PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: February 22, 2020
ACCEPTED: April 6, 2020
PUBLISHED: April 21, 2020

BMS symmetry of celestial OPE

Shamik Banerjee," Sudip Ghosh® and Riccardo Gonzo

@ Institute of Physics,
Sachivalaya Marg, Bhubaneshwar, 751005 India

®Homi Bhabha National Institute,
Anushakti Nagar, Mumbai, 400085 India

¢Okinawa Institute of Science and Technology,

1919-1 Tancha, Onna-son, Okinawa 904-0495, Japan
4School of Mathematics and Hamilton Mathematics Institute, Trinity College Dublin,
Dublin, Ireland

E-mail: banerjeeshamik.phy@gmail.com, sudip112phys@gmail. com,
gonzo@maths.tcd.ie

ABSTRACT: In this paper we study the BMS symmetry of the celestial OPE of two positive
helicity gravitons in Einstein theory in four dimensions. The celestial OPE is obtained
by Mellin transforming the scattering amplitude in the (holomorphic) collinear limit. The
collinear limit at leading order gives the singular term of the celestial OPE. We compute the
first subleading correction to the OPE by analysing the four graviton scattering amplitude
directly in Mellin space. The subleading term can be written as a linear combination of
BMS descendants with the OPE coefficients determined by BMS algebra and the coefficient
of the leading term in the OPE. This can be done by defining a suitable BMS primary state.
We find that among the descendants, which appear at the first subleading order, there is one
which is created by holomorphic supertranslation with simple pole on the celestial sphere.
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1 Introduction

Operator product expansion (OPE) plays a central role in the non-perturbative formulation
of conformal field theory. OPE is the statement that when two primary operators ¢; and
¢; come close to each other (inside a correlation function) we can replace the product ¢;¢;
by a sum over conformal families each of which contains a primary operator, say ¢ and
its descendants. In general, the OPE coefficient ij which multiplies the primary operator
¢k, cannot be determined by conformal symmetry alone. But, once C’fj is specified, the



coefficients of all the descendants of ¢ are completely fixed by conformal invariance of
the OPE. ij is known as the structure constant of the operator algebra. The goal of the
present paper is to study this aspect of the OPE in case of Celestial Conformal Field Theory.

Celestial CF'T is conjectured to be the holographic dual of quantum gravity in asymp-
totically flat space-time [4-8]. The observables of the celestial CFT are related to Mellin
transformations of flat space scattering amplitudes [19-26]. Under Lorentz transformations,
which act on the celestial sphere as global conformal group, Mellin amplitudes transform
like correlation functions of a CFT. Now the correspondence between soft theorems [27, 28]
and Ward identities for asymptotic symmetries [29-40] show that the celestial CFT has,
in fact, a much larger symmetry known as BMS [48-50]. The BMS group' is an exten-
sion of the usual Poincaré group and consists of superrotations [32-35], which are local
conformal transformations of the celestial sphere, and supertranslations, which are local
angle-dependent space-time translations at null-infinity. Due to the presence of the super-
translations, the properties of the celestial CFT are somewhat different from usual CFT.
For example, BMS algebra is not a direct product of holomorphic and antiholomorphic
transformations because supertranslation generators have both holomorphic and antiholo-
morphic weights. As a result, at least naively, we do not expect holomorphic factorisation
at the level of BMS representations. This is a major difference from usual CFTs.

A useful way to study various aspects of celestial CFT and representation theory of
BMS algebra is through the construction of celestial OPE. OPE of two primary operators
can be obtained by Mellin transformation of the collinear limit of flat space scattering
amplitudes [1-3]. In the collinear limit, at leading order an (n + 1) point function factor-
izes into an n point function times a universal splitting function [42, 44]. By the Mellin
transformation of the splitting function one obtains the leading term in the celestial OPE
and the structure constant of the celestial operator algebra. It is conceivable that the sub-
leading terms in the OPE can be generated by Mellin transforming the subleading terms in
the collinear expansion [45]. Now for the celestial OPE what is remarkable is that one can
obtain the structure constant by imposing a constraint coming from the subleading soft the-
orem in case of gluons and subsubleading soft theorem in case of gravitons [1]. This suggests
that owing to an unusually large amount of global symmetry, algebraic techniques [1, 9-12]
may play a crucial role in determining the structure of celestial correlation functions (or
flat-space S-matrix elements). This, in particular, will require an understanding of BMS
representation theory in the context of S-matrix theory or celestial amplitudes.

Motivated by this, in this paper we compute the first subleading correction to the
(holomorphic) collinear limit directly in the Mellin space. The subleading terms in the
collinear limit give the subleading terms in the celestial OPE. We focus on the tree level
four graviton scattering amplitude in Einstein theory and compute subleading OPE of two
positive helicity outgoing graviton primaries. Unlike in the case of 2-D CFT, the first
correction to the leading order result contains the supertranslation descendant created by
singular supertranslation of the form u — u + €/z. We also show that the subleading

"'With an abuse of notation, in this paper we call BMS group what would be appropriate to call extended
BMS group.



OPE coefficients can be derived from the BMS algebra once we define a suitable notion
of BMS primary state. This suggests the possibility that just like in the case of ordinary
CF'T, celestial OPE also organizes itself into representations of BMS algebra with the OPE
coefficients of BMS descendants determined by BMS algebra. It will be very interesting to
prove or disprove this in complete generality.

2 BMS algebra

Let us now describe BMS transformations acting on a three dimensional space with coor-
dinates (u, z, Z) where u can be thought of as the retarded or Bondi time and (z, Z) are the
stereographic coordinates of the celestial sphere. At the end, when we derive the subleading
OPE coefficients from the BMS algebra, we will restrict to the celestial sphere at u = 0.

BMS transformations consist of two parts, superrotation and supertranslation.
Infinitesimal superrotation is the transformation given by,

1
2o z4 e, 25z, u—>u+§ez”+1, n ez (2.1)
and its antiholomorphic counterpart,
_ _ ——n+1 1 —zn+1
2=z, Z—Z+ezT, u—>u—|—§ez , nNeZ (2.2)

The corresponding generators are denoted by L, and L,, respectively. They satisfy the
(centerless) Virasoro algebra [32, 33|,

[Lin, Ln) = (m —n)Lmin,  [Lm, Ln] = (M —n)Lyin (2.3)

Among these, {Lg, L+1, Lo, L+1} are the generators of Lorentz or global conformal trans-
formations.

Supertranslations act as,
2=z, 22 u—u+eZH abelZ (2.4)
We denote the corresponding generators by P, ;. They satisfy the algebra [32, 33, 39],
[Pap, P ] = 0 (2.5)

In this case, { P_1,—1, P-1,0, Po,—1, Po,0} are the generators of global space-time translations.

The commutator algebra between supertranslation and superrotation is given
by [32, 33],

n—1

n—1 _
- CL) Pa+n,b [L’m Pa,b] = ( 2 - b) Pa,bJrn (26)

[Ln, Pap] = (



2.1 The transformation of fields

Under an infinitesimal conformal transformation (2.1), the primary field qﬁhﬁ(u,z,i) of
weight (h, h) transforms as [8],

5¢h,ﬁ(“7 z,Z) =€ [z”“@ +(n+1) <h + ;uau) z”] (bhﬁ(u, z,Z) (2.7)
Similarly for antiholomorphic transformation [8],
= - 1
6y (U, 2,2) = € {z”“f) +(n+1) (h + 2u8u> z”] bp (U, 2,2) (2.8)

For infinitesimal supertranslation given by (2.4) the transformation of the primary
field is given by [8],
(5¢)hﬁ(u, 2,Z) = ez“JrleJrlauqﬁh’,—l(u, 2, %) (2.9)

At this point we would like to mention one useful point. From the transformation
laws (2.7), (2.8) and (2.9) it is easy to check that if ¢, ;(u, z,Z) is a primary then so is
(8/0u)" by, 1 (u, 2, 2), with weight (h+n/2, h+ n/2).

3 Superrotation and supertranslation Ward identities

In celestial CFT correlation functions of the two dimensional primary operator ¢, ;(z, 2)
are defined as Mellin transformation of flat space S-matrix elements [4, 5],

(T onipi (i 7)) = H/Oo dw; WP A pi(wi, i, Z), 01}) (3.1)
i=1 i=170

where ¢; = 41 for outgoing and incoming particles, respectively. The null momentum
p(w, 2, Z) is parametrised as,

pw,z,2) =w(l+2z,2z+ 2z, —i(z — 2),1 — 22) (3.2)

and o denotes the helicity of the particle. Under (Lorentz) global conformal transformation,

the L.H.S of (3.1) transforms as the correlation function of primary operators of weight

(hi, h;), given by

:1+i/\i+0¢ }—I':l—i-’i)\i—ai
2 ’ ! 2

The action of global space-time translation on (3.1) was studied in [26].

h; (3.3)

The two dimensional field ¢, ;(2,2) is the restriction of the three dimensional field
qﬁhﬁ(u, z,Z) to the u = 0 celestial sphere. Correlation function of the three dimensional
fields ¢y, 5 (u, 2, 2) is defined as [8],

(T #no s (wir 21, 7)) —H/ dw; wiM et A({py(wi, 21, 7), 03}) (3.4)
i=1 i=1"0



Under (Lorentz) global conformal transformation, the L.H.S of (3.4) transforms as,

n n n T
B 1 1 U; az;+b dii—i—b)
R\ Wiy 24y 24)) = ) =57 "y ) P — =
<11:I1 O i (13215 20)) ]1:[1 (czj+d)?hi (¢z;+d)hi <11:[1 Ohif <|czi—i-d|2 czi+d ¢z +d )
(3.5)
Similarly, if we do a global space-time translation under which u — u + a + bz + bz + c2Z,

with (z,Z) remaining fixed, the correlation function (3.4) is invariant. Let us now discuss
the transformation law of the correlation functions under local BMS transformations which
are captured by BMS Ward identities.

It is well known that Cachazo-Strominger subleading soft graviton theorem [28] is
equivalent to the (superrotation) conformal Ward identity [35],

n B n hy + lukﬁu 1 0
T ] b (2070 = 3 < 3 Ou
=1

k=1

n
(z — 21)? z— 2 aZk:) <}_[1 P (10o 70, 2)) (3.6)
where the stress tensor T'(z) can be constructed as the shadow of the subleading soft
graviton. In [35] the Ward-identity was derived for the two dimensional fields ¢y, (2, 2), but
the same derivation can be easily repeated for the fields ¢y, ,(u, 2, z) and one obtains (3.6).
For details please see appendices A and B. It is important to note that the stress tensor 7'(2)
does not depend on the time coordinate u because it is constructed from a soft graviton
and in the soft limit the time coordinate decouples.

The singular terms in the OPE between the stress tensor T'(z) and the primary
by, 5 (u, w, ) are given by [11],

h+ %u@u 1 0

2 ¢h,ﬁ(ua w, ’LT)) + Y —w %thﬁ(u, w, ITJ) (3'7)

This is consistent with the transformation law (2.7) which one can check by using the
standard 2-D CFT method. The OPE (3.7) gives the commutation relation,

1
[Lns ¢ (u, 2, 2)] = [z”“@ +(n+1) <h + 2u8u> z”} Spnlu, 2, 2) (3.8)
where the Virasoro generator L, is defined in the usual manner as,

L, —7{ dzz"T(2) (3.9)
co
with ¢g defined as a contour around z = 0.

Similarly, Weinberg’s soft graviton theorem [27] is equivalent to the supertranslation
Ward-identity given by [29, 30, 39],

Z —_—
k=1

(P(2) ZHI On, i, (uis 20, Z0)) = ) Zkiaulc<H Phy i (Wi Zis Zi)) (3.10)

Here P(z) is the supertranslation current and can be written as, P(z)=—1lim;y o MéGZZl ixs
where G is the positive helicity graviton primary of weight A(=h+h). Again, P(z) has
no u dependence.



The singular term in the OPE between P(z) and a matter primary ¢y, j(u, z,2) is

given by,
1 .0

. _wz%thﬁ(u,w,u_}) (3.11)

P(z)gbh,ﬁ(uv w, U_)) ~

This OPE is equivalent to the commutation relation,
[Pyt (s 2, 2)] = 210 1 (u, 2, 7) (3.12)

where the supertranslation generator P, _1, defined as [29],

Poy = 7{ 422 P(2) (3.13)
o
generates the holomorphic supertranslation u — u+ €z*. The commutation relation (3.12)
shows that,
[Pa,~1, 6,5 (0)] =0,  a>-1 (3.14)

From the BMS commutation relation (2.6) one can check that the supertranslation gen-

11
272
negative and it annihilates the primary operator ¢h,ﬁ(0)-

erator P, _; has weight (—a — ). So for a > —1 the holomorphic weight of P, _; is

4 BMS descendants and their correlators

4.1 Supertranslation

Let us first consider the (holomorphic) supertranslation descendants.
Let us assume that the standard CFT form for the OPE between the supertranslation
current P(z) and a matter primary ¢y, j,(u, 2, 2) holds, i.e,

(Pfl,*lqz)h,ﬁ)(u? Z, 2) 4

P(w)¢h,7z(u7zvz) = w— 2

(P2,-10p, 1) (u, 2, 2)

+(w — 2)(P-3,-10, 1) (u, 2, 2) + (w — z)Z(P_47_1¢hﬁ)(u, z2,Z2)+ ...
(4.1)

where the leading term is given by,

0
(P—l,—1¢h,ﬁ)(u>zvz) = i%¢hﬁ(ua 2 2) (42)

From the conformal transformation laws (2.7) and (2.8) of primary fields, we know that
i%d)hﬁ(u, 2, %) also transforms like a primary field of weight (h 4 1/2, 4 1/2). We denote
this field by

.0 _
¢h+1/2,ﬁ+1/2(ua z2,Z) = Z%Cbhﬁ(%% Z) (4.3)
The nonsingular terms of the OPE (4.1) define the (holomorphic) supertranslation

descendants {(P—n,—1¢h7h)(u0, 20, 20)} which are new local fields created by singular
n>2
supertranslations of the form,
€

G .

U — U+



The descendants can be defined by the usual contour integral formula,

(Pra16p5) (1,2, %) = }{ dw— P(w)gy (w2, 2) (4.5)

(w—2)
which follows from (4.1). Here ¢, is a contour around w = z. Later in the paper we will
explicitly verify the existence of these descendants by taking the leading conformal soft
limit of tree-level four graviton scattering amplitude in Einstein theory.

We now need to find out correlation functions with the insertion of the descendants
P_4 19y, i-e, correlators of the form ((P_a 19y, 7)(u, 2, 2) [ ;2 &4, 5, (Wi, 2i, Z)). This
can be computed in the standard way by using the Ward identity (3.10),

n

n 1 a n
<P(w)¢h,}3(u7 Z? 2) H (Z)h“ﬁq, (u“ Zi’ 'EZ)> = Z w — Zkzauk <¢hjl(u7 Z? 2) H (Zsh“;ll (u’H Zi? Z’L)>
i=1 k=1 i=1

1 9 o )
+ w — ZZ%“Z&}I’E(U’ % Z) 21;[1 ¢hi,7zi (u’ia Ziy ZZ)>
(4.6)
and taking the limit w — z. In this limit we can use the OPE (4.1) and obtain,
(Pea16np) (w2 2) [ | dn, (i 21, 20))
i=1
__zn: ! ia (¢ -(uzé)ﬁgj) 7 (w26, %)) 47
= — (2 — Z)afl Ouy, hyh \%s <5 il hi,hy \Wis 205 24 (4. )

= P-a,-1(2)(dp 5 (u 2, 2) H O, s (Wis i Zi))
i=1

where the differential operator P_, _1(z) acting on correlation functions of primary oper-

ators is defined as,
n

1 0
a— =— ' 4.
Poa-1(2) };(zk_z)a_lzauk (48)
The rest of the (holomorphic) supertranslation descendants are of the form

P,i17,1P,i27,1...P,im,lqﬁhﬁ(u,z,z) where i1 > 45 > ... > i, > 1. The mixed super-
translation descendants of the form P_aj_bgbhﬁ(u, z,z), where a,b > 1, will not appear in
the OPE to the first subleading order and so we leave their discussion to future work.
Mellin transform of graviton scattering amplitudes in string theory [25] is well defined
without the time coordinate u. In this case the correlation function with the insertion of a
holomorphic supertranslation descendant is given by a simple change of (4.7),

(P-a,~10p,1) (2, Z; €) H b, 1, (205 Zi5 €0))
i=1

n ﬁ n
== Z #@hﬁ(% Z; €) H G, i (2is Zi3 €0)) (4.9)
k=1 i=1
= P-a,-1(2){n,1(2, Z; €) H I ACRHD)



where € = £1 for an outgoing and incoming particle, respectively and

Py &n, 5,205 253 €5) = Onyvrjoh1 20700 % €5) i (4.10)
4.2 Superrotation or Virasoro

The discussion of superrotation or Virasoro descendants is identical to that in 2-D CFT.
The correlation function with the insertion of (L_n¢y, ;) (u, 2, 2) is given by,

<(L*n¢h,ﬁ(uv 2, 2)) H ¢hi,ﬁi (uiv Zi) ZZ» = £*n(z)<¢hﬁ(u7 Zs Z) H ¢hi,ﬁi (uiv Zi) ZZ» (4'11)
=1

=1

where

L Ui
Lon(z)==)_ <(1—n)hl+ 2 Ou; 4 ! 0 ) (4.12)
=1

- (zi—2)"  (z—2)" 10z

This can be obtained by assuming the following OPE between the stress tensor T'(z) and
the primary field ¢y, ;(u, 2, 2),

(h_{_%uau)gbhﬁ(uaw,w) athﬁ(’lt,w,’[z})

T(2) by, p(u, w, w) = —w)? + w +(L—26y, 1) (u,w,w)

(4.13)
+(z—w)(L-3¢p, ) (w,w,w)+...
In the absence of the time coordinate u, superrotation transformations act on the primaries

¢y 5(2,2) exactly in the same way as local conformal transformations act on Virasoro
primaries in 2-D CFT.

5 OPE from four graviton scattering amplitude in Einstein theory

In this section and the following we denote a graviton primary operator of scaling dimension
A(=141iA) by Gi where =+ is the helicity. The simplified notation Gi (1) means that the
primary operator is inserted at the point (u, 2;, Z;).

For simplicity we focus on the four graviton tree-level scattering amplitude in Einstein
theory, given by?

My(17273747)

7
~ I O i) ol ) —salen ) e ) (5
= _4w%w§ vt 54(W1Q(21, Z1) + waq(22, Z2) — w3q(23, 23) — waq(24, Z4))

W3W4 213214223224234

where (1,2) are incoming and (3, 4) are outgoing. We have also used the relations®

<’L]> = —261'6‘7'1/(,01'(.;)]' Zij, [Z]] = 21/(401'(4)]' Zij (52)

*An n-graviton amplitude is multiplied by a factor of (£)"~? where k = v/327Gx. To simplify the
formulas we work in units where k = 2.

3We work in split signature and parametrize a null momentum p as p = wq(z,z2) =w(l+2z,2+ 2,2 —Z,
1—2z2).



where ¢; = 1 for an outgoing and an incoming particle, respectively. As in [1], we work
in split signature so that we can treat z and z as independent real variables. It is also
important that in split signature there is a non-zero three point function which is crucial
for our purpose.

In order to facilitate the (holomorphic) OPE expansion as z3 — z4, with Z34 held fixed,
we write the momentum-conserving delta function as,

§M(w1q(z1, 21) + waq(22, Z2) — wiq(z3, Z3) — waq(24, 21))

L1 R . _ | w33 _ w3 Zziz_ (5.3)
= mTé(wl —wy)d(w2 —w3) & <Zl4 +— %34 ) 0| Zoa — — ——Z34
WiWg 279 Wi 212 w5 212
where
z z
wi = =2 (w3 + wa) + (5.4)
212 212
« R4 234
wy = — (w3 +wg) — ——ws (5.5)
212 212
Now we make a change of variable
w=w3s+wy, w3=tw, ws=(1-1tw, 0<t<1 (5.6)

In terms of these new variables the Mellin amplitude can be computed easily and is given by,

My(17273%4%) = (G}, (1)G3,(2)GX, (3)GE, (4))

T @<Z42>@<Zl4> <»’«‘42>A (ZM)A P+, N
234 | 223231 212 212 212 212

24+i g i
224 za1

1 —2—iY % N
ida— U12234 — U34%712 =
X / dt tP371 (1 — ¢)ira—t <1 - t>
0 U224 T U4212 + U2241

1+iA1 234 —1 234 —1 1
X (1 — t) 5(2’14 — t(l — t) 234 + t(l — t) 2342’34)
294 224 224 224
1432 -1 —1
1
(1 — t> (5(224 — t(l — Z34t> 234 + t(l — 234t> 234234> (5.7)
214 214 214 214

In writing down this integral we have assumed the OPE limit, i.e, |2z34] < |213], |223, |214], | 224]-

X

The details of the derivation are given in appendices A and B.

5.1 Leading term of the OPE

We can see from (5.7) that the expression inside the bracket multiplying the term % is

finite in the limit 234, Z34, us4 — 0 and so we can Taylor expand around z34 = Z34 = u3q = 0.



The leading term in the expansion is given by,

My(17273T4T)

. 2 X iA ey
_ Za | 2y @<Z42>@<214> <Z42> 1(2?14) 2 L24iY 4 \)
- - - — — — — =
234 | 224241 Z12 z12 ) \ 212 z12 { ( . . 2403 5 A
i up —224 + ug L 4 uy
12 Z12

1
X 5(214)6(224)/ dt s (1 — )t 4 (5.8)
0

Now the three graviton amplitude in Mellin space, when there are two negative helicity
incoming gravitons at 1 and 2 with weights Aj(= 14+i)\;) and Ag(= 14i)2) and one positive
helicity outgoing graviton at 4 with weight Ag + Ay — 1(= 1 + i3 + i\4), is given by,

M3(17274%) = (G5, (1)GA, (2GR, a1 (4))

2 A1 iAo .4
242 214\ o, _ | Ziy (72 214 C(1+id 4 Ni)
=0 —= )0 —)0(z14)0(Z94) —=— | — o= i
(2’12) <212) (214)0( 24)2’242’41 (212> <212> IEEDDLRPY
{i<U1z2é+UQz41;+U4 }
(5.9)

Using (5.9) we can write the leading term (5.8) in the four point function as,

Zzg . 0 ~
2 Ms(17274T) + ... 5.10
o1 ' Dus 3( ) + (5.10)

My (17273%4%) = —B(i)s, iAy)
where B(p,q) is the Euler beta function. This leading term corresponds to the leading
term in the OPE given by,

Z34 . O
G,(3)GA,(4) = —B(A3 — 1,44 — 1)734 ZMGZSMH(@ +...

zZ
= _—B(As—1,A,— 1)2—‘;1 Ghn, @)+ ...

(5.11)

where A; = 1 4 i\;. In writing the last line of (5.11) we have used the fact that
i%GXSJFArl(ZL) is a primary with weight (As + A4). The leading answer (5.11) matches
with [1].

~10 -



6 Leading conformal soft limit and holomorphic supertranslation
descendants

In the leading conformal soft limit iA3 — 0 [13-18, 24] the amplitude (5.7) simplifies and

is given by,

lim iAgMy(17273%14%)

iA3—0

Z 2 ’i)\l i)\g
- ho(2)o(2)(2)" (2) e
234 223231 212 212 212 <12
L2+ (A1 + A2 + \g))

X 24i(A Ao+ As)
224 241

This can be rewritten as,

-1 —1
lim A M, (172 344ty = — 284 <1 - Z34> <1 - Z34> i-0 My(1-2-1%)

iAz—0 234 224 214 U4
where the three point function ./K/lv3(1*2*4+) is now given by,
M3(172747) = (G, (1)G4, (2)GA, (4))
Now we expand the R.H.S of (6.2) in powers of z34,

~1
224 214
o [ L 1 1 1 22— 2
=>4 Tt T T g T | T § :Z —
n—=0 24 %4 Rl4 224714 14 —p “12 14~24
o
. Zzn ( 1 Z14 1 2'24>
- 4\ on 7 on
=0 294 %12 214 12

So,

oo
1 1 0
lim iAgMy(172-3+4H) = — 2% 234( 2 22”‘) i——Ms(17274%)
ix3—0 Z34 "0 2’24 212 214 212 aU4

Now we have the following relations,

8 — o 294 . 6 A
— 172747) = =2 — 17274*
Zau1M3( ) 212Z U4M3( )
8 — o 214 8 A
— 172747y = 22— 17274%
Zau2M3( ) z1228U4M3( )

Using them we can write,

lim iAsMy(17273%47) = lim (G3 (1)Ga,(2)GX,(3)GE, (4)

iA3—0 iA3—0

B o 1.0 .
_—234223 {— (2:24 87'&2—’_214 8u1)}M3(1 274 )

I z - { - ( i0 4 iia) }<Ggl<1>GA2< )G, (@)
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(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)



This can be written in a more suggestive form as,

Jim (G, (1D)Ga,(2)( = iAs05GA,(3))GA, (4)) = (G, (DGR, (2)P(23) G, (4))

iA3—0

:7;2?41{ - <711i6+ 1.0 )}<GA1( )G, (2)GE, (4))

o0 (6.9)
= 2 A Ponm11(G, (D63, 2)G5,4)
= 2234 A AQ( )(P-p— 1—1G )( )
where we have used (4.7) and the definition of the supertranslation current?
P(z3) = — lim 2)\383GA3 1rixg (3) (6.10)

iA3—0

We would like to emphasize that this equation is true only in the OPE limit z3 — z4. (6.9)
is essentially the OPE (4.1) between the supertranslation current P(z) and the graviton
primary GZ4 (4),

(Zg)GX4 2234 P—n l—lGA4)( )
n=0

. 6.11
- (P_1;;1f24)(4) + (Pog, 1GX)(4) + (23 — 24)(P_31G}, ) (4) o

+ (23 — 2’4)2(P_4,_1GZ4)(4) + ...

7 Subleading terms in the OPE
The terms of O(z34, Z34, u34) in the expansion of the Mellin amplitude (5.7) are given by,

My(17273%4%) = (G5, (1)GR, (2)GL, (3)GL, (4)) =5
B(i)g,ihg)— Z34

234
iM—ids (234 2 i 2 oz 24+i S N)uiaz
Bt () (e B A
tA+iA3 \ 224 214 iA3+iNg 294 214 U1Zo4+UgZ12+FU2241
i ) Xs (24i N )
_ s 0 i A Muszz [ 9 g (172747) (7.1)
A3 41Ny 0Z4 iA3+1iAg uizog+ugzi2+uszgr | Oug

where the three point function M3(17274%) = (G, (1)Gj, (2 )GX3+A (4)) is defined
n (5.9). In the above expression we have obtained the O(Zz34) term by expanding the Dirac
delta function appearing in the integrand in (5.7). We will now identify each term in the
expansion as contribution coming from some descendant of the operator GZS n A4_1(4):

4Since we are working in units with k = v/320Gx = 2, the multiplicative factor % =1.
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(1) The first term can be written as,

Ay — A3 [ 2 z 0 Ay — 1IN _ _
M<34+Z?i) 8TL4M3(1 274%) = MiT)\B 234 <GA1(1)GA2(2)(P*27*1GJAF3+A471)(4)>
(7.2)
(2) The second term can be written as,
1A3 ) 234 L\ 234 (2+iz4_1)\,;)u12234>, 0 ~ o 4
——— [ (1—dA)—+(1—iXg)—+ = —M3(17274
iAz+iAg <( ! 1)2’24 (1= 2)214 U1 224 +Ug 212 +U2241 Zau4 3( )
i\3 0 _ _
m 192 <GA1(UGAQ(2)(P—1,—1GX3+A471)(4)> (7.3)
Z)\g _ _ +
:m =34 <GA1(1>GA2(2)(L_1P_17_1GA3+A471)(4)>

Now we would like to stress one important point. The expression for the three point
function M3(1_2_4+) contains the kinematic theta function ©(z42/212)©(214/212) and so,
when 0/0z4 acts on it, it produces terms proportional to the delta functions §(z42/212)
and 0(z42/212). Now, as long as z1 is finite, the delta function term is nonzero only if z4
coincides with either z; or zo. But this is ruled out in the OPE limit and so we should
set the (contact) terms, obtained by differentiating the theta functions, to zero. We have
taken this fact into account in coming from the first line to the second line in (7.3).

(3) The third term can be written as,

i3 0 n il B
Do g e (1724 = e 2 (G, (1063, ()L PG 1)((4)>)
7.4
(4) The fourth term can be written as,
' 24+ N\ N
L R RD Y= ) T I SR SRS
iA3 4+ iAg U1 224 + Usz12 + ugza1  Oug (75)
ik - s
- _Zm 34 <GA1(1)GA2(2)(P*1771GA3+A471)(4)>

Therefore at the level of 4-point function we get the following OPE,

i Ag —1A3 iA3
Gt (3)G4 — B(i)s,i) P A Py =8 L P
A3( ) A4( )D (iA3,94) 34( 1,— +z)\4+7§)\3234 +i/\3—|—i)\4z34 1-1,-1

_ A3 = . A3 o
2 L, P, 1=
+ 234 - 11— U3 Nstidg P74

iA3+iAg ’ +O(Z34’z34’z34z34)> GZ3+A4—1(4)

(7.6)

We have boxed the descendant P_27_1GX3 " A4_1(4) just to emphasize the fact that it is not
a Poincaré descendant. In the above equation we have not written an equality sign because
some extra terms may be there which are not visible at the level of 4-point function. In
the following section we will see that this is not the case, according to BMS representation
theory.
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8 OPE coefficients from BMS algebra

Let us start with the commutation relation between the supertranslation and (superrota-
tion) Virasoro generators,

n—1 - n—1
[Lna Pa,b] = < - a) Pa+n,b [Lna Pa,b] = < 2 - b> Pa,bJrn (81)
In particular for n = 0 this reduces to,
1 _ 1
(Lo, Pop) = — 3 +a|Pyp [Lo, Pop) = — 3 +b)Payp (8.2)

We can see that the supertranslation generator F,; has negative holomorphic or anti-
holomorphic scaling dimension for a > —1 or b > —1 or both. So, if ¢, is a primary
operator then the dimension of the operator [P, , ¢p, ;,(0)] can be made arbitrarily negative
by choosing a or b to be a large positive integer. This motivates us to set

[Pap &5, 5(0)] =0, a>—1orb>—1orboth a,b > —1 (8.3)

for a BMS primary operator ¢, 5. Now, for generators F,p with a > —1,b > —1 or
a > —1,b> —1, the condition (8.3) follows simply from the transformation law (2.4). But
there are generators P_,; with a > 1,b > —1 or P, _ with a > —1,b > 1, for which
the condition (8.3) does not follow from the transformation law (2.4). They generate
singular supertranslation on the holomorphic side and non-singular supertranslation on
the antiholomorphic side (and vice-versa). At this stage, except for the heuristic argument
given below, the only justification for (8.3) for generators of this mixed type is that it gives
the correct OPE coefficients, as we will see.

The definition (8.3) of the BMS primary can be motivated by the following heuris-
tic argument. Suppose the primary operator ¢, ;(0) and (a subset of) its descen-
dants® [Py @55 (0)], appear in the OPE of two primaries ¢, 5 (u,2,2) and ¢, ;,(0).
The operator [P, p, ¢y, ;(0)] appears in the OPE with a prefactor proportional to
Zh—h1—hg—(%—f—a)zﬁ—%—ﬁg—(%—i—b).6

Now, symmetry requires all descendants to be present in the OPE and this implies
that the order of the pole in z or Z cannot be bounded from above because a,b can be
arbitrarily large positive integers. But, this is practically impossible because in the present
situation the leading pole can be obtained by Mellin transforming the splitting function in
the collinear limit [1-3]. So it seems reasonable to assume that the order of the pole in z
or zZ will be bounded from above and therefore, we should impose the condition (8.3) on
the primary ¢y, 7.

For the Virasoro generators we have the standard conditions that,

[an ¢h,ﬁ(0)] =0, [[_’nv ¢h,ﬁ(0)] =0, n>0 (84)

°For a > —1 or b > —1 we should call the operators [Pa,s, ¢, (0)] “ascendants”. But, for simplicity, we
continue to call them descendants.
In general there will be powers of u also, as can be seen from (5.7) or (7.6), but we omit them for

simplicity. It is obvious that the argument remains unchanged even if we include powers of wu.
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and
(Lo, &1, 5(0)] = 1 ¢4, 5(0), Lo, 3, 4(0)] = R ¢y, 1,(0) (8.5)

Therefore we can now consider the descendants generated by the raising operators only.

8.1 A Hilbert space picture

In the following discussion it will be convenient to assume a Hilbert space picture and
define a vacuum |0) by the condition,

Py 4|0y =0 (5.6)
P,p10) =0, a>—-1orb>—1orbotha,b>—1
L, |0)=L,|0) =0, n>-1

We also define the state ‘h, fL> as,

|, ) = @3, 5(0) [0) (8.9)

using the above definitions the BMS-primary state condition can be written as,

P,y |h, B> =0, a>—1orb>—1orbothab>-1 (8.10)
Ly |h,h) = Ly |h,h) =0, n>1 (8.11)
Lo|h,h) =h|h,h), Lo|h,h) =h|h h) (8.12)

For the restricted class of supertranslation generators P,; with both (a,b) > —1, condi-
tion (8.7) was also proposed in [41].
With this definition of the primary state the BMS descendants are given by,

Loy Loy .Ln, P ,P gy by Py b, |, h) (8.13)

where ny > ng > ...ny >0 and a; > 0,b; > 0. We do not put any order on the {a;} and
{b;} because the supertranslation generators commute among themselves.

8.2 Primary descendants

Suppose }h, fL> is a BMS-primary state. Then it is easy to check using the commutation
relations that the state (P_j _1)" ‘h, ﬁ>, with n > 1, is also a BMS-primary with weight
(h+n/2,h+n/2). We denote this state by,

(P_1-1)" |h,h) = |h+n/2,h +n/2) (8.14)

8.3 Graviton-graviton OPE

From now on our discussion will be confined to the OPE of two positive helicity gravitons
denoted by GZ(u, z,z). In our case, A =1+ i\ and so,

34
)

—1+A

h
2

, h= , AeR (8.15)



At this point let us note that although the Mellin amplitudes in Einstein gravity are UV
divergent, the OPE (7.6) has no singularity as ugy — 0 and we can safely restrict the
OPE to the celestial sphere at constant u, if we wish. From this point of view, the time
coordinate u acts as a covariant requlator in the celestial CFT, which can be set to zero at
the end of the calculation. For simplicity, we will do so.

Once we set u = 0, modulo the singular prefactor, the OPE expansion becomes a Taylor
series in z and Z around the origin (2 = 0,z = 0) and we can write the following (7.6),

_ Ny (2 _
G3,(2:2)GE,(0) = ~Blid, i) (P e z)) Gk 12y (0) (8.16)
where Gzl (2,2) = GL (u=0,z,%). Let us now enumerate the possible subleading terms
in the OPE at O(z) and O(Z). For this we remind ourselves that P_; _; is a (1/2,1/2)
operator. Taking this into account we get,

(1) O(z) operators:

L—lp—l,—l — (3/2, 1/2), P_Q’_l — (3/2, 1/2) (817)

(2) O(z) operators:

L—lp—l,—l — (1/2,3/2), P_L_Q — (1/2,3/2) (818)

If we keep powers of u then there will be an additional operator at O(u) given by
(P_1,.—1)?, which follows from the fact that u has scaling dimension (—1/2,—1/2).
Now generically, at every order, there can be descendants and also new primaries. But
here we focus on the contribution arising from a specific primary Gzl a,-1(0).
So let us write the first subleading order in the OPE as,
GZI(Z, Z)GJAFQ(O) = —B(iA1, i>\2)§ <P_1,_1 +c1zL 1 P_1 1+ cozP o4
(8.19)
+ Elfiflpfl’,l + Eggpfl,—Z + 0(22, 22, ZZ)) G£1+A2—1(0)

Here ¢; is not the complex conjugate of ¢;. Also, for simplicity of notation, we have kept the
dependence of the OPE coefficients (¢;, ¢;) on the scaling dimensions of primary operators
implicit.

We will now compute the coefficients (¢;, ¢;) from the fact that both sides of the OPE
must transform in the same way under BMS transformation. In order to do this it is more
convenient to write the OPE as,

_ 7 . N
Ghlﬁl (z,2) ‘h27 h2> = —B(i\, Z)\Q); <P171 +c1zL_ 1 P_1 1+ cozP o4

(8.20)
+ & ZL_1P_y 1+ &@ZP_1 o+ O(z% 2%, zz)> |hs, hs)
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where,

hi2s = W hi2s = _1%““’3 A3 = AL+ Ao (8.21)
The BMS generators act on the operators as,
[Ln, &1 (2,2)] = [z"“f) +(n+ 1)hz"] bph(2,2) (8.22)
[Ln, dp, 1 (2, 2)] = [5"“5 +(n+ 1)%5"] b2 2) (8.23)
[Pags bni(2,2)] = 2220y g jp g jo(2,2) = 22T 2T (P cady ) (2,2) (8.24)

The first two relations are obtained by setting u = 0 in commutation relations (3.8). The
last commutator is obtained from,

[Paps Opp(u,2,2)] = z““ébﬂz’aud)hﬁ (u,z2,2) (8.25)

by setting u = 0 and recognizing that i(’?u(ﬁhﬁ(u,z,i) is the BMS-primary (descendant)
(P-1,-19p, 1) (u, 2, 2) with dimension (h +1/2,h+1/2).

With this information one can readily compute the OPE coeflicients, in the standard
way, by applying the lowering operators to both sides of (8.20). Let us now state the
equations for the OPE coefficients obtained in this way,

(1) Applying Py 1 we get,

N . . i1
B(i)y,ide) = B(idy + 1,0\ S S 9
c1B(iA,i)2) (iA1+1,i0) = N T i (8.26)
(2) Applying P_1 o we get,
N . . A1
c1B(iA1,i02) = B(iA1 + 1,i)\) — ¢ = ———— 8.27
a1 B(iA1,iAz) (A1 +1,iA) = i (8.27)
(3) Applying L; we get,
Ao — 1A
2h 1 2c0 =2h1 — 1 = = — 8.28
(2hg 4+ 1)e1 + 2¢2 1 2= T in (8.28)
(4) Applying L1 we get,
(2h3 +1)é1 + 28 =2h1 +1 = G =0 (8.29)

This matches exactly with the OPE coefficients (7.6), obtained from graviton scattering
amplitude, with the replacement A3 — A\; and Ay — A3. We would like to point out that
since the descendants P_5 ‘h3,53> and P_q_o ‘h3,7L3> appear in the OPE (8.20), the
above equations for the OPE coefficients probe the BMS algebra beyond the Poincaré
subalgebra.

Before we conclude, we would like to point out that to arrive at the equations for the
OPE coefficients we need commutators of the form [I/l,P_27_1] |h3, 713> =P gy }hg, 713>,
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which by the definition (8.10) of a primary state is equal to zero. The generator P_s
generates supertranslation of the mixed type, u — u+ 6? So we can see that the condition
that generators of the mixed type should also annihilate a primary state is necessary to
obtain the correct OPE coefficients starting from the BMS algebra, at least to the order
we are working.

8.4 Virasoro representations

Since Virasoro algebra is a subalgebra of the BMS algebra, one should be able to decompose
a BMS representation into irreducible Virasoro representations. This is useful because in
this way one can use the known results from the (highest-weight) Virasoro representation
theory to compute some of the OPE coefficients. At the first subleading order this can be
done in the following way.

Let us write the OPE at the first subleading order as,

- . . z
Ghljh (Z, Z) ‘hg, h2> = —B(Z)\l, Z)\Q); <P_1,_1 + clzL_lP_l,_l + CQZP_27_1
(8.30)
+ 512E,1P,17,1 + 0(22, 22, ZZ)) |h3, B3>

where we have set ¢ = 0 following (8.29).

Among these states, the state I_/_lP_l,_l }h3,713> is the antiholomorphic Virasoro
descendant of the BMS primary P_; _1 ‘hg,ﬁ3>. We have two more states, given by
L 1Py ’hg, ﬁ3> and P_o ’hg, ﬁ3>, one of which is a Virasoro descendant and the other
one is a supertranslation descendant. So let us consider the state,

|v) = <P2,1 L1P1,1> |3, hs) (8.31)

C 2h3+ 1
The corresponding field can be written as,

2
2hs +1

¥(z,2) = (Po2,1Gp,y 1,) (2, 2) — (L-1P-1,1Gp, 5,) (2, 2) (8.32)

where the correlation function with the insertion of (P-2 —1Gy, 1,)(2, 2) is given by (4.9).
Now one can check using the BMS algebra and the definition of the BMS primary state
’h3,1_13> that [¢) is a Virasoro primary but, not a BMS primary. For example, one can
check that

Po-1|9) o< P2 _y |h3, h3) # 0 (8.33)

and so on. Now using the Virasoro primary |i) we can rewrite the OPE (8.30) as,

_ . . z R _
Gh1,7Ll (2,2) ’hg,h2> = —B(Z)\l,’b)\g); (P—l,—l —f—C/lZL_lP_l’_l+612’L_1P_1,_1—|-. . ) ’hg,h3>
—B(iA1,iX)Zea |Y) +. ..
= —B(i)\l,i)\g)i (1+C/12L1+012I/1+. . ) ’h3+1/2,ﬁg+1/2>
z

—B(i)\l,i)\Q)CQ §|1/J>—|- (8.34)
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where,

d=ci+ (8.35)

2hy+1°
The OPE (8.34) now has the familiar structure of OPE in 2-D CFT. The first line consists
of the Virasoro primary ’hg +1/2,h3+1/ 2> and its level 1 descendants. In the second line
we have a new Virasoro primary [¢) with the (Virasoro) structure constant B(iA1,i\s)ca.
The Virasoro structure constant B(i\g,i\2)ce cannot be determined by Virasoro algebra
alone but, the coefficients ¢} and ¢ are determined by Virasoro algebra. They are given
by the known formulas,

h! + hy1 — ho 1

_ Eg—l-ﬁl —712 = — 1
=2 - ¢ hh=nh — 8.37
C1 th ; 3 3+ 2 ( )

Using the values (8.21) for the scaling dimensions we get, from (8.36) and (8.37), that
’ 241\

—_frTvn 8.38
DT U0+ M) (8.38)
and o\
N
RS VIS W (8.39)

We can see that the value of ¢; obtained in this way using Virasoro algebra matches with
the value (8.27) obtained using translational invariance of the OPE. Similarly, the value
of ¢} also matches with (8.35) once we substitute the values (8.26) and (8.28) of ¢; and ¢,
obtained using BMS algebra. This matching is a check of the overall consistency of the
procedure.

9 Future directions

The problem of extracting the celestial OPE from flat space scattering amplitudes consists
of two parts. The first part is the (holomorphic or antiholomorphic) collinear expansion
including subleading terms and the second part is the determination of the celestial correla-
tion functions with the insertion of BMS descendants. The correlation functions involving
superrotation or Virasoro descendants are well known from the work of Belavin-Polyakov-
Zamolodchikov on two dimensional CFTs. The new objects are the supertranslation de-
scendants. Among these, the simplest ones are the descendants {P_, _1¢,a > 1} created
by singular (anti) holomorphic supertranslations. These are captured in a straightforward
manner by supertranslation Ward-identity (3.10) following from Weinberg’s soft graviton
theorem. The correlation functions with the insertion of (anti) holomorphic supertransla-
tion descendants follow from this Ward-identity and is given by (4.7) or (4.9). But, there
are also descendants of the form {P_, _4¢,a > 1,b > 1} created by supertranslations,
which are neither purely holomorphic nor antiholomorphic. For example, if we want to
go to higher order in the OPE expansion (8.19), then at O(zZ) we encounter the descen-
dant P_27_2GX1 n A2_1(0). Unless we know the Mellin amplitude with the insertion of this
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descendant, it will not be possible to extract the OPE at higher order. Although the Ward-
identity (3.10) captures all the supertranslation descendants [29] — not just holomorphic
— it may require a more involved procedure to determine the correlation function of a
general supertranslation descendant.

Another important point is that the BMS algebra may have (field-dependent) central
extension [46, 47]. In this paper the central extension does not play any role because in the
first subleading order the Virasoro descendants {L_,¢,n > 1} do not appear, although they
appear in the higher order of the OPE. The values of the OPE coefficients should depend
on the central charge and perhaps one can determine the central charge by demanding
that the OPE coefficients determined from the BMS algebra match with those obtained
from the subleading terms in the collinear expansion of the Mellin amplitude. We hope to
return to these problems in future.
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A Mellin transform of four graviton amplitude and holomorphic
collinear expansion

In this appendix we discuss the Mellin transform of the tree-level four graviton scattering
amplitude in Einstein theory in detail. The four graviton amplitude in momentum space
is given by,

My(17273747)

7
= T O (3 ot ) (e 5) —alen 3 (4

2 9 6 =
WiWs Z12%34

=—4 6 (wi1q(z1, 21) + waq(22, 22) — wq(z3, 73) — waq(24, 21))

W3W4 213214223%224234

where we have taken (1,2) to be incoming and (3,4) to be outgoing. We work in split
signature so that we can treat z and z as independent real variables. The OPE limit, we
are interested in, is z3 — z4 with Z34 held fixed.
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The corresponding Mellin amplitude is given by,
My(17273%4%)

/ dwl/ dwg/ dwg/ dwy w“\lw”‘zwz}“‘wv“*e_iz?ﬂei“’i“"M4(1_2_3+4+)

(A.2)

where ¢; = £1 for outgoing and incoming particles, respectively. Here we take (1,2) to be
incoming and (3,4) to be outgoing and so, ¢ = €3 = —1 and €3 = ¢4 = 1.

Now, using the momentum conserving delta function we solve for wy, we, Z14 and Zoy
and write,

54(W1Q(Zl, Z1) + waq(22, Z2) — w3q(23, 23) — waq(24,Z4))

1 1 * * _ W3 293 _ w3 213 (A3)
= m%é(wl —wl)o(wy —w3) d (2'14 + *z34) 1) (,324 — *234>

where
z
wy = —ﬁ(a@ +wy) + —4w3 (A4)
212 212
5 = 21y o) — Py (A5)
212 212
Now we make a change of variable
w=w3s+wy, w3=tw, ws=(1-1tw, 0<t<1 (A.6)
In terms of w and t,
wi =w e (A.7)
212 212
214 234
s =w| — —t— A8
2 <212 212 > (A.8)

Now since wy and wy are positive, wj and w; must also be positive. In the OPE limit this
is indeed true. To see this, let us first note that w] and w3 are zero when,

Wi=0 = t} =24 (A.9)
234
and
Wi=0 = t; =4 (A.10)
234

In the OPE limit, |2z34| < |z13, |223], |214], |224| and so [t7], [t5] > 1, which is outside the
range of t. Therefore w] and w3 do not change sign as ¢ runs from 0 to 1.
Now the integrals over wi and ws gives rise to the following theta functions

) 1
/0 wdw/o dt O(w])O(w3) ... (A.11)
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Since w] and wj do not change sign in the interval 0 < ¢ < 1, the theta functions are
constant and we take them outside the integral and evaluate at ¢ = 0. This gives us

242 214 o !
O — | — / wdw/ dt... (A.12)
212 212 0 0

where we have also used the fact that w > 0. Now, the theta functions appearing in (A.12)
are precisely the ones appearing in the three point function (17274%) where 1,2 are in-
coming and 4 is outgoing. The rest of the integrals is straightforward and give rise to the
Mellin transform (5.7) in the OPE limit.

B Virasoro Ward identity in modified Mellin basis

This section of the appendix is based on results from [51]. The existence of a Virasoro sym-
metry for 341 quantum gravity in asymptotically flat spacetime is based on the subleading
soft graviton theorem. This was first shown in [34, 35] for four dimensions at semiclassical
level and later generalized to loop level [36]. We want here to establish analogous results
in the modified Mellin basis, which will confirm the structure of the conformal transfor-
mations we assumed in the paper. The modified Mellin transform of the creation (resp.
annihilation) operator a(p(w, 2, 2), o) (resp. a'(p(w, 2, 2), 7)) is given by [8],

Alu,z,z,\,0) = N/ dww ™ PRe ™ (p(w, 2, 2),0) (B.1)
0

AT(U,Z,Z,)\,U) = N/ dwwi’\ei‘““aT(p(w,z,E),U) (B.2)
0

where N is a normalization constant which we will take to be \/5?. If we do a formal

Laurent expansion of a(p(w, z, Z),0) in w we will have

a(w,z,z,0) = Z S1-n(2,%,0) (B.3)

wn
n
One can easily check using the Lorentz transformation property of a(w,z, z,0) that the
coefficients are “soft operators” which transform as primary of weight n and spin ¢ under
the conformal group SL(2, C). Let us now substitute the expansion (B.3) into (B.2). Doing
the integral we get

A(u, 2,20, 0) =Ny _ WSl_n(z, Z,0) (B.4)

where v = u — 7§ and § — 0. Let us notice that this integral is ill-defined for any n # 1
if the exponential factor e~ is not there. For the time being let us assume that n < 1.
Now as A — 0 the singularity comes only from the n = 1 term and it is a pole of the I'
function. Around the pole we can write

1
A(u,z,2,\,0) = _NKSO(Z}Z o) + finite terms (B.5)
i
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Therefore the residue at the pole is the leading soft operator Sy(z,z,0), up to a sign. So
we can write
1
So(z,2,0) = — lim (A — 1) |(iw)* 1= A(u, 2, 2, \, 0) (B.6)
A—1 N
When inserted in an S-matrix element this leads to the leading conformal soft theorem. We
would like to stress that this construction is valid only when all the operators are inserted
in an S-matrix element and then we can meaningfully talk about analytic continuation in

A. In the same fashion we can talk about subleading (n = 0) conformal soft limit which is
obtained in the limit A — ¢: we have

Si(z,z,0) = ELHOA (1 — uai> [(iu)AJbA(u, 2,2, A\, U):| (B.7)

The insertion of such an operator will lead to the subleading conformal soft theorem without
the contamination from the leading soft theorem. It is worth noticing that the appearance
of a single power of u is determined by dimensional analysis because u transforms like a
primary of dimension —1 and spin 0. Similarly we can write for p > 1

Spri(z,2,0) = Ah_{rip(_ 1A—:-pp' H ( -—n— ui) {(iu)A*‘p;A(u,z,Z, )\,U)] (B.8)
We can see that in the absence of n > 1 terms in the soft expansion (B.3) the poles in the
upper-half A plane correspond to the IR behaviour of the scattering amplitude.

We’re ready now to show how the Virasoro Ward identity arises from the subleading
soft theorem. Let An+1({pi}ief1,..n}>q) be the n + 1 scattering amplitude involving n
massless particles and one graviton of momentum ¢* and polarization q(i) (q). The soft
limit for the graviton of momentum ¢ — 0 gives [27, 28]

Anir({piticqr,np @) = [S57 + 559 + 0(0)| Anlipidicqs, ) (B.9)

where A, ({pi}icq1,..,n}) is the amplitude without the soft graviton and”

n K Ve(:l:)
S(()i) _ Zﬁjp] Djc€uv (9) (B.10)
o pji-q
n G(i) H
Sii) - Z & i (Q)pj qAJ;\V’(i) (B.11)
= bj-q
where J;‘V’(i) is the sum of the spin and angular momentum of the j-th particle. Let’s

focus, without loss of generality, on the minus helicity case. In the coordinates (w, z, Z) the
subleading soft factor becomes

" Z— Zj 2 b
SO =%¢ [( g? ((zzszj)_a%)] (B.12)

= (2 - %)

"We are using here the convention £ = v/327rG = 2 as done in the main text of the paper.
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where ij = 3(oj — w;jO.,;). As we have already explained the insertion of the operator Sy
defined in (B.6) in the scattering amplitudes will extract the subleading soft behaviour.
Now supposing that we have n; incoming and ng outgoing hard particles (n +ngy = n) we
can define the subleading soft graviton contribution to a (n+ 1)-point scattering amplitude
in the modified Mellin basis as follows

no ni
(0[81(2,2,=) | [ Aout (o 20 i Njos ) | | [T Al iis 2305250, g 00) [ 10) (B.13)
J2=1 Jj1=1
so that
ilglOA<1 u) iu) H/ dwjy (wjy) "Nz e~ iz Uiz H/ dwj, (wj, )Pt einin | x
Jo=1 Ji1=1
1 -
X N (0] Aout (u, 2,2, A, —) H out (Pjs (Ugas 22 22 )+ ) H iy (D1 ()1 2515, 251 ),05,) |0) =
J2=1 Ji1=1
H/ dwij, (wjz )~ iz ¢ iz H/ dwj, (wj, ) Ajleiwjlujl S£_)An({p2’})
J2=1 Ji1=1
(B.14)
as expected. At this point it is worth considering the following operator [35]
1 1
T d*w 9 St (w, w, — B.15
() = 5r [ Pw—OSi(w ) (B.15)

If we identify the correlators of the dual theory with S-matrix elements transformed to the
modified Mellin basis as follows

N NEERY H / g e A, 25, 5), 0) (5.16)
=1

then the insertion of such an operator T'(z) will give, after some algebra,®

<T(2>¢h17b1 (u17 21, 21) e (bhn}}n (una Zns 2n)> =

n hi + luiaui 1 _ _
= Z (2_22)2 + Z—Z'OZi] (nyhy (U1, 21, 21) - gk (Uns 20, Zn)) (B.17)
i=1 v v
A; —‘rO’Z

where h; = . A similar calculation can be done for the positive helicity graviton using
the following operator

1
27

and after similar steps we end up with

T(z) = / d2wz76 Si(w, @, +) (B.18)

<T(2)¢h1}31 (ula 21, 21) s d)hniln (una Zn; Zn)> =

n 7 1
hi + 510y, 1 B B
= Z L2 5 T ———05 | (Dn,n, (w1, 21,21) ... &y 1, (Uny 20, Zn)) (B.19)
— | (2—z) zZ—% nitn
=
where h; = Ai;‘”
8We have used the following identity 0p —2— = 2716%(z — w).
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