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Abstract

The discipline of modern condensed matter physic has a lot ambitions: to discover all
possible quantum phases of matter, to study the exotic properties and applications of
different matter states, and to realize them in experiments. A recent exciting develop-
ment in this field is the discovery of the fracton states of matter. Featuring immobile
excitations and gauged/ungauged subsystem symmetries, it is a phase of quantum
many-body systems that transcend the traditional scenarios of Landau-Ginsberg sym-
metry breaking and topological quantum states. This thesis is devoted to a few aspects
of the fracton states of matter. First, we study a unique property of the fracton mod-
els: they mimic the quantum-informational features of gravity. This can be shown
in the context of holographic principle or AdS/CFT duality: a fracton model in AdS
space can be shown to satisfy the major properties of holography: the boundary en-
tanglement entropy satisfies Ryu-Takayanagi formula, and the bulk reconstruction fol-
lows the Rindler reconstruction. Furthermore, the fracton model in hyperbolic space
is known to be similar to various other toy models of holography including holo-
graphic tensor-networks and bit-threads model. The intriguing similarity between
fracton models and gravity, as well as its implications, are discussed at length. In the
second half of the thesis, we explore possible experimental routes to realize the fracton
phases. Here we focus on frustrated magnets on the pyrochlore lattice, one of the most
versatile and experimentally fruitful framework to realize spin liquids. By analyzing
the symmetry and the coarse-grained limit of the model, we find it possible to realize
various versions of rank-2 U(1) gauge theory, and some of them are simple enough to
be experimentally realistic. We also propose ways to introduce quantum dynamics via
frustration of higher spins.
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The 2D square-lattice fracton model introduced in Sec. 2.3 is not suitable for studying
this type of holography. It does have the right number of degrees of freedom to be
“holographic”, in the sense that the boundary determines the bulk completely within
the ground state sector. However, because it is defined on a square lattice in flat space,
it cannot have the correct entanglement structure as the holography discussed in Ad-
S/CFT. Therefore it will not satisfy key results such as the RT formula and the Rindler
construction.

Nonetheless, the model in the hyperbolic space needs to preserve the most essen-
tial properties from the flat lattice model. That is, we would like to have the same
four-spin interactions and subsystem symmetry along the “straight lines” — which are
geodesics in the AdS,. This leads to the pentagon tessellation, a symmetric, uniform
tiling of the hyperbolic disk with pentagons. The hyperbolic lattice is illustrated in
Fig. 2.5. On this lattice most features of the flat lattice model are preserved as we ex-
plain below. We also note that the fracton model on a curved space has been discussed
in Refs. [95, , 115]. The choice of tessellation is not unique. With different tes-
sellations we have different hyperbolic lattices, but as long as a model has the same
structure of subsystem symmetries, it will share the same holographic entanglement
properties discussed in this chapter. This will be discussed in a future publication

[116]

The technical term for our choice of pentagon tiling is the (5,4) tessellation of the
hyperbolic disk ( Fig. 2.5), where 5 refers to the number of edges of the pentagon, and
4 referes to the fact that each corner of a pentagon is shared by four pentagons in total.
In other words, each face has 5 edges and each vertex has 4 edges. An Ising spin of
value 1 is placed at the center of each pentagon in the lattice.

In the (5, 4) tessellation we define the same operator for four spins on pentagons shar-

ing a corner
4

Op = SIZ , (218)
i=1
where i runs over four spins, and SY = 1 are the Ising degrees of freedom. The
Hamiltonian is
H= Oy, (2.19)

p
O, on different clusters are independent of each other.

When analyzing the fracton model on the flat lattice, the subsystem symmetry is de-
scribed by operations of splitting the lattice by a straight line. The straight lines are
essentially geodesics in the Euclidean geometry, composed of the edges in the square
lattice. By construction, every spin is unambiguously on one side of the line.

On the hyperbolic disk, the geodesics become arcs on the disk that intersect the disk
boundary perpendicularly on both ends. Thus the geodesics defined by the (5, 4) tes-
sellation, i.e., those formed by the edges of the pentagons, play an important role in
our analysis. They are referred to as “pentagon-edge geodesics”. All other conventional
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Navay:

(a) Hyperbolic lattice 1 (b) Hyperbolic lattice 2 (c) Hyperbolic lattice 3

Figure 2.5: Hyperbolic lattice for the fracton model. (a): The lattice as the (5,4) tessella-
tion of the hyperbolic disk. The spins sit at the center of the unit plaquettes (pentagons
in the bulk or plaguettes on the boundary). The red square shows four pentagons that
form the four-spin cluster interaction term Oy [Eq. (2.18)]. (b,c): Lattices of different
sizes. They can be obtained by adding more pentagon-edge geodesics far from the
center. Figure reproduced from Ref. [48].

geodesics are simply refereed to as “geodesics”. The pentagon-edge geodesics are the
blue arcs in Fig. 2.5.

The hyperbolic lattice is infinite. To study it in a controlled way, we introduce a cutoff
and unambiguously define the bulk and boundary degrees of freedom. This is done
by removing infinitely many pentagon-edge geodesics far from the center, and only
keep the ones within certain radius. Lattices of different sizes are shown in Fig. 2.5. It
is a common treatment in AdS/CFT. On the CFT side, an ultraviolet cut-off is applied,
and on the AdS side, the AdS space become finite-sized.

After the cutoff, finitely many pentagon-edge geodesics remain in the lattice, whose
number is denoted as Ng. There are finitely many pentagons in the system. Their as-
sociated spins are the bulk degrees of freedom. Next to the boundary cut-off there are
2Ng faces that are not pentagons, each partially bounded by a segment of the bound-
ary. We place an Ising spin on each of them as boundary degrees of freedom. The
number Ng is thus a measure of the boundary size of the lattice. In Fig. 2.5, finite
lattices of different sizes are illustrated.

2.4.2 Ground States and Fracton Excitations

The ground states and excitations of the hyperbolic fracton model can be explicitly
constructed by simply replacing operations using the straight lines in the flat lattice
with pentagon-edge geodesics.

32























































































































































































































































































































https://doi.org/10.1016/0550-3213(74)90154-0
https://doi.org/10.1063/1.531249
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1016/S0370-1573(99)00083-6
https://doi.org/10.1088/1126-6708/2008/10/091
https://doi.org/10.1016/S0370-2693(02)02980-5
https://doi.org/10.1103/PhysRevD.72.084013
https://doi.org/10.1103/PhysRevD.80.124008
https://doi.org/10.1103/PhysRevD.80.124008
https://doi.org/10.1103/PhysRevD.86.065007
https://doi.org/10.1007/JHEP06(2015)149
https://doi.org/10.1007/JHEP04(2015)163
https://doi.org/10.1007/JHEP01(2016)175
https://doi.org/10.1007/JHEP11(2016)009
https://doi.org/10.1007/JHEP11(2016)009
https://arxiv.org/abs/1801.05289
https://doi.org/10.1007/s00220-017-2904-z



https://doi.org/10.1007/s00220-016-2796-3
https://doi.org/10.1007/s00220-016-2796-3
https://doi.org/10.1088/1361-6382/aab83c
https://doi.org/10.1088/1361-6382/aab83c
https://arxiv.org/abs/1804.00441
https://doi.org/10.1088/1126-6708/2006/08/045
https://doi.org/10.1103/PhysRevLett.96.181602
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1103/PhysRevB.82.155138
https://doi.org/10.1103/PhysRevLett.94.040402
https://doi.org/10.1103/PhysRevB.88.125122
https://doi.org/https://doi.org/10.1016/j.aop.2010.11.002
https://doi.org/10.1103/PhysRevA.83.042330
https://doi.org/10.1103/PhysRevB.92.235136
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.96.035119
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.1146/annurev-conmatphys-031218-013604
https://doi.org/10.1146/annurev-conmatphys-031218-013604
https://doi.org/10.1103/PhysRevD.96.024051
https://doi.org/10.1103/PhysRevB.74.224433
https://doi.org/10.1103/PhysRevD.81.104033
https://doi.org/http://dx.doi.org/10.1016/0025-5408(73)90167-0
http://dx.doi.org/10.1038/nature08917
http://stacks.iop.org/0034-4885/80/i=1/a=016502
https://doi.org/10.1103/RevModPhys.89.025003
https://arxiv.org/abs/1010.6134
https://arxiv.org/abs/0712.0689



https://arxiv.org/abs/hep-th/0309246
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/bf02345020
https://doi.org/10.1103/PhysRevB.99.155126
https://doi.org/10.1142/S0217979290000139
https://arxiv.org/abs/0904.2771
https://doi.org/10.1103/PhysRevLett.101.227204
https://doi.org/10.1103/PhysRevX.1.021002
https://doi.org/10.1103/PhysRevLett.109.017201
https://doi.org/10.1103/PhysRevLett.109.017201
http://dx.doi.org/10.1038/ncomms2914 http://10.0.4.14/ncomms2914 https://www.nature.com/articles/ncomms2914{#}supplementary-information
https://doi.org/10.1103/PhysRevLett.115.097202
https://doi.org/10.1103/PhysRevLett.118.107206
https://doi.org/10.1103/PhysRevLett.118.107206
https://doi.org/10.1103/PhysRevLett.119.057203
https://doi.org/10.1038/s41567-018-0116-x
https://doi.org/10.1038/s41567-018-0116-x
https://doi.org/10.1038/s41567-019-0577-6
http://link.aps.org/doi/10.1103/PhysRevB.69.064404
http://link.aps.org/doi/10.1103/PhysRevLett.100.047208
http://link.aps.org/doi/10.1103/PhysRevLett.100.047208



https://journals.aps.org/prb/abstract/10.1103/PhysRevB.86.075154
https://doi.org/10.1103/PhysRevLett.108.037202
https://doi.org/10.1103/PhysRevLett.108.067204
https://doi.org/10.1103/PhysRevLett.108.067204
https://doi.org/10.1103/PhysRevB.90.214430
http://stacks.iop.org/0034-4885/77/i=5/a=056501
http://stacks.iop.org/0034-4885/77/i=5/a=056501
https://doi.org/10.1103/PhysRevLett.115.077202
https://doi.org/10.1103/PhysRevB.96.195127
https://doi.org/10.1103/PhysRevLett.120.167202
https://doi.org/10.1021/ja01315a102
https://doi.org/10.1103/PhysRevB.80.180401
https://doi.org/10.1038/nphys1227
https://doi.org/10.1103/PhysRevLett.61.2376
https://doi.org/10.1103/PhysRevB.69.064404
https://doi.org/10.1063/1.1665530
https://doi.org/10.1103/RevModPhys.51.659
https://doi.org/10.1098/rspa.1931.0130
https://doi.org/10.1103/PhysRevB.96.035119
https://arxiv.org/abs/1601.08235
https://doi.org/10.1103/PhysRevB.95.115139
https://doi.org/10.1103/PhysRevD.81.104033
https://doi.org/10.1103/PhysRevLett.94.040402
https://doi.org/10.1103/PhysRevA.83.042330
https://doi.org/10.1103/PhysRevB.92.235136
https://doi.org/10.1103/PhysRevB.94.235157
https://doi.org/10.1103/PhysRevB.97.235112
https://doi.org/10.1103/PhysRevB.98.035111



https://doi.org/10.1103/RevModPhys.74.825
https://arxiv.org/abs/1309.6282
https://doi.org/10.1103/PhysRevB.94.125107
https://doi.org/10.1103/PhysRevB.94.125107
https://doi.org/10.1103/PhysRevB.93.035112
https://doi.org/10.1103/PhysRevLett.119.257202
https://doi.org/10.1103/PhysRevX.8.031051
https://doi.org/10.21468/SciPostPhys.6.1.015
https://doi.org/10.1103/PhysRevB.97.134426
https://doi.org/10.1103/PhysRevB.97.134426
https://doi.org/10.1103/PhysRevB.95.245126
https://doi.org/10.1103/PhysRevB.97.125101
https://doi.org/10.1103/PhysRevLett.120.195301
https://doi.org/10.21468/SciPostPhys.6.4.041
https://doi.org/10.1103/PhysRevB.98.235121
https://doi.org/10.1103/PhysRevB.98.035112
https://doi.org/10.1103/PhysRevE.72.016103
https://doi.org/10.1103/PhysRevE.62.7670
https://doi.org/10.1016/0550-3213(94)90003-5
https://doi.org/10.1142/S0217732396001399
https://doi.org/10.1016/S0550-3213(98)00342-3
https://arxiv.org/abs/gr-qc/9310026
https://arxiv.org/abs/gr-qc/0612125
https://doi.org/10.1103/PhysRevB.97.165141
https://doi.org/10.21468/SciPostPhys.6.4.043



https://arxiv.org/abs/1807.00827
https://doi.org/10.1103/PhysRevB.97.165106
https://doi.org/10.1038/ncomms12472
https://doi.org/10.1007/JHEP11(2013)074
https://arxiv.org/abs/1805.01836
https://doi.org/10.1103/PhysRevB.97.125102
https://doi.org/10.1103/PhysRevLett.122.076403
https://arxiv.org/abs/0907.2939
https://arxiv.org/abs/1808.05234
https://arxiv.org/abs/1807.04294
https://doi.org/10.1103/PhysRevD.96.066017
https://doi.org/10.1103/PhysRevLett.121.235301
https://doi.org/10.1063/1.1665111
https://doi.org/10.1103/PhysRevB.2.723
https://doi.org/10.1103/physrevlett.26.832
https://doi.org/10.1103/PhysRevB.4.3989
https://doi.org/10.1103/PhysRevB.100.245138
https://doi.org/https://doi.org/10.1016/j.physrep.2017.03.004
https://doi.org/10.1103/PhysRevD.98.106004
https://doi.org/10.1103/PhysRevD.81.104033
https://arxiv.org/abs/1905.03268
https://arxiv.org/abs/1911.01007
https://doi.org/10.1126/sciadv.aaw0092
https://doi.org/10.1103/PhysRevLett.117.021601
https://doi.org/10.1038/ncomms12472
https://doi.org/10.1103/PhysRevD.79.084008



https://doi.org/10.1088/1742-6596/283/1/012034
https://doi.org/10.1103/PhysRevB.71.045110
https://doi.org/10.1103/PhysRevLett.96.110405
https://doi.org/10.1103/PhysRevLett.96.110404
https://doi.org/10.1103/PhysRevB.94.125112
https://doi.org/10.1146/annurev-conmatphys-020911-125058
https://doi.org/10.1146/annurev-conmatphys-020911-125058
https://doi.org/10.1103/PhysRevLett.100.047208
https://doi.org/10.1103/PhysRevLett.100.047208
https://doi.org/10.1103/PhysRevLett.108.037202
https://doi.org/10.1103/PhysRevLett.108.067204
https://doi.org/10.1103/PhysRevLett.108.067204
https://doi.org/10.1103/PhysRevB.86.104412
https://doi.org/10.1103/PhysRevB.86.075154
https://doi.org/10.1103/PhysRevB.87.205130
https://doi.org/10.1088/0034-4885/77/5/056501
https://doi.org/10.1088/0034-4885/77/5/056501
https://doi.org/10.1038/ncomms5970
https://doi.org/10.1038/ncomms5970
https://doi.org/10.1038/nphys3608
https://doi.org/10.1038/nphys3608
https://doi.org/10.1038/ncomms10807
https://doi.org/10.1038/ncomms10807
https://doi.org/10.1103/PhysRevLett.79.2554
https://doi.org/10.1103/PhysRevLett.79.2554
https://doi.org/10.1103/PhysRevB.57.R5587
https://doi.org/10.1103/RevModPhys.82.53
https://doi.org/10.1142/S2010324715400068
https://doi.org/10.1103/PhysRevLett.103.227202



https://doi.org/10.1103/PhysRevB.84.174442
https://doi.org/10.1103/PhysRevB.84.174442
https://doi.org/10.1103/PhysRevLett.106.187202
https://doi.org/10.1038/ncomms1989
https://doi.org/10.1103/PhysRevB.68.020401
https://doi.org/10.1103/PhysRevLett.109.167201
https://doi.org/10.1103/PhysRevLett.109.167201
https://doi.org/10.1103/PhysRevLett.109.077204
https://doi.org/10.1103/PhysRevB.88.220404
https://doi.org/10.1103/PhysRevB.93.184408
https://doi.org/10.1143/JPSJ.71.1576
https://doi.org/10.1143/JPSJ.71.1576
https://doi.org/10.1103/PhysRevB.88.134408
https://doi.org/10.1038/s41567-018-0116-x
https://doi.org/10.1038/s41567-018-0116-x
https://doi.org/10.1103/PhysRevB.87.134408
https://doi.org/10.1103/PhysRevLett.110.127207
https://doi.org/10.1103/PhysRevB.89.064409
https://doi.org/10.1103/PhysRevB.92.140407
https://doi.org/10.1103/PhysRevB.92.140407



https://doi.org/10.1103/PhysRevB.93.014443
https://doi.org/10.1103/PhysRevB.93.014443
https://doi.org/10.1038/ncomms11572
https://doi.org/10.1038/ncomms11572
https://doi.org/10.1103/PhysRevX.7.041057
https://doi.org/10.1103/PhysRevX.7.041057
https://doi.org/10.1103/PhysRevLett.124.127203
https://doi.org/10.1103/PhysRevLett.124.127203
https://doi.org/10.1103/PhysRevLett.103.056402
https://doi.org/10.1103/PhysRevLett.103.056402
https://doi.org/10.1103/PhysRevB.83.094411
https://doi.org/10.1103/PhysRevB.92.144417
https://doi.org/10.1103/PhysRevLett.112.167203
https://doi.org/10.1103/PhysRevB.95.041106
https://doi.org/10.1103/PhysRevLett.98.157204
https://doi.org/10.1103/PhysRevB.95.094422
https://doi.org/10.1103/PhysRevB.75.212404
https://doi.org/10.1103/PhysRevX.1.021002
https://doi.org/10.1103/PhysRevB.88.144402
https://doi.org/10.1088/0953-8984/19/45/452201
https://doi.org/10.1088/0953-8984/19/45/452201
https://doi.org/10.1143/JPSJ.72.3014
https://doi.org/10.1143/JPSJ.72.3014
https://doi.org/10.1103/PhysRevB.89.184416
https://doi.org/10.1103/PhysRevB.89.184416



https://doi.org/10.1103/PhysRevB.89.224419
https://doi.org/10.1103/PhysRevLett.115.267208
https://doi.org/10.1103/PhysRevB.92.064425
https://doi.org/10.1103/PhysRevB.93.064406
https://doi.org/10.1103/PhysRevB.93.100403
https://doi.org/10.1088/0953-8984/28/42/426002
https://doi.org/10.1088/0953-8984/28/42/426002
https://doi.org/10.1103/PhysRevLett.94.246402
https://doi.org/10.1103/PhysRevLett.94.246402
https://doi.org/10.1103/PhysRevB.85.054428
https://doi.org/10.1103/PhysRevB.85.054428
https://doi.org/10.1103/PhysRevB.89.140403
https://doi.org/10.1103/PhysRevB.89.140403
https://doi.org/10.1103/PhysRevB.90.094412
https://doi.org/10.1103/PhysRevB.91.064401
https://arxiv.org/abs/1008.3038
https://doi.org/10.1103/PhysRevB.91.174424
https://doi.org/10.1103/PhysRevB.91.174424
https://doi.org/10.1103/PhysRevB.62.488
https://doi.org/10.1103/PhysRevB.89.024425
https://doi.org/10.1103/PhysRevB.78.214431
https://doi.org/10.1103/PhysRevLett.115.197202
https://doi.org/10.1103/PhysRevLett.115.197202
https://doi.org/10.1103/PhysRevLett.109.097205
https://doi.org/10.1103/PhysRevB.87.184423



https://doi.org/10.1088/0953-8984/25/27/275601
https://doi.org/10.1088/0953-8984/25/27/275601
https://doi.org/10.1103/PhysRevB.69.220403
https://doi.org/10.1103/PhysRevB.97.235112
https://doi.org/10.1103/PhysRevB.98.035111
https://doi.org/10.1103/PhysRevB.96.165106
https://doi.org/10.1103/PhysRevLett.119.257202
https://doi.org/10.1103/PhysRevB.97.134426
https://doi.org/10.1103/PhysRevB.97.134426
https://doi.org/10.1103/PhysRevLett.122.076403
https://doi.org/10.1103/PhysRevLett.119.257202
https://arxiv.org/abs/1812.06091
https://doi.org/10.1103/PhysRevB.75.104428
https://doi.org/10.1103/PhysRevB.98.165140
https://doi.org/10.1103/PhysRevB.98.165140
https://doi.org/10.1103/PhysRevB.95.094422
https://doi.org/10.1063/1.348098
https://doi.org/10.1103/PhysRevLett.80.2933
https://doi.org/10.1103/PhysRevB.61.1149
https://doi.org/10.1143/JPSJ.70.640
https://doi.org/10.1103/PhysRevLett.110.097203
https://doi.org/10.1103/PhysRevLett.110.097203
https://doi.org/10.1103/PhysRevLett.113.227204
https://doi.org/10.1103/PhysRevLett.113.227204
https://doi.org/10.1103/PhysRevB.90.060414
https://doi.org/10.1103/PhysRevB.91.174435
https://doi.org/10.1103/PhysRevLett.116.257204



https://doi.org/10.1103/PhysRevB.93.220407
https://doi.org/10.1103/PhysRevLett.119.087201
https://doi.org/10.7566/JPSJ.87.034709
https://doi.org/10.7566/JPSJ.87.034709
https://doi.org/10.7566/JPSJ.84.104710
https://doi.org/10.7566/JPSJ.84.104710
https://doi.org/10.1038/ncomms12691
https://doi.org/10.1038/ncomms12691
https://doi.org/10.1088/1361-648X/aa782f
https://doi.org/10.1088/1361-648X/aa782f
https://doi.org/10.1103/PhysRevB.94.075146
https://doi.org/10.1103/PhysRevB.94.075146
https://doi.org/10.1103/PhysRevB.98.054408
https://doi.org/10.1103/PhysRevB.72.014421
https://doi.org/10.1103/PhysRevB.72.014421
https://doi.org/10.1103/PhysRevB.78.214431
https://doi.org/10.1103/PhysRev.102.1008
https://doi.org/10.1103/PhysRevB.43.865
https://doi.org/10.1103/PhysRevLett.80.2929
https://doi.org/10.1103/PhysRevB.58.12049
https://doi.org/10.1103/PhysRevB.71.014424
https://doi.org/10.1146/annurev-conmatphys-070909-104138
https://doi.org/10.1103/PhysRevLett.93.167204
https://doi.org/10.1103/PhysRevLett.93.167204
https://doi.org/10.1126/science.1177582
https://doi.org/10.1126/science.1177582
https://doi.org/10.1103/PhysRevB.94.214421



https://doi.org/10.1038/s41467-017-00841-9
https://doi.org/10.1103/PhysRev.94.1498
https://doi.org/10.1103/PhysRevLett.121.067201
https://doi.org/10.1103/PhysRevLett.121.067201
https://arxiv.org/abs/1904.01111
https://doi.org/10.1103/PhysRevLett.122.076403

	Introduction
	The quests of this thesis
	Brief review of the AdS/CFT correspondence
	Spin liquid and emergent U(1) gauge theory
	Rank–2 U(1) gauge theory
	Outline of the thesis

	Hyperbolic Fracton Model and Holography
	Introduction
	Summary of the main results
	Fracton model on the Euclidean lattice
	The Hyperbolic Fracton Model
	Rindler Reconstruction of the Hyperbolic fracton model
	 Mutual information of the hyperbolic fracton model
	Naive black holes in the hyperbolic fracton model
	Generalizations: higher dimension and quantum version
	Comparison with the holographic tensor-networks
	Outlook

	The Dual Eight-Vertex Model and Bit Threads
	Introduction
	Dual Eight Vertex Model on the Square Lattice
	Connection to rank-2 U(1) theory
	Hyperbolic Dual Eight-Vertex Model 
	Bit-Thread Realization
	Bulk-Boundary Isometry for Diluted Fracton Excitations
	Non-Local Black Hole Microstate Degree of Freedom
	Outlook

	Unifying holographic toy models with rank-2 U(1) field theory
	Bit-thread type holographic toy models as a universal picture
	Rank-2 U(1) Theory and Its Flat-Space Dynamics
	Entanglement structure from Gauge symmetry: conventional U(1) as an example
	Entanglement structure of R2-U1 in AdS space: geodesic string condensation
	The case of scalar charged R2-U1
	Discussion

	Pyrochlore Spin System
	Introduction
	The pyrochlore lattice spin model with anisotropic exchange
	Analysis of the classical phase diagram at T=0 
	Application to materials
	Conclusion

	Rank-2 U(1) spin liquid on breathing pyrochlore lattice
	Introduction
	Rank–2 U(1) gauge theory
	Rank 2 U(1) Gauss's law on the breathing pyrochlore model
	Experimental signatures
	Application to materials. 
	Summary

	Conclusion and Outlook
	Fracton states of matter and holography
	Experimental Routes toward fracton states of matter


