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We present an experimental and theoretical study of the 2D dynamics of electrically charged
nanoparticles trapped under a free surface of superfluid helium in a static vertical electric field. We focus
on the dynamics of particles driven by the interaction with quantized vortices terminating at the free surface.
We identify two types of particle trajectories and the associated vortex structures: vertical linear vortices
pinned at the bottom of the container and half-ring vortices traveling along the free surface of the liquid.

DOI: 10.1103/PhysRevLett.122.174502

Quantized vortices are topological defects that exist in
superconductors and in superfluids, such as superfluid
helium, atomic Bose-Einstein condensates, and exciton-
polariton condensates. Vortices in superfluids can be
created by microscopic impurity particles [1] and by
various mesoscopic objects [2–4] moving faster than a
certain critical speed. Suspended microparticles interact
with vortices and become bound to them [5–7]. Free
motion of these particle-vortex complexes has been
observed in bulk superfluid 4He [8–11]. Related effects
have also been studied in superfluid He nanodroplets
containing impurity atoms and nanoparticles [12].
Dynamics of a free surface is another important topic in

the research on quantum fluids. The free surfaces of
superfluid 4He and 3He have been investigated using free
electrons, Heþ ions, and buoyant glass microparticles [13]
as probes. Both electrons and Heþ ions can be localized at
the free surface and driven parallel to it by the external
electric field. This approach has led to the observations of
the anomalous Hall effect of topological origin in super-
fluid 3He-A [14,15], of Majorana surface states in super-
fluid 3He-B [16,17].
The research on quantum hydrodynamics has a long

history [18]; however, most efforts have been devoted to
bulk. Until recently, little attention has been paid to the
phenomena involving quantized vortices near solid boun-
daries or surfaces [19], in particular a free surface. Here we
present a new experimental and theoretical study of the
motion of particle-vortex complexes in superfluid He. Our
experiments visualize the motion of the tip of a vortex
terminating at a free surface. The vortex is bound to an

electrically charged particle that is trapped under the free
surface due to the applied electric field and the surface
tension. Our observations combined with the numerical
modeling allow us to identify two types of vortices that
form particle-vortex complexes under these conditions: a
linear vortex stretched in a vertical direction and a half-ring
vortex with both ends terminating at the free surface.
Our experiments are performed in a helium-bath cryostat

with optical access via four side windows and a window in
the bottom. The temperature is adjusted in the range of
T ¼ 1.35–2.17 K by pumping on the liquid He in the bath.
The sample cell is immersed in the He bath and is filled up
to a certain height by condensing He gas from a high
pressure gas cylinder. A system of three horizontal flat
electrodes shown in Fig. 1(a) is used to create a static
electric field, with a predominantly vertical orientation. The
bottom electrode is transparent and thus allows us to
monitor the interior of the cell and in particular the liquid
He surface via the window at the bottom.
The tracer particles are produced inside the cell and are

trapped at the free surface by the technique developed in
our recent studies [20–22]. A frequency-tripled pulsed
diode-pumped solid-state (DPSS) laser (λ ¼ 355 nm) with
a pulse energy of 70 μJ is used to ablate a metal (Cu, Ba,
Dy) target submerged in liquid He. A single laser pulse is
sufficient to produce several tens or hundreds of metallic
micro- and nanoparticles which become electrically
charged either in the ablation plume, or by touching the
bottom electrode. The charged particles then rise up and
become trapped under the free surface of the liquid He. The
trapping potential is provided by the electric field that pulls
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the particles upwards and by the surface tension of liquid
He which does not allow them to cross the liquid-gas
interface.
In order to visualize the injected particles, we use

scattered light from the beam of a cw frequency-doubled
diode laser with a wavelength λ ¼ 480 nm. The laser beam
is expanded in a horizontal direction and has a cross section
of ≈10 × 2 mm. The motion of particles along the surface
is recorded by a digital video camera, installed under the
bottom window of the cryostat and operated at a frame rate
of 100–5300 fps. The angle θ between the cw laser beam
and the free surface of the liquid is adjusted in the range of
�10° in order to get rid of dark zones appearing due to
surface waves that are excited by slight vibrations of the
experimental setup.
The size of each individual particle is not known. The

scanning electron microscope (SEM) study [20] of the
deposits collected after the experiment has revealed two
types of particles: spheres with diameters in the range of
20–500 nm and nanowires with a uniform diameter of
≈10 nm and a broad distribution of lengths. The charge on
each particle depends on the particle size and on the
external electric field strength [20]. For the electric field
of 60–320 V=cm applied in the present work, we expect
particle charges in the range of 1–100 e. Our estimates [20]
confirm that under these conditions the electrostatic force
acting on the Ba nanoparticles is sufficiently strong to
overcome the gravity.
At constant voltages applied at each electrode and with

the ablation laser switched off, the particles form a
quasistatic array, as shown in Fig. 1. In equilibrium, the
particles occupy the positions at the free surface where the
component of the local electric field along the surface (i.e.,
horizontal) is equal to zero. Surface waves tilt the free
surface locally, thus producing at the particle location a
nonzero component of the electric field parallel to the
surface. This leads to collective particle oscillation in the
XY plane that is nicely resolved by our technique. All
particles within the same array oscillate in phase, with a
coherence time of several seconds and with an amplitude of
50 μm or less. Under quiet conditions, the oscillations

become barely visible. In Figs. 2(a) and 2(b) we show the
maps of particle trajectories from two different video
recordings [23], obtained by tracing the motion of all
particles in each recording with the help of DIATRACK [24]
software. All regular particles are represented as well
separated blobs, their size reflecting the amplitudes of
the particle oscillations along the X and Y directions.
In addition to the collective oscillations induced by the

surface waves, we observe also a small number of anoma-
lous particles whose motion is strikingly different from that
described above. Two anomalous trajectories can be seen in
Fig. 2(a) and one in Fig. 2(b). We distinguish two types of
anomalous particles. The particles of type 1 oscillate with a
larger amplitude and out of phase with the normal particles.
Their trajectory represents a sequence of circular loops
50–200 μm in diameter, as shown in Fig. 2(c). The particles
of the second type move more or less straight at approx-
imately constant velocities, sometimes across the entire
field of view of the camera. The trajectory of such a particle
typically consists of straight or slightly curved segments
with sharp turning points, as can be seen in Figs. 2(a), 2(b),
and 2(d). In many cases this motion is quasiperiodic. At the
turning points, the particle abruptly changes the direction of
motion. In some cases, the velocities on different segments
are different, but are well reproduced over many periods.
Both types of anomalous motion persist for the whole
duration of the observation of the particular set of particles,
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FIG. 2. (a),(b) Maps of particle trajectories. (c),(d) Traced
trajectories of two anomalous particles from (a). Experimental
conditions in (a),(c),(d): T ¼ 1.35 K, Ufront ¼ þ100 V,
Ubottom ¼ −110 V, cw laser power 42 mW, sequence length
1.5, 4, and 5 s, respectively; in (b): T ¼ 2.1 K, Ufront ¼ −116 V,
Ubottom ¼ 0, cw laser power 35 mW, sequence length 5 s. Yellow
rectangles in (a) mark the areas shown in (c) and (d).
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FIG. 1. Left, experimental sample cell; right, typical image of
trapped particles (bottom view).
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sometimes up to several minutes. XðtÞ and YðtÞ curves
typical for the type 1 and type 2 particles are shown in
Figs. 3(a) and 3(b), respectively. See also the original video
recordings 1, 2, and 3 in the Supplemental Material [23].
When an anomalous particle of type 2 moves through the

cloud of trapped particles, it experiences numerous colli-
sions. The turning points are usually associated with some
of those collisions. In many other collisions, the anomalous
particle keeps moving along the straight trajectory almost
without any deviation. Instead, the other particles are
pushed aside, make small loops, and return to their
equilibrium positions behind the passed anomalous par-
ticle. Several such events can be seen along the straight
track of the anomalous particle in Fig. 2(a) [23].
The power of the cw blue laser illuminating the trapped

particles can influence the particle motion along the
surface. Higher laser power leads to a more active particle
motion, lager amplitude of particle oscillations [see
Fig. 3(b) and Supplemental Material video 3 [23]] and a
larger number of anomalous particles moving at higher
velocities.
Particle motion in our experiment can be induced by

surface waves and by a counterflow induced by the heating
of the cell walls and particles themselves by the cw laser
illumination. However, both mechanisms result in a col-
lective motion of all particles and cannot explain the
individual anomalous motion of one or several particles
within a large array. It is expected that some number of
remnant quantized vortices is always present in superfluid
He under the conditions of our experiments. Additional

vortices may be created by the ablation laser pulses. It has
been demonstrated both theoretically [5–7] and experimen-
tally [8,9,11] that solid nano- and microparticles become
trapped by the vortices and move together with them.
Particle-vortex interaction energy can be estimated [25] as a
kinetic energy of the rotating superfluid substituted by the
particle. It varies in the range of 10−19–10−18 J, which is
significantly larger than the energy of Coulomb interaction
between the neighboring particles in the array. We therefore
suggest that the anomalous particles differ from the regular
ones due to their binding to quantized vortices and their
motion is driven by the dynamics of the vortex.
Our theoretical model of the coupled dynamics of

quantized vortices and particles is based on the vortex
filament model [26]. The simplest configuration shown in
Fig. 4(a) consists of a single vertical straight vortex filament
and a particle attached together. It is assumed that the upper
end of the filament is connected at the center of the
spherical particle and both move at the same speed. The
dynamics is determined by the following equation of
motion. At the end point of the vortex filament where
the particle is attached,

Meff
dvp
dt

¼ FT þ FM þ Fs; ð1Þ

otherwise,

0 ¼ FT þ FM: ð2Þ

Here,Meff is the particle mass including the hydrodynamic
effective mass, vp is the particle velocity, FT is the tension

(a) (b)

(c) ((d)

FIG. 4. Schematic drawings of tracer particles trapped by
quantized vortices: (a) linear vortex, (b) half-ring vortex. (c)
Calculated particle trajectory corresponding to (a). (d) Calculated
trajectories of two half-ring vortices created as a result of multiple
reconnections of three linear vortices.
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FIG. 3. Traced coordinates of trapped particles: (a) T ¼ 1.35 K,
Utop ¼ þ100 V, Ubottom ¼ −110 V, cw laser power 42 mW,
curves 1, 2, respectively, are the YðtÞ and XðtÞ of an anomalous
particle of type 1, curves 3, 4, respectively, are the YðtÞ and XðtÞ
of a normal particle. (b) T ¼ 1.35 K, Utop ¼ −250 V,
Ubottom ¼ þ300 V, vertical arrow marks the moment when the
cw laser power is changed from 45 to 235 mW, curves 1, 2,
respectively, are the YðtÞ and XðtÞ of an anomalous particle
of type 2.
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force of the vortex line, FM is the Magnus force, and Fs is
the Stokes drag force due to the viscosity of the normal
component. Further details can be found in Refs. [23,26].
The trajectory of the particle at the surface following the

excitation is shown in Fig. 4(c) and in the corresponding
animation 1 in the Supplemental Material [23]. Kicked out
of the equilibrium, the particle moves along a spiral
trajectory away from the initial position. This spiral motion
decays and is replaced by a smaller scale circular motion
that does not depend on the details of the excitation and
therefore is intrinsic for this system. The circular motion
obtained by the simulation strongly resembles the exper-
imentally observed anomalous dynamics of type 1 [see
Fig. 2(c)], although the computed trajectory radii are
significantly smaller than experimental. As discussed in
Ref. [27], the radius increases with the size of the particle.
In the experiment, the particle heated by the laser light may
become surrounded by a small spherical vortex tangle. The
effect is illustrated in the Supplemental Material by the
animations 2 and 3 [23]. It may lead to the increased
effective particle size and a larger trajectory radius.
In order to explain the anomalous particle motion of type

2, we have to consider more complex systems including
several quantized vortices. In particular, a pair of linear
vortices orthogonal to the free surface and rotating in two
opposite directions is expected to move parallel to the
surface at a constant speed and therefore is a good
candidate for explaining the motion of type 2. Such
complexes, also known as quantized vortex dipoles, have
been predicted and investigated theoretically [28–30].
More recently, these interesting macroscopic quantum
objects were observed in atomic Bose-Einstein condensates
(BEC) [4,31–33] and in exciton-polariton condensates
[34,35]. Vortex dipoles in superfluid He have been pre-
dicted theoretically [36] and the interaction and trapping of
particles by vortex dipoles and larger clusters of quantized
vortices was modeled numerically in Ref. [7]. However, no
experimental observations have been reported to date.
Our calculations demonstrate that two counterrotating

linear vortices at a close distance become unstable. The two
filaments approach each other and reconnect in one or
several places producing several vortex rings of different
sizes, as shown in the Supplemental Material, animation 4
[23]. Remarkably, the upper segments of the two filaments
touching the free surface upon the reconnection transform
into a surface-bound vortex of a new type: a half-ring with
both ends terminated at a free surface. Similar to the motion
of vortex dipoles and vortex rings in the bulk [25], the half-
ring vortex moves along the direction of the ring axis, with
a velocity vhr ¼ Γ=4πR. Here, Γ is the quantum of the
circulation: Γ ¼ h=MHe ¼ 9.97 × 10−4 cm2=s and R is the
half-ring radius. The half-ring maintains a vertical orienta-
tion and moves parallel to the surface [23]. Figure 4(d)
shows the motion of two half-ring vortices created as a
result of the reconnections of three linear vortices.

The trajectory of each half-ring is represented by the traces
of its two tips along the surface.
The scenario outlined above allows us to assign the

anomalous particle motion of type 2 to the particles trapped
by half-ring vortices traveling along the free surface of
superfluid He. Such vortices are expected to appear as a
result of reconnections between remnant linear vortices and
those created by the ablation laser pulse. The particle of a
submicron diameter is supposed to be trapped at one end of
the vortex, as shown in Fig. 4(b). A half-ring not connected
to any particle will quickly move to the cell wall and
disappear. The motion of the particle-vortex complexes will
be confined within the area accessible to the charged
particles in the external electric field. When the particle
attached to one end of the half-ring hits an obstacle such as
another charged particle or the inhomogeneity of the
external electric field at the edge of the capacitor, it slows
down or stops abruptly and the other end of the half-ring
moves around it. As a result, the half-ring changes its
orientation and the complex starts moving away from the
obstacle. Similar effect can be produced by collisions with
other corotating vortices.
Experimentally measured particle velocities fall in the

range of 0.1–10 cm=s, which corresponds to the radii of the
half-ring vortices of 0.1–10 μm. The nearly constant
velocity of many type 2 particles implies that the radius
of the half-ring in each case remains constant over a long
period of time. The collisions may lead to the abrupt change
of the half-ring radius and the corresponding velocity
modulus.
Our observations clearly demonstrate that upon an

increase of the illuminating light intensity some regular
particles start moving as anomalous of type 2. We suggest
that the heating of individual particles by the intense laser
light induces a strongly localized radial counterflow around
the particle which exceeds the critical velocity and leads to
the creation of new vortices pinned at the particle.
Even more intriguing is the behavior of the particles that

upon the increase of the light intensity increase their speed,
but retain their highly regular periodic character of motion,
as shown in Fig. 3(b) and in the corresponding
Supplemental Material experimental video 3 [23]. The
heating of the particle thus results in the shrinking of
the half-ring vortex bound to it. The effect can be attributed
to the heat-induced counterflow around the particle, in
which the superfluid component is moving towards the
particle and the normal component is moving away from it.
The free end of the superfluid half-ring vortex is thus
pushed towards the particle. It is thus possible to manipu-
late the size of the half-ring vortices and control their
motion by shining the laser light onto the trapped particle,
which opens new perspectives for experiments.
In summary, we have developed a new method for

visualizing the motion of quantized vortices terminating
at a free surface of superfluid He that relies on the usage of
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electrically charged tracer particles trapped at the surface.
We interpret our observations in terms of two types of
surface-bound vortices with the characteristic dynamics: a
linear vertical filament and a half-ring. The former remains
pinned at the bottom, with the upper end and the attached
particle moving along a circular trajectory ≈100 μm in
diameter. The latter moves together with the trapped
particle along a straight line and turns around abruptly
when it meets an obstacle. The vortices interact with the
laser light via the heating of the trapped particle and the
resulting local counterflow.

This work was supported by JSPS KAKENHI Grants
No. JP24000007, No. JP17H01145, and No. JP17K05548.

*petr.moroshkin@oist.jp
[1] C. M. Muirhead, W. F. Vinen, and R. J. Donnelly, Phil.

Trans. R. Soc. A 311, 433 (1984).
[2] D. I. Bradley, Phys. Rev. Lett. 84, 1252 (2000).
[3] M. Blažkova, D. Schmoranzer, L. Skrbek, and W. F. Vinen,

Phys. Rev. B 79, 054522 (2009).
[4] W. J. Kwon, S. W. Seo, and Y. I. Shin, Phys. Rev. A 92,

033613 (2015).
[5] D. Kivotides, C. F. Barenghi, and Y. A. Sergeev, Phys. Rev.

B 75, 212502 (2007).
[6] D. Kivotides, C. F. Barenghi, and Y. A. Sergeev, Phys. Rev.

B 77, 014527 (2008).
[7] V. Shukla, R. Pandit, and M. Brachet, Phys. Rev. A 97,

013627 (2018).
[8] G. P. Bewley, D. Lathrop, and K. R. Sreenivasan, Nature

(London) 441, 588 (2006).
[9] E. B. Gordon, R. Nishida, R. Nomura, and Y. Okuda, J. Exp.

Theor. Phys. Lett. 85, 581 (2007).
[10] G. P. Bewley and K. R. Sreenivasan, J. Low Temp. Phys.

156, 84 (2009).
[11] E. Fonda, K. R. Sreenivasan, and D. P. Lathrop, Rev. Sci.

Instrum. 87, 025106 (2016).
[12] L. F. Gomez, K. R. Ferguson, J. P. Cryan, C. Basellar, R. M.

P. Tanyag, C. Jones, S. Schorb, D. Anielski, A. Belkacem,
C. Bernando et al., Science 345, 906 (2014).

[13] A. A. Levchenko, L. P. Mezhov-Deglin, and A. A.
Pelmenev, Fiz. Nizk. Temp. 44, 1284 (2018) [Low Temp.
Phys. 44, 1005 (2018)].

[14] H. Ikegami, Y. Tsutsumi, and K. Kono, Science 341, 59
(2013).

[15] O. Shevtsov and J. A. Sauls, Phys. Rev. B 94, 064511
(2016).

[16] H. Ikegami, S. B. Chung, and K. Kono, J. Phys. Soc. Jpn.
82, 124607 (2013).

[17] Y. Tsutsumi, Phys. Rev. Lett. 118, 145301 (2017).
[18] M. Tsubota, M. Kobayashi, and H. Takeuchi, Phys. Rep.

522, 191 (2013).
[19] S. Yui, M. Tsubota, and H. Kobayashi, Phys. Rev. Lett. 120,

155301 (2018).
[20] P. Moroshkin, R. Batulin, P. Leiderer, and K. Kono, Phys.

Chem. Chem. Phys. 18, 26444 (2016).
[21] P. Moroshkin, P. Leiderer, and K. Kono, Phys. Fluids 29,

047106 (2017).
[22] P. Moroshkin, P. Leiderer, T. B. Möller, and K. Kono, Phys.

Rev. E 95, 053110 (2017).
[23] See Supplemental Material 1–8 at http://link.aps.org/

supplemental/10.1103/PhysRevLett.122.174502 for the ex-
perimental video recordings, details of the theoretical
model, and for the computed animations of the vortex
motion.

[24] P. Vallotton, A. M. van Oijen, C. B. Whitchurch, V. Gelfand,
L. Yeo, G. Tsiavaliaris, S. Heinrich, E. Dultz, K. Weis, and
D. Grünwald, Traffic 18, 840 (2017).

[25] R. J. Donnelly, Quantized Vortices in Helium II (Cambridge
University Press, Cambridge, England, 1991).

[26] Y. Mineda, M. Tsubota, Y. A. Sergeev, C. F. Barenghi, and
W. F. Vinen, Phys. Rev. B 87, 174508 (2013).

[27] S. Inui, M. Tsubota, P. Moroshkin, P. Leiderer, and K. Kono,
J. Low Temp. Phys., https://doi.org/10.1007/s10909-018-
02116-z (2018).

[28] L. C. Crasovan, V. Vekslerchik, V. M. Perez-Garcia,
J. P. Torres, D. Mihalache, and L. Torner, Phys. Rev. A
68, 063609 (2003).

[29] W. Li, M. Haque, and S. Komineas, Phys. Rev. A 77,
053610 (2008).

[30] R. Geurts, M. V. Milošević, and F. M. Peeters, Phys. Rev. A
78, 053610 (2008).

[31] D. V. Freilich, D. M. Bianchi, A. M. Kaufman, T. K. Langin,
and D. S. Hall, Science 329, 1182 (2010).

[32] T. W. Neely, E. C. Samson, A. S. Bradley, M. J. Davis, and
B. P. Anderson, Phys. Rev. Lett. 104, 160401 (2010).

[33] S. Middelkamp, P. J. Torres, P. G. Kevrekidis, D. J.
Frantzeskakis, R. Carretero-González, P. Schmelcher,
D. V. Freilich, and D. S. Hall, Phys. Rev. A 84,
011605(R) (2011).

[34] G. Roumpos, M. D. Fraser, A. Löffler, S. Höfling, A.
Forchel, and Y. Yamamoto, Nat. Phys. 7, 129 (2011).

[35] G. Nardin, G. Grosso, Y. Léger, B. Pietka, F.
Morier-Genoud, and B. Deveaud-Plédran, Nat. Phys. 7,
635 (2011).

[36] C. Rorai, K. R. Sreenivasan, and M. E. Fisher, Phys. Rev. B
88, 134522 (2013).

PHYSICAL REVIEW LETTERS 122, 174502 (2019)

174502-5

https://doi.org/10.1098/rsta.1984.0038
https://doi.org/10.1098/rsta.1984.0038
https://doi.org/10.1103/PhysRevLett.84.1252
https://doi.org/10.1103/PhysRevB.79.054522
https://doi.org/10.1103/PhysRevA.92.033613
https://doi.org/10.1103/PhysRevA.92.033613
https://doi.org/10.1103/PhysRevB.75.212502
https://doi.org/10.1103/PhysRevB.75.212502
https://doi.org/10.1103/PhysRevB.77.014527
https://doi.org/10.1103/PhysRevB.77.014527
https://doi.org/10.1103/PhysRevA.97.013627
https://doi.org/10.1103/PhysRevA.97.013627
https://doi.org/10.1038/441588a
https://doi.org/10.1038/441588a
https://doi.org/10.1134/S0021364007110112
https://doi.org/10.1134/S0021364007110112
https://doi.org/10.1007/s10909-009-9903-1
https://doi.org/10.1007/s10909-009-9903-1
https://doi.org/10.1063/1.4941337
https://doi.org/10.1063/1.4941337
https://doi.org/10.1126/science.1252395
https://doi.org/10.1063/1.5055837
https://doi.org/10.1063/1.5055837
https://doi.org/10.1126/science.1236509
https://doi.org/10.1126/science.1236509
https://doi.org/10.1103/PhysRevB.94.064511
https://doi.org/10.1103/PhysRevB.94.064511
https://doi.org/10.7566/JPSJ.82.124607
https://doi.org/10.7566/JPSJ.82.124607
https://doi.org/10.1103/PhysRevLett.118.145301
https://doi.org/10.1016/j.physrep.2012.09.007
https://doi.org/10.1016/j.physrep.2012.09.007
https://doi.org/10.1103/PhysRevLett.120.155301
https://doi.org/10.1103/PhysRevLett.120.155301
https://doi.org/10.1039/C6CP04607J
https://doi.org/10.1039/C6CP04607J
https://doi.org/10.1063/1.4979819
https://doi.org/10.1063/1.4979819
https://doi.org/10.1103/PhysRevE.95.053110
https://doi.org/10.1103/PhysRevE.95.053110
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
http://link.aps.org/supplemental/10.1103/PhysRevLett.122.174502
https://doi.org/10.1111/tra.12530
https://doi.org/10.1103/PhysRevB.87.174508
https://doi.org/10.1007/s10909-018-02116-z
https://doi.org/10.1007/s10909-018-02116-z
https://doi.org/10.1007/s10909-018-02116-z
https://doi.org/10.1007/s10909-018-02116-z
https://doi.org/10.1103/PhysRevA.68.063609
https://doi.org/10.1103/PhysRevA.68.063609
https://doi.org/10.1103/PhysRevA.77.053610
https://doi.org/10.1103/PhysRevA.77.053610
https://doi.org/10.1103/PhysRevA.78.053610
https://doi.org/10.1103/PhysRevA.78.053610
https://doi.org/10.1126/science.1191224
https://doi.org/10.1103/PhysRevLett.104.160401
https://doi.org/10.1103/PhysRevA.84.011605
https://doi.org/10.1103/PhysRevA.84.011605
https://doi.org/10.1038/nphys1841
https://doi.org/10.1038/nphys1959
https://doi.org/10.1038/nphys1959
https://doi.org/10.1103/PhysRevB.88.134522
https://doi.org/10.1103/PhysRevB.88.134522

