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Abstract
We study the coupling between the fundamental guided modes of two identical parallel nanofibers
analytically and numerically. We calculate the coefficients of directional coupling, butt coupling,
and self coupling as functions of the fiber radius, the light wavelength, and the fiber separation
distance. We show that, due to the symmetry of the system, a mode of a nanofiber with the
principal quasilinear polarization aligned along the axis joining the nanofibers or the
perpendicular axis is coupled only to the mode with the same corresponding principal polarization
of the other nanofiber. We find that the effects of the butt coupling and the self coupling on the
power transfer are significant when the fiber radius is small, the light wavelength is large, or the
fiber separation distance is small. We show that the power transfer coefficient may achieve a local
maximum or become zero as the fiber radius, the light wavelength, or the fiber separation distance
varies.

1. Introduction

Optical nanofibers are vacuum-clad, ultrathin optical fibers [1] that allow tightly radially confined light to
propagate over a long distance (the range of several millimeters is typical) and to interact efficiently with
nearby atoms, molecules, quantum dots, or nanoparticles [2–4]. Optical nanofibers have been widely
studied for various applications ranging from nonlinear optics to nanophotonics, quantum optics, and
quantum photonics [1–5]. Some uses of optical nanofibers include couplers for whispering gallery
resonators [6, 7], miniature Mach–Zehnder interferometers [8], sensors [9, 10], particle manipulation [11],
generation of atom traps [12–15], channeling of light from quantum emitters into nanofiber-guided modes
[16–20], scattering of nanofiber-guided light by atoms [21, 22], use of nanofiber-guided light for Rydberg
atom generation [23], and quadrupole excitations [24, 25].

The mutual interaction between two copropagating light fields in the guided modes of two parallel
waveguides is very important for the construction of practical optical devices [26–29]. Photonic structures
composed of coupled micro- and nanofibers have been proposed, fabricated, and investigated [30–35].
Such structures have been used to build miniaturized ring interferometers and knot resonators in the visible
light wavelength range in recent work by Ding et al [35]. They used the linear coupling theory [26–29,
36–44] to calculate the directional coupling coefficient for different fiber radii and different polarization
angles. However, as in almost all work related to coupling of optical fibers, the coefficients for butt coupling
and self coupling [26–28] have been omitted despite the fact that these effects could be quite significant and
can lead to dramatically different results in the case of nanofibers due to the significant spatial spread and
overlap of the modes.

The purpose of this paper is to present a systematic and complete treatment for the coupling between
the fundamental guided modes of two identical parallel nanofibers. Using coupled mode theory, we show
that the effects of the butt coupling and the self coupling on the power transfer are significant when the
fiber radius is small, the light wavelength is large, or the fiber separation distance is small.

The paper is organized as follows. In section 2 we describe the model and present the basic coupled
mode equations. Section 3 is devoted to the calculations of the coupling coefficients for the modes with the
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Figure 1. (a) Directionally coupled nanofibers. (b) Spatial profile of the refractive index in the fiber transverse plane (x, y).

principal quasilinear polarizations. In section 4, we present the results of calculations for the power transfer
and phase shift coefficients. Our conclusions are given in section 5.

2. Two coupled parallel nanofibers and basic mode coupling equations

We consider two identical vacuum-clad, ultrathin optical fibers aligned parallel to each other as shown in
figure 1. We label the fibers by the indices j = 1, 2. Each fiber j is a dielectric cylinder of radius a and
refractive index n1 = n2 > 1 and is surrounded by an infinite background vacuum or air medium of
refractive index n0 = 1. We are interested in vacuum-clad, silica-core fibers with diameters in the range of
hundreds of nanometers. Such ultrathin optical fibers are usually called nanofibers [1–4]. They can support

one or more modes depending on the fiber size parameter V = ka
√

n2
j − n2

0, where k is the free-space wave

number of light. For V < Vcutoff where Vcutoff � 2.405 is the cutoff parameter, the fiber can support only the
fundamental mode HE11, while for V > Vcutoff , the fiber can support not only the fundamental mode but
also higher-order modes [1, 26–28, 45, 46].

We use the global Cartesian coordinate system {x, y, z}, where the axis z is parallel to the fiber axes z1

and z2, the axis x is perpendicular to the axis z and connects the fiber centers, and the axis y is
perpendicular to the axes x and z (see figure 1). The cross-sectional plane of the fibers is the plane xy. We
call the axes x and y the radial (horizontal) and tangential (vertical) axes, respectively, of the coupled fiber
system (see figure 1(b)). The corresponding polar coordinate system is denoted as {r,ϕ}. Without loss of
generality, we assume that the fiber axes z1 and z2 are positioned symmetrically at the points
x = ±(a + d/2) on the axis x, where d is the separation distance between the fibers. For each individual
fiber j, we use the local fiber-based Cartesian coordinate system {xj, yj, zj}, where the origin is at the center
of the respective fiber, the axis xj is aligned along x, and the axis yj is parallel to y (see figure 1(b)). We also
use the corresponding local polar coordinate systems {rj,ϕj}.

We study the coupling between two copropagating guided light fields of the same optical frequency ω in
the fundamental modes HE11 of the nanofibers. Without loss of generality, we assume that these guided
fields propagate in the forward direction +z. Since the phase mismatch between counterpropagating modes
is large, the coupling between them is weak and hence is neglected [26–28]. For the same reason, we neglect
the coupling between guided modes and radiation modes [26–28].

The guided field in each nanofiber before mode coupling can be decomposed into a superposition of the
orthogonal fundamental modes with the orthogonal polarizations p1 and p2. Let E(p)

j and H(p)
j be the

positive frequency parts of the electric and magnetic components of the fundamental mode HE11 with the
polarization p = p1, p2 of nanofiber j = 1, 2 before mode coupling [26–28]. As the main approximation in
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the coupled mode theory, we assume that the field vector (E, H) of the coupled nanofibers can be expressed
as a superposition of the field vectors (E(p)

j , H(p)
j ) of the fundamental modes of the individual fibers, that is,

E =
∑

jp

A(p)
j E(p)

j , H =
∑

jp

A(p)
j H(p)

j . (1)

Here, A(p)
j are z-dependent coefficients. We separate the transverse and axial dependencies of E(p)

j and H(p)
j

as E(p)
j = E (p)

j (x, y)eiβz and H(p)
j = H(p)

j (x, y)eiβz, where β is the longitudinal propagation constant of the

fundamental guided modes of the individual fibers and E (p)
j and H(p)

j are the envelopes of the electric
and magnetic parts of the p-polarized forward fundamental mode of fiber j before mode coupling [26–28].
The amplitudes A(p)

j are governed by the equations [26–28]

dA(p)
j

dz
+

∑
p′

c(pp′)
jj′

dA(p′)
j′

dz
− i

∑
p′
χ

(pp′)
j A(p′)

j − i
∑

p′
κ

(pp′)
jj′ A(p′)

j′ = 0, (2)

where j′ �= j, that is, (j, j′) = (1, 2) or (2, 1), and

κ
(pp′)
jj′ =

ωε0

∫
dr (N2 − N2

j′ )(E(p)∗
j · E (p′)

j′ )

2
∫

dr Re[E (p)∗
j ×H(p)

j ]z

,

c(pp′)
jj′ =

∫
dr {[E (p)∗

j ×H(p′)
j′ ]z + [E (p′)

j′ ×H(p)∗
j ]z}

2
∫

dr Re[E (p)∗
j ×H(p)

j ]z

,

χ
(pp′)
j =

ωε0

∫
dr (N2 − N2

j )(E(p)∗
j · E (p′)

j )

2
∫

dr Re[E (p)∗
j ×H(p)

j ]z

(3)

are the mode coupling coefficients. Here, Nj is the refractive-index distribution of the space in the presence
of fiber j alone, N is the refractive-index distribution of the space in the presence of the coupled fibers 1 and
2, and

∫
dr =

∫ ∞
−∞

∫ ∞
−∞ dxdy is the integral over the fiber transverse plane. Note that the integrals in the

numerators of the expressions for κ(pp′)
jj′ and χ

(pp′)
j are carried out in the cross-sectional areas of fibers j and

j′, respectively, where the factors N2 − N2
j′ and N2 − N2

j are not zero, respectively. Meanwhile, the integral in

the numerator of the expression for c(pp′)
jj′ is carried out in the full transverse plane xy. The integral that is

present in all of the denominators is twice the power and is also carried out in the full transverse plane xy.

The coefficients κ(pp′)
jj′ are the mode coupling coefficients of the directional coupler [26–28]. The coefficients

c(pp′)
jj′ represent the butt coupling (cross-power coupling) of the waveguides [28]. The coefficients χ(pp′)

j

characterize the self coupling resulting from the changes of the electromagnetic energies of the modes of
fiber j induced by the presence of the other perturbing fiber. We note that the directional coupling

coefficients κ(pp′)
jj′ and the self-coupling (mode-energy-change) coefficients χ(pp′)

j have the dimension of

inverse length, while the butt coupling coefficients c(pp′)
jj′ are dimensionless. The characteristic lengths

1/κ(pp′)
jj′ and 1/χ(pp′)

j determine the propagation distances required for the directional coupling and the self

coupling to be substantial. The dimensionless coefficients c(pp′)
jj′ characterize the efficiency of the butt

coupling.
While butt coupling is usually interpreted as a direct light field transfer in a structure composed of two

end-to-end joined fibers, where light exiting from a transmitting fiber is coupled to a receiving fiber, it can
also occur in directional couplers [28]. In the case of directional couplers, butt coupling means that a
gradient of the envelope of the field of a fiber can excite the field of the other fiber and should not be
ignored.

The set of the coefficients χ(pp′)
j describes not only the shifts of the energies and propagation constants of

the modes (p = p′) of fiber j but also the coupling between the different modes (p �= p′) of the fiber. This
leads to splitting of the degenerate mode energies and propagation constants and also to mode mixing. Note

that χ(pp′)
j = κ

(pp′)
jj .

When the single-fiber modes p and p′ are normalized to have the same power, the coefficients c(pp′)
jj′ and

χ
(pp′)
j satisfy the Hermitian conjugate relationship, that is, c(pp′)

jj′ = c(p′p)∗
j′ j and χ

(pp′)
j = χ

(p′p)∗
j . Meanwhile, the

coefficients κ(pp′)
jj′ in general do not satisfy this relationship unless the waveguides are identical [26–28].
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Figure 2. Cross-sectional profiles of the electric intensity distributions |E (p)
j |2 of the fields in the (a) x- and (b) y-polarized

fundamental guided modes of nanofiber j. The fiber radius is a = 200 nm. The refractive indices of the silica core and the
vacuum cladding are nj = 1.45 and n0 = 1, respectively. The free-space wavelength of light is λ = 800 nm.

We will show in the next section that, in the case of identical nanofibers as considered in this paper, the

coefficients κ(pp′)
jj′ satisfy the Hermitian conjugate relationship, that is, κ(pp′)

jj′ = κ
(p′p)∗
j′ j [26–28].

The eigenvectors of the coupled differential equations (2) represent the normal modes of the coupled
fibers [26–28]. The eigenvalues are the corrections to the propagation constants of the normal modes. It is

clear that the whole set of the coupling coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j determines the normal modes and

their propagation constants.
The sets of the orthogonal modes with the polarization indices p1 and p2 of each nanofiber j = 1, 2 can,

in principle, be arbitrary. Equations (2) and (3) indicate that each mode p1 or p2 of a nanofiber is, in
general, coupled to both modes p1 and p2 of the other nanofiber. In addition, modes p1 and p2 of a
nanofiber can also be coupled to each other due to the presence of the other nanofiber.

3. Coupling coefficients for the modes with the principal quasilinear polarizations

Without loss of generality, we use the basis modes that are quasilinearly polarized [26–28, 47–49] along the
radial axis x and the tangential axis y and are labeled by the polarization index p = x and y, respectively. We
refer to the quasilinear polarizations along these main axes as the principal quasilinear polarizations. We
recall that E (p)

j and H(p)
j are the envelopes of the electric and magnetic parts of the p-polarized forward

fundamental mode of nanofiber j before mode coupling. For convenience and without loss of generality, we
use the sets (E (p)

1 ,H(p)
1 ) and (E (p)

2 ,H(p)
2 ) that are identical to each other in their corresponding local

fiber-based coordinate systems, that is, E (p)
1 (r1,ϕ1) = E (p)

2 (r2,ϕ2) and H(p)
1 (r1,ϕ1)= H(p)

2 (r2,ϕ2) for r1 = r2

and ϕ1 = ϕ2. For convenience, we normalize the sets of the mode functions (E (p)
j ,H(p)

j ) for different

indices j and p to have the same power P0. The explicit expressions for E (p)
j and H(p)

j are given in
appendix A.

We plot in figure 2 the cross-sectional profiles of the electric intensity distributions |E (p)
j |2 of the fields in

the x- and y-polarized fundamental guided modes of a single nanofiber j. The free-space wavelength of light
is λ = 800 nm, and the refractive indices of the fibers and the vacuum cladding are n1 = n2 = 1.45 and
n0 = 1, respectively. The figure shows that the intensity distribution |E (p)

j |2 is symmetric with respect to the
xj and yj axes. The symmetry of the intensity distribution is a consequence of the fact that the Cartesian
components of the mode functions of the quasilinearly polarized modes are even or odd functions of the
transverse coordinates xj and yj (see equations (A.3) and (A.4)).

4



New J. Phys. 22 (2020) 123007 F L Kien et al

It follows from expressions (A.3) and (A.4) that, when we perform the transformation (x, y) → (x,−y),
that is, (rj,ϕj) → (rj,−ϕj), the field components are transformed as described by the formulas

E (x)
jx →E (x)

jx , E (x)
jy →−E (x)

jy , E (x)
jz →E (x)

jz ,

H(x)
jx →−H(x)

jx , H(x)
jy →H(x)

jy , H(x)
jz →−H(x)

jz , (4)

and

E (y)
jx →−E (y)

jx , E (y)
jy →E (y)

jy , E (y)
jz →−E (y)

jz ,

H(y)
jx →H(y)

jx , H(y)
jy →−H(y)

jy , H(y)
jz →H(y)

jz , (5)

which lead to

(E (x)∗
j · E (y)

j′ ) →−(E(x)∗
j · E (y)

j′ ), [E (x)∗
j ×H(y)

j′ ]z →−[E (x)∗
j ×H(y)

j′ ]z. (6)

We use the above symmetry relations to calculate the integrals in equations (3). Then, we obtain

κ
(pp′)
jj′ = κ

(pp)
jj′ δpp′ , c(pp′)

jj′ = c(pp)
jj′ δpp′ , χ

(pp′)
j = χ

(pp)
j δpp′. (7)

According to equations (7), the mode coupling coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j are zero for (p, p′) = (x, y)

or (y, x), that is, for the pair of orthogonal x- and y-polarized modes. Thus, the two polarizations are
decoupled. This decoupling is a consequence of the symmetry of the two-fiber system about the principal x
and y axes. Note that the first relation in equations (7) is in agreement with [27].

For an appropriate choice of the phase of the normalization constant for the mode functions, we have
[26–28, 47–49]

e∗r = −er, e∗ϕ = eϕ, e∗z = ez ,

h∗
r = hr, h∗

ϕ = −hϕ, h∗
z = −hz. (8)

When we use the above relations and expressions (A.3) and (A.4), we can show that

E (p)∗
jx = −E (p)

jx , E (p)∗
jy = −E (p)

jy , E (p)∗
jz = E (p)

jz ,

H(p)∗
jx = −H(p)

jx , H(p)∗
jy = −H(p)

jy , H(p)∗
jz = H(p)

jz . (9)

Then, equations (3) yield

κ
(pp′)
jj′ = κ

(pp′)∗
jj′ , c(pp′)

jj′ = c(pp′)∗
jj′ , χ

(pp′)
j = χ

(pp′)∗
j . (10)

Thus, for an appropriate choice of the phase of the normalization constant for the mode functions, the

mode coupling coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j for the x- and y-polarized modes are real-valued

coefficients.
It follows from expressions (A.3) and (A.4) that, in the central Cartesian coordinate system {x, y} for the

fiber transverse plane, we have the relations

E (p)
1x (x, y) = E (p)

2x (−x,−y),

E (p)
1y (x, y) = E (p)

2y (−x,−y),

E (p)
1z (x, y) = −E (p)

2z (−x,−y), (11)

and

H(p)
1x (x, y) = H(p)

2x (−x,−y),

H(p)
1y (x, y) = H(p)

2y (−x,−y),

H(p)
1z (x, y) = −H(p)

2z (−x,−y). (12)

Hence, we can show that

κ
(pp)
12 = κ

(pp)
21 , c(pp)

12 = c(pp)
21 , χ

(pp)
1 = χ

(pp)
2 . (13)
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Figure 3. Directional coupling coefficient κp (a), butt coupling coefficient cp (b), and self-coupling coefficient χp as functions of
the fiber radius a. The coefficients κp and χp are normalized to the wave number k = 2π/λ of light. The wavelength of light is
λ = 800 nm. The separation distance between the fibers is d = 0. The mode polarization is p = x (solid red lines) or y (dashed
blue lines). Other parameters are as in figure 2.

It follows from equations (7), (10), and (13) that all the mode coupling coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j

satisfy the Hermitian conjugate relationship, that is, κ(pp′)
jj′ = κ

(p′p)∗
j′ j , c(pp′)

jj′ = c(p′p)∗
j′ j , and χ

(pp′)
j = χ

(p′p)∗
j .

Due to the diagonal properties (7) and the symmetry properties (13), it is convenient to use the
simplified notations κp = κ

(pp)
12 = κ

(pp)
21 , cp = c(pp)

12 = c(pp)
21 , and χp = χ

(pp)
1 = χ

(pp)
2 . In the following, we

calculate the coupling coefficients κp, cp, and χp for the pairs of quasilinearly polarized fundamental modes
of the fibers with the same x or y principal polarization. According to equations (10), these coefficients are
real-valued.

We plot in figure 3 the directional coupling coefficient κp, the butt coupling coefficient cp, and the
self-coupling coefficient χp as functions of the fiber radius a. The wavelength of light is λ = 800 nm and the
separation distance between the fibers is d = 0. The figure shows that the directional coupling coefficient κp

has a peak at almost the same point a � 195 nm for both the x and y polarizations, and the self-coupling
coefficient χp has a peak at a � 180 and 170 nm for the x and y polarizations, respectively. Meanwhile, the
butt coupling coefficient cp monotonically reduces with increasing fiber radius a. Note that the peak in the
dependence of the coefficient κp on a was not observed in [35] because calculation results were not
presented for a � 200 nm. In the limit of large fiber radii a � λ/2π, the coefficients κp, cp, and χp reduce
to zero. This behavior is a consequence of the reduction of the overlap between the modes of different fibers
in the limit of large a. In the limit of small fiber radii a 	 λ/2π, the coefficients κp and χp reduce to zero
and the coefficient cp increases to 1. The difference in the limiting value is due to the facts that the integrals
in the numerators of the expressions for κp and χp in equations (3) are carried out in the cross-sectional
area of a fiber, while the integral in the numerator of the expression for cp is carried out in the full
transverse plane xy and, for a small fiber size parameter, the mode profiles extend far beyond the nanofiber
surfaces. We observe that the differences between the values of χp for the x and y polarizations (see the solid
red and dashed blue lines in figure 3(c)) are more significant than the differences between the
corresponding values of κp (see the solid red and dashed blue lines in figure 3(a)), and the latter are in turn
more significant than the differences between the corresponding values of cp (see the solid red and dashed
blue lines in figure 3(b)). We observe that the numerically obtained values of κp, cp, and χp are positive for
all values of the fiber radius a.

In figure 4, we plot the coefficients κp, cp, and χp as functions of the light wavelength λ. The fiber radius
is a = 200 nm and the separation distance between the fibers is d = 0. The refractive index of the
nanofibers depends on the wavelength of light and is calculated from the four-term Sellmeier formula for
fused silica [50, 51]. We observe that κp and χp have local maxima while cp monotonically increases with
increasing λ. In the limit of short wavelengths λ/2π 	 a, the coefficients κp, cp, and χp reduce to zero. In
the limit of long wavelengths λ/2π � a, the coefficients κp and χp reduce to zero and the coefficient cp

increases to 1. We observe that the numerically obtained values of κp, cp, and χp are positive for all values of
λ. Note that the fiber size parameter ka determines the relative size of the system. Therefore, the curves of
figure 3 can be converted into those of figure 4 through the transformation λ = λ0a0/a for the horizontal
axis. Here, we have the values λ0 = 800 nm and a0 = 200 nm, which were used in the calculations of
figures 3 and 4, respectively. This conversion is not exact because of the effect of the dispersion of the
refractive index of the fiber material. However, such discrepancies are very small.

6
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Figure 4. Directional coupling coefficient κp (a), butt coupling coefficient cp (b), and self-coupling coefficient χp as functions of
the light wavelength λ. The coefficients κp and χp are normalized to the wave number k = 2π/λ of light. The fiber radius is
a = 200 nm and the separation distance between the fibers is d = 0. The mode polarization is p = x (solid red lines) or
y (dashed blue lines). The refractive index of the nanofibers is calculated from the four-term Sellmeier formula for fused silica
[50, 51].

Figure 5. Directional coupling coefficient κp (a), butt coupling coefficient cp (b), and self-coupling coefficient χp as functions of
the fiber separation distance d. The coefficients κp and χp are normalized to the wave number k = 2π/λ of light. The wavelength
of light is λ = 800 nm and the fiber radius is a = 200 nm. The mode polarization is p = x (solid red lines) or y (dashed blue
lines). Other parameters are as in figure 2.

We note that the coupled mode theory is based on the perturbation method. The accuracy of this
method depends on the strength of the coupling and, hence, on the overlap between the modes of the two
waveguides. The mode overlap between the adjacent fibers depends on not only the fiber separation
distance d but also the fiber radius a and the light wavelength λ. Huang and Chang have shown that,
for the fibers and light with the parameters in a range of interest, the coupled mode theory gives satisfactory
results even when the fibers are touching each other [52]. However, we recognize that, for ultrathin optical
nanofibers, since the guided fields can penetrate deeply into the outside of the fibers, the coupled mode
theory may not be accurate when the nanofibers are very close to each other. Despite this fact, we chose
d = 0 for the calculations of figures 3 and 4 (and also of figures 6, 7, and 11 in the next section). The
reasons are that we want to show the predictions of the coupled mode theory for a situation close to the
experimental situation of [35], and to compare our calculations with the calculations of [35]. The validity of
the coupled mode theory for two coupled nanofibers in the case of a small fiber separation d with a small
fiber radius a or a large light wavelength λ should be investigated in the future.

We plot in figure 5 the coefficients κp, cp, and χp as functions of the fiber separation distance d. The
wavelength of light is λ = 800 nm and the fiber radius is a = 200 nm. We observe from the figure that κp,
cp, and χp are significant in the region of small d, and reduce monotonically with increasing d. This
reduction is a consequence of the evanescent wave nature of the guided modes outside the fibers.
Comparison between figures 5(a)–(c) shows that, when d increases, χp and cp reduce faster and more
slowly, respectively, than κp. It is clear from figures 5(a) and (c) that χp is comparable to or much smaller
than κp in the region of small or large separation distances d, respectively. The differences between the

7
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values of χp for the x and y polarizations (see the solid red and dashed blue lines in figure 5(c)) are
more significant than the differences between the corresponding values of κp (see the solid red and dashed
blue lines in figure 5(a)), and the latter are in turn more significant than the differences between the
corresponding values of cp (see the solid red and dashed blue lines in figure 5(b)). We observe that the
numerically obtained values of κp, cp, and χp are positive for all values of the fiber separation
distance d.

According to [26–28], in most of the conventional analyses of directional couplers, the butt coupling
coefficients cp and the self-coupling coefficient χp were neglected. Our numerical results presented in
figures 3–5 show that, in the case of coupled nanofibers, the coefficients cp and χp are significant and,
hence, should be taken into account. We note that, in [35], where the coupling of two parallel nanofibers
was studied, the directional coupling coefficient was calculated but the butt coupling coefficient and the
self-coupling coefficient were omitted from consideration [53].

In general, an arbitrary fundamental guided mode is a superposition of the x- and y-polarized modes.
Therefore, we can decompose the electric and magnetic parts of the field in an arbitrary mode p of
nanofiber j as E (p)

j = α(x)
pj E

(x)
j + α

(y)
pj E

(y)
j and H(p)

j = α(x)
pj H

(x)
j + α

(y)
pj H

(y)
j , where α(x)

pj and α
(y)
pj are

coefficients determining the overall power and polarization of the field (E (p)
j ,H(p)

j ) through the sum

|α(x)
pj |2 + |α(y)

pj |2 and the ratio α(x)
pj /α

(y)
pj . For convenience and without loss of generality, we normalize the

power so that |α(x)
pj |2 + |α(y)

pj |2 = 1. With the help of equations (3) and (10), we can show that

κ
(pp′)
jj′ = α(x)∗

pj α(x)
p′j′κx + α

(y)∗
pj α

(y)
p′j′κy,

c(pp′)
jj′ = α(x)∗

pj α(x)
p′j′cx + α

(y)∗
pj α

(y)
p′j′cy,

χ
(pp′)
j = α(x)∗

pj α(x)
p′j χx + α

(y)∗
pj α

(y)
p′jχy. (14)

Equations (14) allow us to calculate the coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j for the coupling between the

modes with arbitrary polarizations p and p′. In general, the mode expansion coefficients α(x,y)
pj,p′ j′ are

complex-valued, and hence so are the mode coupling coefficients κ(pp′)
jj′ , c(pp′)

jj′ , and χ
(pp′)
j although they all

satisfy the Hermitian conjugate relationship, namely, κ(pp′)
jj′ = κ

(p′p)∗
j′j , c(pp′)

jj′ = c(p′p)∗
j′ j , and χ

(pp′)
j = χ

(p′p)∗
j .

4. Power transfer and phase shift

Equations (7) indicate that the mode with the principal quasilinear polarization p = x or y of nanofiber
j = 1, 2 is coupled to the mode with the same polarization p of the other nanofiber j′ = 2, 1 but not to the
modes with the orthogonal polarization p′ = y or x of both nanofibers. Due to this diagonal coupling
property for the modes with the principal quasilinear polarizations, the set of the coupled mode
equations (2) splits into two independent sets, one for p = x and the other one for p = y. These
independent sets for the modes with the same principal quasilinear polarization p = x or y can be written
in the same form

dA(p)
1

dz
+ cp

dA(p)
2

dz
− iχpA(p)

1 − iκpA(p)
2 = 0,

dA(p)
2

dz
+ cp

dA(p)
1

dz
− iχpA(p)

2 − iκpA(p)
1 = 0, (15)

where κp, cp, and χp are real-valued coefficients. From equations (15), we obtain

dA(p)
1

dz
= iδpA(p)

1 + iηpA(p)
2 ,

dA(p)
2

dz
= iδpA(p)

2 + iηpA(p)
1 , (16)

where

ηp =
κp − cpχp

1 − c2
p

, δp =
χp − cpκp

1 − c2
p

. (17)

The eigenvalues of the coupled differential equations (16) are purely imaginary and are given as
i(δp ± ηp). The corresponding eigenvectors are given as (A(p)

1 , A(p)
2 ) = (1,±1)2−1/2 ei(δp±ηp)z. They represent

the normal modes of the coupled nanofibers. The propagation constants of the normal modes are
β + δp ± ηp, shifted from the propagation constant β of the single-fiber modes by an amount equal to the
imaginary part of the corresponding eigenvalue.

8
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The general solution to equations (16) is found to be

A(p)
1 (z) = eiδpz[A(p)

1 (0) cos(ηpz) + iA(p)
2 (0) sin(ηpz)],

A(p)
2 (z) = eiδpz[A(p)

2 (0) cos(ηpz) + iA(p)
1 (0) sin(ηpz)]. (18)

It is clear from equations (18) that ηp characterizes the power transfer between the coupled nanofibers and
δp determines the phase shift. We have

|A(p)
1 (z)|2 + |A(p)

2 (z)|2 = |A(p)
1 (0)|2 + |A(p)

2 (0)|2. (19)

The total power of the field in the p-polarized guided modes of the entire coupled-nanofiber system is
given as [28, 39, 41]

P(p) = [|A(p)
1 |2 + |A(p)

2 |2 + 2cpRe (A(p)
1 A(p)∗

2 )]P0, (20)

where P0 is the common power of the basis single-fiber modes with the mode functions (E (p)
j ,H(p)

j ). We can
show that

P(p)(z) = P(p)(0). (21)

Thus, the total power of the light field in the guided modes with a given principal polarization p = x, y of
the two nanofibers is conserved in the propagation process, and hence so is the total power P = P(x) + P(y)

of the guided light field of the nanofibers. Total power conservation is a general result for coupled lossless
waveguides [26–28, 54]. The conservation of the total power of the copropagating guided modes of the
coupled fibers is a consequence of the fact that the coupling between counterpropagating modes and the
coupling between guided and radiation modes are negligible.

It is tricky to define the guided power in an individual waveguide. According to the conventional
coupled mode theory [39, 41], the power of guided light in the p-polarized mode of the individual fiber j is
defined as

P(p)
j (z) = |A(p)

j (z)|2P0. (22)

Meanwhile, according to the nonorthogonal coupled mode theory [39, 41], if one fiber, for example, fiber j′,
is terminated at z, then the power remaining in the p-polarized mode of the other fiber, namely fiber j �= j′,
is defined as

P̃(p)
j (z) = |A(p)

j (z) + cpA(p)
j′ (z)|2P0 = |Ã(p)

j (z)|2P0, (23)

where

Ã(p)
j (z) = A(p)

j (z) + cpA(p)
j′ (z)

= eiδpz[Ã(p)
j (0) cos(ηpz) + iÃ(p)

j′ (0) sin(ηpz)] (24)

with Ã(p)
j (0) = A(p)

j (0) + cpA(p)
j′ (0). It is clear that expression (22) in terms of the input amplitudes A(p)

1 (0)

and A(p)
2 (0) is the same as expression (23) in terms of the input amplitudes Ã(p)

1 (0) and Ã(p)
2 (0). Note that

the definition (23) reduces to the definition (22) when butt coupling is neglected.
In general, we have P(p)

1 + P(p)
2 �= P(p) and P̃(p)

1 + P̃(p)
2 �= P(p). Thus, the sum of the powers of the two

individual fibers may not be equal to the total power guided in the entire coupled-fiber system [39, 41].
This is not a violation of the law of power conservation but a consequence of the definitions assumed for
the powers in the individual fibers [41].

For the simplicity of analysis, we use the definition (22). The power of the total guided light of nanofiber
j is given by Pj = P(x)

j + P(y)
j = (|A(x)

j |2 + |A(y)
j |2)P0. It follows from equation (19) that the sum P(p)

1 + P(p)
2 of

the powers of the light fields in the guided modes with a given principal polarization p = x, y of the two
nanofibers is conserved in the propagation process, and hence so is the sum P1 + P2 of the powers P1 and
P2 of the guided light fields of nanofibers 1 and 2, respectively.

It is worth noting here that the strength of the power transfer is determined by the absolute value |ηp| of
the coefficient ηp regardless of its sign. The effective coupling length over which complete power transfer
may occur is given by Lp = π/2|ηp|.

The numerator of the expression for the power transfer coefficient ηp in equations (17) has two terms,
namely κp and −cpχp. The term κp describes the contribution of the directional coupling. The term −cpχp

characterizes the contribution of the butt coupling and the self coupling. It is interesting to note that, for
the parameters in the range of interest, the coefficients κp, cp, and χp are positive (see figures 3–5) and
hence the terms κp and −cpχp have opposite signs. This means that the power transfer is a result of the
competition between the directional coupling, from one side, and the butt coupling and the self coupling,
from the other side.
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Figure 6. Power transfer coefficient ηp (a) and phase shift coefficient δp (b), normalized to the wave number k, as functions of
the fiber radius a in the case where the wavelength of light is λ = 800 nm and the fiber separation distance is d = 0. Parameters
used are as for figure 3.

Similarly, the numerator of the expression for the fiber-coupling-induced phase shift coefficient δp in
equations (17) also has two terms, χp and −cpκp, whose signs are opposite to each other. Thus, the
fiber-coupling-induced phase shift of a guided mode is a result of the competition between the self
coupling, from one side, and the butt coupling and the directional coupling, from the other side.

In general, we have ηp �= κp and δp �= χp. In the limit of large separation distances d, we have the
relations |cp| 	 1 and |χp| 	 |κp| [26–28], which lead to ηp � κp and δp � 0. In the cases where the fiber
radius a is small, the light wavelength λ is large, or the fiber separation distance d is small, the butt coupling
coefficient cp and the self-coupling coefficient χp cannot be neglected (see figures 3–5 and [26–28]).

We plot in figure 6 the power transfer coefficient ηp and the phase shift coefficient δp as functions of the
fiber radius a for the parameters of figure 3. Figure 6 shows that, in the limit of small fiber radii, both ηp

and δp tend to nonzero limiting values, unlike κp and χp, which tend to zero. Note that the corresponding
asymptotic value of ηp is opposite to that of δp. This feature is a consequence of the fact that cp → 1 in the
limit of small a.

We observe from figure 6(a) that the power transfer coefficient ηp has a local peak at a � 204 and
171 nm for p = x (solid red curve) and y (dashed blue curve), respectively. This figure also shows that ηp is
zero at a � 147 and 106 nm for p = x and y, respectively. It is interesting to note that ηp is negative, that is,
κp < cqχq, in the regions a � 147 nm and a � 106 nm for p = x and y, respectively. Careful inspection of
the data presented in figures 3 and 6(a) shows that, in the aforementioned regions, where ηp is negative, we
have cp � 1 and κp < χp. Thus, the negative sign of ηp for small fiber radii a is a signature of the facts that
the butt coupling coefficient cp is close to unity and the self-coupling coefficient χp is larger than the
directional coupling coefficient κp. As already mentioned, the strength of the power transfer is determined
by the absolute value |ηp| of the coefficient ηp. We observe that, when a is large enough, the effects of the
butt coupling and the self coupling are less significant than that of the directional coupling and, hence, ηp is
positive. Comparison between the solid red and dashed blue curves of figure 6(a) shows that we may have
all the three possibilities |ηx| < |ηy|, |ηx| = |ηy|, and |ηx| > |ηy| depending on the fiber radius a. We observe
from figure 6 that the differences between ηx and ηy and between δx and δy are significant in the region of
small a but not significant in the region of large a.

We plot in figure 7 the power transfer coefficient ηp and the phase shift coefficient δp as functions of the
wavelength λ of light for the parameters of figure 4. Figure 7 shows that, in the limit of long wavelengths,
both ηp and δp tend to nonzero limiting values, unlike κp and χp, which tend to zero. In this limit, since
cp → 1, the asymptotic value of ηp is opposite to that of δp.

We observe from figure 7(a) that the power transfer coefficient ηp has a local peak at λ � 785 and
930 nm for p = x (solid red curve) and y (dashed blue curve), respectively. The figure shows that ηp is zero
at λ � 1088 and 1501 nm for p = x and y, respectively, and that ηp is negative in the regions λ � 1088 nm
and λ � 1501 nm for p = x and y, respectively. The facts that ηp can become zero or negative are
consequences of the competition between the contribution of the directional coupling, from one side, and
the contribution of the butt coupling and the self coupling, from the other side. When λ is small enough,
the effects of the butt coupling and the self coupling are less significant than those of the directional
coupling and, hence, ηp is positive. Comparison between the solid red and dashed blue curves of figure 7(a)
shows that we may have all the three possibilities |ηx| < |ηy|, |ηx| = |ηy|, and |ηx| > |ηy| depending on the
wavelength λ. We observe from figure 7 that the differences between ηx and ηy and between δx and δy are
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Figure 7. Power transfer coefficient ηp (a) and phase shift coefficient δp (b), normalized to the wave number k, as functions of
the wavelength λ of light in the case where the fiber radius is a = 200 nm and the fiber separation distance is d = 0. Parameters
used are as for figure 4.

Figure 8. Power transfer coefficient ηp (a) and phase shift coefficient δp (b), normalized to the wave number k, as functions of
the fiber separation distance d in the case where the wavelength of light is λ = 800 nm and the fiber radius is a = 200 nm.
Parameters used are as for figure 5.

significant in the region of large λ but not significant in the region of small λ. Since the relative size of the
system is determined by the fiber size parameter ka, the curves of figure 6 can be converted into those of
figure 7 through the transformation λ = λ0a0/a for the horizontal axis, like the case of figures 3 and 4.

We plot in figure 8 the power transfer coefficient ηp and the phase shift coefficient δp as functions of the
fiber separation distance d for the parameters of figure 5. We observe from the solid red curve of figure 8(a)
that the coefficient ηp for the mode with the polarization p = x achieves its maximum value at a nonzero
separation distance d = 14 nm. This behavior is different from that of κp, which reduces monotonically
with increasing d (see figure 5(a)). The occurrence of a local peak in the dependence of the power transfer
coefficient ηp on d is a result of the competition between the directional coupling coefficient κp, the butt
coupling coefficient cp, and the self-coupling coefficient χp (see the expression for ηp in equations (17)). We
observe from figure 8(a) that ηp is positive. This feature is a signature of the fact that, when a is large
enough, the effect of the directional coupling on the power transfer is more significant than that of the butt
coupling and the self coupling. Comparison between the solid red and dashed blue curves of figure 8(a)
shows that we may have all the three possibilities |ηx| < |ηy|, |ηx| = |ηy|, and |ηx| > |ηy| depending on the
fiber separation distance d. In the case of figure 8(a), we have |ηx| < |ηy| and |ηx| > |ηy| in the regions
d < 73 nm and d > 73 nm, respectively. We observe from figure 8 that the differences between ηx and ηy

and between δx and δy are significant in the region of small d but not significant in the region of
large d.

In order to see more clearly the effects of the butt coupling and the self coupling on the power transfer
for small fiber radii and short fiber separation distances, we plot in figure 9 the power transfer coefficients
ηx and ηy as functions of the fiber separation distance d for the fiber radii a = 100, 110, 120, and 130 nm.
The figure shows that, in the cases where p = x and y, the coefficient ηp for power transfer can become
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Figure 9. Power transfer coefficients ηx (a) and ηy (b), normalized to the wave number k, as functions of the fiber separation
distance d. The fiber radius is a = 100 nm (solid red lines), 110 nm (dashed green lines), 120 nm (dotted blue lines), and 130 nm
(dash-dotted magenta lines). The wavelength of light is λ = 800 nm. Other parameters are as in figure 2.

negative, be equal to zero, or have a local peak at a nonzero d. These features are consequences of the fact
that the butt coupling coefficient cp and the self-coupling coefficient χp are significant in the regions of
small fiber radii and short fiber separation distances. We observe from figure 9 that, when d is large enough,
the effects of the butt coupling and the self coupling on the power transfer are less significant than those of
the directional coupling and, hence, ηp is positive.

In order to get a broader view, we plot in figure 10 the dependencies of the power transfer coefficients ηx

and ηy on the fiber radius a and the fiber separation distance d. The figure shows clearly that, due to the
effects of the butt coupling and the self coupling, ηx and ηy are negative when a and d are small enough.
The coefficients ηx and ηy can become zero for some specific values of a and d. When a or d is large enough,
the effects of the butt coupling and the self coupling on the power transfer are less significant than those of
the directional coupling and, hence, ηx and ηy are positive.

The power transfer between the coupled nanofibers is described by equations (18). We use these
equations to calculate the power P1 = (|A(x)

1 |2 + |A(y)
1 |2)P0 and P2 = (|A(x)

2 |2 + |A(y)
2 |2)P0 of the guided light

fields of nanofibers 1 and 2, respectively, as functions of the propagation distance z. We plot in figure 11 the
results of calculations for the cases where the input field for nanofiber 1 is x-polarized, y-polarized, or
circularly polarized, and the input field for nanofiber 2 is zero.

We observe from the figure that, in the cases where the input light is quasilinearly polarized along the
principal axis x (see figure 11(a)) or y (see figure 11(b)), the powers P1 (solid red lines) and P2 (dashed blue
lines) vary periodically in space and 100% power transfers occur at integer multiples of the coupling length
Lx = π/2|ηx| � 3.48 μm or Ly = π/2|ηy| � 2.73 μm. It is clear that, in the case of figure 11, where
a = 200 nm and d = 0, we obtain Lx > Ly. This feature is a consequence of the fact that, for the parameters
of figure 11, we have |ηx| < |ηy| (see figures 6(a) and 8(a)). It follows from the numerical results for ηp

presented in figures 6(a) and 8(a) that we may observe all the three possibilities Lx < Ly, Lx = Ly, and
Lx > Ly, depending on the fiber radius a, the light wavelength λ, and the fiber separation distance d.

We see from figure 11(c) that, in the case where the input light is quasicircularly polarized, the spatial
dependencies of the powers P1 and P2 show the beating of two different harmonic waves with different
wavelengths corresponding to the distinct coupling lengths Lx and Ly. Near 100% power transfers occur at
specific propagation lengths.
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Figure 10. Power transfer coefficients ηx (a) and ηy (b), normalized to the wave number k, as functions of the fiber radius a and
the fiber separation distance d. The wavelength of light is λ = 800 nm. Other parameters are as in figure 2.

Figure 11. Powers P1 (solid red lines) and P2 (dashed blue lines) of the guided light fields of nanofibers 1 and 2, respectively, as
functions of the propagation distance z. The input light field for nanofiber 1 is x-polarized (a), y-polarized (b), or circularly
polarized (c). The input light field for nanofiber 2 is zero. The fiber radius is a = 200 nm, the wavelength of light is λ = 800 nm,
and the fiber separation distance is d = 0. Other parameters are as in figure 2.

We note that transfer of power between light fields propagating in the guided modes of two parallel
waveguides plays a very important role for the construction of practical optical devices, e.g. optical
directional couplers, multicore fibers, wavelength-division multiplexers, polarization splitters,
power-dependent nonlinear couplers, interferometers, ring resonators, and bistable devices [26–28].

In our calculations for figure 11, we did not consider the radiation losses. Due to the absorption of the
fiber material and the imperfections of the fiber surfaces, the guided modes are coupled to the radiation
modes. This leads to the radiation losses. It is known that the attenuation length of conventional fibers is on
the order of kilometers [26–28]. In the case of nanofibers, the radiation losses are higher, but the
transmission is still very high (more than 99% for a nanofiber with length of 2 mm) [2–4]. In the limit of
weak coupling, the radiation losses of the coupled fiber system are expected to be of the same order of
magnitude as the losses in a single fiber.

5. Summary

In conclusion, we have studied analytically and numerically the coupling between the fundamental guided
modes of two identical parallel nanofibers. We have calculated the coefficients of directional coupling, butt
coupling, and self coupling as functions of the fiber radius, the light wavelength, and the fiber separation
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distance. We have shown that, due to the symmetry of the coupled fiber system, the coupling between two
modes with different orthogonal principal quasilinear polarizations, aligned along the radial axis x and the
tangential axis y, vanishes. Due to this property, the x- and y-polarized guided modes of a nanofiber are
coupled only to the modes with the same corresponding principal polarization of the other nanofiber. We
have found that the effects of butt coupling and self coupling on the power transfer are significant when the
fiber radius is small (the region a � 200 nm of figures 3 and 6), the light wavelength is large (the region
λ � 800 nm of figures 4 and 7), or the fiber separation distance is small (the region d � 200 nm of figures 5
and 8). We have shown that the power transfer coefficient may achieve a local maximum or become zero
when the fiber radius, the light wavelength, or the fiber separation distance varies.

We recognize that the effects of difference in radius between nanofibers on the coupling between them
were not considered in our paper. For dissimilar fibers, the directional coupling coefficients κ(p1p2)

12 and

κ
(p2p1)
21 are not related by the complex conjugate relationship [28] and, moreover, one of the fibers can

couple efficiently into the other fiber but not conversely [39]. In addition, a difference in radius between
nanofibers leads to a difference in propagation constant and hence to a phase mismatch causing a reduction
of the power transfer between the coupled nanofibers. The effects of difference in radius between nanofibers
on the coupling between them deserve a separate systematic research.

We emphasize that our results are valid only in the framework of the coupled mode theory. The validity
of the coupled mode theory for two coupled nanofibers in the case of a small fiber separation with a small
fiber radius or a large light wavelength should be investigated further.

Our results are important for controlling and manipulating guided fields of coupled parallel nanofibers
and also have relevance in relation to nanofiber coupled ring resonators made from tapered fibers. They can
be envisioned to have significant influence on ongoing and future experiments in nanofiber quantum optics
and nanophotonics. Due to the small sizes and the high coupling efficiencies, coupled parallel nanofibers
could be use as miniaturized Sagnac interferometers [35, 55] and Fabry–Perot resonators in photonic
circuits [35]. They can also be extended to be used with emitters and scatterers.
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Appendix A. Mode functions

According to [26–28, 47–49], the mode functions of x- and y-polarized forward-propagating fundamental
modes are given as

E (x)
j =

√
2[r̂jer(rj) cos ϕj + iϕ̂jeϕ(rj) sin ϕj + ẑjez(rj) cos ϕj],

H(x)
j =

√
2[îrjhr(rj) sin ϕj + ϕ̂jhϕ(rj) cos ϕj + iẑjhz(rj) sin ϕj], (A.1)

and

E (y)
j =

√
2[r̂jer(rj) sin ϕj − iϕ̂jeϕ(rj) cos ϕj + ẑjez(rj) sin ϕj],

H(y)
j =

√
2[−îrjhr(rj) cos ϕj + ϕ̂jhϕ(rj) sin ϕj − iẑjhz(rj) cos ϕj], (A.2)

where er, eϕ, and ez are the cylindrical components of quasicircularly forward-propagating fundamental
modes. It follows from equations (A.1) and (A.2) that the Cartesian components of the mode functions are

E (x)
jx =

√
2[er(rj)cos2 ϕj − ieϕ(rj)sin2 ϕj],

E (x)
jy =

√
2[er(rj) + ieϕ(rj)] sin ϕj cos ϕj,

E (x)
jz =

√
2ez(rj) cos ϕj,

H(x)
jx =

√
2[ihr(rj) − hϕ(rj)] sin ϕj cos ϕj,

H(x)
jy =

√
2[ihr(rj)sin2 ϕj + hϕ(rj)cos2 ϕj],

H(x)
jz =

√
2 ihz(rj) sin ϕj, (A.3)
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and

E (y)
jx =

√
2[er(rj) + ieϕ(rj)] sin ϕj cos ϕj,

E (y)
jy =

√
2[er(rj)sin2 ϕj − ieϕ(rj)cos2 ϕj],

E (y)
jz =

√
2ez(rj) sin ϕj,

H(y)
jx =

√
2[−ihr(rj)cos2 ϕj − hϕ(rj)sin2 ϕj],

H(y)
jy =

√
2[−ihr(rj) + hϕ(rj)] sin ϕj cos ϕj,

H(y)
jz = −

√
2 ihz(rj) cos ϕj. (A.4)
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