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1 Introduction

The concept of entanglement is one of the keys to understand how holography works. This
idea is supported by the Ryu Takayanagi formula [1, 2] and its covariant generalization [3],
which relate the area of particular extremal surfaces in the bulk, to the entanglement
entropies in the dual conformal field theory (CFT). As a concrete and quantitative ap-
plication of this entanglement vs gravity program, recently it has been shown that bulk
gravitational dynamics can be read off from the entanglement structure of states in the
dual CFT.

In this line of developments, it was initially observed that so called first law of entangle-
ment [4] is related to the linearized Einstein equations in the bulk [5, 6]. Consider starting
from the vacuum reduced density matrix py and making it excited slightly pg — po + dp
in a CFT. The change of the entanglement entropy 65 obeys first law of entanglement,
0S = tr[Kdo|, where K = —log pg is called modular Hamiltonian of py. For the subsys-
tems of special type, the vacuum modular Hamiltonian has a local expression given by an
integral of energy density over the subsystem. There is a natural bulk counterpart of the
vacuum modular Hamiltonian, namely, the generator of time translation of a topological
black hole with hyperbolic horizon, whose Bekenstein Hawking entropy gives the CFT vac-
uum entanglement entropy [7]. The first law of entanglement is related to the first law of
thermodynamics applied to the topological black hole, and this enabled us to read off the
linearized equations of motion.

Recently this nice story at the first order in the perturbation dp has been general-
ized to the quadratic order. It was noticed that, in CFT the second order change of the
entanglement entropy can be concisely summarized as an integral of correlation functions
along the flow generated by the vacuum modular Hamiltonian K = —logpy on the sub-
system [8-10]. This was further extended to arbitrarily order in dp and some technical
issue was pointed out [11]. It was also recognized that by rewriting the CFT answer in
terms of bulk variables, we naturally identify it with bulk canonical energy [12], which was
first found holographically in [13]. This makes it possible to read off the bulk equations of
motion beyond the linearized level.

Given these developments, it is now natural to generalize this story to other quan-
tum information theoretic quantities. In particular we would like to find such a quantity
which admits a nice perturbative expansion in CF'T and has a dual holographic expression.
Natural candidates having these properties are those involving powers of reduced density
matrices, for example tr p? which is related to Rényi entropy.

Conventionally, a Rényi type quantity, like tr p7 has been computed by replica trick.
In this trick, we first regard the Rényi index to be a positive integer v = n, and represent
the quantity as a path integral on a branched space ¥,, which is prepared by gluing n copies
of the original space with cuts along the subsystems. After the computation of the path
integral, we then analytically continue the integer n to arbitrarily number . However,
this trick has several disadvantages, even when we compute the quantity perturbatively.
First of all, the analytic continuation is usually difficult to perform. For example, when we



perturbatively expand tr p™ for p = pg+ dp, at quadratic order we encounter following sum

> tr [pg_lépp?_k_léppg_m] : (1.1)
k,m

In order to analytically continue it in n we first need to perform this sum to get a closed
expression. Although for special cases we can do this, in general it is difficult. In addition
to this, we do not know how to do analogous sums for the cubic term and higher. Second,
there are ambiguities in the analytic continuations. According to the Carson’s theorem,
we need to correctly specify the behavior of tr p” on certain region of the complex n plane,
in order to fix the ambiguities.

In order to overcome these difficulties, in this paper we would like to develop a new way
to perturbatively calculate Rényi type quantities without using replica trick, and analytic
continuation. The idea we employ is simple, namely writing tr p” by a contour integral,

1

dz
t Y — ’Yt 12
rp = 02 i z I'z 5 ( )

where the contour C' is chosen so that it includes all the poles of the integrand, but avoid
the contribution of the branch cut coming from z7. We refer to [14, 15] for discussions on
the representation. By expanding the denominator of the integrand for perturbative states
p = po + dp, we can systematically write each term of the perturbative expansion by an
integral along the modular flow of the reference state pg. If we apply this expansion for a
class of perturbative excited states from vacuum in a d dimensional CF'T, we can write each
term as an integral of a correlation function (- --)x. on the branched space ¥, = S% x HI—1
along the modular flow generated by pg. Here, S% denotes the Euclidean time circle with
271y periodicity, and H%! is d — 1 dimensional hyperbolic space. Of course, the CFT
correlation functions on X, are difficult to calculate when d > 2, as the branched space
>, is not conformally related to d dimensional flat space, and even two point functions are
highly theory dependent ones.
However, by the same trick, we can similarly expand the Petz’s quasi entropy [16]
defined by,
Dy(pllo) = tr plo' . (1.3)

This quantity can be regarded as a one parameter generalization of relative entropy,

d
——D5(pllo)|_; = S(pllo) = trplog p — trplogo. (1.4)

dry

We also refer to recent studies on Rényi generalizations of relative entropy [17-22] as
well as perturbative calculations of relative entropy [11, 23-29]. One notable feature of
this Rényi relative divergence is that, each term of its perturbative expansion involves a
correlator on the regular space 31 which is conformally related to flat space. This implies
that the first few terms of the expansion are almost fixed by conformal symmetry, and
independent of the CFT we consider. In particular, this property enables us to holograph-
ically write the quadratic terms of certain linear combinations of D, (p||o) which we will
denote by X (6p), Y5 (dp), in terms of bulk symplectic form, without the details of the bulk



to boundary dictionary. This generalizes the statement “ quantum fisher information =
bulk canonical energy”. See also [30, 31] for recent discussions on bulk symplectic form.

This paper is organized as follows. In section 2, we explain how to expand T (p) = trp”
using the formula (1.2). We first derive expressions of the perturbative terms as integrals
with respect to the entanglement spectrum of the unperturbed state. In section 3, we
check these expressions against known results. In section 4 we express each term of the
perturbative expansion as an integral along the modular flow of the unperturbed state
by Fourier transforming the spectral representation of the kernel derived in section 2. In
section 5 we apply the formalism to reduced density matrices in conformal field theory, and
write these perturbative terms in terms of correlation functions in CFT. In section 6, we
discuss a similar expansion of Petz’s quasi entropy and derive a holographic expression of
the second order term.

2 New expansion formula using the resolvent trick

In the first few sections we focus on the Rényi type quantity

Ty(p) =trp". (2.1)

In the discussions we do not assume the index v to be an positive integer v € Z,
where one can use the replica trick. Although we will apply the prescription developing
here to conformal field theory, the discussions in this section and the next few ones are
applicable for any density matrix of any theory.

When the density matrix p is sufficiently close to the reference state pg, ie p = pg +9dp,
we can expand T (p) by a power series of dp,

T, (p) = Ty (po) + >_ T\ (6p), (2:2)
n=0

and decompose each term in the perturbative expansion by the spectra of the reference
state pg. Let us first do this.
We begin the discussion by first Writing T, (p) using the resolvent of p,

trp’= [ — 27t 2.3
rp 27”2 I p, (2.3)

where the contour C' is encircling the interval [pmin, 1] in the z plane, but not z = 0, so
that it picks up all contributions of eigenvalues of p. pupin is the smallest eigenvalue of
the density matrix p. (See figure 1.) When p is a reduced density matrix of a quantum
field theory, we need to put a UV cut off € so that the density matrix p has a minimum
eigenvalue, then after the calculation we send ¢ — 0. We will explicitly see that only the
unperturbed term 7 (pg) depends on the UV cutoff and rests do not. Therefore we can
uniquely fix the form of Tén)(ép), n>1.
When p = pg + dp the resolvent can be easily expanded,

= ZR (6p) Ryn(0p) = <(1)5,0>n(1 (2.4)

Z=po Z— po)




—

Figure 1. The contour C of the integral (2.3)(blue line). Red dots are the poles of the meromorphic
function f(z) = tr —. These poles are in the segment 0 < Rez < 1.

By inserting the complete set of eigenstates |w;) of the reference state po,

/dwz‘\wz‘>(wi| =1, polw;) =€ *™i|w;), (2.5)

to the left of i-th term, taking trace, and evaluating 1/(z — pp) from the left, we have,

n—1
1 1 1
tr dw; _— || wi|0p|w Wn ) w
B /H I[l - _%“ik 1< kloplei)t ’(Z—Po) p(Z—Po)‘ 1)
= /Hdwi( e 27rw1 2 I l 727@1 | |<Wk“5p\wk+1>, (2.6)
=1 k=1

in the last term, wyp+1 = wq is understood.
In summary, here we expanded T’,(p) with respect to dp, as in (2.2), and saw that the
n th order term of the expansion T(n)(dp) is given by

T (3p) = /I_Id“’Z [ % 7 (z—e —zwl 2 H —27rwz [[iwkloplwnsn).  (27)
k=1

By defining the kernel function,

n _ dz
K( )(wl’ [N wn) = 277” —27‘(’&}1 2 H —27’1’(«17, (28)

we write,

= /HdwiK(”) H (Wk|dplwis1)- (2.9)
i=1 k=1

3 Some explicit checks

We have obtained the perturbative expansion using the spectrum of the reference state
po- To get some insights, in this section we explicitly write down first few terms of the
expansion and check them against known results.



3.1 First order term T7(1)(6p)
The first order term of the series is given by

dz 27

T (50) — / / dz &
1 0p) = [ dw wlople) | 5y
= 7tr [pgflép} , (3.1)
as it should be.

3.2 Second order term T,sz)(ép)

Let us move on to the second order term TW@) (6p). Tt is given by

T2)(5p) = [ dude! (@l5plu) o/ Fple) K., (3:2)
Precise form of K (w,w’) can be derived by the contour integral,
dz 2y
K N= [ ==
(@, ) /C 211 (2 — e 2™W)2(z — e 2mW')
1

= (e [ DT e e ()

3.2.1 Checks

~v =mn € Z4. When the index 7 is a positive integer, the kernel K, (w,w’) is decomposed
into the sum,

y—2
K(w,o) = [Z (v —1) = 1) (e2m)! (e‘m’)’] . (3.4)

=0

Plugging this into (3.2) and undoing the spectral decomposition, we recover the obvious
expansion (1.1) which we frequently encounter in replica calculations. The kernel avoids
the difficulties of replica trick, by automatically doing the summation as well as analytic
continuation in n.

The von Neumann entropy limit. 7,(p) is related to the von Neumann entropy
S(p) by

0
S(p) = —trplogp = aTv(p)ly:y (3.5)
From (3.3) we derive the kernel for the quadratic part of the von Neumann entropy,

oK e2mw o .y .y
677 7:1:(1_627r(ww’))|:(e 2w T2 4 o (w — w)e 2 ] (3.6)

In [8], a perturbative expansion of the von Neumann entropy S(pg+ dp) was discussed,
by expanding the modular Hamiltonian K, = —pg + dp using the identity,

o0 1 1
ogp = [ as <p+/3_ﬁ+1>’ (3.7

the result of the quadratic order kernel in [8] agrees with (3.6).



4 Expressions of perturbative terms in terms of the vacuum modular
flow

The w integrals in the right hand side of (2.9) are of course hard to perform, as we do not
know precise form of the eigenvalue distribution of pg. To proceed, we now express each
term of the perturbative series ngn) (6p) as an integral along the modular flow of pg, by
Fourier transforming the kernel ICS,n) (Wi, wn).

This process is very analogous to the case of the von Neumann entropy perturbation
done in [8] for quadratic order term and generalized to higher order terms in [11]. It is
convenient to introduce the rescaled kernel, defined by

ng”) (W1, wp) = 22T e 9k K0 (4 o ay), (4.1)
27 (y—1)wr n —27w;
_ [ 4z 1 y (4.2)
c 2w (2 — e2mw1)2 7 — e 2mw;
=2

Using this function, we get

/Hdwz (wi, - H (wWrldplwry1)

n
/Hdw e MR ia e K (i, - H {wr|dplwk41)
=1 k=1

n

/l_IdcuZ V(wi, -+ - wn) {wi|e” 2™ p|w)) H(wklgp]wkH), (4.3)

k=1

where 27K = —log po is the modular Hamiltonian of po, and dp = ¢™58p ™ . It can be
easily shown that the new kernel ,an) (w1, - wp) is invariant under the shifts w; — w; + a,

K (w1 + o, wn + a) = K (w1, - - wy). (4.4)

So if we change the variables to {a;, b},
n
ai:wi—wiﬂ,i:l--'n—l b:Zwi, (4.5)

ICE,n) (w1, -wy) only depends on n — 1 variables {a;}i=1..n—1,

IC’(Yn) (OJl, T wn) = IC’(yn) (a17 ag, - -- an—l)- (46)

Thanks to this property IC%H) (w1, -+ - wy) has a nice Fourier transformation,

/ngn) (Wi, wy) = /Cdsl e dsnflei Zisa sk /an)(sl, e Sn-1), (4.7)

{si}i=1..n—1 are variables dual to the spectrum of pg, therefore they have a geometric
interpretation, ie, they are parameterizing the modular flow of pg. Also, as we will see



later, we need to properly choose the integration contours C in order for the Fourier

(")(

transformation (4.7) to correctly reproduce the kernel K5/ (w, - - - wp).
Using this and undoing the spectral decompositions (2.5), we can write 7- ﬁgn) (6p) as an

integral of real time {s;} variables,

n
/I[alwZ (wi, - wp) (wi|e 2™ K5 p|ws) H (wi|dplwis)

k=1

:/dsl--~dsn_1 ICS/”)(sl,---sn 1) tr|e —2myK H Ksképe sy, Sp . (4.8)
C k=1

In the actual CFT computations, this undoing is a bit tricky, and needed special cares.
We will discuss on this in the latter sections.

4.1 Doing the Fourier transformation

(")(

Let us first specify the form of the real time kernel K5 (s1, - - - sp,—1).The task is doing the

inverse Fourier transformation,

d d n 71 Ska
’C,(Yn)(slf"SN—l) :/011271_)71011 Zk 1 Sk k]C( )(al,"'an—l)‘ (49)

The trick we use is very similar to the one developed in our previous paper [11]. By
inserting a delta function,

5(g) = ;ﬂ / dbei, (4.10)

we can disentangle the multiple integral to a product of integrals of single variables {w;},

dbe= [ day -~ day_y e k=1 K% K (ay, - ap)

5(61) ’ngn)(sl, .. Sn—l) — (2

n —igh —iS " lspa n
= W/dwl---dwn e Xkmn Sk ICEY Nwr, - wn),  (4.11)

in the second line we used the relations (4.5).
Now the integral is

8(q) KM (1, s0-1) /do.q - duoy, e~ 1= XRI1 sk K (@i, - wn)
v [ 4 e—wi[—2m(y=1)+i(s1+q)]
271' /2mz / w1 (2 — e~ 2mw1)2

e~ wil2m+(skp—sk—1+q)1]

X H dw;
/ ? y — e—2mw;

e~ wn 27— (sn—1—9)i]

dw
n - e—?mun

94z 10, (4.12)

X
S— 7




The strategy to compute this complicated integral is first compute each w; integral,
and express J(z) as a function of modular times {s;}i=1..n—1. We then perform the z
integral by choosing the contour along the real axis,

5(q) K0 (51, 1) = — /OOdB(J(B—z’e) CJ(B4ie), e—0..  (413)

K o 2m) Jo 2w ’ *

The details of the calculation can be found in appendix A and here we only present

the final result for the kernel K%")(sl, S Sp—1),

n 81+ 2miy) sinm
K0 (s, 5p1) = (51 7)sinmy (4.14)

i <_Z)n—2
872 \ dm sinh (731+227m) Z;; sinh (LFS’“”) sinh (75”2’1)

4.2 Choice of the integration contour: the quadratic n = 2 term

In the previous subsection we derived the expression (4.14) of the real time kernel
K%n)(sl, -+ Sp—1). In order to complete the discussion we need to properly fix the contour
of the real time integrals C' in (4.8). We can do so by demanding the Fourier transformation
can be correctly reversed,

n—1

/an)(wl’ C W) = /C H dsp, 6@'22211 Skak ;an)(sh e Sp1). (4.15)
k k=1
We first consider the contour of quadratic n = 2 term,
; S + 2miy ,
ds K (s) e’ = zs1n7r’y/ ds i — ' 4.16
/Cs 7 (8) 872 Jo,  sinh 5 sinh M% (4.16)

which is a bit tricky compared to higher order terms. When a > 0 we close the contour on
the upper half plane.
The real time kernel ICgQ)(s) has two types of poles.

st =2min, sk=2mi(k—~), nkeZ, k#0. (4.17)

We can easily see that if one choose the contour Cs which contains s?,n > 0, and
sk k> 1 (as in figure 2), then the Fourier transformation is correctly reversed,

IC%") (a) = /C ds IC%Q)(S) €', (4.18)

Again we explicitly check this in appendix B.
It is useful to write the integral as follows. Since we can write the integrand,

(s +2miy)sinmy s+ 2mwiy s+ 2miy
: - S = — — — . (4.19)
sinh % sinh £+ 27rz'y 1— eS8 1 — e—(s+2mivy)
then, the contour integral is naturally split into two parts,
2 ; 3 OO—iE 2 s
/ ds ST 2T ST gy / ds [3 + 7”7] G(s)
. sinh § sinh =571 oo—ie 1—e
(4.20)

0o—2mi(y—¢) .
_ / s [HQW] G(s)

—oo—2mi(y—e€) 1 — e~ (s+2m)

for any function G(s) which is holomorphic on the strip —27y < Ims < 0, when v > 0.



Figure 2. The contour C; of the integral (4.16)(blue line). Orange dots are the poles s§ = 2mi(k—~)
2
of the kernel Ky (s).

It is also worth emphasizing that when —1 < v < 1, the contour gets simplified,

/ ds K{P)(s) G(s) = / T s K2 (s) G(s) (4.21)
Cs

—00—1€

4.3 Contour choice: n > 3 terms

Now we fix all the contours Cf, in the integral (4.15).

In the above derivation we have used following formula,

: > e ¢ (£-1) ¢i
Idé,ﬁ-+ze)::j/ dw(5-+¢g)—<rﬂﬂw::/32” - (4.22)

Notice that £ = p+1it, and p was a real number. In order for the integral to have an inverse,
we need to make sure the choice of the contour C;

e wp

5 — e 2mw : (423)

/dﬂ@+uﬁwm:
Ci

The integrand has poles at s, = ip+ 27n. By an explicit calculation, we recognize that we
need pick up poles with n > 1, thus

oo-+i(p+e)
/ dt / dt. (4.24)
C —oo+i(p+te)



This in particular means that

dz 627r(7—1)w1 n e 2mwi
—

z
2mi (2 — e~2mw1)2 7 — e 2mwi
i=2

K (w1, ) :/
C

n n

co+i(py+e) .
= H / dtj e wrtr / d—z,zV H I(ity + p, 2)
iy —oorti(pite) c?2m

n—1
= H/ dsy, e Tist SRARICT (1, + Sp—1) (4.25)
k=1"Ck

Therefore we need to choose the following contours,
Ims; = —27n(y —¢€), Imsy—Imsg_1=¢, Ims,_;=—¢ (4.26)

In particular when v < 0 there is no consistent contour choice for n > 3 terms.

5 Applications to conformal field theory

The discussion so far is quite general, applicable to any density matrices of any theories.
From now on, we would like to apply the formula to a special type of reduced density
matrices in conformal field theory(CFT). For this purpose, we first briefly summarize the
construction of the reduced density matrices. For detailed discussions we refer to [11].

5.1 Set up
We start from a CFT on d dimensional cylinder R x S9!,

ds? = dt* + df* + sin® dQ3_,. (5.1)
We consider a ball shaped subsystem A, which is given by
A:[0,600) x 8972, t=0, (5.2)
and a reduced density matrix py of a globally excited state |V') on the region A,
pv = trae[V)(V]. (5:3)

The reduced density matrix has a path integral representation on the cylinder with a branch
cut on A. The branched cylinder is mapped to S' x H?! with the metric [7],

ds* = dr? + du® 4 sinh® udQ? ,, 7~ 74 2. (5.4)

We find that in this frame py has following expression [11],

. e*”KV(Go)V(—HO)e*”K
VT TV (00)V (—00)

(5.5)

where K is the generator of the translation along 7 direction, which can be identified
with the modular Hamiltonian of pg and V(46) are local operators corresponding to the

~10 -



excited states through state operator correspondence, located at 7 = £6g,u = 0. In the
small subsystem limit 8y — 0, V' (6g) — V(—6p).

In this limit we can split the density matrix into the vacuum one py = e 2% and the
rest, py = po + dp. We do so by taking operator product expansion (OPE) of the two
local operators,

pv=pot+e ™| D CPyBo(bo,—bo)| e ™ (5.6)
O:primaries

where the index O labels non identity primaries, and C"(?V, Bo(6y, —bp) are the OPE
coefficient and the OPE block of O respectively.

5.2 The perturbative expression of T (p)

Now we determine the perturbative expression of T, (dp) in CFT from (4.8). We write,

trp” = trp] + Z Té")(ép), (5.7)
and for convenience we reproduce the expression of Tv(n) explicitly.
n . ~ .
T§”)(5p) = /d51 e dsn,llC,(Y")(sl, sy )tr |e 2K H e sk pe= sk | (5.8)
k=1
Since dp = ™5 5pe™ | in our case we have

efs5pe s = N~ CPy Bolis + 0o, is — 6p). (5.9)

O:primaries

For our dp, the trace in (5.8) can be regarded as a correlation function of the OPE
blocks on the covering space %, = S% x H?~1 with the metric (5.4) but the periodicity of
the Euclidean time direction is changed 7 ~ 7 + 277y,

1

- —2myK ||
Zwtr e ], (5.10)

(s,

where Z, is the CFT partition function on this space.
Combining these we can write each term of T, (dp) by an integral of correlation func-
tions of OPE blocks on X, along modular flow of vacuum py.

1 n & O n
71000 =3 L i / dsy - dsn 1K (51, $n_1)
{0} =1
n—1

X <H BOk (isk + 90, 1SE — 00)B@<90, —(90)>27
k

(5.11)

- 11 -



5.3 Bring n = 2 term to the standard form

We have seen n = 2 term is given by

1 . .
- Pop) = N ; ds K (s)(Bo(is + 0, is — o) Bo (8o, —00))s, (5.12)
Y

O:primaries

We can simplify this expression when 0 < v < 1, and compare it with known results.

(2)

In order to do so, let us focus on the contribution T 70(5p) of a particular primary O to

y
the n = 2 term. Since the OPE block By is summing up descendants of the primary O,we
can write it as

Bo (8o, —b0) = C(60, 8a) O (7)) (5.13)

Ta=0
where C(6y,d,) is a differential operator, and 7, is the coordinate of Euclidean timelike
direction. In the above we did not manifest the dependence of O on the coordinates of
hyperbolic space. The main ingredient of the formula is the integral of two point function,

i /OO"6 d s+ 2miry
=— S .
87T2 —00—1€ sinh % sinh M%

Iy Gab(s), Gab(s) = <O(ZS -+ Ta)O(Tb»Zw (5.14)

and we can write,

T%,(3p) = C(60,a)C (B0, ) Lt (5.15)

As we explain in appendix C, we can obtain a simpler expression of T,ﬁ)g (6p),

v sin y

T2 (5p) = C(00,0:)C (60, 2r) | : Ga(s —7i7)  (5.16)

—oo sinh #=2 sinh S+§”

Notice that in the v — 1 limit, its derivative recovers the contribution of O to the
second order term S (§p) of entanglement entropy [8],

o -1

SP(5p) = (6o, 0)C (6, D) / i (2 O+ 0@ G
. =

6 Expansion of Petz’s quasi entropy D-(p||o)

In this section, we consider a similar perturbative expansion for Petz’s quasi entropy [16],
defined by
Dy (pllo) = tr pYo'™7. (6.1)

In this section we consider the case where the one of the reduced density matrices is
vacuum o = pg. We then write p = pg + dp,

o
Dy(pllpo) = 3 DI(6p). (6.2)
n=2
The derivation of the perturbative series is very similar to the one of T)(p). We
first write )
dz po !
D = [ =2 tr 22— 6.3
ollon) = [ 7 e 2 (63

- 12 —



then by expanding the denominator we obtain a similar perturbative series. One notable
difference is that in the power series of D (p||po), the p] factor appears in the expan-
sion (5.8) is canceled with the p(l)—v factor which appear in the definition (6.1). The explicit
expression of D,(yn) (6p) is given by

n n—1
Dg")(ép) = Z H C‘(?"“/ Hdsk/dsklcgn)(sl,-'-sn_l)
{0} k=1 k=1
n—1

x (][ Bo,(isk + 6o, isk — 60) Bo, (60, —00))s,
i

(6.4)

with the kernel ngn)(sl, -++8p—1) defined in (4.14).

One advantage of this quantity is that we can expand it in terms of correlation functions
on the space without branch cut, ¥1, on the contrary to Rényi entropy itself, which is
expanded by correlators (---)sx. on the space X, with branch cuts, and they are highly
theory dependent quantities. This implies that first few terms of D,(p||o) are theory
independent, and allows us to write them holographically.

We also emphasize that the expressions (6.4) are only valid in some range of 7. In
particular higher order terms Dgn)(ép), n > 3, has an expression in terms of a modular
flow integral only in the range 0 < v < 1. The limitation is again coming from the fact that
there is a consistent contour choice of the modular flow integrals (4.26) only in the range.
However n = 2 term is still computable by the modular flow integral for any value of ~.

Below, we will be focusing on following quantity,

Z,(pllo) = D_s (pllo) = Dy (pllor), (6.5)
and its quadratic part,
d2
Y’Y((Sp) = WZ’Y(O- + tép Hpo)‘t:m ) (66)

as well as its derivative with respect to the index 7,

X, (60) = 4, (60). (6.7

Notice that when v = 0 0,Z,(p||o) reduces to the relative entropy
052 (pllo)|,—, = 25(cllp), (6.8)

in which the order of two density matrices is flipped p <+ o, and X,(dp) reduces to the
Fisher information, which is symmetric under the exchange.

X,09)|.,_y = Flollo). (6.9)

6.1 Expressing X, (dp) and Y,(dp) by modular flow integrals
Below we will focus on the range of the Rényi index —1 < v < 1 for DEYQ) (6p), or equivalently

0 <y <1for Xy(dp) and Y, (dp).

~13 -



When the Rényi index is in the window, Y, (dp) has following simple modular flow
integral representation,

Y, (dp) = /oo_iE [IC(EW)(S) — ICSQ)(S)} tr [e_QWKSp(s) op| ds. (6.10)

—0o0—1€

Ing)(s) is given by

, Si + 27iy)
KO (s) = STy (s _ 6.11
v () 872 sinh 5 sinh LQ;” (6.11)
For the class of dp we are interested in, we have
Y., (6p) = C(60, 8a)C (00, D) / B (s) - KB (s - zm)} (O(is + 72)O(1))s:, ds
o _ 3 4
— C(60,4)C (60, ) / ds (sin )/ T | (Ofis + 7)O(n))s,
—00 sinh (£5%) sinh (%)
(6.12)
In the second term of the first line, we used another expression of D,2Y((5,0)
D2(6p) = C (60, 0a)C (60, ) Ipa,
oco-+te (613)
Ty = / dsK® (s — 2i) (Olis + 1) O(ra))s1,  Ta > 7
—oo+1i€

and flipped the sign of the integration variable s — —s. The derivation of this expression
is the same with that of (C.12) in appendix C.
By taking derivative of (6.12) with respect to v, we have an expression of X, (dp),
& -1

X, (3p) = C(80, 8)C(80. 3y) / e (S_W)<O(is+ra)0(n,)>zl. (6.14)
o Sin 5

6.2 Holographic expressions of X, (dp) and Y, (dp)

So far we have obtained quadratic term Y, (dp) which is particular linear combination of
the Rényi relative divergence Z(d||po), and its derivative X, (dp) in terms of modular flow
integral (6.12), (6.14).

As we will see below, through AdS/CFT correspondence, they have simple bulk ex-
pressions. The derivations are parallel to the argument of [10], where they obtained the
holographic expression of quadratic term of the entanglement entropy S® (dp).

6.2.1 Set up

To explain this let us first recall the corresponding bulk set up. Our reference state is the
vacuum reduced density matrix pg, and since we take the subsystem A to be a ball shape

— 14 —



region, corresponding Ryu Takayanagi surface can be regarded as the bifurcation surface
rg = 1 of the topological black hole,
2

d
ds? = —(r} — 1)ds} + —B— 4+ r2dH2_| (6.15)
(rg —1)

where ng_l denotes the metric of d — 1 dimensional hyperbolic space,
dH? | = du® + sinh®u dQ?_,. (6.16)

In [10] it was shown that the CFT two point function in (6.12), (6.14) can be written
in terms of the bulk symplectic form wy of the bulk field ¢ dual to the CFT primary O,

<O(ZS + TQ)O(T(,»EI = —/dXB We (KE(XB|Tba)7 KR(XB|8)) . (617)

We evaluate the integral on fixed rp = ro surface of the topological black hole (6.15),
and collectively denote the coordinates of the surface by Xp. The bulk symplectic form is
given by

we (31, 0¢2) = n™M (5610062 — 562001 ) (6.18)

M is the normal vector of the rp = ro surface. Kp(Xp|m.), Kr(Xp|s) are the

where n
Euclidean and Retarded bulk to boundary propagator of the bulk field ¢, respectively. The
primary operators in the CF'T two point function are located at the origin of the hyperbolic
space © = 0. We omit this information in the bulk to boundary propagators.

6.2.2 Holographic rewritings

By plugging (6.17) into (6.12), and evaluating the remaining s integral by picking up poles
of the kernel, we get!

YW((gp) =1 0(90, aa)C(e(), 85)/dXB We (KE(XB‘Tba>7 KE(XB| — 271")/) — KE(XBIO))
(6.19)
By shifting the time coordinate sp — sp + i7,, and using the relation between the
Euclidean bulk to boundary propagator and the expectation value of the bulk scalar field
operator ¢(Xp),

C(bo,04)Ke(XB|ma) = (V]o(XB)|V) = (0(XB))v, (6.20)
we get,
Y, (6p) = i / dX 5 ws (6O, (6@T))v — (BO)v), (6.21)

where (¢(27y))y is the expectation value of the bulk field rotated by 27y along the Eu-
clidean timelike direction,

(p2my))v = tr [py e 7K ¢ 2] (6.22)

!The argument here is very similar to the one in [10]. See appendix E for the details.
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In the argument of the bulk local field ¢, we only manifested the Euclidean time like
coordinate,

¢(1) = ¢(rp, T +isp, u, Q-2). (6.23)

We can obtain a similar expression for X, (6p) just by taking a derivative of Y, (dp),

X, (8p) = —2n / dX5 ws ((6(0)), Bs(d(27))) . (6.24)

here we used the relation 0, = —i0,. This integral is invariant under the deformation of
the surface on which we are evaluating the integral. In particular we can choose the fixed
time slice sg = 0, then the integral can be written as,

X, (8p) = —2n / 450 € Ty (B(0))v (B(27))v), (6.25)

2

where ¥ is the bulk region on the time slice sp = 0, which is enclosed by the boundary
subsystem A and the bifurcation surface of the topological black hole (ie, RT surface). Also
d¥® is the volume element of 3, and £? is the timelike Killing vector of the black hole. T,
is a quadratic form of ¢ related to the stress energy tensor of the bulk field,

Tuv(d1, 32) = a1 Oph2 — M>gapd1 b2 (6.26)

There is another way to derive this result. Let us come back to the CFT formula,

X, (8p) = C(8, a)C (60, 3y) /_oo s h2‘<12m><o(¢s+m)0(fb)>& (6.27)
oo S1n —5

by changing the integration variable to ¢ = s — 27y and shifting the contour we get,

o -1

Xy (dp) = C (b, 8a)0(007ab)/ dtm«o(i(t + 2miy) + 70)O(7)) 5,
oo 5

_ > —1 I 27y 52wy
= /_OO d5—4 i (2 tr [5p(s) e dpe } (6.28)

In [11] it was shown that the excited state modular Hamiltonian K, of p, when ex-
panded by dp, the leading order correction to the vacuum modular Hamiltonian K is
given by

K,=K +/ Lgp(s) =K +0K. (6.29)

_ oo sinh? 5

It was also shown that contribution of a primary operator O to the correction d K has
a bulk expression

5K = o /Z 052 € T,y ((6(0))y, ), (6.30)

where ngS is the bulk field operator dual to O. By plugging this into (6.28), we recover
the result.
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7 Conclusions

In this paper we developed a novel way to perturbatively expand Rényi tpe quantities
involving powers of reduced density matrices. We then obtained a holographic expression of
the quadratic parts of Rényi relative divergences X (dp), Y (dp) in terms of bulk symplectic
form starting from the CFT calculations.

It is interesting find a bulk derivation of this result. One difficulty in doing so is coming
form the fact that in general there is no nice path integral representation of Rényi relative
divergence. This is because even if reduced density matrices p, o can be written by path
integrals, p7 and o'~ can not. If we could find such a representation, then we can map the
CF'T path integral calculationss to the bulk on shell action calculations. Indeed, in a special
case where Rényi relative divergence can be represented by a path integral, corresponding
holographic calcuation is known [21]. However in order to derive a bulk formula for Rényi
relative divergence between two generic bulk configurations, we need to take a different
approach. A possible approach would be first going back to replica trick [32], compute
trp™o™ for positive integers n, m then analytically continue the result n — v,m — 1 —~.

Furthermore it would be nice if we could read off finer information of bulk geometries
using Rényi relative divergence. It has been shown that using relative entropy, we can
read off first non linear part of Einstein equations [8, 10] in particular. Since Rényi relative
divergence is a one parameter generalization of relative entropy, and knows about details of
eigenvalue distribution of excited state reduced density matrices, it is natural to expect this.

Another interesting direction would be to calculate correlation functions with insertions
of modular flows of excited states, by using the technique developed in this paper. For
example [33-35], two point function with an insertion of a modular flow (O(x)A“O(y))
was considered. There, it was also argued that this is useful to extract information of
corresponding bulk geometry. Naively speaking we can perturbatively compute them by
Wick rotating the Rényi index v to the imaginary value v — ¢t in our result. The task
would be to check that there is no obstacle to do this.
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A The calculation of Kg")(sl, ©++Sp_1)

In this appendix, we explain the details of the calculation of the kernel Kgn)(sl, C e Sp—1),

starting from (4.12).
In order to do this, we first decompose J(z) in (4.12)

n—1
J(2) = 24, 2) [] 1h(&k, 2) (&, 2), (A1)
k=2
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where

§1=—2m(y—1) +i(s1 +q), §n =21 — (Sp—1 — q)1, (A.2)
& =21+ (g — Sg—1 + q)1, 2<k<n-1, (A.3)
and
00 e—wg o) e—w§
(& 2) = /_OO dwmv Ir(§,2) = /_OO dwm~ (A.4)

For I,(&, z), by carefully picking up the contributions of the relevant poles we have,

i €

—1

11<5,ﬁ+¢e>=5<5r-1><€ 2), L&, 5 —ie) = Bz (26. 5>- (A.5)
smﬁ

231n§

One way to check these is using

1 1

i il —27id(z). (A.6)
Then,
Disc I = lim [I(z + i€) — I(z — i€)]
e—04
= —2m'/ dwe™ §(8 — e~2™) = i35 1). (A7)

This is consistent with (A.5).
We can evaluate I5(&, ) just by taking derivative of I1(¢, z) with respect to 3,

_ig
12(67/8 +Z€) = - (267_(_ - 1> B(%_2) (2681115) )
2

; € (A.8)
£ e'2
L& p—ie)=— (> —1)pz"2 .
ep-i == (5 1) <gsmg>
Combining these, we obtain the relevant expressions of J(z)
s 1 .
J(8+ie) = ~g(Tia B=(4) (&-y) e Tk, (A.9)
[T}— 2sin %k
and
&
J(B —ie) = —,B(WZZ:l %_(”“))—@” ) e Sh=1 &, (A.10)
[1;_; 2sin %’“
Since
— & ign
- — 1)=-14— A1l
RPIERLUES RE RS = (A1)
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the 5 integral produces the delta function,
& dﬁ 14 tan 2
/ o 2T ni
By picking up the discontinuity across the real line, we get

*d
() K s1,mv5m1) = g | 5 (I(B=i0)=(B+i0), e=>0s.

(A.12)

<§’lr_1><egzz:1£k_e;’zz=1£k) (A.13)

o (o))
(2m)" \ ni T, QSm%’c
Notice that
e~ 3 he1&k _ o5 i1 br — pin(y—n) _ —im(y—n)
= 2i(—1)"sin 7y

and

13
(ﬁ - 1) =gt (s1 + 27iy)
[I;_,sin %’“ 27 &inh (%) Z;; sinh <%) sinh (S"T’l)

From this we finally arrive at the expression of the kernel,

,C(n) (51, L) Snfl) = (Sl + 27TZ’Y) Sin 7T’y

(A.16)

il
k=2

B Fixing the contour of n = 2 term

In this appendix, we fix the correct contour Cs of n = 2 real time integral

/ ds ,ng)(s) plas — ism;w/ ds s+2m’12 _ gias.
C, 8m ¢,  sinh §sinh =57

which reproduces the kernel in the frequency representation, (3.3)

,C'(YZ) (WI,UJQ) — e27r7w1 e—27rw1—27rw2K(wl,w2)

6271'70.)1 6—271'0.11 —27Two

— |:(’Y* 1)6—27r’)/w1 +6—27r’7w2 776—27r('y—1)w16—27rw2 ]

- (6727“01 _67271'(4)2)2
Using a = w; — we, we have,

€ TQ m™a
’CE?)(CL) = m [(’Y — 1) + 62 v — 762 ] .
Let’s do the integral (B.1). There are two types of poles.

st =2min, sk =2mi(k—~).
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82 <477> sinh (%) n—Lginh (W) sinh (S”
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(B.2)
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We choose a contour which contains s7',n > 0, and s’2C ,k > 1. One way to manifest the
contour prescription is introducing an additional parameter x > 0,

) _ [isinmy S+ 2miry
IC'y (57 'T) - ( 871'2 sinh 3+Tg; sinh s+227ri'y ) (B5)
and finally send x — 0 to get the desired result.
We have ( )
1 i(n 4+~ —2mwan 2 ik 2ma(y—k)
— = ) B.
Res(s,,] 5 € ,  Res[s;] 5 ¢ (B.6)

By combining them,

/C ds IC,(E)(S) "% = i (Z Res[s}] + Z Res[s%])
s n k
- _ [(1 o e—27ra'y) Zke—%rak + ’726_27m7n]
k n

627ra

NG

1— 'Y) + 7627ra o 6271'(1')/]

= K@ (a). (B.7)

This is what we want. In the sum, we included n = 0 contribution.

C Simplifying T{* (dp)

In this section we simplify n = 2 term of T,$2) (6p). In section 5.3 we saw that the contri-

bution of particular primary O to T’ 72)(5;)) can be written
) (5p) = C (B, 0a)C(80, 34) Lp (1)

where
. co—1€ 277
1 d s+ 2my

= — S -
872 J_oo—ic sinh 5 sinh MT””

Tap Gab(s), Gap(s) = (O(is +7a)0(1))s,,  (C.2)

and C(0o, d,) is a differential operator summing up all descendants.
This expression only holds when 7, > 7,. This is because we started from the spectral
representation,
Iab = /dwldwg IC'Y(a) 672#7&01 <(,U1’O(Ta)’w2><WQ’O(Tb)|W1>, (03)

rewrote it in terms of the modular flow integral by

co—ie
K7 (a) = / K7(s)e™,  a=w —ws, (C4)

—00—1€
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and then undoing the spectral decomposition of the two point function G g(s),
/dwldwg e 2mMIWLFIAS (150 1O(T4 ) |wo ) wa | O (1) w1 ) = (O(is + 7a)O(Tp))=, - (C.5)

The spectral integral only converges when 7, > 7.
When 7, > 7,, we instead write

Loy = / dwidws [ (a)e™™] €722 (| O(7) |wa) (w2 O (1) w1),  (C.6)

00—1€

]C’y(a)efQﬂ"ya _ / ds ]C’Y(S) eia(s+27ri'y)
oco+2mi(y—e) ]
= / dt K7(t — 2mivy) ', (C.7)
—oo+2mi(y—e¢)
Since » ‘
K(t - 2miy) = T (C.8)

872 sinh % sinh H%

is regular on the strip 27(y —€) > Imt > 0 when 0 < v < 1, we deform the contour to

Imt=c¢ i
K7(a)e-2m10 = / dt K (¢ — 2riny) €1 (C.9)
—00+1€
Therefore for 7, > 7, we have
co+1€
= / K7(s = 2miy){O(1,)O(7a + i5))s.,, Ty > Ta- (C.10)
—o0+1€

We have similar formule for I, just by flipping 7, <> 7.

Finally we combine these expressions to get a simpler form of Téz)(ép). The two point
function in (C.2) is analytic in the strip region —27y < Ims < 73,. Since when 0 < vy < 1
there is no pole coming from the kernel in the strip, and we are allowed to deform the
contour s — s — mwiy. Then the integral for 7, > 7, becomes

_dsinmy oo—ie s+ mwiry ,
ab ™ Ter2 /—oo—ie dssinh 57;”'7 sinh SJZW'V Gap(s = m1Y),  Ta > T (C.11)
Now we do a similar thing for Iy,
co+-1€
Iy = / K7(s = 2miy){O(1a)O(7p + i5))s,,  Ta > To- (C.12)
—oo+i€

By shifting the contour s — s + iy, and then flipping the sign s — —s we get

o isinmy [ootie d —s+ iy
ba = 872 . S S—TY s+miy
T —ootie  sinh ==~ sinh =5

Gap(s — i) (C.13)

In the expressions (C.11) (C.13), we can take ¢ — 0. Finally we obtain

. 0o d
Iop + Tpa = 1R / ° Gap(s — i) (C.14)

Am ) o sinh *=1" sinh SH17
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T7(2()9 (6p) is obtained by applying the differential operator,

T%)(5p) = C(60,82)C/(00, 0) (L + Isa)

(C.15)

Notice that in the 4 — 1 limit, its derivative recovers the second order term S (3p)

entanglement entropy,

[e.o]

52 (659) = C(60,0)C (80, ) / ds— b (O(is + 12)O(n,))s,.

oo 4sinh? (%)

D Direct Fourier transformation

Here we would like to directly show that

oco+ie )
K3(s) = / da yoy (g)eios

o 'n
—o00+1€e 27

0o-+1€ da e—ias
_ 2 2
B /—oo—i—ie 27 sinh? 7a [(7 — D moe e m“]

The first piece is

ootie (Jq eias s 1
[ = R
! /ooJrie 27 sinh? ra 42 (1 - 6_5>

The second order term can be obtained by the shift s — s + 27, therefore

/oo—i-ie da e—ia(s—i—?m') (S + 271-1) ( 1 )
I, = -

—co-tie 27 sinh? 7a 472 1—e5
Similarly,
I PN da eI (s 2riny) 1
° /—oo+ie 21 sinh®7wa 472 <1 _ e—(s+2m~,)>

Then the total integral is

7
872

(y=1L+~l+1I3=

(s + 2mi7y) sin 7y
sinh § sinh 5—"2%

therefore we recover the first non trivial part.

E Details of the holographic rewriting

In section 6.2.2, we used the result,

o0

Y, (dp) = /dXB We <KE(XB|Tab,/ dsY(s — if)KR(XB’5)>

—00

:i/dXB We (KE(X,B‘Tba); KE(XB| —271”'}/) —KE(XB|0))

- 29 —
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with

_(si 4
V(s — ie) = (Sinmy)/dm (E.2)
sinh (—‘9722“) sinh (75_2;17)
In this appendix, we prove this. The derivation is very similar to the one in [10].
The retarded bulk to boundary propagator is given by
KR(XBIS) = ZH(SB — 8) li_r>r(1) [KE<XB‘iS — 6) — KE(XBMS + 6)] . (E3)
€

In particular, as a function of s, the retarded propagator is non vanishing only in the
window —oo < s < $4. The value of s, is fixed by demanding that the boundary point is
null separated from the bulk point Xgz. Then

/ T dsV(s — i) Kn(Xpls) = /_ " Wis — ) [Kn(Xpls + i€) — Kn(Xslis + )]

— 00

= /C dsY(s —ie) Kp(Xpls), (E4)

where C'is the closed contour starting from —oo + i€ to s, + i€, then to s, + 2(m — €)i and
ending at —oo+2(m—¢€)i. We also used the KMS condition Kg(Xplis+27) = Kg(Xglis),
V(s + 2mi) = Y(s) to fix the contour. By picking up poles of Y(s — i€) at s = ie and
s = 2mi~y, we obtain the result.
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