\ 4rntie

3)
(d* - e(V))ei(ﬁsz)’

where e and e are the normalized mode functions given in [47,61-63]. An important
property of the mode functions of the hybrid HE and EH modes and the TM modes is that
the longitudinal component eg”) is nonvanishing and in quadrature with the radial component
eg"). We note that in the Hamiltonian Hjy given by Eq. (1) we have used the rotating-wave
approximation for the driving field but not for the quantum field.

In a semiclassical treatment, the center-of-mass motion of the atom is governed by the force

F = —(VHy,) [64-67]. According to [59,60], we have
F= F(drv) + peeF(spon) + peeF(VdW)e + pggF(vdW)g’ )

where "
FOM = 2 (pge VO + peg V) (5)

is the force produced by the interaction with the driving field,

FOPon) — jinfy Z(G;;OVG(,O ~ Gy VGY) ©)

e}

is the force resulting from the average recoil of spontaneous emission of the atom in the excited
state [57], and

G 2
FOOWe = v 15l @)
" w — W
and
FVWig — pyp Z M ®)
p w + Wy

are the forces resulting from the van der Waals potentials for the excited and ground states,
respectively. We have also introduced the notations p;; = (i|p|j) with i, j = e, g for the matrix
elements of the density operator p for the atomic internal state. In Eq. (6), the notation «y is the
label of a resonant guided mode wy = (woN fp) or a resonant radiation mode vy = (woBlp). We
note that F&¢a = o FGPom js the force produced by the average recoil of the photons that are
scattered from the atom with the excited-state population pe..

The forces F¥W)e and FV¥W)8 are produced by the van der Waals potentials U, and U, [68],
that is, FV4We¢ = VU, and F"™W)¢ = —VU,. These body-induced potentials are given as

G
Ue - _hPZ | al _6Eévac)’
p w — Wy
Gol? v
U, = —hﬂDZJ):('u SEL™, ©)

where 6 E* and 6Eéva°) are the energy level shifts induced by the vacuum field in free space

(in the absence of the fiber). Note that SES'™ — 6 E i,vac) = héwévac), where 6w8’a°) is the Lamb
shift of the transition frequency of the atom in free space. The detuning of the field from the
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E)vac) i

atom near the fiber can be written as A = Ag — (U, — Uy )/, where Ag = wp — wp — dw
the detuning of the field from the atom in the absence of the fiber.

In the case of atoms in free space, spontaneous emission is symmetric with respect to opposite
propagation directions. In this case, we have F®P" = 0. However, in the case of atoms near
an object, spontaneous emission may become asymmetric with respect to opposite propagation
directions [44—47]. This directional effect is due to spin-orbit coupling of light carrying transverse
spin angular momentum [48-56]. Asymmetric spontaneous emission may lead to a nonzero

average spontaneous emission recoil and, hence, may contribute to the optical force on the atoms.
Fz(spon)

S

In particular, an axial lateral spontaneous emission recoil force
excited atom near a nanofiber [57,58].

may arise for an initially

3. Axial orbital and spin torques of the guided light on the atom

The azimuthal force component Fy, is responsible for the rotational motion of the atom around
the fiber axis. The axial component of the orbital torque on the atom is 7, = rF,,. This torque
component characterizes the rate of the change of the axial component of the orbital angular
momentum of the atom. We use Egs. (4)—(8) to calculate the azimuthal force F;, and the axial
orbital torque 7,. Then, we obtain

Tz — Tédrv) + peeTZFspon) + peeTz(,VdW)e + pggT§VdW)g~ (10)

The term Tédrv) is the axial torque component produced by the driving field and is given as

7 _ h ( 0Q 69*) .

=3 e an

Pge EP +peg_a(p

The term T\"*" is the axial torque component produced by the average recoil of spontaneous

emission of the atom in the excited state |e) and is given as

G oG?,

(spon) . ® @) @)
7! =mh§ (G ~Gap ) (12)

S\ dg d¢

Note that Téscatt) = peeTz(Spon) is the axial torque component produced by the average recoil of the
photons that are scattered from the atom with the excited-state population p... The terms

ToWe _ BUe’
dy
ou
(vdW)g 8
T = —-—= 13
z 0 a3

are the axial torques resulting from the van der Waals potentials U, and U, for the excited and
ground states.

We emphasize again that, in the case of atoms in free space, spontaneous emission is symmetric
with respect to opposite propagation directions. In this case, we have TP = 0, that s, the
recoil of spontaneously emitted photons in average does not contribute to the axial orbital torque

Tz(spon)

T, on the atom. Hence, was not considered in the previous work on the angular momentum

transfer [19-21]. However, in the case of atoms near an object, we may have TéSpm) #0.

In the following we calculate the components of the axial orbital torque 7, on the atom near
the fiber. First, we calculate the axial orbital torque Tz(dw) produced by the interaction with the
guided driving field. We assume that this field is prepared in a quasicircularly hybrid HE or EH
mode, a TE mode, or a TM mode. Such a mode can be labeled by an index . = (weNe fepe),
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where w, is the driving field frequency, N. = HE;_,,_, EH;_n_, TEop,., or TMo,,,. is the mode
type, fo = +1 denotes the forward or backward propagation direction along the fiber axis z, and
pe = =1 for HE and EH modes and O for TE and TM modes is the phase circulation direction
index [61-63]. Here, [. = 1,2, ... for HE and EH modes and O for TE and TM modes is the
azimuthal mode order, and m, = 1,2, ... is the radial mode order. Then, the amplitude of the
driving field can be written as

& = ARe!(r) + gl (r) + 2el*) (r)|eMePeztipeley, (14)

where e(r’f;’)z (r) are the cylindrical components of the reduced mode function and depend on r but
not on ¢ and z, and A is a constant determined by the field power.

We introduce the notations Vo = V; and Vi = F(Vx +iV,)/ V2 for the spherical tensor
components of an arbitrary complex vector V. We assume that the dipole matrix element vector
d has a single nonzero spherical tensor element d,, where ¢ = 0, +1. Such a transition can be
realized between the magnetic levels M’ and M = M’ — g of an electric-dipole emission line of
an alkali-metal atom. The corresponding type of the atomic transition is 7 for ¢ = 0 and o~ for
q = +1 with respect to the quantization axis z. Then, the Rabi frequency Q for the field-atom
interaction is

Q=(-1)d,&6_4/h. (15)
It follows from Eq. (14) that
&y = ﬂe(f‘qc)(r)e_iqiﬁeifcﬁcz‘*'il’clc‘/" (16)
This leads to 50
— =i(pele — Q. a7
d¢
Then, Eq. (11) yields
T = ~(pele - HIm(pgeQ). (18)

On the other hand, the time evolution of the population p.. of the atomic upper state is governed
by the equation [64]

Pee = _Im(nge) —T'pees (19)
where
T= ZHZ |G |2 (20)
ag

is the rate of spontaneous emission of the atom in the presence of the fiber [47]. Hence, the axial
component of the orbital torque resulting from the interaction with the driving field is found to be

Tz(drv) = (pclc - Q)h(rpee + pee)' (21)

It is clear that 7" is produced by the force F‘;drv) =T r = (pele = QT pee + pee)/r,
which is the azimuthal pressure force component.

Equation (21) describes the exchange of angular momentum between the guided driving
field and the atom in the excitation process. According to [11,41,43], the canonical angular
momentum of a photon in the guided driving field in the Minkowski formulation is p.l.% (see
Appendix A). The change of the spin angular momentum of the atom due to an upward transition
is gh. The scattering rate is equal to I'p.. [64]. The upward-transition (photon-absorption) rate
is equal to I'pee + Pee, Which is the sum of the scattering rate I'p.. and the atomic excitation rate
Pee [64]. Then, it is clear from Eq. (21) that the angular momentum of absorbed guided photons
is converted into the orbital and spin angular momenta of the atom. Thus, Eq. (21) shows that the
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generation of the torque of light on the atom is governed by the conservation of the total angular
momentum of the atom-field system. Moreover, Eq. (21) confirms that the photon recoil imparted
on an atom near a nanofiber is of the Minkowski form. This conclusion is consistent with the
results for the forces of stationary light fields on atoms in dielectric media or near objects [69-74]
and also with the results for the linear and angular momenta of mass-polariton quasiparticles
formed by guided light pulses in optical fibers [11] or Laguerre-Gaussian light pulses in bulk
media [12]. However, it is different from the result for a light pulse interacting with a single atom
in free space [8]. Equation (21) is a key result of the present paper.
The spin torque of light on an oscillating electric dipole is given by [52,75]

QU = %Re(l)* x &), (22)

where D is the envelope of the dipole positive-frequency component. For the two-level atom
considered here, we have D = 2d*p,,. In the case where the dipole matrix element vector d has
a single nonzero spherical tensor component d,,, the axial component of the spin torque resulting
from the interaction with the driving field is found to be

) = —ghlm(Qpge). 23)
Using Eq. (19), we obtain
gdrV) = q(T pee + Pee)- (24)

Equation (24) indicates that the axial spin torque Q(Zdrw resulting from the interaction with the
driving field is the product of the change g7 of the spin angular momentum of the atom per
upward transition and the photon-absorption rate I'pee + Pee-
We note that
7 + 0 = plW(Tpee + Pee). (25)

Equation (25) shows that the total torque 7. + Q") resulting from the interaction with the

driving field is the product of the Minkowski angular momentum p.[ 7 of a guided light photon
and the photon-absorption rate I'p.. + Pc.. Thus, the total torque produced by the interaction
with the driving field is equal to the angular momentum of the driving photons absorbed per unit
of time.

We find that the ratio between the orbital and spin torques Tz(drv) and dirv) produced by the
interaction with the driving field is
d
TZ( ") _ pclc —q (26)
(drv) — q :
Z

This ratio is determined by the azimuthal mode order /., the mode polarization index p., and the
dipole polarization index q. However, it does not depend on the radial distance r and the fiber
radius a. Meanwhile, the ratio Jéorb) / J§Spin) between the orbital part Jéorb) and the spin part JéSpm)
of the axial angular momentum J, of the guided driving field depends on a (see Appendix A).
Therefore, we have Tédrv)/ di”) # Jéorb) / JéSpm). This inequality means that the orbital and spin
angular momenta of the guided field are not transferred separately to the orbital and spin angular
momenta of the two-level atom, unlike the case of small isotropic particles in free space [18].
We note that, for [, > 1 and ¢ = p., we have (p.l. — ¢)fi = p.(l. — 1)h. In this case, Eq. (21)
indicates that the photon angular momentum is converted into the atomic spin and orbital angular
momenta. For [, > 1 and g = —p., we have (p.l. — ¢)i = p.(l. + 1)h. In this case, Eq. (21)
says that the photon angular momentum and the change of the atomic spin angular momentum
have the same sign and add up in generating the atomic orbital angular momentum. For /. > 1
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and g = 0, the total photon angular momentum is converted into the atomic orbital angular
momentum.

Equation (21) can be used for not only hybrid modes (/. > 1) but also TE and TM modes
(I = 0). In the cases of TE and TM modes, we have

Tédrv) = _Q;drv) = —qh([pee + Pee), 27

which indicates that the atomic orbital angular momentum can be generated from the atomic spin
angular momentum through the interaction with a photon in a TE or TM mode having no angular
momentum. This conversion of atomic spin angular momentum into atomic orbital angular
momentum via the interaction with a guided photon is possible because the guided mode is a
structured field with a complex polarization profile. When an atom with a &, o, or o— transition
interacts with a plane-wave field in free space, in accordance with the selection rules, the atomic
spin angular momentum is converted only to the photon spin angular momentum.
Note that, in the case where the atom is at rest and in the steady-state regime, we have P, = 0.
In this case, we obtain
T = (pele — QT pee (28)

and

W) = GhT pee, (29)

where the population p,.. of the excited state of the atom in the steady state is given as [64]

[o)5

= 30
4N + T2 +2|Q)? G0

Pee

In the limit of high driving field powers, we have p.. — 1/2, which leads to the limiting values

T = (pele — q)hT /2,

(31)
;drv) — ghl'/2.

We plot in Fig. 2 the torques Tédw) and Q(Z(jrv) as functions of the radial position r of the atom

in the case where the driving field is in a quasicircularly polarized HE;; mode and the atom is
at rest and in the steady-state regime. The fact that the solid red curves of the figure have the
same sign indicates that, for ¢ = p., the angular momentum of guided light is converted into the
orbital and spin angular momenta of the atom in the excitation process. The opposite signs of
the dotted blue curves in Figs. 2(a) and 2(b) indicate that, for ¢ = —p,, the atomic spin angular
momentum is converted into the atomic orbital angular momentum due to the excitation of the
atom by guided light.

We note that the maximal values of the torques in Fig. 2 are on the order of 80 zZN nm. For the
axial orbital torque on the atom at the radial distance of 400 nm, the corresponding azimuthal
force is on the order of 0.2 zN. Such a value is comparable to the optical forces on single atoms
in laser cooling and trapping techniques [64]. By increasing the power of the guided driving
field, we can approach the limiting values (31).

We now calculate the axial orbital torque TéSpon) produced by the recoil of spontaneous emission.
The expressions for the coupling coefficients G4, are given by Eqgs. (2) and (3). In the case
where a single spherical tensor component d,; of the dipole matrix element vector d is nonzero,
we find

G,, .
6_ = l(pl - q)G )

G“’ (32)
o - 96,

7 i(l -q)G
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ig. 2. Radial dependencies of the orbital and spin torques 7} (a) and O, " (b) of
the guided driving field on the atom being at rest and in the steady state. The dipole
matrix-element vector d has only one nonzero spherical tensor component dg, where g = 1,
0, and —1. The driving field is in a quasicircularly polarized HE,| mode with f. = +1 and
pe = +1. The power and detuning of the driving field are chosen tobe P = 1 pW and A = 0.
The fiber radius is a = 350 nm. The dipole magnitude d corresponds to the natural linewidth
Y0/27 = 6.065 MHz of the D, line of a 8’Rb atom. The wavelength of the atomic transition
is g = 780 nm. The refractive indices of the fiber and the vacuum cladding are n; = 1.4537
and ny = 1, respectively.

In this case, the axial component of the orbital torque of spontaneous emission recoil is found
from Eq. (12) to be

T = g1l — 1 Z Py, — Z Iy (33)
Ho )
where
Yuo = 27T|Gll()|2’ 34)
Yoo = 271|Gyy |

are the rates of spontaneous emission into the guided mode 1 and the radiation mode vy [47].

Equation (33) describes the exchange of angular momentum between the quantum field and the
atom in the spontaneous emission process. Indeed, the angular momentum of a photon emitted
into a guided mode u = (wN fp) or a radiation mode v = (wplp) is plh or [#, respectively, and
the change of the spin angular momentum of the atom due to a downward transition is —g#. Then,
it is clear from Eq. (33) that the angular momentum of re-emitted photons is converted into the
atomic spin and orbital angular momenta. Thus, we observe again the conservation of the total
angular momentum of the atom-field system and the agreement with the Minkowski formulation
of angular momentum of light. Equation (33) is another key result of the present paper.

The axial spin torque QP produced by the spontaneous emission process is the product
of the change —g7 of the spin angular momentum of the atom per downward transition and the
spontaneous emission rate I, that is,

QL = _gn. (35)
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We find

Tz(spon) + QSP"“) =7 Zply,uo —h Z Lyy,. (36)

Ho Yo

Equation (36) shows that the total torque TésPon) + Q(ZSPOH) of spontaneous emission on the atom is
equal to the minus of the angular momentum of the photons that are spontaneously emitted from
the atom per unit of time.

80 -
g
=
40-
S
\}:&N 0+ .
2 o]
S
2 -40 4
)
-80 T T T )
1.0 1.5 2.0 2.5 3.0

Radial distance »/a

Fig. 3. Radial dependencies of the orbital and spin scattering torques Tz(scan) = peeTz(Sp on)

and Q(zscan) = peeQ(ZSpon) for the parameters of Fig. 2.

TZ(Spon) and QSPOH) of spontaneous emission on the atom do not depend

(spon)
exz

It is clear that the torques
on the driving field. However, the scattering torques 7" = p,, 7P and Q" = p,
depend on the driving field through the excited-state population p,,.

We plot in Fig. 3 the torques Tz(scatt) and Q?““‘) as functions of the radial position r of the atom

being at rest and in the steady-state regime. The opposite signs of the curve for Téscatt) for a given

q # 0 and the corresponding curve for Qiscan) indicate that the atomic spin angular momentum is

converted into the atomic orbital angular momentum due to the scattering of light from the atom.

Finally, we discuss the axial torque components 7" and 7**™#  produced by the van
der Waals potentials U, and U,. Depending on the orientation of the dipole matrix-element
vector d, the potentials U, and Uy may depend on the azimuthal angle ¢ and, hence, the torques

7 and 7Y% may be nonzero. In this paper, we consider the case where a single spherical
tensor component d,; of the dipole matrix element vector d is nonzero. In this case, due to the
symmetry of the dipole with respect to the fiber, the potentials U, and U, are independent of ¢

and, therefore, we have TZ(VdW)e = TZ(VdW)g =0.

Combining the above results, we find that the total axial orbital torque is 7, = 7. + p, TPV
and reads
T, = fpee(peleT = ) Py = ) 1) + (pele = @fee. (37)
Ho )
The total axial spin torque is Q; = Q™) + p.. QP and reads

0; = qhpee. (38)
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When the atom is at rest and in the steady-state regime, we have p.. = 0. In this case, we obtain

T, = pee (pelcT = 3 Py = 3 Iy (39)
Ho )
and
0,=0. (40)
.. — HEIl oo T™O1 a
1004 "~ _ TEOl - —--- HE21 E )
T g=
0+ \—_—_“— ~~~~~~~~~
—~ 1 _ I I ' '
é 00 | (b)
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Radial distance r/a

Fig. 4. Radial dependence of the total orbital torque 7, on the atom being at rest and in the
steady state. The driving field is in a quasicircularly polarized HE|; mode (solid red curves),
a TEg; mode (dashed green curves), a TMp; mode (dotted blue curves), or a quasicircularly
polarized HE,; mode (dashed-dotted magenta curves), with the power P = 1 pW. The
polarization circulation index for the fields in the HE;; and HEy| modes is p. = +1. Other
parameters are as for Fig. 2.

We plot in Fig. 4 the total axial orbital torque 7, as a function of the radial position r of the
atom at rest and in the steady-state regime. The results of calculations for different types of
guided modes with a given power are shown. We observe from Fig. 4(a) that, for g = 1, the axial
component T, of the total orbital torque is larger for the HE|; and HE;; modes with p. = ¢ =1
than for the TEy; and TMy; modes. However, Fig. 4(c) shows that, for ¢ = —1, in the region
r/a > 1.15, T, is larger for the TEy; and TM; modes than for the HE;; and HE;; modes with
pe = —q = 1. The occurrence of this feature is due to the fact that, for ¢ = —1, the Rabi frequency
Q is larger for the TE(; and TM(; modes than for the HE; and HE,; modes with p. = —¢ = 1.

4. Summary

In conclusion, we have calculated analytically and numerically the axial orbital and spin torques
of guided light on a two-level atom near an optical nanofiber. With this we have shown that
the generation of these torques is governed by the angular momentum conservation law with
the photon angular momentum in the Minkowski formulation. In addition, we have found that,
unlike the orbital torque on an atom in free space, the orbital torque on the atom near the fiber has
a contribution from the average recoil of spontaneously emitted photons. We have shown that the
photon angular momentum and the atomic spin angular momentum can be converted into the
atomic orbital angular momentum. We have found that the orbital and spin angular momenta of
the guided field are not transferred separately to the orbital and spin angular momenta of the
atom, unlike the case of small isotropic particles in free space. Our results quantify the transfer
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of angular momentum of guided photons to atoms and are important when trying to generate,
control, and manipulate the orbital and spin angular momenta of atoms, molecules, and particles
using nanofiber guided light. They can be expected to have significant influence on ongoing and
future experiments in nanofiber optics.

A. Angular momentum of guided light in the Minkowski formulation

For the linear momentum density of the field in a dielectric medium, the Abraham formulation
takes p = pa = [ExH]/c? = S/c?, where S = [E x H] is the Poynting vector. On the other hand,
the Minkowski formulation takes p = py = [D x B] = n?S/c?. Angular momentum of guided
light has been studied in the Abraham [11,41,42] and Minkowski [11,41,43] formulations. In
this appendix, we present a simple derivation for the angular momentum of guided light in the
Minkowski formulation.

The Minkowski angular momentum of guided light per unit length is defined by

JE/(RXPM)dl'Z %/nz(RXS)dr. (41)

Here, we have introduced the notation / dr = OZK dy fooo r dr for the integral over the cross-
section plane and the notation R = xX + y¥ + zZ for the position vector in the three-dimensional
space. The refractive index n is a function of the radial position r and is given as n(r) = n; for
r < aand ny forr > a.
The Minkowski angular momentum J of a light beam can be decomposed into orbital and spin
parts as [6,7]
J= J(orb) + J(spin). (42)

In the dual-symmetric formalism, the orbital and spin parts of angular momentum per unit length
are given as

and
J(spin) — / j(SPin) dr, 44
where
jor) = :—Onzlm[S* -(RxV)&]
wﬂo 45)
+ —Im[H" - (R x V)H]
4w
and ) €
§ = 22108 % 8) + LI x H) (46)
4w 4w

are the corresponding densities [42,43]. Here, & and H are the envelopes of the positive
frequency components of the electric and magnetic parts E and H of the field. In Eq. (45), the dot
product applies to the field vectors, thatis, A - (RX V)B = },_, - Ai(R X V)B,; for arbitrary
field vectors A and B.

We introduce the notation j& = j©r) 4 j&P") for the sum density of the orbital and spin parts
of angular momentum. The quantity j©2 is called the canonical Minkowski angular momentum
density. Although J = f jea dr = f (R x pu) dr, we have, in general, j© # (R x pyv) [43].

Note that TE and TM modes and quasilinearly polarized HE and EH hybrid modes have no
angular momentum. Therefore, we consider below only quasicircularly polarized HE and EH
hybrid modes.
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For quasicircularly polarized hybrid modes of the fiber, the full mode functions are given by

& = A(be, + ppe, + fie,)eTPeriple,

. . (47)
H = A(fpthy + fPhy +p2hz)elfﬁz+zpl¢',

where e, , . and h, , , are the cylindrical components of the reduced electric and magnetic
mode functions e and h for the mode with f = + and p = +, and A is a constant determined
by the power of the field. The functions e, , . and A, , . depend on r but not on ¢ and z.

For these modes, the densities ]( ™) and j(SP ) of the axial components ](Orb) / j(orb) dr and

JEP - =/ FEP dr of the orbital and spin parts of the angular momentum are found to be

jlo) = |ﬂ|2{ n*(Ile]> - 2Im(e’e,)]
w

(48)

Ho .

P Ll - 21m<hrh¢)]}

and
(Spm) Iﬂlz[ 2) n’Im(e’ e¢)+17201m(hﬁh<p)]- (49)

We note that very similar expressions have been derived for the Abraham formulation [42]. It
follows from Eqgs. (48) and (49) that the canonical density /(Cdn) = J§°‘b) + j<Sp1n) of the axial

component J, of the Minkowski angular momentum is
€
Je = |ﬂ|2(pl enlel + pl 2 |h|2) (50)
Meanwhile, the energy per unit length is given by U = f u dr, where
u= |&ft|2(%n2|e|2 + %hﬁ) (51

is the energy density. Comparison between Eqgs. (50) and (51) shows that the angular momentum
per photon in the canonical Minkowski formulation is [11,43]

.(can)

P = hw thZT=plh. (52)

Thus, the Minkowski angular momentum of a photon in a quasicircularly polarized hybrid guided
mode is an integer multiple of 72 [11,41,43].
Equations (50)—(52) show that the ratio ](Can) /u between the canonical axial angular momentum

.(can)

density j, ~ and the energy density u does not depend on the radial distance r and the fiber

.(orb) /] .(can) .

radius a. In general, the ratio j, (5Pin) petween the orbital and spin components of j,  isa

function of 7 and a, and the ratio ™/ J"P™ between the orbital and spin components of J. is a
function of a. Our additional numerical calculations, which are not shown here, confirm these
dependencies.

Note that Eq. (52) is valid for not only quasicircularly polarized HE and EH hybrid guided
modes but also TE and TM guided modes. When we perform similar calculations for radiation

modes v = (wplp), we find a similar result: ](p M = 1.
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