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We investigate the regime of strong coupling of an ensemble of two-dimensional electrons to a single-mode
cavity resonator. In particular, we realize such a regime of light-matter interaction by coupling the cyclotron
motion of a collection of electrons on the surface of liquid helium to the microwave field in a semiconfocal
Fabry-Pérot resonator. For the corotating component of the microwave field, the strong coupling is pronouncedly
manifested by the normal-mode splitting in the spectrum of coupled field-particle motion. We present a complete
description of this phenomenon based on classical electrodynamics, as well as show that the full quantum
treatment of this problem results in mean-value equations of motion that are equivalent to our classical result.
For the counterrotating component of the microwave field, we observe a strong resonance when the microwave
frequency is close to both the cyclotron and cavity frequencies. We show that this surprising effect, which is
not expected to occur under the rotating-wave approximation, results from the mixing between two polarization
components of the microwave field in our cavity.
DOI: 10.1103/PhysRevB.98.235418

I. INTRODUCTION

Interest in collective enhancement of light-matter interaction in an N -particle system coupled to a single-mode cavity
resonator traditionally comes from research in atomic physics
and quantum optics. Of particular interest is the regime of
so-called strong coupling, when the rate of energy exchange
between particles and a cavity mode, which
√ for a manyparticle system is enhanced by a factor of N [1], exceeds
the dissipation rates set by cavity losses and relaxation processes in the many-particle system. In experiment, the strong
coupling is manifested by the normal-mode splitting in the
spectrum of coupled
√ field-particle motion, with the splitting
given by twice the N -enhanced coupling constant [2–5]. It
has been mentioned that this splitting is essentially a classical
effect, which can be understood on the grounds of two coupled
damped oscillators [4,6], and that observation of quantum
electrodynamic (QED) features requires photon correlation
experiments [7].
Recently, interest in collective coupling was revived due
to its applications in hybrid quantum systems and quantum
technologies [8,9]. Motivated by proposals to use solid-state
systems strongly coupled to microwave (MW) resonators for
efficient quantum memory storage [10–12], a large body of
experimental work has been reported using solid-state spin
ensembles [13–22]. In these works, the effect of normalmode splitting is usually accounted for by the cavity QED
theory. Significant experimental work has also been reported
using other solid-state systems, in particular two-dimensional
electron systems (2DESs) in semiconductors [23–29]. Of particular interest is the strong coupling of light to the cyclotron
motion of a 2DES induced by an applied magnetic field, which
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was first discussed by Shikin in the context of classical electrodynamics [30]. Later on, 2DESs in semiconductor quantum
wells and graphene were suggested as good candidates to
reach an ultrastrong-coupling regime using a QED treatment
[31–34]. This has given rise to several interesting experimental works [35–37], including the most recent observations of
the modification of quantum magnetotransport [38,39] and
softening of polariton modes [40] in ultrastrongly coupled
light-matter systems. Despite this very significant amount
of work, the distinction between classical and full quantum
treatments of the problem of strong light-matter interaction
has not been fully discussed yet.
Here, we present our study of the strong-coupling regime
realized in an ultraclean 2DES formed on the surface of
liquid helium. In the experiment described here, which is an
extension of our earlier work [41], we couple the cyclotron
motion of electrons in a perpendicular magnetic field to the
microwave field in a semiconfocal Fabry-Pérot resonator.
Owing to an enhanced quality factor of the resonator, we are
able to resolve the interaction of the electron system with
two polarization components of the single-mode microwave
field. For the corotating component, the strong coupling is
pronouncedly manifested by the normal-mode splitting in the
spectrum of coupled field-particle motion. We present, unlike
most of the theoretical approaches appearing in recent literature [32,35–37], a complete description of this phenomenon
based on classical electrodynamics. To reconcile this result
with other theoretical treatments, we show that the full quantum theory applied to this problem results in mean-value
equations of motion that are equivalent to our classical result.
For the counterrotating component of the microwave field, we
observe a strong resonance when the microwave frequency is
close to both the cyclotron and cavity frequencies. We show
that this surprising effect, which is not expected to occur
under the rotating-wave approximation applicable under the
conditions of our experiment, results from the mixing between
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FIG. 1. (a) Schematic diagram of the experimental setup.
(b) Three-dimensional drawing of the experimental cell: (1) top
spherical mirror, (2) bottom flat mirror with Corbino electrodes, and
(3) 2DES on the surface of liquid helium. (c) Distribution of the MW
electric field of the resonant TEM002 mode inside the Fabry-Pérot
resonator. The dashed white line shows the position of the liquidhelium level in the resonator and coincides with the position of the
first antinode of the MW electric field in the resonator.

two circular polarization components of the microwave field
in our cavity. Even though this is a completely classical effect,
we show that it is convenient to use a full quantum model to
reproduce the experimental results.
In Secs. II and III, we provide details of our experiment
and obtained results. In Sec. IV, we present a model of
our experiment based on the classical equations of motion
for electromagnetic field that accounts for two independent
polarization degrees of freedom. In Sec. V, we present a
full quantum model and compare this to our classical model.
Comparison with experimental results is done by introducing
the input-output relations. In Sec. VI, we present an explanation for the resonance appearing under the pumping with the
counterrotating component of the microwave field. This paper
concludes with a summary of the obtained results.
II. EXPERIMENT

Our experimental method is similar to that described previously [41]. A 2DES was created on the surface of superfluid
3
He cooled to T = 0.2 K in a vacuum-tight copper cell
attached to the mixing chamber of a dilution refrigerator
(see Fig. 1). The cell contained a semiconfocal Fabry-Pérot
resonator formed by a top spherical mirror made of copper
and a bottom flat mirror made of a 0.5-μm-thick gold film
evaporated on a sapphire substrate. The spherical mirror had a
diameter of 35.3 mm and a curvature of 30 mm. The flat mirror
consisted of three concentric electrodes forming the Corbino
disk with radii of 7, 9.9, and 12.9 mm and a 5-μm-wide gap
between electrodes. The distance between the two mirrors was
D = 13 mm and determined the frequency of the resonant
TEM002 mode used in this experiment (ωr /2π ≈ 35 GHz).
Here, we use standard notation for the TEM00m mode,

according to which m = 0 corresponds to the fundamental
mode of a Fabry-Pérot resonator [42]. To excite this mode, the
linearly polarized microwave radiation was supplied from a
room-temperature source and transmitted into the cell through
a fundamental-mode (WR-28) rectangular waveguide, which
was vacuum sealed with a Kapton film K [see Fig. 1(a)]. In
addition, the waveguide had an infrared filter F installed at the
4 K stage of the dilution refrigerator in order to stop thermal
radiation from the room temperature. The MW radiation was
coupled from the waveguide into the cell through a Kaptonsealed 1.8-mm round aperture made in the middle of the
spherical mirror. The coupling was adjusted by changing the
thickness of the wall of the mirror where the aperture was
made.
The helium was condensed in the cell such that the liquid
level was placed at a distance h = 2.1 mm above the flat
mirror in order to coincide with the position of the first
antinode of the MW electric field of the TEM002 mode [see
Fig. 1(c)]. The liquid level was monitored by observing the
downshift of the resonant frequency of the cavity ωr as
the cell was filled with liquid and comparing this with the
shift calculated using a finite-element method. The electrons
were produced by thermal emission from a tungsten filament
placed above the liquid surface, and a 2DES was created and
confined on the surface above the flat mirror by applying
a positive bias to the central and middle electrodes of the
Corbino disk. To excite the cyclotron resonance (CR) of the
electrons, a static magnetic field B was applied perpendicular
to the liquid-helium surface. The value of B was adjusted
such that the cyclotron frequency ωc = eB/me , where e > 0
is the electron charge and me is the electron mass, was close
to ωr . In the experiment, both ωc and the frequency of the
MW radiation ω/2π introduced into the cell could be varied,
and either the MW power reflected from the cavity or the
dc conductivity response of electrons could be measured as
a function of ωc and ω. To measure the reflected power we
used a pulse-modulated (at frequency fm = 10 kHz) MW
signal applied to the resonator. The signal reflected from the
cavity passed through a cryogenic circulator and was then
directed onto a cryogenic InSb detector (QMC Instruments
Ltd.) operating at the temperature of the mixing chamber. The
detector signal, which was proportional to the incident MW
power, was measured by a lock-in amplifier at the modulation frequency fm . The dc conductivity signal of electrons
was measured by the standard capacitive (Sommer-Tanner)
method using the Corbino disk. To do this, a low-frequency ac
signal at 1117 Hz was applied to the inner Corbino electrode.
The ac current induced in the middle Corbino electrode by the
electron motion was then measured using a lock-in amplifier.
III. RESULTS

Figure 2 shows the reflection spectrum of the filled cavity
without a 2DES measured at T = 0.2 K, B = 0, and an input
MW power of P = 0 dBm. The spectrum was measured by
varying the frequency of the applied MW radiation ω and
recording the InSb detector signal. A sharp dip at ω/2π ≈
35.06 GHz is due to the resonant TEM002 mode excited in
the cavity. Variation of the background with ω is due to
standing-wave formation in the transmission line between the
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FIG. 2. Spectrum of power reflection from the filled cavity resonator measured at T = 0.2 K without electrons and an input MW
power P = 0 dBm.

cavity and detector as a result of their imperfect matching to
the impedance of the transmission line. From the width of the
resonance we estimate the quality factor of the cavity to be
Q ≈ 9000, which is an order-of-magnitude improvement to
our previous experiment [41].
Figure 3 (top panel) shows the power reflection from the
cavity containing a 2DES with a surface density of ns = 8.0 ×
107 cm−2 measured at T = 0.2 K and an input MW power
P = −9 dBm. In this experiment, the detector signal was
recorded by scanning the frequency of the input MW signal
ω for a fixed value of magnetic field B and therefore a fixed
cyclotron frequency ωc . The experiment was then repeated for
different values of B. Due to an order-of-magnitude higher
cavity quality factor Q [41], we can clearly resolve two modes
in the reflection spectrum. One mode shows pronounced
normal-mode splitting when the cyclotron frequency is close
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to the resonant frequency of the cavity ωr /2π ≈ 35.06 GHz.
The other mode shows a single dip when the excitation
frequency ω is close to the resonant frequency ωr and is nearly
unaffected by the presence of electrons. It is clear that these
two modes can be associated with the two circularly polarized
components of the input linearly polarized MW signal. For
a given direction of the perpendicular magnetic field B, only
one of the two components (the CR-active component) can
excite the cyclotron resonance in 2DES, while the other component (the CR-passive component) cannot affect the electron
motion in the rotating-wave approximation. Thus, the two
modes shown in the reflection spectrum can be associated with
two circularly polarized components of the MW field in the
cavity.
The bottom panel of Fig. 3 shows the dc conductivity
response of a 2DES measured under the same conditions as
the power reflection shown in the top panel. In this experiment, an electrical current induced by the electron motion
on the middle electrode of the Corbino disk was measured
while a low-frequency driving voltage with an amplitude of
20 mV was applied to the center electrode. Unlike the power
reflection measurements, which probe the coupled motion
of the MW field in the cavity, in this experiment we probe
the coupled motion of the electron system. Such motion is
strongly affected by only the CR-active component of the
MW field. The scattering of electrons during their cyclotron
motion introduces heating of the 2DES. Such heating strongly
affects the dc conductivity of electrons, which causes a change
in the electron current detected by the Corbino disk. Correspondingly, a strong dc conductivity response of the 2DES
is observed at the same ωc and ω as the power reflection
spectrum of the CR-active mode (see Fig. 3).
A surprising feature is the appearance of a resonant response of the 2DES at ωc ≈ ω ≈ ωr . Such a resonance is also
observed in the reflection spectrum of the CR-passive mode
(see the top panel of Fig. 3). We will discuss this unexpected
feature in Sec. VI.
IV. CLASSICAL MODEL

FIG. 3. Power reflection from the cavity (top panel) and electron
dc conductivity response (bottom panel) versus the cyclotron frequency of electrons ωc and frequency of MW excitation ω measured
at T = 0.2 K for electron surface density ns = 8.0 × 107 cm−2 and
input MW power P = −9 dBm.

In order to account for the observed coupled electron-field
motion we use a model of a 2DES in a simplified Fabry-Pérot
resonator formed by two infinitely large mirrors located a
distance D apart (see Fig. 4). Our treatment is similar to that
reported previously [30,41] but properly accounts for two independent polarization degrees of freedom of the cavity field,
which is crucial for correct interpretation of our experimental
results. The mirrors located at z = 0 are partially reflecting
with reflection coefficients r1 and r2 for MWs incident on the
mirror from z > 0 and z < 0, respectively. The corresponding
transmission coefficients are t1 = 1 + r1 and t2 = 1 + r2 . The
second mirror (occupying the half-space at z < −D) is a good
conductor with a finite electrical conductivity σ that accounts
for internal (Ohmic) losses of the MW field within the cavity.
An infinitely large 2DES is located at z = −d, d < D, and
oriented parallel to the plane of the mirrors (see Fig. 3).
We will follow the standard convention and represent the
components of our electro-magnetic (EM) fields by complex
functions with time dependence in the form e−iωt . As usual,
the real-valued physical quantities measured in an experiment
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FIG. 4. Simplified model of the Fabry-Pérot resonator containing
a 2DES as described in the text. Thick blue arrows indicate the
direction of propagation for the different components of the EM
field inside and outside the resonator excited by the incoming field
Ein e−i(kz+ωt ) .

are given by the real part of the corresponding complexvalued expressions, as discussed later in this section. In our
model, an input (plane-wave) MW radiation propagating in
the z direction and described by the vector of electric field
Ein is incident on the partially reflecting mirror from z > 0
and is partially transmitted into the resonator. In order to
account for components of the MW field corresponding to two
independent circular polarizations, it is convenient
√ to introduce the standard notation E ± = (Ex ± iEy )/ 2, where
Ex and Ey are two components of the complex amplitude
(phasor) of the electric field. The complex amplitude E + (E − )
corresponds to the electric field rotating counterclockwise
(clockwise) in the xy plane when looking along the positive z
axis. Correspondingly, we will call fields with amplitudes E +
and E − left-handed circularly polarized (LHCP) and righthanded circularly polarized (RHCP), respectively.
The EM field distribution inside and outside of the resonator can be solved classically by considering the superposition of propagating waves and accounting for the boundary
conditions at z = −d and −D. Designating left- and rightpropagating fields inside and outside the resonator as indicated in Fig. 4, we can write

E1 e

ikd

−E3 e

ikd

E3 e

ikD

−E3 e

ikD

intrinsic impedance of the conductor:


1 ωμ0
ωμ0
(1 − i),
 1.
η≈
2σ
η0 2σ

(2)

The third and fourth lines in Eq. (1) express the continuity
of the electric field and the discontinuity of the magnetic field,
respectively, at z = −d. The latter is due to nonzero electric
surface current in the 2DES. The fifth and sixth lines express
the continuity of electric and magnetic fields, respectively,
at z = −D. For the sake of simplicity, we assume that the
dielectric constant of liquid helium is equal to 1.
From Eq. (1) we can obtain relations between the electric
field in the cavity at z = −d for each of the two circularly polarized modes, E ± = E1± eikd + E2± e−ikd , and the corresponding components j± of the electron current density. Arithmetic
is significantly simplified if we consider the frequency ω to
be close to ω0 = cπ (m + 1)/D, where m = 0, 1, 2, . . . is
the cavity mode number. Note that for an empty cavity each
mode is twice degenerate with respect to two independent
polarization modes, E + and E − . In addition, we consider the
2DES to be located at a distance λ0 /4 = cπ/(2ω0 ) from the
second mirror, that is, at the antinode of the electric field.
Finally, we assume that r1 ≈ 1 (that is, t1 ≈ 2) and r2 ≈ −1
(that
√ is, t2  1). Expanding to first order of (ω − ω0 )/ω0 ,
ωμ0 /(2σ )/η0 , and t2 , it is straightforward to obtain the
required relation
D
[i(ω − ωr )−(γint + γext )]E ± −η0 j± = 2i(−1)(m+1) Ein± ,
c
(3)
where ωr = ω0 − δωint − δωext is the resonant frequency of
the cavity and



ωε0
ω0
ω0
, δωext = −Im
t2
δωint =
π (m + 1) 2σ
2π (m + 1)
(4)
and
γint

ω0
=
π (m + 1)



ωε0
,
2σ



γext

ω0
t2
= Re
2π (m + 1)



E1 = t1 Ein + r2 E2 ,

(1a)

(5)

Eout = r1 Ein + t2 E2 ,

(1b)

are the internal (Ohmic) and external (radiative) loss rates of
the resonator, respectively.
The second relation between E ± and j± is given by the
definition of ac conductivity, j± = σ± E ± . The expression for
σ± can easily be obtained from the classical equations of motion for a collection of point-charge particles with the surface
density ns by taking into account the Lorenz force due to
the perpendicular magnetic field B and ignoring the Coulomb
interaction between particles. For certainty, we assume that
the applied magnetic field is in the positive z direction. From

+ E2 e

−ikd

= E3 e

ikd

+ E4 e

−ikd

+ E1 e

ikd

+ E4 e

−ikD

+ E4 e

−ikD

= E5 e ,
η0
= − E5 eiκD ,
η
iκD

+ E4 e

−ikd

− E2 e

−ikd

,

(1c)

= η 0 j± ,

(1d)
(1e)
(1f)

where E ≡ E ± is used for shorter notation. Here, we introduce the notation j± = 2−1/2 (jx ± ijy ), where jx and jy
are complex amplitudes of the current density in the 2DES
induced by the MW electric field (as mentioned √
earlier, we
assume time dependence in the form e−iωt ), η0 = μ0 /ε0 =
377  is the intrinsic impedance of vacuum, k = ω/c =
√
√
ω ε0 μ0 is the vacuum propagation constant, κ = μ0 ω/η
is the propagation constant within the conductor, and η is the

me

dv
= −eE − ev × B − me vν,
dt

(6)

where v is the electron velocity parallel to the liquid-helium
surface and ν is the (phenomenological) scattering rate of
electrons, we can write the equation of motion for the electron
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current density j = −ens v and obtain the following expression for the ac conductivity:
σ± =

1
ns e2
.
me ν − i(ω ± ωc )

(7)

Note that the same form of expression can be obtained using
a quantum treatment and taking into account the Coulomb
interaction between electrons [43].
From Eqs. (3) and (7) and the definition j± = σ± E ± we
obtain a system of coupled equations for electron-field motion
 

D
[i(ω − ωr ) − (γint + γext )]
−η0
E±
c
2
j±
ns e /me
i(ω ± ωc ) − ν


±
2i(−1)m+1 Ein
=
.
(8)
0
In the absence of external drive, Ein± = 0, the nontrivial solutions for E ± and j± exist only for ω that cause the determinant
of the left-hand-side matrix of Eq. (8) to vanish. This provides
us with frequencies ω1,2 for the normal (eigen)modes of the
coupled electron-field motion. It is instructive to find these
frequencies for the case of zero losses, that is, ν = 0 and
γint + γext = 0. Then, we obtain
(ω − ωr )(ω ± ωc ) −

ns e2
= 0.
me ε0 D

For ωc ≈ ωr , two solutions, ω1,2 = ωr ± g, where

ns e2
,
g=
me ε0 D

(9)

FIG. 5. Power reflection from the cavity (top panel) and power
of the Joule heating of the 2DES by the MW field (bottom panel)
versus the cyclotron frequency of electrons ωc , and the frequency of
MW excitation ω calculated from Eqs. (8), (12), and (13) for ns =
6 × 107 cm−2 , ν = 8 × 107 s−1 , and Q = 20 000.

Similarly, the time-averaged power of Joule heating in the
2DES due to the MW electric field is given by
(10)

PJ = Re(j)Re(E)t = 21 (Re(σ+ )|E + |2 + Re(σ− )|E − |2 ).
(13)

−

are realized for the E component of the microwave field. For
this component, the normal-mode splitting in the spectrum of
coupled electron-field motion is given by 2g. E − corresponds
to a RHCP electric field that rotates in the same direction
as an electron in the static B field oriented in the positive
z direction. In other words, the corotating component E −
corresponds to the CR-active component of the cavity mode.
The counterrotating (CR-passive) component E + does not
show any splitting, as expected.
For the sake of comparison with our experimental results
we derive an expression for the normalized power reflection,
which we define as the ratio between the time-averaged output
∗
∗
/(Ein Ein
). From Eq. (1)
and input MW powers, PR = Eout Eout
we obtain


2(δωext + iγext )
±
Ein± ,
Eout
= 1−
(11)
(ω − ωr ) + iγ + iη0 σ± c/D
where γ = γint + γext is the total loss rate of the cavity.
Assuming a linearly polarized
√ (along the x axis) input MW
field with Ein+ = Ein− = E0 / 2, we obtain


+ 2
− 2
2(γext − iδωext ) 2
| + |Eout
|
|Eout
1 
= 1 +
PR =
2
i(ω − ωr ) − γ − εσ0+D 
E02


2(γext − iδωext ) 2
1
+ 1 +
.
(12)
2
i(ω − ωr ) − γ − εσ0−D 

The numerical solutions for PR and PJ obtained by solving Eq. (8) for ns = 6 × 107 cm−2 , ν = 8 × 107 s−1 , and
Q = 20 000 are shown in Fig. 5. Comparing these solutions
to Fig. 3, we can see that our completely classical model
reproduces the main features of the experimental results. In
particular, it reproduces the normal-mode splitting observed
in both the cavity field and electron system responses.
V. FULL QUANTUM TREATMENT

As follows from the model described above, the normalmode spitting is given by a completely classical expression,
Eq. (10), that does not contain
√ h̄. On the other hand, our
expression gives the correct N enhancement of the coupling between the cavity field and an N -particle ensemble
[32,35–37]. It is easy to see that we can bring our classical
expression to a QED form expressed
√ in terms of the rms electric field of the vacuum, Evac = h̄ω/2ε0 V , by employing a
simple trick of multiplying and dividing Eq. (10) by h̄. Indeed,
in this case we obtain


√
e
2h̄
h̄ωc
2elB Evac √
g=
ns S =
N,
(14)
h̄ me ωc 2ε0 V
h̄
√
where lB = h̄/eB is the magnetic length. Below we show
that this result can be reproduced by the full quantummechanical model.
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A. Operator description

Our general approach is similar to that described in the
literature [12,32,37,44]. We start with the description of an
EM field inside the cavity shown in Fig. 4. The field inside an
empty single-mode cavity can be described by an operator of
vector potential

h̄ω0
Â(z, t ) =
[eα f (z)âα + eα∗ f ∗ (z)âα† ],
(15)
2 0V α
where the sum is over two polarization degrees of freedom
described by unit vectors eα . For example, e± = (2−1/2 )(ex ∓
iey ), where ex and ey are the unit vectors in the x and y
directions, respectively, represent the LHCP and RHCP fields
defined in the previous section. We will use notations âL
and âR for the corresponding
photon operators. The normal√
ized function f (z) = i 2 sin(k0 z), where k0 = π (m + 1)/D,
m = 0, 1, 2, . . . , describes the field distribution of the given
mode [45].
For an ensemble of free 2D electrons in a perpendicular
static magnetic field B0 = Bez , it is convenient to introduce
âα† âα +

Ĥ = h̄ωr
α

1
2me

the operator of kinematic momentum π̂ = p̂ + eÂ0 for a
single electron, where Â0 = (−ŷB/2, x̂B/2, 0) is the vector
potential of B0 . The commutation relation [π̂x , π̂y ] = −i h̄eB
leads to the definition of a dimensionless annihilation operator

1
(π̂x − i π̂y )
b̂ =
(16)
2h̄eB
that satisfies the commutation relation [b̂, b̂† ] = 1. This
single-particle operator can be related to a complex current
density operator for an N -particle system jˆ− = 2−1/2 (jˆx −
i jˆy ). Here, jˆx(y) = (−e/me S) e π̂x(y) , where the sum is over
all electrons in the system and S is the surface area occupied
by the system. The operators b̂ and jˆ− are related by jˆ− =
−(eωc lB N/S)b̂.
B. Coupled oscillator model

Under the Coulomb gauge condition, ∇A=0 and ∇φ=0,
the Hamiltonian of the system composed of a single EM mode
and an N -electron system can be written as

π + eÂ)2 ≈ h̄ωr (âL† âL + âR† âR ) + h̄ωc
(π̂
e

e

where we have adopted the notations used in the previous
section for the frequency of the resonant cavity mode ωr ≈
k0 /c and neglected the A2 term under the rotating-wave
approximation (RWA). The single-electron coupling constant
is given by g0 = e2 ωc /(me 0 ωr V ). The interaction term
in the above equation can be viewed as an exchange of a
quantum of excitation between the electron cyclotron and the
cavity RHCP field. In the RWA, the counterrotating LHCP
field of the cavity mode does not contribute to the interaction.
In Sec. VI, we will reexamine the contribution of the LHCP
pumping field to the resonance of electrons in a real resonator.
Finally, as in the previous section, we assume that the electrons are located in the antinode of the electric field of the EM
mode; thus, |f (ze )|2 = 2.
Next, we write the Heisenberg equations of motion for the
time-dependent operators âL and b̂ as
â˙ R = (−iωr − γ )âR − ig0 N b̂ + F̂a ,
b̂˙ = −ig0 âR + (−iωc − ν)b̂ + F̂b .

(18a)

(b̂âR + b̂† âR ),

(17)

e

obtain
[i(ω − ωr ) − γ ]Ê − (ω) −

2
S ˆ
Evac
j− (ω) = 0,
h̄ωr

e2 ωc N −
Ê (ω) + [i(ω − ωc ) − ν]jˆ− (ω) = 0. (19)
me ωr S
For ωc ≈ ωr , the corresponding equations for the mean
values of quantum-mechanical operators give the same results
as the classical equations (8), but without the external pumping term. Note that the expression for the eigenmode splitting
coincides with Eq. (14), as expected.
In order to include external pumping in our model, it is
convenient to use Collett and Gardiner’s approach, which
allows us to obtain a relation between the input and output
fields [47]. We consider a one-sided cavity for which the main
source of loss (with loss rate γ ) is the coupling to an external
field. In this case, the boundary condition at the coupling port
reads
(in)
(out)
2γ âR(L) (t ) = âR(L)
(t ) + âR(L)
(t ),

(18b)

Here, we use the quantum Langevin equation and introduce
the Langevin noise operators F̂a and F̂b , which vanish in the
corresponding mean-value equations, as well as the relaxation
rates γ and ν, in order to account for the interaction of
the system with the environment [46]. The above equations
describe two coupled harmonic oscillators with frequencies
ωr and ωc . It is easy to check that the corresponding equations
for the mean values of operators âL and b̂ obtained from
(18) are equivalent to our classical equations (8) for complex
amplitudes E − and j− . The operators corresponding to these
quantities are given by the Fourier components of operators
jˆ− and Ê − = iEvac âR . Using equations of motion (18), we

†

b̂† b̂ + h̄g0

(20)

which is consistent with boundary conditions (1a). Note that
operators for external (in and out) fields are normalized such
that â † â gives the incoming (outgoing) number of photons per
second. The equations of motion for operators âR(L) and b̂ lead
to the linear algebraic equations for the corresponding Fourier
transforms u = (âR (ω), â√L (ω), b̂(ω)), which can be written in
matrix form as Mu = − 2γ u(in) , where
⎛
⎞
i(ω − ωr ) − γ
0
−ig0 N
⎜
⎟
0
i(ω − ωr ) − γ
0
M=⎝
⎠.
−ig0
0
i(ω − ωc ) − ν
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The solution for u(in) = (âR(in) (ω), âL(in) (ω), 0) can be obtained
by simply inverting the matrix M, giving us
√
2γ [ν − i(ω − ωc )]
â (in) (ω),
âR (ω) =
[i(ω − ωr ) − γ ][i(ω − ωc ) − ν] + g02 N R

10

y(mm )

5

-5

(22a)

√

2γ
â (in) (ω),
(22b)
γ − i(ω − ωr ) L
√
ig0 2γ
â (in) (ω).
b̂(ω) = −
[i(ω − ωr ) − γ ][i(ω − ωc ) − ν] + g02 N R

- 10

âL (ω) =

(22c)
Using the above equations together with the boundary
condition (20), we obtain the linear input-output relations for
two polarization modes,
âR(out)
âR(in)

= −1 −

2γ [i(ω − ωc ) − ν]
,
[i(ω − ωr ) − γ ][i(ω − ωc ) − ν] + g02 N
(23a)

âL(out)
âL(in)

=

(ω − ωr ) − iγ
.
(ω − ωr ) + iγ

(23b)

The normalized power reflection is given by PR =
â (out) †â (out) /â (in) †â (in) , which results in the same relations
as for classical quantities [see Eq. (11)]. The time-averaged
power absorbed by the electron system from the MW field is
given by
i h̄g0 ωc ns †
†
b̂ âR − b̂† âR .
(24)
D
The above equations completely reproduce the results shown
in Fig. 5.
PJ = ĵÊ = −

VI. COUPLING TO THE LHCP PUMPING FIELD

We have shown that both classical and full quantum models
reproduce the result of the normal-mode splitting due to
coupling between the cyclotron motion of electrons and the
corotating (RHCP) component of the cavity field (see Fig. 5).
However, the experimental data shown in Fig. 3 exhibit an
additional resonance peak when the MW frequency ω is
close to both the cavity frequency ωr and cyclotron frequency
ωc . This result appears to indicate that there is an effective
coupling between the electron cyclotron motion and CRpassive (LHCP) component of the cavity field. Since under
the conditions of our experiment the ratio of the collective
coupling constant to the cyclotron frequency, g/ωc ∼ 10−3 ,
is small, the rotating-wave approximation used in Eq. (17)
seems to be well justified. The resonant coupling of electrons
to the LHCP component of the MW field is possible due
to the second-order processes accompanied by simultaneous
scattering of electrons from ripplons, which, for example,
give rise to the observed conductivity response of electrons
on helium at the harmonics of the cyclotron resonance [48].
However, this contributes only a small fraction of ν/ωc 
10−3 to the electron conductivity, an effect comparable to
the counterrotating terms neglected in (17) under the RWA.

0

- 10.

- 5.

0.

5.

10.

x(mm )

(a)

(b)

FIG. 6. (a) Distribution of microwave electric field on the surface
of liquid helium under excitation with linearly (x direction) polarized
field. (b) Polarization of microwave electric field on the surface of
liquid helium under excitation with circularly polarized field.

Thus, it is unlikely that the counterrotating component of field
can cause effects shown in Fig. 3. This calls for a detailed
examination of the structure of the resonant MW field in the
cavity under pumping with the LHCP field.
We start by noting that the transverse (TEM) resonant
mode shown in Fig. 3 fails to give an adequate description
of the resonant electromagnetic field in our real resonator.
Indeed, the confinement of our Fabry-Pérot resonator inside
the closed cylindrical cell imposes boundary conditions on
the microwave electric field inside the cell and makes it impossible to preserve the circular polarization of the pumping
field. This is readily seen from the fact that the time-dependent
vector of the electric field has to remain perpendicular to the
conductive walls; thus, it corresponds to the linearly polarized
field. As an illustration, Fig. 6(a) shows the distribution of
the microwave electric field (white arrows) at the surface
of liquid helium in our cell when the cavity is pumped by
the linearly (x direction) polarized field. Assuming rotation
invariance of the calculated field in our axially symmetric
cell, from this figure we can reconstruct the spatial structure
of the microwave electric field on the liquid-helium surface
when the cavity is pumped with a circularly polarized field.
A schematic plot is shown in Fig. 6(b), where each closed
contour traces the vector of ac electric field over one cycle
of oscillation, while the size of each contour scales with
the amplitude of electric field. From this plot it is clear that
our cavity preserves the circular polarization of the pumping
field only close to the center of the cavity, while the field is
elliptically polarized away from the center. This means the
cyclotron motion of electrons located away from the center
can also have an effective coupling to the mode excited in our
cavity by the LHCP field.
In order to quantitatively account for this effect, we modify
the Hamiltonian (17) to reflect the spatial dependence of the
coupling constant in the interaction term. The third term in the
Hamiltonian (17) should read

†
†
h̄ gR(i) b̂ (i) âR + gL(i) b̂ (i) âL + H.c.,

ĤI =

(25)

i
(i)
where gR(L)
is a function of the position of particle i. To
simplify numerical calculations, it is convenient to assume
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FIG. 7. Power reflection from the cavity (top panel) and power
of the Joule heating of 2DES by MW field (bottom panel) versus the
cyclotron frequency of electrons ωc and the frequency of the MW
excitation ω calculated using the model with the interaction term
described by Eq. (26).

a continuous distribution of electron charge on the liquidhelium surface and replace summation over particles with
integration over the surface. Written in the polar coordinates,
the interaction Hamiltonian becomes
 2π
 R0
ĤI =
dφ
rdr Â(r, φ) · ĵ(r, φ),
(26)
0

0

where φ is the azimuth, r is the distance from the center of the
cell, and R0 is the inner radius of the cell. In our numerical
simulations, we assumed a uniform charge distribution within
a circle with a diameter of 10 mm centered at the middle of the
cell. The power reflection and the power of the Joule heating
were numerically calculated using the mean-value equations
as described in the previous section [see Eqs. (22)]. The
results are plotted in Fig. 7. As can be seen, we reproduce the
resonance feature at ωc ≈ ω ≈ ωr in both the power reflection
spectrum for the LHCP component of the pumping field and
the electron photoconductivity response (see Fig. 3).

of the Fabry-Pérot resonator. The effect is manifested by a
pronounced splitting in the eigenspectrum of coupled motion,
which was observed in both the cavity reflection signal and
the electron photoconductivity response. This observation
was completely accounted for by the classical equations of
motion for electromagnetic fields in a cavity. For the sake
of comparison, we have demonstrated complete agreement
between the results obtained from both the classical electrodynamic and cavity-QED treatments. The essential physics
of the system is completely described by a model of coupled
harmonic oscillators. The linearity of the obtained equations
of motion for quantum-mechanical operators allows one to
construct closed mean-value equations for observables which
correspond to the classical equations
√ of motion. This confirms the classical nature of the N enhancement of the
normal-mode splitting for a many-particle ensemble. Such a
result should not be surprising since the input EM field is
in a coherent state and there are no considerable nonlinear
effects in our experiment. This result is in accordance with
the earlier discussions in atomic physics and quantum optics.
We note that similar conclusions have been recently reached
in classical and semiclassical studies of the strong-coupling
regime in solid-state systems [49,50]. Still, in many cases the
full quantum treatment is simple compared with the rather
tedious classical approach. For example, we used the quantum
approach in Sec. VI to successfully reproduce the additional
resonance observed in our experiment even though its origin
is purely classical.
For the counterrotating polarization component of the MW
field, we have observed a resonance in both the cavity and
electron responses when the MW frequency coincides with
both the cavity and cyclotron frequencies. As we have shown,
this surprising feature, which can be easily misinterpreted as
a signature of weak coupling of the electron ensemble to the
CR-passive component of the EM field, arises because of
the mixing between two circular polarization components of
the cavity field due to interaction of this field with the conductive walls of the cell. Thus, we demonstrate that understanding
the structure of electromagnetic field in a resonator is important for correct interpretation of our and similar experiments
dealing with collective coupling between particle ensembles
and cavity field, while the quantum model is useful for a
succinct formulation of the problem.
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