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Abstract We consider the problem of characterizing the smooth, isometric deformations
of a planar material region identified with an open, connected subset D of two-dimensional
Euclidean point space E? into a surface S in three-dimensional Euclidean point space E.
To be isometric, such a deformation must preserve the length of every possible arc of ma-
terial points on D. Characterizing the curves of zero principal curvature of S is of major
importance. After establishing this characterization, we introduce a special curvilinear co-
ordinate system in [E?, based upon an & priori chosen pre-image form of the curves of zero
principal curvature in D, and use that coordinate system to construct the most general iso-
metric deformation of D to a smooth surface S. A necessary and sufficient condition for the
deformation to be isometric is noted and alternative representations are given. Expressions
for the curvature tensor and potentially nonvanishing principal curvature of S are derived.
A general cylindrical deformation is developed and two examples of circular cylindrical and
spiral cylindrical form are constructed. A strategy for determining any smooth isometric
deformation is outlined and that strategy is employed to determine the general isometric de-
formation of a rectangular material strip to a ribbon on a conical surface. Finally, it is shown
that the representation established here is equivalent to an alternative previously established
by Chen, Fosdick and Fried (J. Elast. 119:335-350, 2015).
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1 Introduction

Recently, we [1] established an explicit necessary and sufficient representation for a three-
times continuously differentiable, isometric deformation of a planar material region identi-
fied with an open, connected region D in two-dimensional Euclidean point space E? into a
surface S in three-dimensional Euclidean point space E. Each such deformation is deter-
mined by a sufficiently smooth space curve C, the directrix, and a family of straight lines,
the generators. A condition necessary, but not sufficient, for the deformation to be isometric
is that the generator at each point of C lies in the plane orthogonal to C at that point, with
its precise orientation within that plane being determined by the cumulative torsion of C.
Additionally, however, each ordered combination (u, v) of arclength u along the directrix
and distance v along the generators must correspond isometrically to a unique material point
x in D. That correspondence takes the form of an implicit relation, involving convoluted de-
pendence on the curvature and torsion of C, and admits a closed-form solution only in very
simple examples, encountered for instance in the construction of the isometric deformation
that bends a half disk into a conical surface.
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Isometric Deformation of a Planar Material Region into a Curved. ..

In the present paper, we describe an alternative strategy designed to mitigate the afore-
mentioned difficulties. This strategy produces a different, but equivalent, necessary and suf-
ficient representation for the class of isometric deformations of planar material regions and
it corrects a fundamental misunderstanding concerning an interpretation of the coordinate
representation that has circulated in the mainstream literature on the subject. We consider
only kinematical issues, leaving questions surrounding the variational characterization of
equilibrium configurations for future consideration.

Our primary objective is to determine a representation for the most general smooth iso-
metric deformation y that takes each point x in an open, connected subset D of [E? to a point
y on a surface S in E3:

y=ykx). (1.1

Our approach hinges on a characterization, provided in Sect. 3, of the generators of any
surface S determined by such a deformation. This characterization leads naturally to the
introduction, in Sect. 4, of curvilinear coordinates (n', n%) for D that correspond to an a
priori chosen form for the pre-images of the generators. Relative to a fixed orthonormal
basis {t,,1,} for the translation space V> of E?, each generator of S is the rotated and
translated ‘rigid image’ of a straight line in D with orientation

by(n') =cosb(n')t; +sind(n')a, (1.2)

where 6(n') is the angle that the n*-coordinate line passing through the point x = n't;
makes with a line parallel to ;. The (', »?)-coordinate system is of central importance to
our construction. In particular, defining a parametrization y that maps D to S, but depends
on position in D through the curvilinear coordinates (n', %), by

3" n?) =3(n'vi + n’ba(n")), (1.3)

we establish the representation
y=3(". 1) =3(")+n*Q(n")b(n"). (1.4)

where y,—which is defined such that J,(n') = y(n't;) parametrizes the image of the
n? = 0 coordinate line, namely the directrix C of S—is determined by integrating y, = Q1,
with $,(0) prescribed, where a superposed dot denotes differentiation with respect to 7',
and Q(n') is an element of the collection Orth™ of proper orthogonal linear transformations
from V3, the translation space of IE3, into itself. We then prove that the condition

0b, =0 (1.5)

is both necessary and sufficient to ensure that y defined via (1.3)—(1.4) in conjunction with
a ruled parametrization of D in terms of the curvilinear coordinates (n', n%) is an isometric
deformation. The representation (1.4) for the component y of the isometric deformation y
admits various alternative forms described in Sect. 5. Suppose, in particular, that the directrix
parametrized by ¥, has nonvanishing curvature « and, thus, possesses a well-defined Frenet
frame with unit tangent ¢ = y,,, unit binormal b, and torsion 7. The mapping y can then be
expressed as

1
5(07) = o)+ sin6 1) (sen(ulo')olo') + () ). 16
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where A is a scalar field related to the curvature and orientation of S and satisfies
A =lax(Q Q7). (1.7

with ax(Q Q) being the axial vector of the skew linear transformation Q Q. If, without re-
gard for the overall consequences that are considered in Sect. 5, we naively set 8(n') = 7/2,
so that the generators of S must be orthogonal to its directrix, and additionally stipulate that
A > 0, then the right-hand side of (1.6) can be recognized as the parametric form of the recti-
fying developable of the directrix parametrized by y,. Hangan [3], Sabitov [4], Starostin and
van der Heijden [2], Kurono and Umehara [5], Chubelaschwili and Pinkall [6], Naokawa [7],
Kirby and Fried [8], Shen et al. [9], and others have used rectifying developable mappings
to describe nominally isometric deformations of planar rectangular material material strips
into ribbons and Mobius bands. These workers do not explain how to identify material points
in the reference rectangle with the curvilinear coordinates (5!, #%). Nor do they provide a
condition such as (1.5) which ensures that the parametric representation of the underlying
deformation is indeed isometric to the extent that it preserves the length of every possible
arc of material points on the reference retangle. Importantly, these omissions undermine a
dimensional reduction argument that is used to ostensibly obtain the bending energy of a
rectangular strip that is isometrically deformed into a curved ribbon in terms of an integral
over its midline. Moreover, they lead to variational strategies that involve comparing the
energies of differently shaped, generally nonrectangular, planar reference regions that are
mapped, with stretching, into developable surfaces instead of with the isometric deforma-
tions of a single rectangular material strip that cannot withstand stretching. See, also, the
discussion of Chen and Fried [10].

Expressions for the curvature tensor and potentially nonvanishing principal curvature of a
general smooth surface S determined by an isometric deformation of a rectangular material
strip are derived on the basis of our representation in Sect. 6. In Sect. 7, we specialize our
results to obtain the most general smooth isometric deformation of a planar material region
to a cylindrical form and provide two elementary examples involving isometric deforma-
tions of rectangular material strips. A summary of our strategy for determining any smooth
isometric deformation of a planar material region is provided in Sect. 8. This strategy is then
used, in Sect. 9, to determine the isometric deformation of a rectangular material strip to a
conical form. Next, in Sect. 10, we show the equivalence of the representation given in our
[1] previous work and that obtained here. In particular, that equivalence rests on working
with orthogonal curvilinear coordinates (¢!, ¢2). Finally, in Sect. 11, we briefly review the
conceptual position we have taken in this work regarding the isometric mappings of planar
material regions. We contrast our position with a few other notable works that do not regard
the surfaces as material entities and, rather, apply the concept of isometry as it is defined in
differential geometry.

2 Notion of an Isometric Deformation

Consider a three times continuously differentiable, deformation y that maps each point x
in a planar material region identified with an open, connected subset D of two-dimensional
point space E? to a point

y=yx) 2.1
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on a surface S in three-dimensional Euclidean point space E3. We say that such a deforma-
tion is isometric if in taking D to S it preserves the length of every possible arc of material
points on D. This is the case if and only if the gradient

F=Vy 2.2)

of § on D, the values of which are linear mappings from the translation space V2 of E? to
the translation space V? of E3, preserves the lengths of vectors in V? in the sense that

|[Fu|=|u| 23)

for each u € V2. On this basis, we see that
Fu-Fv=~(|Fu+v)|* - |Ful’ - |Fv)

(lu+v* —u* — |v]?)

S DI~ =

‘v 2.4)
for all u € V? and v € V2. Equivalently, F must obey
F'F=I, (2.5)

where I denotes the identity linear transformation on V2. The requirement that (2.3) holds
for all u € V? is also sufficient for y to be an isometric deformation, as is the requirement
that the gradient F of y satisfies (2.5).

It is important to distinguish between our notion of an isometric deformation and an al-
ternative notion that is encountered in differential geometry—a notion that has been applied
naively when dealing with deformations of two-dimensional bodies which cannot withstand
stretching. Such bodies are referred to as “inextensional” in the classical theories of plates
(see, for example, Simmonds and Libai [11, 12]) and shells (see, for example, Libai and
Simmonds [13, 14]) but are often referred to as “inextensible” in recent works on ribbon-
like forms.

In differential geometry, it is commonly understood that a mapping of a part D of a
surface A C E? onto a part S of a surface B C E? is isometric, or length-preserving, if
the length of any arc on S is the same as the length of the inverse image of the arc on
D. If such a mapping exists, then the surfaces D and S are said to be isometric. In the
differential geometric concept of isometry, the surfaces .4 and B are considered as given
and the objective is to determine conditions which ensure that a length-preserving mapping
exists between the corresponding parts D C A and S C B. Statements to the effect that
“isometric surfaces must have the same Gaussian curvature at corresponding points of such
amapping” and “if the Gaussian curvatures of D and S are constant and equal to one another
then the surfaces are isometric” are commonplace.! So also is the statement “corresponding
curves on isometric surfaces have the same geodesic curvature at corresponding points”.
Furthermore, it is well-known that if D and S are developable then the Gaussian curvatures
of both are zero and thus, in particular, D and S are isometric to one another from the
differential geometric point of view.

ISee, for example, Kreyszig [15, p. 164].
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In the kinematics of continuous two-dimensional material bodies, as is the concern of
this paper, it is commonly understood that a mapping considered as a deformation of a
given material surface D C E? into a surface S C E? is isometric (i.e., length-preserving,
unstretchable, or inextensional), if the length of any arc of material points on D is the same
as the length of the image of this material arc on the surface S C E? under the deformation.
Any such mapping is considered to be a deformation of the surface D C [E*, which is iden-
tified as a given reference configuration, and the objective is to determine conditions on the
deformation necessary and sufficient to ensure that it is length-preserving. If, for example,
the material surface D is planar and its mapping, considered as a deformation of D — S,
produces a developable image S, then the Gaussian curvatures of both D and S are zero
but the mapping is not necessarily an isometric deformation. To illustrate, D C E? could be
an undistorted, rectangular material ribbon which is mapped to S C 7., where 7. C E? is
a circular cylindrical surface. In this case, both D and S have zero Gaussian curvature, but
the mapping need not be an isometric deformation because stretching of material filaments
may have taken place. To be an isometric deformation, the developability of the reference
surface D and its target image S is not sufficient, as we show later in Sect. 4 of this paper.

The notions of isometry that arise in differential geometry and in the kinematics of
continuous two-dimensional material bodies are fundamentally different. Importantly, how-
ever, only the second of these notions is relevant when studying the deformation of a two-
dimensional body that cannot withstand stretching.

In the setting of differential geometry, the surfaces A and B in E® are preconceived
and given a priori without regard for how one is obtained from the other, and the central
question concerns whether lengths measured on a part D C .4 can be made to correspond to
(i.e., be equal to) lengths measured on a part S C B for any mapping in the collection of all
mappings of D +— S. When such a mapping exists then the surfaces D and corresponding
S are said to be geometrically isometric. From this standpoint, no surface is considered
to be a two-dimensional continuous material region and no mapping is considered to be
the deformation of such a body. Suppose, for example, that A and B are planar surfaces
in E3. Then, it is clear that a square part D C .A and a square part of equal size S C B are
isometric in the differential geometric sense. However, from the standpoint of the kinematics
of two-dimensional continuous material regions, if D C A is considered to be an undistorted
material reference configuration and if S C B is a distorted (i.e., stretched) image of D,
then no square parts of equal size in D and S, respectively, are related by an isometric
deformation.

If A and B are developable surfaces in E?, then in the differential geometric sense there
generally exists an isometric image S C B of a part D of A. But, in the kinematics of
two-dimensional continuous material regions there need not exist an isometric deformation
which maps the same part D C A to S C B. The differential geometric isometric image of D
does not necessarily represent a deformation of the relevant points of A into the part S C B.
In general, it is simply an image or overlay that defines a region S on B in which lengths
can be measured in the same way that they were measured in D C .A. From the standpoint
of the kinematics of two-dimensional continuous material region, if A is developable then
an isometric deformation of a part D C A in E? will produce a developable surface S which
has the additional property that the length between material points on D and the length be-
tween corresponding material points on S under the deformation mapping are equal. From
this point of view, the requirement that a deformation maps a developable surface to a de-
velopable surface is necessary for the underlying mapping to be an isometric deformation
but it does not suffice to ensure that material lengths are preserved. Thus, when considering
the characterization of the deformation (i.e., bending and twisting) of a rectangular material
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ribbon under the constraint that material lengths cannot be changed—which, for example,
is the common hypothesis in deforming a rectangular strip of paper into a Mobius band—
deformations are the only physically relevant class of mappings.

3 General Analysis and Set-up: Isometric Deformation of D c E2 to
ScEk’

Let {1;,1,} denote a fixed orthonormal basis in the translation space V? of E2, let x; denote
the component of x relative toz;,i = 1,2, so that x = x;1;,> and define 13 :=1; X 15, so that
{t1,1,,13} provides a fixed positively-oriented orthonormal basis for the translation space
V? of E3. With a slight abuse of notation, we may then write y(x) = y(x, x,) and define a
basis {e;, e,} at each point y = y(x) of S by

e () =y, (x) 3.1

for each material point x of D. The base vectors e;(x) and e,(x) are of course tangent to S
at y. With reference to (2.4), the requirement that y is an isometric deformation may then
be expressed as

e e =1;-1;=35. (3.2)
By differentiating we thus have
5’7ik'5’sj+j’vi'j’vjk=0 (33)

along with two similar equations obtained by cyclically permuting the indicies {i, j, k}. By
adding two of these equations and subtracting the other we easily arrive at

Yy, jx=0. 34
Now, on introducing the oriented unit vector normal
n:=e xe; (3.5
to S, we infer from (3.4) that, for each x € D,
5’7:',' (x)ZAij(x)”(j’(x))7 Aij(x):Aji(x)~ (3.6)

Observing that y,;;x = ¥,ix; by the assumed smoothness of the mapping y, we readily
see from (3.6) that

Ajjgn+ A=Ay, jn+ Ayn, ;. (3.7
Thus, because n,; is orthogonal to n, we find from (3.7) that
Aij=Aix,; = Aj=a,j, (3.8)
which, with the symmetry condition (3.6),, yields

aj,j=4aj,; — aj=¢,,~. 3.9)

2Throughout this work, Roman indicies range over {1, 2}, with summation over twice repeated indices being
implicit, and a subscripted comma denotes partial differentiation.
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This shows that at points where the mapping y is smooth we may introduce a scalar field ¢
satisfying

@.ij = Aij. (3.10)
Consequently, (3.6) becomes
¥.ij () = ¢, () (§(x)). (3.11)
Moreover, (3.7) reduces to
Q.ijnk =0, N,j, (3.12)
which is equivalent to
gjxd,ijn,=0, (3.13)

where ¢;; is the usual alternator symbol for E2. Thus,
EjkP,ij Mok € = 0. (3.14)

Now, because n,; -e,, = —n - e,,,; and because (3.1) and (3.11) imply that e,,,x = ¥,k =
@, mi 1, this last relation may be written as

8jk¢vij¢unk20' (3.15)

Recognizing that the expression on the left-hand side of the above relation is skew in the
indices i and m, we have equivalently

Eim€jkPij @omk =0, (3.16)
which gives

det(,ij) =11 $.22 —.],=0. (3.17)

Now let us recall some elementary differential geometry. Consider a smooth curve
Lo={xeD:x=%(B) =% (B)1:.0 < B < B} (3.18)
in D. The image £ of this curve in S is then given by
L={yeS:y=3(p),0<p <pB.}, (3.19)

with y(B) := y(x(B)) for 0 < B < B, and, because y is an isometric deformation, we see
that the natural tangent vector e to £ given by

_dy(®)
e(p):= NTE 0< B <Bs (3.20)
satisfies
_ |dx(B)
le(B)| = Tl 0<p <pB.. (3.21)

Also, the arclength parameter s is common to both £y and £, and we have

ds = |e| dB. (3.22)
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Clearly, o0 := e/|e| is a unit tangent vector to £ C S. Finally, we record for later use that the
chain rule gives

Ay AR dE ()
e= B =5.: (¥(8) ap =e;(¥(B)) B (3.23)
from which it follows that
dx; .
xd;ﬂ L —ep)-ei(5B). 0<p<p" (3.24)
The Frenet formula for £ may be written as

do

P Kkm, (3.25)

where k and m denote the curvature of £ and the unit normal of £, respectively. The normal
curvature of S at y in the direction of o on L is thus given by

d d
Km-n= ¢« ‘n=—0 - a_ —o - (grad,n)o, (3.26)
ds ds

where grad,n = (grad,n)" denotes the surface gradient of the unit normal field in S and its
negative represents the “curvature tensor” of S.3

In passing, if we let £ be, respectively, an x; or an x, coordinate line in D, and associate,
alternatively, the orthonormal base vectors e; or e, with o then, because e; - n =0 we have
e;,j-n+e;-n,;=0and similar to (3.26) we may write

e, n=—e;-(gradne;. (3.27)
Thus, because of (3.1) and (3.11) we have for an isometric deformation the special result

¢.ij (x) = —e; () - (grad,n(y))e; (V)]y=5) (3.28)

for all x in D, which implies that

grad n(¥)|y—j) = —¢.i; (X)e; (§(x)) R e, (¥(x)). (3.29)

Now, if we couple (3.29) with (3.17) we may conclude that, for an isometric deformation y
with n given by (3.1) and (3.5),

det(grad,n) =0 (3.30)

at all points of S where the mapping y is smooth. This, of course, implies that a principal
curvature of S must vanish at all such points.

Now, let us associate the curve £ C S with a curve of zero principal curvature of S. That
is, let us suppose the natural tangent vector e = dy/dg is an eigenvector of grad,n on £
with zero eigenvalue. Thus, along £ we have

(grad;n)e = 0. (3.31)

3The linear transformation — gradgn is also called the “Weingarten mapping” or the “shape operator” and its
symmetry property is a fundamental theorem of differential geometry. The principal values of —grad n are
the principal curvatures of S at y.
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Further, the chain rule gives

deGB) _ 5,GEB) - . ()
which, with (3.11), yields
deGE) . dGE)
S =0 ) P (®). 0<p <. (3.33)
But, (3.29) and (3.23) show that
o
e(B) - (grad n(0))e; (V) ey = 0 BNV LL 0<p<p. (334

g ’

and so, using the symmetry of grad,n, we see that

%ﬂ(ﬂ)) =—(e(B) - (grad;n(x))e; (x))n(x)|x—y)
= —(ei(x) - (gradn(x))e(B))n(x)|x—38 =0 (3.35)
for 0 < B < B,. This means that
e; = constant along L, (3.36)

wherever £ is smooth. As a consequence, the unit normal field n is also constant along £
wherever £ is smooth, from which we infer that if £ is smooth then it must lie on a fixed
plane and the space curve £ must consequently be planar. Moreover, from (3.23), we have

dy(B) _eAdii (2]
dg ' dg

where we emphasize that e; is constant along £. Thus, on integrating with respect to 8 we
find that, for smooth £,

0<pB <58, (3.37)

yB) =exi(B)+ec, 0<p<B., (3.38)

where c is a constant vector in V3. Finally, we observe that for smooth £ there is an element
Q of the collection Orth™ of proper orthogonal linear transformations from V? to V3 such
that e; = Qt;,i = 1,2, at each point on L. This then gives

n=e; xe;=01; x Qi,=013 onS (3.39)

and

yB) = Qx(B)+c, 0<p <P, (3.40)

the latter of which shows that £ C S is a rotated and translated “rigid image” of £y C D.
Since L is planar, then if it is straight in S its pre-image, Ly, is straight in D and is of the
same length; if it is curved in S its pre-image, Lo, being an exact copy in D, must have
chord lengths that are equal to those of £ for points which correspond under the isometric
deformation y. Moreover, because all points on a chord of £y must lie in D and £ is planar,
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then due to the isometry of y all points on the corresponding chord of £ must lie in S and
be governed by y. This shows that the plane region defined by the closure of the interior of
the convex hull of the planar curve £ must be part of S.

Now, if two smooth curves, £V ¢ S and £L? C S, of zero principal curvature of S
intersect then they intersect at a point on S where the (oriented) surface unit normal is
either uniquely defined or the (oriented) surface has multiple unit normals. If the surface
normal is unique then, arguing as above using the fact that in general the unit normal of
S must be constant along both £ and £, we see that because of the common normal
at the intersection point the two curves must then lie in a common plane and all points in
the closure of the interior of the convex hull of these two curves must lie in a common
planar part of S. If the surface unit normal is not unique at the point of intersection then
it has at least the two unit surface normals that are constant and propagated along £ and
L£® | respectively; in this case the point of intersection is a “non-regular point” of S. We
shall not allow such situations in this work and consider only smooth surfaces S consisting
solely of regular points. In this case, an elementary argument based on the conclusions just
established shows that S is composed of only two categories of subregions:

e Strips of S each of which contains a single one-parameter family of straight lines that
do not intersect in S but run through S. These families describe the bent regions of S in
which only one principal curvature of S vanishes.

e Planar strips of S each of which are bounded by straight lines of zero principal curvature
of S that do not intersect in S. Clearly, all continuous curves in such regions are curves
of zero principal curvature of S.

Even for the class of surfaces containing only regular points, as noted in the second of
the above bullet items there may be continuous, non-differentiable curves of zero principle
curvature of S that lie on S. However, in this case such curves must again lie in a common
planar part of S and the closure of the interior of its convex hull must also be in S. Of course,
on planar parts of S all curves are curves of zero principal curvature of S.

To determine the form of the isometric deformation y, we must go further than simply
the partial characterization (3.40). This requires the introduction of another parameter o,
say, and a study of a one-parameter family £ (o) of straight lines of zero principal curvature
in S with corresponding pre-image lines Ly(«) in D. Having taken this step, we may then
replace the form (3.40) by

Y@, B) = Q(0)x(a, B) + c(a), (3.41)
where ¢() is a constant vector in V* and X (e, -) is given by
*(a, B) = Xi (a0, B)1; = Xo() + Bb(a), (3.42)

with X¢(«) parametrizing a specified curve in D and b(«) a unit vector along the straight
line £y (cr). Alternatively, we may write (3.41) as

Y, B) =B Q()b(e) + Jo(a), (3.43)

where y, (o) := y(, 0) = y(*o(e)) is the image in S of the curve X¢(«) in D. The remain-
ing difficulty at this stage lies with guaranteeing that (3.43) is, indeed, an isometric mapping
of D to S C E3. Moreover, having achieved this, we must also transform from the parame-
ters («, B) to the coordinates (x1, x;) and use (3.43) to determine the deformation y in the
form y = y(xy, x2).
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ba(n')

Fig. 1 Coordinates for x = x;1; in terms of (nl, 172)

4 Coordinate Representation of an Isometric Deformation: Necessary
and Sufficient Condition

For convenience, let us introduce the curvilinear coordinates (n', %) := (@, 8) in E? and
define the transformation (x, x,) <—> (', n%) by

x=xi; =x(n" . ) =%(n".n%), (4.1a)
where

2 1 2 1 2 1
xp=x1(n",n")=n +n-cosb(n),
r=Hil ) ( )} (4.1b)

X =)22(n1, nz) = sin@(n').

The 7n'-coordinate line is coincident with the x,-coordinate line at 5> = 0 and the 5?-
coordinate lines run along straight lines in D that correspond to pre-images of the straight
lines of zero principal curvature in S. The 5?-coordinate line passing through (5, 0) forms
an angle 6(n') € (0, =) with the x,-axis as shown in Fig. 1.

Clearly, the n'-coordinate lines corresponding to 7> = constant are not straight unless 0
is constant, except for n* = 0, which then corresponds to the x;-axis. The base vectors of
V? through each x € D C E? for the curvilinear system are given by
_0X 00X, 0x 9%,

=2, i=1,2, (4.2a)

bi == - -
an'  dn' dx, I’
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so that

b = % = (1 — 50 sin9)l| + (’729 cos@)lz,
n (4.2b)

ox .
by = — =cosfi; + sinbi,,
on?

where a superposed dot is used to denote differentiation with respect to ' and the depen-
dencies of by, b, and # on n' are suppressed for brevity. Note, from (4.2b), that |b,| = 1
and that (4.1a) takes the explicit form

x=x(n".n")=n"ti+n’b2(n"). (4.3)

To ensure that {b|, b,} is an acceptable basis for representing the points of D C E2, we
restrict @ and 2 so that

det(b; - b)) == |b11*|bs]* — (by - by)* = (sinf — nzé)2 £0 4.4)
onD.A

Now, setting & = n', B =52, b(a) = by(n'), and Q(a) = Q(n') in (3.43), defining a
mapping J of (n!, %) to S such that

y('.n?) =3(E(" 1)), (4.5)

and writing ¥, = y(-, 0) for the parametrization of the image in S of the #?> = 0 coordinate
line (i.e., the x;-axis) in D, we arrive at the representation

y=3(". 1) =3(") +n*Q(n")b2(n"). (4.6)

From here we easily see that

3y 0%n .  Okwm .
Qg '=——=—Yu=——6€, i=12 4.7)
an' an' on'

- =b;-1,, i=12, (4.8)

and, because e¢; = Q1;,i = 1, 2, we obtain the relations
a; = (bl . lm)em = (em ® lm)bi = (le ® lm)bi = Qbiv i= 1, 2, (49)

which yield |a;| = |b;| for i = 1, 2. In particular, we see that @, = Qb, is a unit vector field
which defines the straight lines of zero curvature in S that are associated with the straight
lines given by b, in D. Note that (4.6) implies that

9 . . .
alza—’;vlzyoﬁLﬂZ(szJr Qby). (4.10)

4We shall see in (6.12) that the restriction (4.4) is related to the possible unboundedness of the curvature of S.
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where
x 3y(n', 0)
Yo(n') == 7= =a(n".0)= 2(n")h (n".0) = 2 (') 4.10)
and that from (4.2b) we have
n’by =b; —1,. (4.12)
Thus, recalling from (4.9) that a; = Qb; we see from (4.10) that Q must satisfy

0b, =0, (4.13)

which is a necessary condition on how the proper orthogonal transformation field Q may be
chosen so that the deformation ¥y of D C E? to S C E? defined 1mp1101tly through (4.3) and
(4.6) is isometric. It readily follows that (4.13) is equivalent to Q Q a, = 0 which means
that the “angular velocity” correspondlng to @, namely the axial vector ax(Q Q") of the
skew linear transformation field Q 07, must be parallel to a,.’ There thus exist a scalar field
A and a skew linear transformation A with axial unit vector a,, both generally dependent
only on 7' but independent of 52, such that

ax(QQ")=xra, and QQ" =:rA. (4.14)

Of course, [A| = [ax(Q Q).

The condition (4.13) or, equivalently, (4.14) is not only necessary for the deformation y
of D C E? to S C B? defined implicitly through (4.3) and (4.6) to be isometric, but it is also
sufficient. To verify this assertion, we first observe from (4.6) that

9y

Vyi= g @b = (ho+n'(Qb: + Qb)) @' + Qb OB, (4.15)
where {b', b?}, with
b sin 61 —cos?tz and B e —n 0cos9t1 + (11— n26 sm9)12’ 4.16)

sind — n26 sin@ — 126
is the basis of V2 dual to {b;, b,}. Next, we observe that (4.11) and (4.12) allow us to write
= (Qui+1°Qby+ Qb1 — Q1) ®b' + Qb ® P, 4.17)
and, because of (4.13), we arrive at
Vi=0b®b' + 0bh,®b = Q(bi®b' +b, D), (4.18)
which is equivalent to

V=0 ®1+1,®1). (4.19)
Thus, because Q € Orth™,

(V) 'Vi=, 1 +1:01)0 Q11 @1+ 1,Q1) =1, Q1 +1,Q1,  (4.20)

51n this regard, note that az(nl) is the orientation of the line C(nl) of zero curvature in S which corresponds
to the line Lo(nl) that passes through the x-axis at (11, 0) with orientation by Y inD.
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and this ensures that the length between any two points in D is preserved under the defor-
mation y of x € D to y € S provided (4.13) holds.

5 Alternative Representative Forms of an Isometric Deformation

Note, from (4.11), that the unit tangent vector to the space curve parametrized by y,, is given
by

t=3,= Q1 =e, 5.1)
and, granted that t # 0, recall that the Frenet triad {¢, p, b} of tangent, normal, and binormal

unit vectors, respectively, for this curve are related according to

¢
p:= m and b:=t x p. (5.2)

Moreover, this triad satisfies the Frenet—Serret relations

t=«p, p=—«kt+71h, b=—1p, (5.3)

where k := —p - t and 7 := p - b denote, respectively, the curvature and torsion of the curve
parametrized by y,. )
From (4.14),, we see that Q = 1A Q, which yields

=01, =32AQ01, =1ar x Q1 =A0b, x Q1; =10 (b x 17), (5.4)
and with the second of (4.2b) we find, recalling that 6 € (0, ), that
t=—X\sinf Qis, with |f| =|A|sinf. (5.5)

In view of (3.39) we thus have

p =—sgn(}) Q13 = —sgn(M)m, (5.6)
which yields
b=—sgn(2) Q1 x Qi3 =sgn(%) Q1, (5.7)
and
P =—sgn(1) Q13 = —sgn(M)AA Q13 = —|1|A Q13 (5.8)

from which we find that

p-t=—|AAQ13- Q1y=—[A|(az x Q13)- Q11 =—|Alay- Qi =—|A|Qb; - Q1>
— Al - 1y = —|A| sin0 (5.9)

and that
p-b=—|AAQ1;- Q1,=—|A|(as x Q13) - Q1 = [Alas - Q1 = |A|Qb, - Q1

= |A|by - 11 = |A| cosO. (5.10)
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Thus, the curvature « and torsion 7 of the curve parametrized by ¥, are determined by
Kk =|A|sinf and T =|A|cosé. (5.11)

With these developments, it follows, with the aid of the second of (4.2b), that the compo-
nent ¥ of the parametric representation of the isometric deformation y of D C E? to S ¢ E?
defined implicitly through (4.3) and (4.6) can be written in the following equivalent para-
metric forms:

y=3(".n% !

o\

(n') +
o(n') + (1

(') +

(n') +

2

n-Q nl)(cose( )1+Sln9( ) )

) cosO(n') + sgn(x)sinf(n")b(n'))
0(n')(sen(2(n"))b(n") +cott (n')e(n"))
n”sinf(n )(Sgn( (n))b(n') + Enlit( )>

Jo(n') +n*ax(n'). (5.12)

Il
>

o(
(v

Il
>

o(n') +n*sin

Il
>

077l

Il
>

The relationship between the point x € D and the rectangular (x;, x;) and curvilinear
(n', n?) coordinates used here is recorded in (4.1a)—(4.1b). The fourth form above, (5.12)4,
is similar to a parametric representation often posited in the literature to represent the iso-
metric deformation of a flat rectangular strip.® However, it is important to emphasize that
in addition to (5.12),4 the necessary and sufficient condition (4.13) is an essential require-
ment that the representation describe an isometric deformation and it must be satisfied. As
we have seen above, this condition places restrictions on the forms taken by the fields y,,
t, b, k, and . Moreover, while it is clear from (4.1a), (4.1b) that n>sin@(n') = x, is the
rectangular x, coordinate of the point x € D, it is equally clear that ' is not the rectangular
x1 coordinate of that point. This distinction is not clearly described in the literature (see, for
example, Hangan [3], Sabitov [4], Starostin and van der Heijden [2], Kurono and Umehara
[5], Chubelaschwili and Pinkall [6], Naokawa [7], Kirby and Fried [8], and Shen et al. [9])
in which similar-looking representations are used, leading not only to confusion and error
in interpreting the representation as an isometric deformation but also undermining an ar-
gument that is used to reduce the bending energy of the surface to a line integral over the
midline of the surface.

Specializing the work of Dias and Audoly [16] to the case of a deformation of a flat
rectangular strip of length L and width w to a deformed target surface, and with a change of

SFor example, Starostin and van der Heijden [2] consider a parametrization

Y@, ) =r(s) +1(b(s) +n()t(s)), sel[0, L], te[—w, wl, (*)

of a strip of length L and width 2w, where r is the centerline of the strip, s denotes the arc length along
the centerline and ¢, b, x, T and n := t/k are as above in this section. They take this to be a representation
that preserves all intrinsic distance. While this parametrization is similar to (5.12)4, Starostin and van der
Heijden [2] do not explain how to correlate s and 7 with the corresponding material points of the flat reference
rectangle. Since L and 2w are designated as the length and width of the rectangular strip and the domains
for s and ¢ are given as [0, L] and [—w, w], respectively. it is natural to take s as x; and ¢ as x,. However,
this would be incorrect, and this is what defines the ‘confusion’ noted in the text of the paragraph containing
this footnote. Such a correlation is obtained in the present work through the use of (4.1) in (5.1)4. Moreover,
Starostin and van der Heijden [2] make no mention of any condition such as (4.13) which would ensure that
their parametric representation is indeed isometric in the sense that it preserves distances between all pairs of
material points. Without further restriction the parametrization does not represent an isometric deformation.
See, also, the discussion of Chen and Fried [10].
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notation from (S, V) to (s, v), we may rewrite their equation (5), as the ruled surface
y(s,v) =x(s) + v(d(s) + n(s)ds(s)), (5.13)

where, here, x denotes the parametrized directrix on the target surface whose pre-image is
the reference straight midline through the flat rectangular strip, {d;, d», d3} is a positively
oriented orthonormal frame attached to x, d3 := x’ is the unit tangent vector along the
directrix on the target surface, d, is a normal to the target surface, d| :=d, x d3, n is the
tangent of the angle between d; and the generators spanned by d 4+ nd3, s € [0, L] is the
length along the midline of the reference rectangular strip, and v is the coordinate along the
generators measured from the directrix. Clearly, the length along x and s are equivalent and
in equation (8) of Dias and Audoly [16] it is noted that for the case of a rectangular ribbon
v € [—w/2, w/2], though this may be an oversight and needs some clarification.

In addition, Dias and Audoly [16] introduce the Darboux vector @ = wd| + w,d» + w3d3
and write d; =w xd;, (i =1,2,3), where a prime denotes differentiation with respect to s,
and they show, by applying a classical theorem from differential geometry, that for the target
surface in (5.13) to be developable and be associated with a flat rectangular pre-image the
directors must satisfy

d, -dy=nd,-dy and dy-d, =0, (5.14)

the latter of which follows from the fact that the geodesic curvature of x in the target sur-
face must equal the curvature of its straight pre-image. Accordingly, (5.14) is equivalent to
w, =0 and w3 = nw;, and we see that (5.14) holds if and only if the directors satisfy

d| =nwid,, d,=w(d;—nd,)), and dj=-wd>. (5.15)

Now, the representation (5.13) restricted by (5.14) is interpreted by Dias and Audoly [16]
as an isometric deformation, but no strategy for constructing the deformation from the rect-
angular strip to the target (5.13) is given and the condition ensuing from the requirement
that the distance between all pairs of material points is preserved is not checked. Further,
while the representation appears to be distinct from those mentioned in (5.12) or () of
Footnote 6, we emphasize below, in agreement with a briefly noted observation of Dias and
Audoly [16], that (5.13) restricted by (5.15) (the equivalent of (5.14)) amounts to a Frenet
frame representation similar to that of (5.12)4 or (x) of Footnote 6. To see this, let {¢, p, b}
be the Frenet frame associated with space curve x, sothatt =x’, p=1¢'/|t'| and b =t x p.
It is then clear that

d;=t, (5.16)

and we infer from (5.15); and the Frenet-Serret relation ¢’ = k p, where k = |t'| is the
curvature of the directrix x, that

kp=—wd, = w=sgn(w)k, dy=—sgn(w))p. (5.17)
We therefore have
dy=d; xd;=—sgn(w;)p x t =sgn(w;)b, (5.18)

and we see that, apart from a change of sign, the frame {d, d,, d3} and the Frenet frame
{¢, p, b} are identical.
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We next observe that (5.15); may be written as

sgn(@)b’ = —sgn(w)nw; p, (5.19)
which represents the second Frenet-Serret relation b’ = —7 p, with
T
o=t = n=sg()_. (5.20)

where 7 is the torsion of the directrix parametrized by x. With what has been shown above,
it is in addition straightforward to see that (5.15), is equivalent to the third Frenet—Serret
relation p’ = —«t + tb.

Finally, we observe that (5.13) may readily be transformed to the form

y(s,v) :x(s)+sgn(a)1)v<b(s)+ @t(s)) (5.21)
Kk (s)

which, modulo an unambiguous interpretation of v and the multiplying sign sgn(w), is
similar to our (5.12)4 and () of Footnote 6.

6 Curvature Tensor of S

To obtain an explicit expression for the curvature tensor —grad,n of S, we first observe that,
on using the curvilinear coordinates (', n%) to locate points on S and recalling that Q is
independent of 52, the representation (3.39) for the unit normal n of S yields

n(3(n'.n%) = Q@(n" )iz =:a(n"). 6.1)

We also observe that {a, a;} provides a basis in the plane tangent to S which follows by
noting, from (4.2b) and (4.9), that

a; x ay = Qb x Qby = Q(b; x by) = (sin0 — n*0) Q13 = (sin6 — n*0)n, (6.2)

and recalling, from (4.4), that sin6 — nzé #0onD.
Using the structure of the coordinate system (1!, n?) for locating the points x on S, we
therefore find that

on . ay .
=6;1013= (gradsn)a—nj = (gradn)a;, j=1,2, (6.3)

anJ
and determine the covariant components of grad n as
a; - (grad,n)a; = a; - (8;; Q13). (6.4)
Thus, we have

grad,n = (ai < (81 ng))ai ®al, (6.5)

where {a', @} is the basis dual to {a;, a,} and @' - a; = &}. In addition, we see that
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a; - (8;1013) = (8, 0b)) - Q13
=(5j1QTQbi) 13
=—(10"0b; 13
=—(818,1Q" Qb)) - 13, (6.6)

the last being due to (4.13). Relative to the basis {a,, a,} the covariant components of grad n
are thus given by

a; - (gradm)a; = a; - (8;, Q13) = — (8,15, Q7 Qb:) - 13, 6.7)
and this then yields
gradn = —((8:18;1 0" le) ‘13)d ®a’ =—((Q" le) ‘13)a' ®a'. (6.8)

Then, because a' is perpendicular to @, and lies in the plane tangent to S, and a; is a unit
vector along a line of zero principal curvature of S, the unit vector v = a'/|a!| defines the
second principal direction of curvature on S and we may write

gradn=—|a'*((Q" Qb)) -15)v ®v. (6.9)

This last result is consistent with the intuitive expectation that the non-zero principal curva-
ture of S should depend directly upon the angular ‘rate” Q" Q associated with Q at which
S is being mapped out as a local rotation about the axis a; of zero principal curvature.

To simplify (6.9) further, let us next note that

Q" Qb 15=0b- Q1= 0b; -n=00Q"a;-n
=(ax(QQ") xa))-n=xr(axay)-n

= A(n*0 — sino), (6.10)

where, in accord with (4.14), we have used that ax( Q Q") = Aa,. Finally, recalling a; - a =
b; - b;, it is not difficult to show that

12
= 6.11
o] [n%26 — sinH|? @10
Thus, using (6.9), we find that the curvature tensor has the form
—gradn=————vQvV 6.12
g1 7260 — siné ©.12)
and, thus, surmise that
k:= )L (6.13)
" %6 —sin6 '

is the second (possibly nonzero) principal curvature of S. Of course, (4.4) ensures that the
denominator common to (6.12) and (6.13) does not vanish due to the condition (4.4).
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7 General Cylindrical Bending

Suppose that 6 = 6, € (0, ) is an assigned constant. Then according to (4.2b) the curvi-
linear coordinates (17", #?) correspond to a Cartesian coordinate system with constant base
vectors by =1, and b, = by := cos byt + sinbyt,. The base vector by defines a family of
parallel lines cutting through D C E? at an angle of 6, with 1, as depicted in Fig. 1. We then
see from (4.9) that @, = Qbo and with (4.13) we find that a; is a constant unit vector field
in V3 which, without loss of generality and for convenience, we may take as

a, =1j3. (7 1)
Thus, S is of cylindrical form with generators parallel to z3. Returning to (4.9), we have

13 = Qb() (72)
Now, choose

Q(n')=R(n') Qo (7.3)
where @, € Orth™ is such that Q b, = 13 and, thus, corresponds to a rotation, by the angle
/2, of by — 15 about the axis

m:=by X 13 = (cosOyt; + sinbyt,) X 13 = sinbyt; — cosGyl,, (7.4)

and where R € Orth™ satisfies R(n')13 = 13. With this condition, it follows that (7.2) holds
automatically. Specifically, note that @, has the form

Qy=m®m—by®13+13® by, (7.5)
and, because of (4.14),, that R must obey the ordinary differential equation RR" = LAy or,
equivalently,

R=1A0R, (7.6)

where A( € Skew is constant with a, =13 = ax(A() being its axial vector.
The solution of (7.6) which satisfies R(b) = 1, where 1 denotes the identity linear trans-
formation on V3, is

R(nl) — @m0 — 1 4 sinw(nl)Ao + (1 — cosw(nl))Ag, (7.7a)

with w given by
1

w(n') = fn Au) du, (7.7b)
b

where b and 7' are arbitrary to the extent that for a given A the integral exists. For each
n', (7.7a) clearly represents a rotation of angle w(n') about the 13-axis. Thus, Ri; =13
and (7.2) is, indeed, satisfied. With this, we see from the last of (5.12) and (4.11) that the
component y of the corresponding parametric representation of the isometric deformation
y of D CE? to S C E? is of the form

y(n'. ') =3o(n") + n’es, (7.8)
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where the space curve parametrized by J, is to be determined by integrating

;,0(”1) = Q(n")1, subjectto F,(0) = y,, (7.9)

once the point y, € E? is specified.’
Thus, from (7.3), (7.5), and (7.7a), we see that

Q(?]l)ll = R(nl) Qot = (1 + sinw(nl)Ao + (1 — cosw(nl))A(z)) Ool1, (7.10)
with

Oot1=(m -1;)m + (by - 11)13 =sinbOy(sinbpr; — cosbyty) + cosOyis,
Ao Qpt1 =13 X Oyt =sinby(cos Gyt + sinbyr,), (7.11)

A5 Qo1 =13 X Ag Q1) = —sinfy(sinfyr; — cosbot2).

Finally, after integration and simplification we arrive at
’71
5’0(’7]) =y, 4+ n' cosbyz + sinby(cosHpr| + sinbyt) / sinw (u) du
0

1
n
+ sin 6y (sinByz; — cos 9012)/ cosw(u)du, (7.12)
0

which, with (7.8), gives the general form of the component y of the parametric representa-
tion of the isometric deformation y corresponding to the special case of & = 8, = constant
considered in this section. Note, from (6.13), that the novanishing principal curvature k of
the deformed surface S is given by

k(n')=—x(n")cscby, (7.13)
and, because a, = 13, the surface S lies on a surface 7 of cylindrical form, the generators

of which are parallel to 5.
In the following two examples, it suffices, and is representative, to restrict 6, so that

0<6 < % (7.14)

and, moreover, to suppose that D C E? is a rectangle of length / and width w located such
that the rectilinear coordinates x; and x, of each point x = x;1; belonging to D satisfy,

0<x; <l and —%<x2<%, (7.15)

as depicted in Fig. 2.

TThe point yy may be chosen as a matter of convenience in orienting the mapped domain S in K3, as is
illustrated in specific examples provided in Sects. 7.1 and 7.2.
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Fig. 2 Coordinates of the rectangular material strip D

7.1 Example 1: Circular Cylindrical Bending. Helical Forms

For the case A = 19 > 0 with A, constant we see from (7.13) that the nonvanishing principal
curvature k of the deformed surface S is constant and given by

k = —AgcscHy. (7.16)
Thus, S lies on a circular cylindrical surface 7. of radius

__sinfp
ro = . (7.17)
Ao

From (7.7b) it follows that w(n') = Ao(n' — b). For this example, it is convenient to take
b =0, in which case, with the aid of (7.12) we find that

Jo(n') = yo+ n' cosbors + ro(1 — cos(ron'))(cos ot + sinbyr2)
+ rosin(Aon') (sinBozy — cos Hor). (7.18)
Clearly, y,(0) = y,.
To describe this curve, it is convenient to introduce the right-handed basis {j,, J,, 13}
with j;, i =1, 2, defined by

J:=—cosfpt; —sinbpr, and j, :=sinbyr; — cosbpiy, (7.19)
and to take
Yo :=ToJ- (7.20)
Then, it follows that
Jo(n') =ro(cos(ron') s, + sin(ron') 1,) + n' cos o, (7.21)

which, for 6y < 7 /2, is the graph of a helix on the circular cylindrical surface 7. with gen-
erators parallel to 13 and radius ry. In accord with (7.8), the flat planar domain D is thus
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deformed isometrically to the form S which lies on 7. such that the parallel straight lines
originally through D at angle 6, with the base vector z; coincide with the generators of 7,
which are, of course, parallel to 13. The helical space curve (7.21) is the image of the n?> =0
coordinate line on 7.

From (4.1b) and (7.14), we see that ' and ? are related to x| and x, by

n'=x, —xycotfy and 5> =x,csch. (7.22)
To cover all the points of D n' and n? must, consistent with (7.15), also satisfy

t 6 tO & 0,
_wco 0<n1<l+wCO 0 and _IUCSC()<T]2<LUCSC 0’
2 2 2 2

(7.23)

as is best seen in Fig. 2. With reference to (7.8) and (7.21), the isometric deformation y from
D CE?toS C T, CE?is thus given by

y(x) = yo(x1 — x2 cotby) + x, csc Oyt 3. (7.24)

Note that the centerline x, — 0 is mapped to the helix on 7. parametrized by y, and the end
x1 — 0 is mapped to the curve on 7. given by

¥(x212) = Yo (—x2 cotby) + x2 csc Oyt s. (7.25)

If, in particular, 8y < 7 /2, then the rectangle D is wrapped isometrically onto the circular
cylindrical surface 7, into a right-handed helical ribbon S according to the direction of 3.
If 6y = 7 /2, the centerline x, = 0 is mapped to a circle and the form of S is right circular
cylindrical. In Fig. 3, we show S for the case 6y = /4, ro =1 (Ag = sinby/ry = 1/«/5),
w=1/2and! = 10.

7.2 Example 2: Spiral Cylindrical Bending. Helical Forms

For this example, we take D to be the rectangle defined in (7.15) and shown in Fig. 2, and,

again, for convenience assume that 6, is fixed in the interval (0, 7 /2]. Moreover, we choose

A to be of the form

w cot By
>

A(nl)=n1:_a, with a:=

(7.26)
where n' obeys the restriction

n'> —a. (7.27)
Then, we see from (7.13) that the nonvanishing principal curvature £ of the deformed surface
S is given by

0
k(n') = —:S‘j ,,Ow (7.28)

which is negative but not constant for each n' > —a. Thus, S lies on a spiral cylindrical
surface 7; whose generators are parallel to z3. Recalling, from (4.1b) and (7.14), that

171 =x; —xpcotfy and nz =X, cscby, (7.29)
it follows from (7.15) that for each x € D, we must have 5! > —wcotfy/2 = —a and
that x; — 0 and that x, — w/2 as n' — —wcotfy/2 = —a, from which we infer that
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ScTcforby=m/4,rg=1
(Ao =sinfy/ro = 1/+/2),

w=1/2,and [ =10 L
2

Fig. 3 Circular helical form of T
3

e

S~

.

AV/\
- @

n*> — wecscy/2. Thus, the top left corner of the rectangle D will have a infinitely nega-
tive nonvanishing principal curvature in its isometrically mapped configuration S and all
other points of S will have a bounded, strictly negative nonzero principal curvature.

From (7.7a,b) and granted that ' > —a, it follows that

a—i—nl
a+b’

a)(nl) =In (7.30)

where, to be meaninful, b is a constant satisying b > —a. To obtain a concise expression for
Yo, we introduce the right-handed basis {I, I, 13}, with

1 1
ly:=— + and 1, :=—(—y, + . 7.31
1 ﬁ(Jl J2) 2 ﬁ( Jit+J2) (7.31)

Direct calculations using (7.12) and (7.14) then yield

j’o(nl):y0+n'coseolg—asmeo sin(1In —2— 1, + cos| In a 1
; V2 a+b a+b

ino 1 1
n SI\I;EO |:(a + 771) (sin(ln (Z—:_Z] >l2 + cos(ln L;—:_r; >l1>]. (7.32)
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Thus, choosing y, such that

asinfo o (0 —“ Y1, + cos (10 —4— )z (1.33)
= sin| In cos| In , .
o V2 a+b)’ a+b
we find that
1Y sin 6, 1 1
3’0(771) = (a+n—\/)§smo |:cos(1n C;j_?; >l1 + sin(ln c;_:_]; )lzi| +n'cosbyrs, (7.34)

where n' must satisfy n' > —a.

For 6y < /2, y, defined by (7.34) parametrizes a helical spiral on the spiral cylindrical
surface 7; with generators parallel to z5. For 6y = /2, we see from (7.26) that a =0 in
which case (7.34) corresponds to a logarithmic spiral lying in the plane spanned by 7, and
1, and, of course, y,(0) = 0.

To explain further, we first observe that, on using (7.29), to express 5! in terms of x; and
X5, (7.34) can be written as

— %3 00t o) sin — x; coth,
Yo(x1 — xacotby) = rn = ot o O[Cos<ln M)ll

V2 a+b
- t O
+sin(ln —a+x1 120 0)12]
a+b
+ (x1 — xp cotby) cos Byt (7.35)

With reference to (7.8) and (7.35) we thus see that the isometric deformation y of D C E?
to S C 7, C E? is given by

y(x) = yo(x1 — x2 cotby) + xz cscOpts. (7.36)
Note that the nonvanishing principal curvature k£ of S can now be expressed in terms of x;

and x; by

csc Oy

k(xy, x2) = — (7.37)

a—+ x; —)CzCOt@o'

In particular, the centerline of D at x, = 0 is mapped to the helical spiral determined by
Yi) =yo(x1), 0<x <, (7.38)

which lies on 7; and has the specific form of (7.34) with ' replaced by x;, as also is seen
in (7.35) with x, = 0, and the nonzero curvature of S on the midline parametrized by y,, is

~ csc Oy
k(x1,0):=—

. 7.39
o (7.39)

Recall that y,(0) = y,, as defined in (7.33).
According to (7.36), the edge of D corresponding to x; — 0 is mapped to the curve
determined by

$(x212) = §o(—x2 cOtbo) + x2 CSCol3, —% <X < % (7.40)
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which lies on 7; and, for which J, has the specific form (7.34), with n! replaced by
—x;cotfy, as seen also in (7.35) with x; — 0. The nonvanishing principal curvature of
S on this curve is given in terms of x; and x, by

~ cschy w w
kO, x)=——"—"—, —— —. 7.41
( Xz) LI—XZCOtHO 2 =n= 2 ( )
Note that this curve runs through the point y, = yo (0) as defined in (7.33) at x, = 0 and that
k(O x3) < 0 for all x, € (—w/2, w/2) and that k(O X;) — —00 as x; — w/2. Note, also,
that the corner of the rectangle D at x — (w/2)1, is mapped to the point

~ ~ w
¥((w/2)12) = Fo(—weotby/2) + 5 csc ot
Y oty cosBots + = csch
= —— CO COS —
) 0 ol3 ) CSCOpl3
w .
= £l sinfyt3 (7.42)

on the boundary of S C 7; C E? and that 13 is the axis of the spiral cylindrical surface ;.

In words, according to (7.36) the rectangle D is deformed isometrically to the form S
which lies on 7; such that the parallel straight lines originally through D at angle 6, with the
base vector 1, are coincident with the generators of 7, which are, of course, parallel to 3.
The helical spiral on 7; given in (7.38) is the image of the x, = 0 coordinate centerline of
D and runs through the point y, = y,(0) on 7. The ‘left upper corner’ of the rectangle D
at x — (w/2)1, is mapped to the point (7.42) on the boundary of S C 7; C [E*, which is on
the axis, 13, of the spiral cylindrical surface 7;. This corresponds to a limiting corner ‘tip” of
the domain S into which D is mapped. The remainder of the rectangle D is wrapped onto
the spiral cylindrical surface 7; into a right-handed helical spiral form S according to the
direction of 13.

In the case 6y < /2, we know that @ := w cot8y/2 # 0 and, to simplify, we may set b =0
in all of the equations developed in this sub-section. For example, y, in (7.33) becomes
Yo = (a/ﬁ) sin6yl;. In the case Ay = /2, we have a = 0 and the rectangle D C E? is
deformed isometrically into a logarithmic spiral cylindrical form S C 7; C E*. In this case,
the constant b may be chosen as any number such that b > 0.

In Fig. 4, we use (7.35) and (7.36) to show the spiral cylindrical form S C 7; for the case:
6p=m/4,b=0,w=1and [ = 10. In this case, it follows that a = 1/2 and y, = (1/8)I,.
Also, according to (7.42), the ‘upper left corner’ point of the boundary of D is mapped to
the point (1/4\/5)13 on the (singular) axis of 7y, at which the nonzero principal curvature
of S obeys 12(0, w/2) - —o0.

8 Summary: Strategy for Determining an Isometric Deformation of
DcE*toScE?

The major problem related to the characterization of all (smooth) isometric deformations
y from D C E? to S C E? stems from the necessary and sufficient condition (4.14), which
requires the determination of Q : R — Orth™ as the solution of the following tensor initial-
value problem:

0(n")=w(n')Q(n'), with Q(0)= Q,€Orth™, (8.1)
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/u
Fig. 4 Spiral cylindrical helical form of S C 7 for 6y =7 /4, b =0, w =1, and / = 10. The projection of
the spiral onto the plane spanned by /1 and [ is also depicted

where W : R > Skew is a given field for each n' € R and a superposed dot denotes dif-
ferentiation. Unfortunately, this problem has only been solved in closed form for special
choices of the skew linear transformation W. If 5! is interpreted as time, (8.1) is a problem
well-known in the field of rigid-body dynamics, in which case W and Q are the angular
velocity tensor and the rotation tensor of the body.

Identifying the importance of problem (8.1) is one of the main conclusions of Sect. 4.
Here, we shall summarize in six steps a strategy for the characterization of every isometric
deformation from a region in E? to a surfaces in [E* and illustrate how the solution to problem
(8.1) is the key element:

1. Recall from (4.14) that the fundamental proper orthogonal linear transformation Q,
which is at the basis for constructing any isometric deformation, must satisfy

ax(Q Q") = ras,

where A is scalar-valued and where the unit vector-valued field a, defines the direction
of the straight lines of zero principal curvature on the deformed surface S.
2. Choose X and a,, and define w by

w(n') :=a(n'")az(n').

In addition, let W be the skew linear transformation whose axial vector is ax(W) := w
and note from Step 1 that Q must satisfy

o(n")y=w(n")Q(n").

in which the field W is now considered to be known. Clearly, if A is the skew linear
transformation whose axial vector is ax(A) := a,, then we may make the following re-
placement above: W = AL A. Now, the initial condition Q(0) = @, € Orth™ must be cho-
sen and the now-formulated tensor initial value problem for @ € Orth™ must be solved.
Note that this problem is equivalent to (8.1).

3. Determine the unit vector-valued field b, using (4.9) according to

b(n')=0"(n")az(n")
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and use (4.2b) to determine 6 with values in (0, ) according to
b, = cos 01y + sinfi,.

4. Tnterpret the two parameters n' and n? such that all points x € D are located according
to (4.3), that is

x=2(n" ") =n"vi+7'b(n").

Note, in particular, that this provides a definitive interpretation of the parameter n' as the
n' (not x;) coordinate of any point x € D.
5. Determine y, according to (4.11) by integrating

Yo(n') = Q') subjectto  Fo(0) =y, € E*.

Here, n' = 0 is the origin of the midline of the region D in E? and y, = ,(0) is specified
as the limit point in E* where x — £(0, 0) = 0 is to be transformed under the isometric
deformation y from D to S.8

6. Determine the component y of the parametric representation of the isometric deformation
y defined implicitly through (4.3) and (4.6), in accord with

Finally, after determining the form of the isometric deformation y by replacing (n', n?)
in Step 6 with (x;, x,) using Step 4, observe that the curvature tensor for S is given by
(6.12).

9 Isometric Deformation of a Rectangular Material Strip D c E2 to
Portion S of a Conical Surface K c E3

Suppose that D is the rectangle of length / and width w consisting of all points x = x;1;
with rectilinear coordinates x; and x; restricted as in (7.15) and shown in Fig. 2. Let K C E3
denote a right conical surface with circular base of radius R in the plane spanned by 7, and
1, and tip located at His. The tip angle of K is then equal to 2¢, where ¢ € (0, 7 /2) satisfies

R
t =—. 9.1
an g 7 9.1

The cone K is allowed to extend without limit in the —5 direction but, for convenience and
with a slight abuse of terminology, we continue to refer to its base as the plane spanned by 1
and 1,. The objective of this section is to identify a general isometric deformation of D C E?
to S C K C [E? using the strategy outlined above in Sect. 8.

8Convenient appropriate choices for y( are shown the examples in Sects. 7.1 and 7.2.

@ Springer



Isometric Deformation of a Planar Material Region into a Curved. ..

9.1 General Case

To begin, following Steps 1 and 2 in Sect. 8, we suppose that there is a smooth family of
distinct straight lines that foliate and intersect with D, as generally illustrated in Fig. 1. The
unit vector field b, that characterizes these straight lines was introduced in (4.2b) as

by(n') =cosO(n')t; +sind(n')e2, 9.2)

where n'1; the point where each straight line cuts through the x;-coordinate line and 6 (n!) €
(0, ) is the angle of b,(n') measured from z,. These lines are the pre-images in D of the
straight lines of zero curvature in S C K to which D is isometrically deformed. According
to (4.7) and (4.9), these lines are related to b, by

ax(n') = Q(n")b2(n"). (9.3)

and we are to determine Q € Orth™ such that

0(n")=r(n")A(n")Q(n"), with Q(0) = Q,, 9.4)

where @ € Orth™ is prescribed, A € Skew is given with a; = ax(A) and the scalar-valued
field A is assumed known, but is to be determined later.

To analyze (9.4), we first need to characterize the skew tensor A whose axial vector is a;.
Toward this end, note that since the straight line generators of the conical surface K are the
lines of zero curvature on S C K and that a, is parallel to these lines, we may write

az(ﬂ])= Ql(ﬂ])a, 9.5
where
o —Ri1+ Hi, _ .
@i= —eer = —singn + cos i3 9.6)

is the direction of the specific generator from the point Ri; on the base of /C to the point
Hu; at its tip, and

Ql(nl)::ew(nl)m’ Al =—11Q1,+1,Q1, 9.7)

represents a right-handed rotation of angle w about the 13 = ax(A;) axis. We set w(0) =0,
so that Q,(0) = 1 and a,(0) = a. An alternative representation for Q, is

0,(n")=cosw(n )11 ®11+1:®12) —sinw(n )11 Q1 — 1, ®1) +13®13  (9.8)
and we find, using (9.5), (9.6), and (9.8), that
ax(n') = —sing(cosw(n')1; + sinw(n')12) + cos ;. 9.9)
Since a, is the axial vector of A, we see that
A(n') =cosp(—11 ®1, + 1, ®11)
+sinw(n')sing(—1, @ 13 +13 Q1)

+coso(n')sing(tz ® 13 — 13 ® 1). (9.10)
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3

a = Qyb2(0)

Fig.5 The conical surface K and the rectangle D shown attached at Rz and tangent to C along the generator
defined by a. All points x € D are translated by the constant vector Rz and then rotated about the point R
by Qg € Orth™ so that b, (0) is mapped to the particular generator @ = Qb (0)

From (9.2) and (9.3), we note that
a(0) =a = Q0)b(0) and b,(0) =cosO(0)z; + sin6(0)1,, 9.11)

where Q, := Q(0) € Orth™ and the angle 6 := 6(0) € (0, ) are yet to be prescribed.
Clearly, 6y and Q,, define how the particular line through D defined by b,(0) and the flat rect-
angular material strip D are attached with tangency to the conical surface K at the point Ri;
along the specific generator defined by a. Specifically, in view of (9.11), b,(0) is mapped
to a and all points in D that are along the line of b,(0) are deformed isometrically to points
on the generator of IC defined by a, as depicted in Fig. 5. If, for instance, 8y = 7 /2, then
b,(0) =1, and, in keeping with (9.11), the left-hand edge of the rectangle D is deformed iso-
metrically to a section of length w of the generator of K which is centered on the periphery
of its base and defined by a.

To explicitly determine Q,, we first note that {15, a} is an orthonormal basis for the
tangent plane to the conical surface K at the point Rz, and that the rectangle shown in Fig. 5
lies in this tangent plane. With this in mind, let {7}, 1}, 75} be an orthonormal basis for E3
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such that the basis {2}, 1}} with
1] :=sinf, +cosfpoa and 1), := —cosbyl, + sinboa (9.12)
lies in the tangent plane to K at Rz, as indicated in Fig. 5. Of course,
1y:=1 x1, =1, xa. (9.13)

Also, observe that1; = Qgt; fori = 1,2, thati; = Q3,that @y =1, ®1, +1;®13 € Orth™,
and that (9.11) holds. Specifically, we find that

0, = —cosfysingtr; @1, —sinbysingr; @1, +cosgi; Q13
+ sinfyt, ® 11 — cosOyty ® 1, + cosbycospiz Q1

+ sinfycos g1z Q@ 1, + sinpiz @ 13. 9.14)

On applying Q, to the rectangular material strip D and translating the origin of the strip
at x = 0 to the point Ri,, the strip remains flat, the left-hand end becomes tangent to the
conical surface KC at the point R, and the midline of the strip becomes coincident with #/.
The next step is to find @ such that the strip is wrapped isometrically onto the conical
surface K, in agreement with the ‘initial condition’ Q(0) = Q,,.

For convenience, we suppress dependence on the independent variable 1! whenever pos-
sible in the following development and rewrite (9.4), using (9.7), and (9.10), as

00" =x(cospA; —singsinw(; ®13—13®1)) —singcos w13 @12 — 1, ®13)). (9.15)

After some consideration, the structure of the right-hand side of (9.15) and the condition
0(0) = Q, suggest that we look for @ in the form

0=0,000,. (9.16)
where Q) is as defined in (9.7) (see also (9.8)) and @, is defined as

0,(n') =M A= @n e, 9.17)

with & to be determined such that £(0) = 0 and, thus, that Q,(0) = 1. Following this propo-
sition, we then see that

00"=0,0] +0,000,0; 05 0] =0A +£0,0,4: 0 Q. (9.18)
and a short calculation using (9.6) and (9.14) yields
Q,A1Q) =a®1,—1,®a. (9.19)
With the aid of (9.5), (9.8), and (9.9), it then follows that
0,004, QE)I— Q;r =0/@a®,,—1, ®a)Q;r =a;® Q11— Q112 Qa
=sinp(—1; 1, +1,®1;) +sinwcospt; Qi3 —13 Q1)
4 coswcosp(tz; @1, — 1, Q13)
=sinpA| +sinwcosp(t; @13 —13 Q1)
+coswcosp(tz @1, — 17 @ 13). (9.20)
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Thus, with (9.15), (9.18), and (9.20) we find that
&+Esing=Acosg and £cosg=—Asing, 9.21)

and, thus, that A takes the form

A(nl) =a')(r/1)cos<p, 9.22)
and, moreover, that £ = —@ sin ¢ which, when integrated subject to the requirement w (0) =
£(0) =0, gives

£(n')=—w(n')sing. (9.23)

Finally, with the conclusions of (9.22), (9.23), and (9.14) we have found that Q determined
according to (9.16) with @, and @, given by

Q] =ewA1’ Q2=€—wsin(pA1’ Al =—111 QL +1,Q1, (924)
solves the tensor initial value problem (9.4), namely
00" =21A, with Q0) = Q,. (9.25)

with A given by (9.22).
We now turn to Step 3 of Sect. 8 to determine the scalar field # and return to (9.3) and
(9.5) to see that

Qa=0b=0,0,0,b, (9.26)
from which it follows that we must have a = Q,Q,b,. Then, since (9.11) gives a =
0,b>(0), we readily arrive at b,(0) = Q,b,, or the equivalent relation

cos ot + sinbpty = Q,(cosbi; + sinbiy). 9.27)

Now, observing from (9.24) that Q, corresponds to a rotation about —z3 of angle wsin g, it
easily follows that

cos ot + sinbyr, = cos(d — wsing)t; + sin(f — wsinp)i,, (9.28)

with the consequence that
0(n') — 6y = w(n')sine. (9.29)

This relationship (9.29) between 0 and  has a natural and clear interpretation. To express
this, recall that the straight lines which intersect D C E? at the angle 6, = 6(0) at the ori-
gin point n'z; = 0 and at the angle 6(n') at the point n't; are supposed to correspond to
two straight lines of zero curvature on S C K C E3. These, of course, are two straight line
generators of the conical surface K on which S lies. Recall, also, that R is the radius of the
base of K and H is its height. Thus, the length of the generator from the base of K to its tip
is L := +/R*+ H? and the tip angle 2¢ satisfies singp = R/L. Accordingly, (9.29) may be
written as

L(0(n") — 6y) = Roo(n"), (9.30)
which implies that, for each choice of ', the arc length of the sector of a circle of radius

L in E? that spans the angle 0(n') — 6 is equal to the arc length of the sector of the circle
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T
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Fig. 6 The reference rectangle D C k2 showing the family of intersecting straight lines which become the
lines of zero principal curvature on S C KL C 3. Here, L is the length of a generator of the conical surface /C

of radius R in E* which lies on the base of K and spans the angle w(n'). The arc of the
circle in [E? is therefore wrapped isometrically onto the arc of the base of & C E* which is
necessary in order for D € [E? to be deformed isometrically onto the surface K.

Note that (9.24) and (9.29) show that, for each choice of n', @,(n!) corresponds to a
rotation about —z3 of angle 6(n') — 6. Thus, by(n') = @, (n")b,(0) is a rotation of b,(0)
by the angle 6(n') — 6, about 3. This means that the field of unit vectors b,(n') € E?
that emanate from the centerline of D intersect at one point for all n'. Moreover, since
a = Qyb,(0) is the rotated image of b,(0) and, according to (9.6), La = —Ri| + Hij is
the vector generator of K from Rz, on its base to Hij at its tip, then Lb,(0) is the point of
intersection of the field b,(n') in E2. A triangle completed by the sides Lb,(0) and n't; in
[E2, which are at the angle 6, to one another, will have its third side parallel to b,(n') and
the angle opposite the side Lb,(0) will be = — #(n') and the angle opposite the side n't;
will be 8(n') — 6. See Fig. 6. Thus, by the ‘sine law’ for triangles we have

n' L
. == , 9.31)
sin(@ — 6y)  sin(w — )
which, for any 5! € (—o0, +00), may be reduced to
sin 6,
tand(n') = —————. 9.32
an (77 ) cosby—nl/L ©-32)

Knowing that 6y € (0, 7r), this yields a unique 8(n') € (0, ) for all ! € (—o0, +00) and
gives
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s 2000
sin“8(n")
0(n')=——=>0 9.33
(77 ) L sin6, = ( )
Following Step 4 in Sect. 8, we recall that each point x of the rectangular material strip

D is to be located by the coordinates (1!, n?) by
x=x(n".n")=n"vi+n’b2(n"). (9.34)
with b, given by

by(n') =cosb(n')t; +sind(n')ea, (9.35)

as illustrated in Fig. 6. It is an exercise in trigonometry, using (9.32), to show that the
(n', n?) coordinates of the bottom and top left corners on the boundary of D are (d;', k;")
and (d; , k;"), respectively, with

w cos by 2 w)’
df=4———- k= d* -, 9.36
’ 2 sinby + w/2L F=F @) {5 (9-36)

while, by (9.35), b, has corresponding values

I+ wia/2

b2 (dli) : ki
1

(9.37)

Clearly, the values of n' determined above make sense only if the width w of the rectangle
is not too large compared to the length L of the generator of the conical surface —that is,
only if w < 2L sinfy. Otherwise, the apex of K is involved with the isometric deformation
of D to S and the nonvanishing principal curvature of S is unbounded.’

Similarly, the (', n?) coordinates of the bottom and top right corners on the boundary
of D are (I + afr+ ,k) and (I +d, k), respectively, with

r

P w [/L —cos6 Kt = (d:t)2+ w ’ (9.38)
r._:FZSil’I@():tw/zL’ r'_:F r 2 ’ '

while, by (9.35), b, has corresponding values

—|dE |1y +wiy/2

by(l+df):= s

(9.39)

Referring to Step 5 in Sect. 8, we next determine the curve on the conical surface /K that
defines the midline of the rectangular material strip D under the isometric deformation of D
to S C K. This is given by the field y, determined by integrating

$o(n') = @(n")11,  with §,(0) = Ruy, (9.40)

where O = Q, 0, Q, is given through (9.14) and (9.24)—(9.32).

9We calculate the nonzero principal curvature of S in (9.58) and show how the inequality w < 2L sin6
arises from the condition that the curvature of S is bounded. Due to this inequality, the nonvanishing principal
curvature is, in fact, everywhere negative on S.
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Using @, from (9.14) and the alternative form
0, =cos(wsing)(1; @1 +1, @17) +sin(wsing)(1; @i, —1, 1) +13Q13  (9.41)
of @, from (9.24), we find, upon using (9.29), that
000, =—singcosfi; @1; —singsinfr; @1, +cospr; @13 +sinbi, 14
—cos61, ®1,+cospcosbiz Q1+ cosesinfiz Q i,
+ sinpi; @ 13. 9.42)
Thus,

00,11 = —singcosfi| 4 sinbi, + cos ¢ cos O3, (9.43)

and, with the alternative form (9.8) of Q,, we have

Q(n')1 = 0:(n") 2o Q> (n")r:
—(cosw(nl)sin(pCOSQ(nl) +sina)(17 )sm@(nl))
— (sinw(n')singcosd(n') — cosw(n')sind(n'))12
+ cosgcosO(n' ). (9.44)

Thus, integrating (9.40) yields

1

So(n') = <R - /n (cos(x) sing cosO(x) + sinw(x) sinf(x)) dx)ll
0

1

_ </'7 (sinw(x) sing cos O (x) — cosw(x) sin6(x)) dx)tz
0

n
+ (/ cos@cosO(x) dx)t3, (9.45)

0

where, according to (9.29),

0 — 6
o= "% (9.46)
sing
and, from (9.32),
in 6
tanf(x) = 51r1707 —00 < X < +00. 9.47)
cos@y —x/L

In view of (9.33), we may change the variable of integration from x to 6, giving

ot 6—6 6—6
5’0(771) = <R - LsinQO/ (COS( - 0) sin g cotf +sin< 0>>csc6d0>11
% sing sing

a6 —0)) 6 — 6o
— sin[ — sing cotf — cos| — cschdb Jis
% sin @ sin g

o0(n)
+ </ cos @ cotd csch d9>13. (9.48)

o
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However, it does not appear possible to integrate (9.48) in closed form for general choices
of 6y € (0, ) and ¢ € (0, r/2).

Turning to Step 6 in Sect. 8, we next determine the component y of the isometric defor-
mation y of D C E? to S C K C E? defined implicitly through (4.3) and (4.6), i.e.,

y('. 1) =3(n") +n*Q(n")b2(n"). (9.49)
where ¥, is given in (9.48) and, by (9.3), (9.9), and (9.29),
Q(nl)bz(nl) = az(nl) =— sinw(cosw(nl)ll + sinw(nl)lz) + cos i3, (9.50)
with

0(n') —6
o(n') = AUREY 9.51)
sing
The angle 0 is determined from (9.32) and the monotonically increasing condition (9.33),

from which we may write

siné)(nl) = sin o
/sin 0y + (cos Gy — nl/L)27
(9.52)
. cosfy —n'/L
cosO(n')

 /sin20, + (cosfy — nl/L)?
Finally, to completely characterize the isometric deformation y, we need only to evaluate
y= j}(nl, nz) = j’o(nl) — nz(sin(p(cosa)(nl)ll + sina)(nl)lg) — cos (pl3), (9.53)

for all (', %) that correspond to the points x € D through (4.1b), which can be expressed
as

n'=x; —xycotf(n') and n*=xycsch(n'). (9.54)
With (9.32), the first of (9.54) gives

1 X1—X2 cot 6y

= 9.55
g 1 —xpcsc6y/L ( )

for all (x1, x2) € (0,1) x (—w/2, w/2). Then, observing that (9.54) implies that (' —x;)>+
(x2)? = (»*)? and knowing that 0 < 6 < 7, the second of (9.54) gives

n* = sgn(x)y/ (1" —x1)* + 3, (9.56)
for all (x1, xp) € (0,1) x (—w/2, w/2), which, with (9.55), yields

2
) cosby — x1/L
= 1 _—, 9.57
" xz\/ * (sin@o—xz/L ©37)
for all (x,x,) € (0,1) x (—w/2, w/2). Clearly, (9.55) and (9.57) make sense only if w <

2L sin 6y, confirming what we reported earlier in the discussion following (9.34) concerning
the location of the bottom and top corners on the boundary of D in terms of the coordinates

(nl nZ)'IO

10gee also the interpretation of (9.58), below.
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The nonvanishing principal curvature k of the deformed surface S is obtained from
(6.13), (9.22), (9.29), and (9.33) as

cotpsinf(n')

k(n',n?) =— . 9.58
(n'.) Lsinfy(1 — n2sin0(p')/L sinfy) (9-58)
Thus, because (9.33) readily yields
. 2o 0 1
?6(n") —sin6(n') = —sinO(r]l)(l - %ﬂg)’)) (9.59)

it follows from (4.4) that the denominator in (9.58) is restricted away from zero. Since x; is
in the interval (—w/2, w/2), it follows from (9.54), that this restriction is equivalent to w <
2L sin6y. Consequently, k is strictly negative for all points x € D. With the additional use of
(9.52)1, (9.55), and (9.58) we may represent k in terms of (x, x,) € (0,1) x (—w/2, w/2)
in the form

cotp

Ly/(cosby — x1/L)? + (sinfy — x,/L)*

k(xy, x0) == — (9.60)

from which it is clear that the restriction w < 2L sin 6 keeps k bounded and negative for all
xeD.

9.2 Particular Example
For illustrative purposes, we choose
T T
GOZZ and w:g, 9.61)
in which case, the dimensions L and R of the conical surface K satisfy
L=2R (9.62)

and from (9.29) we have

w=20— % (9.63)

With (9.63) and the aid of common trigonometric identities we find that (9.48) yields

1 1
370(7;1) = ﬁR(cosG(nl)ll + (sin@(nl) — w»z + \/g(l _ %)”)
(9.64)

In addition, (9.53) reduces to

2
y=3("n")=3,(n") - %(Sinze(nl)tl + cos26(n' )12 — «/513). (9.65)

In these equations we need to substitute for the field 6 from (9.32), which in view of (9.61)
and (9.62) reduces to
1
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However, we may use the relations
) _ 1
Ji+a—gvare
_ 1-n'/v2R
\/1 +(1— n'/«/iR)Z’

arising from specializing (9.52) in accord with (9.61) and (9.62) to write (9.64) and (9.65)
directly in terms of (nl, n?). Furthermore, to show explicit dependence on (x1, x3), we sub-
stitute for (n', n?) from (9.55) and (9.57), which now have the reduced forms

_ 1- 2R\’
n'= _HT® and " =x[1+ (L\/—) , (9.68)
1 —x2/~/2R 1 —x2/v/2R

for all (x1,x2) € (0,1) x (—w/2, w/2). Note that for this example we must satisfy the re-
striction w < 2+/2R. Note, also, that with (9.61) and (9.62), the relation (9.60) for the non-
vanishing principal curvature k£ of S in terms of (x, x,) becomes

3
VIR (1 = 31 /V2RY + (1 = x2/\/2R)?

siné (n'

(9.67)

cos6(n')

(9.69)

k(xp,x2) 1= —

which, with the restriction w < 2+/2R is bounded and negative for all x € D.

Now, to interpret ¥, in (9.64): Clearly, at n' = 0, 8(0) = /4, and y,(0) = Riy; at
n' = V2R, 6(v2R) = /2 and Jo(v2R) = (R/V2)12 + V3R(1 — 1/+/2)13; at ' =
4R/\/§, 9(4R/ﬁ) = 3m/4 and 3’0(4R/\/§) = —Rz1;. In words, the curve parametrized
by ¥, smoothly raises with increasing n'! from the base of the conical surface K at Ri; and
crosses the plane spanned by 1, and 13 on K at the point (R/+/2)t2 + v/3R(1 — 1/+/2)15.
It then lowers on K with increasing 1! and intersects the base of K at the point —Ruz;. It
continues to lower on K with increasing n' and as n' — +o0, 8(n') — 7 and, asymptot-
ically, 3’0(771) — —\/§Rll — 001, — 0013, never again crossing the 1,-13 plane. The curve
determined by ¥, on (—o0, +00) is symmetric with respect to the plane spanned by 1, and
13.

In Fig. 7, we use (9.64), (9.65), (9.67), and (9.68) to show the form of S C K for 6y =
/4, ¢ =m/6, R=1,w=1/2,and ! = . The midline of the rectangle D, which is defined
by x; € (0,1), x, — 0, has coordinates (n', n%) = (x;,0) and is mapped to the curve on K
defined by (9.64). We show this curve for a substantial range of n' € (—o0, +00) to illustrate
that it is symmetric with respect to the plane spanned by 1, and 75 and is asymptotic to the
points ++/2R1; — 00(1, + 13) on K. The behavior of the mapped midline described above
and shown in Fig. 7 is representative of all isometric deformations of the rectangular material
strip D C [E? to the conical surface X C E3.

10 Orthogonal Coordinate Representation of an Isometric Deformation:
Necessary and Sufficient Form

Here, we reconcile the component y of the parametric representation for an isometric de-
formation y appearing in (4.6) and its alternatives in (5.12) with our [1] recently provided
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plane: 1 = —v/2

plane: z1 = /2

Fig.7 Conical formof SC Kfor6y=n/4,9=n/6,R=1,w=1/2,andl=n

representation. To achieve that, we identify the curvilinear coordinates (¢', ¢2) with the co-
ordinate curves (a, 8) introduced in Sect. 3, where the transformation (x, x,) <— (¢!, ¢?)
is defined by

X=Xl =X (Cl’ Cz)li

=x(¢".¢%) :=%0(¢") + ¢*(cos (¢ ")ay +sinb(¢")22), (10.1a)

with
;.1
xo(¢') = / (sin@ @)y — cosf(u)1,) du. (10.1b)
0
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91(4170)

: o¢h)

Fig.8 Coordinates for x € D in terms of (¢ 1 ¢2). The curve Cy is indicated in red and the arclength between
the two red points on Cy is given by ot

Here, x( parametrizes a curve Cy that passes through the origin x = 0 and has unit tangent
vector X, given by

%5(¢") =sinf(¢")1y — cosf(¢ )12, (10.2)

where a prime is used to denote differentiation with respect to ¢'. The ¢!-coordinate line is
coincident with the curve Cy at ¢ = 0 and the ¢2-coordinate lines run along straight lines in
D that correspond to pre-images of the straight lines of zero principal curvature in S. The
¢2-coordinate line passing through (¢!, 0) forms an angle 6(¢") € (0, ) with the x;-axis as
shown in Fig. 8.

The curve Cy is clearly orthogonal to the ¢2-coordinate lines and the ¢ '-coordinate lines
corresponding to ¢? = constant are not straight unless 6 is constant. The base vectors of V2
through each x € D C [E? for the curvilinear system are given by

90X  0Xy 0X _ 0Xm

X S 0¥ e, 2, 10.3
& act act ax,, AL ! ' (10-30)
so that
9% s - -
g = a = (1 —¢0")(sinf1; — cosb1,),
- (10.3b)
&= 8—;2 = cosf1; + sinfi,,
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where the dependencies of g,, g,, and 6 on ¢! are suppressed for brevity. Note, from
(10.3b), that |g,| = |1 — ¢20'|, |g,| =1, and g, - g, = 0, whereby {g,, g,} is an orthog-
onal basis. Moreover, (10.1a) takes the explicit form

x=x(¢" %) =%o(¢") + g (¢). (10.4)

To ensure that {g,, g,} is an acceptable basis for representing the points of D C E?, we
restrict @ and ¢2 so that

det(g; - g;) =g, Plg.l — (g, - 87 =g = (1 - ¢%0')* #0 (10.5)

on D.!!
Now, setting @ = ¢!, B =¢2, b(a) = g,(¢"), and Q(a) = 0(zY) in (3.43), defining a
mapping y of (¢!, ¢?) to S such that

y(¢' P =3(x(¢". %), (10.6)

and writing ¥, = y(-, 0) for the parametrization of the image in S of the ¢ = 0 coordinate
line Cy in D, we arrive at the representation

y=y(¢".¢*)=3,(¢")+2*0(¢")g,(¢"). (10.7)

From here we easily see that

a; = 885’ = %j’,m = %em. (10.8)

Thus, because (10.3a) implies that
Z)‘Tm — (109)

and because e,, = le, we obtain
i =ty -8)= (01, ®1,)g; = 0g;. =12, (10.10)
which yields a; - a; =0 and |a;| = |g;|. In particular, we see that |a;| = |1 — 20|, |as) =1

and that a, defines the field of straight lines of zero curvature in S that associate with the
straight lines given by g, in D. Note that (10.7) implies that

a1=8—;,=yo+cz(Qg2+ng), (10.11)

where

(') = €0

¥o a7 :[11(;“1,0): Q({l)gl(fl,O): Q(sinfi; —cosfiy),  (10.12)

and that from (10.3b) we have

¢*gh = —¢*(—sinfi; —cosfiy)0' = g, — sinfi; + cosfi,. (10.13)

'We shall see in (10.69) that the restriction (10.5) is related to the possible unboundedness of the curvature
of S.
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Thus, recalling from (10.10) that a; = le, we see from (10.11) that Q must satisfy

0'g,=0, (10.14)

which is a necessary condition on how the proper orthogonal transformation field Q must be
chosen to ensure that, in conjunction with (10.4), (10.7) provides a parametric representation
of an isometric deformation y. It readily follows from (10.10) that (10.14) is equivalent to

Q/QT&Z =0, which means that the “angular velocity” corresponding to @, namely the

axial vector ax(Q,QT) of the skew linear transformation Q,QT, must be parallel to a,
the lines £ of zero principal curvature in S. There thus exist a scalar field A and a skew
linear transformation A with axial unit vector @,, both generally dependent only on ¢! but
independent of ¢2, such that

=2A. (10.15)

Of course, |A| = |ax(Q,QT)|.

The condition (10.14) is not only necessary for the parametric representation of the de-
formation y of D C E? to S C £ as defined implicitly by (10.4) and (10.7) to be an isometric
deformation, but it is also sufficient. To see this, first observe from (10.6), (10.7), and (10.11)
that

dy

Vy.=—
y o

®g = (3 +¢*(Qg,+¢%0g)) @' + 08, ® g% (10.16)

where {g!, g2}, with

1 sinfi; — cos 01,

: — and g2:=cosfi; +sinft 10.17
g - % g 1 2 ( )

is the basis of V2 dual to {g,, g,}.
Next, we observe that (10.12)-(10.14) allow us to write

Vyi=02,®8'+ 08,08 =0(2 08 +2,8¢%), (10.18)
which is equivalent to
Vi=0@11®11+1,®1). (10.19)
Thus, because @ € Orth™,
(Vi) Vi=1®11+1:01)0 Q11 ®1+1:01) =11 ®1; +1,®1,,  (10.20)

and this ensures that the length between any two points in D is preserved under the defor-
mation y provided (10.14) holds.

10.1 The Isometric Deformation y in Terms of the Curve C € S and Its
Coordinate Pre-image Curve Cy € D

Note, from (10.12), that the unit tangent vector to the space curve C parametrized by y,, is
given by

f:=y,= Q(sinf1; — cosfr,), (10.21)
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and recall that the Frenet triad {Z, p, I_)} of tangent, normal and bi-normal unit vectors, re-
spectively, for this curve are related according to

=/

pi= 7 and b:=f x p, (10.22)

|t

for £ # 0. Moreover, this triad satisfies the Frenet—Serret relations

=/

! =kp, p =-kt+ibh, b=—1p, (10.23)

where & := —p’-f and 7 := p’- b denote, respectively, the curvature and torsion of the curve
C parametrized by y,.
Now, using Ql = 1A Q from (10.15), and employing (10.3b)s, (10.10), and the relation

n=Qi;=:1, (10.24)

which follows from (3.39) and our earlier replacement of Q by Q in (3.43) to arrive at
(10.7), we see that

t Q/(sinétl —cosf1,) + 6’ Q(cos 011 + sinO1,)

LA Q(sinf1; — cosfi,) +60' Qg,

Il
>

a, x Q(sinfi1, —cosfi,) +0'Qg,

0(g, x (sinf1; — cos15)) +6' Qg,

0 (_)_\.13 + é/gz)

=—in+0'a. (10.25)

I
>

Thus, it follows that |£'| = v/A2 + (9")? and by introducing a field ¢, with values in [0, 27),
defined such that

A 6’
sing = —m and cosg = —m, (10.26)
we may write
P = —singn + cos ga,. (10.27)
Also, because
{ x @, = Q(sinf1, —cosO1,) x 0g,
= Q((sinf1; —cosb1,) x g,) = Qs =1 (10.28)
and
t x = Q(sinfi, —cosfir) x Qi3
= Q(—sinf1, —cosf1)) = — Qg, = —as, (10.29)
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we see that {Z, @,, 1} provides a positively-oriented orthonormal basis for V? and, moreover,
that the Frenet binormal of the curve parametrized by y, is given by

b = sin ¢a, + cos gi. (10.30)
As an immediate consequence of (10.27) and (10.30), we find that
@, = cos@p + sin@b. (10.31)
Moreover, differentiating (10.27) and using (10.30), we obtain
p' = (—cosgn —singa,)¢’ — singn’ + cos ¢a)
= —¢'b — sinpi’ + cos pa,. (10.32)
Thus, as a consequence of the identities
W'=01= A0 =27a, x i =\ (10.33a)
and
ad,=0'g,+ 0g,= 0g, = Q(—sinf1, +cosb1,)0' = —0'7, (10.33b)
it follows, using (10.26), that
P =—@'b— (Asing+0 cos @)t = —¢'b—\/ 22 + (7)1, (10.34)

from which we see that the curvature and torsion of the curve parametrized by y, are given

by
k=—p i=\/22+(0) and T=p -b=—¢. (10.35)
Then, again referring to (10.26), we see that

0 =kcosg and A =ksing. (10.36)

With these developments, it follows from (10.10) and (10.31) that the component y of
the isometric deformation y parametrized implicitly by (10.4) and (10.7) may be written as

y(¢' ¢ =yo(¢") + ¢*aa(c')
=5o(¢") + % (cos@(¢") p(2") +sing(¢')b(c")). (10.37)

In addition to the representation (10.37), we may use (10.1b) and (10.3b) to express the
relationship (10.4) determining each point x € D in terms of the curvilinear coordinates

€' ¢?) as
:l
x=fc(;1,;2)=/ e(0w)du+ e (6(¢")), (10.38)
0
where {e, e, } is an orthonormal basis for V? with

e):=sinf1; —cosfi, and e, (0):=cosbi; + sinbi,. (10.39)
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We thus see that the representation (10.37), along with (10.35) and the alternative relation-
ship between x € D and (¢!, ¢?) given in (10.38) and (10.39), with 0 defined up to an added
constant in (10.36),, is that proven recently by Chen, Fosdick and Fried [1] as a necessary
and sufficient isometric smooth deformation of a planar region in [E? to E3.1?

It is noteworthy that while the representation (10.37) was derived assuming the existence
ofa Q € Orth™ that satisfies (10.14) or, equivalently (10.15), no remnant of this appears in
(10.37). We now use the curvilinear coordinate system (', ¢?) to identify Q in terms of the
properties of C and Cy. First, recall (10.17) and note that

ay .
Vy=— ’ 10.40
y ac ®g ( )
where
0y _ _, _, — -
A
~ (10.41)
a—y—& =cos@p + sin @b
3;2 — @2 = (pp (p ’

the first of which follows from (10.33b) and the second of which follows from (10.27) and
(10.30). Thus,

Vi=(1-0)teg' +a®g’
=1 ® (sinfr; — cosO1,) + a, @ (cosHi; + sinbi,), (10.42)
which confirms that Vy depends only upon the coordinate ¢!, and it follows that
VI(VH) =t®1+a ®a. (10.43)
Making use of (10.27) and (10.30), we now define
Q0:=Vy+nQ®i3=Vy— (singp — cos@h) ®15. (10.44)
Clearly, det Q =1 and
00 =iQi+a @@ +i@n=1. (10.45)
In the above, we have identified Q € Orth™ in terms of C and Cy and now we show
that this_ field satisfies (10.14) or, equivalently (10.15). First, we observe that because of
ay = —0t from (10.33b) we have
(Vy) = (7 —0'a;) ® (sinf1; — cosbry),

which, upon using the Frenet-Serret relation £ = i p in conjunction with (10.27) and
(10.36),, we may write as

(Vy) = —ksingn ® (sinf1, — cosO1,) = —Ait ® (sinfi; — coshi,), (10.46)

1276 recover exactly the relations (6) of Chen, Fosdick and Fried [1] from (10.39), it is only necessary to
replace 6 with @ 4 /2, which is acceptable since § in (10.36); is defined up to an added constant.
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the latter being a consequence of (10.36),. Thus, using the identity 7’ = Af from (10.33a)
we find that

Q/ =(Vy) +7' ®13=— it ® (sinf1; —cosO1,) + At @ 13, (10.47)

and we see that Q,g2 = Q,(cos 01, + sinfi1,) =0, i.e., (10.14) is identically satisfied. It is
now easy to conclude that

00 =iGei-n®b, (10.48)

with A = i sin @, and, because {f, a,, nn} is a positively-oriented orthonormal basis for V3, we
know that a, :_ax(i ® it —n ®t) and, so, the tensor ordinary-diff_erential equation (10.15),
is satisfied by Q € Orth' as defined in (10.42) and (10.44), with A ==t Qi —n ®t."

10.2 Recovery of the Component y, or Its Equivalent y, of the Parametric
Representation of an Isometric Deformation y

With reference to (4.1a), (4.1b), (10.1a), and (10.1b), we find that the curvilinear coordinates
(n'.n?) and (¢', ¢?) are related by

¢! ¢!
,71:/ siné(u)du+cot9_(§l)/ cosO(u)du :==7"(¢") (10.502)
0 0
and

1
n*=¢*—csch(¢) foc cosO(u)du :==7*(¢", ¢%). (10.50b)
Thus, the representation (10.37) may be written in the form
y=3(" ) =F")+2°(c". %)a(). (10.51)
where f is defined according to

_ o
F(E)=30(¢") + (csce(;l)fo cose(u)du>a2(;‘). (10.52)

Our aim is to show that the last of the representations (5.12) for the component y of the
implicit parametric representation of an isometric deformation y in terms of the curvilinear
coordinates (n', nz), namely

(' n?) =3o(n') +n’ax(n'). (10.53)

follows from (10.51). Establishing this result amounts to using the coordinate transformation
(10.50a) to show that, for n' = 7' (¢!,

FE)=3(n") and as(¢')=as(n"). (10.54)

130f course, the initial value for (10.15); is QO = Q(O), which, according to (10.42) and (10.44), can
be shown to depend upon the initial values of C through #(0), 7 (0), and ¢(0), and the initial value of Cy
through . Note, as an alternative, that R := Q QJ € Ortht satisfies

R'=%AR subjectto R(0)=1, (10.49)

where, with reference to (10.36)5, A =Fsin 7R
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where, recalling (4.11), yo satisfies j’o = (1, with Q being related to Q of (10.44) by
0" = Q") for n' =7'(¢"). To this end, we first define a field f by

fE)=f@'). n'=a'(c"). (10.55)
and apply the chain rule to yield
- dp'.
=—1F 10.56
F=gf (10.56)

where, as in Sect. 4, a superposed dot denotes differentiation with respect to n'. Alterna-
tively, since y; = # and, by (10.33b), @), = —0'¢, computing the derivative of f with respect
to ¢! directly from (10.52) and using the identity

d—ﬁl:cscé(l—cscéJé’) (10.57)
d¢! ' '

where J is defined by J(¢!) := f(fl cosf(u) du, we obtain
=1

-, d _ _
= d—z_’](smet + cosfar). (10.58)

To proceed further, we use (10.50a,b) to transform (10.57) to

dp' 5 2 2\
d—g_}:csc@(l—(; —n°)0"), (10.59)

which, since 6(z") = 0(n") for n' = 7'(¢") and, consequently, 6’ = (dij' /d¢")6, can be
written as

dﬁl : 2) 2n/
@(sme—n 0)=1-2¢%" (10.60)

Recalling (10.5) and assuming that sin6 — n26 # 0, which is (4.4), we thus find that

dpp!
d_;‘ (10.61)
With (10.61), we infer from (10.56) and (10.58) that

F(n') =sind(c")e(¢") +eosf(¢)ar (). n'=q'(c").

Since Q1 = sinf1 + cosfa, by (10.44) and since Q(n') = Q(¢") for n' = 7' (¢"), it fol-
lows that f = Qu,, or, equivalently, that

'Il . 771
f(n') :f fw)du= (/ Q(u)du>n, (10.62)
0 0

which, because 0f_(4.1 1), shows that f = y, and that 5!0 = Q1,. Finally, we know from
(10.10) that @, = Qg, and from (10.3b),, (4.2b),, and the correspondence 6 (¢ D) = 0(nh),
for n' =7'(¢Y), that g,(¢") = bo(n') for n' = 75'(¢'). In addition, we know that Q(¢!) =
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Q") and, from (4.9), that a, = Qb,. Thus, a>(¢') = a,(n') for n' = 5'(¢') and this
finalizes the argument showing that (5.12)5 follows from (10.51).

In passing, to be complete, we need to determine the fields A and A that satisfy the tensor
ordinary-differential equation (4.14). Clearly, since Q(n') = Q(¢") for n' = 7' (¢"),

_, dp'.
=—0, 10.63
0'=3:0 (10.63)
so with the aid of (10.48) we may write
—/ =T/ 1 - = df_]l . T
00 (; ):)LA:EQQ . (10.64)

But, we know that @, is the axial vector of A € Skew and we have shown that a(th =
a>(n") for n' = 7'(¢"). Thus, A(n') = A(¢") for n' = 7' (¢"), is Skew and has a, as its
axial vector. With this, we see from the above that (4.14);, namely Q QT = AA, holds with
A given by

_ d—l I\~
’\(’71)¢=k(§1)< ndg )> . o' =7'(g"). (10.65)

10.3 Curvature Tensor of S

Following the approach in Sect. 6, but now using the structure of the coordinate system
(¢', ¢?) for locating the points y on S and for evaluating the associated normal field r, we
find, by using n = i := Q13 in the steps leading to (6.9), that

gradn=—(0 Q'g,-13)a' ®a', (10.66)

where {a', @*} is the basis dual to {a,, @,} in V2. Since {a,, a,} is orthogonal and a; lies
along the straight lines of zero curvature on S, {@', @} is orthogonal, with @' being collinear

with a, but orthogonal to @, and, moreover, that la'| = 1/|a,|. But, because {f, a,, n} is_an
orthonormal basis for V3, we may write a' ® a' = |a'|*f ® £. Thus, since |a;| = |1 — ¢26/],
(10.66) becomes
- T =/
0 0g 13- _-
radn=———"——-t®¢t. 10.67
grad TEE (10.67)

To go further, using (10.48) and (10.41), we may rewrite the numerator of (10.67) as

Q0 Qg -1:=0¢g,-01:=0g, 71=00 an
=r1-00)t®@n—n®Di-n
=1(s%0" - 1), (10.68)
and obtain the curvature tensor of S in the form
oo ksing -
—grad . n = = IRt = tRt, 10.69
grad,n 51 ® Trcosp 1 ® ( )
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the latter step following from (10.36). Hence, the second possibly nonvanishing principal
curvature k of S is given by

_ RE@Hsing(E))
= 2% cosg(ch)’

which is equivalent to (80) of Chen, Fosdick and Fried [1].
Finally, note that by substituting (10.65) into (10.69); and using (10.60), we obtain

k(¢! ¢?) =

(10.70)

A

—grad,n =

which is equivalent to the form derived earlier in (6.12) once it is recalled that v in (6.12) and
t are both unit vector fields in the tangent plane to S that are perpendicular to the straight
lines of zero curvature on S and thus that £ is collinear with v.

11 Discussion

It is common to find in the literature works in which two-dimensional continuous material
regions in three-dimensional Euclidean point space E* are considered within the general
class of surfaces that are related by being developable, namely the class of surfaces that are
isometrically related in the differential geometric sense described in Sect. 3. For examples
of this approach, see Hangan [3], Sabitov [4], Starostin and van der Heijden [2], Kurono and
Umehara [5], Chubelaschwili and Pinkall [6], Naokawa [7], Kirby and Fried [8], and Shen
et al. [9]. A somewhat different but related approach is taken by Dias and Audoly [16], who
consider smooth mappings between flat reference surfaces and ruled target surfaces. It can
be shown that a reference surface and a ruled target surface are related by an isometric defor-
mation if arclength is measured identically along the directrix of the reference surface and
the directrix of the target surface and the ruled target surface is assumed to be developable.
Dias and Audoly [16] concentrate on developability but do not, however, provide a strategy
for constructing such deformations. Nor do they explain how to identify material points in
the reference surface and their coordinates, which measure distance along the directrices
and the generators. We postpone further discussion of these issues and their bearing on the
variational strategy proposed by Dias and Audoly [16] for future work. To ensure that the
arc length of every curve of material points on an unstretchable material surface is preserved
under a deformation, we have found in the present work that the generators, the curvature,
and the rotation field of the deformed surface must satisfy a specific non-trivial relationship.
Incompleteness in characterizing the isometric deformation is a common oversight in the
literature concerned with the forms of ribbons in E?.

Throughout this paper we have considered the kinematics related to the isomeric defor-
mation of an unstretchable planar material region identified with an open, connected subset
D of E? to a surface S in E3. Such a deformation is a mapping which is restricted so that
all material fibers of D remain unchanged in length. From this vantage point, a surface is
a two-dimensional material object that is embedded in E* and the corresponding notion of
isometry is fundamentally different from the differential geometric counterpart in which a
surface is considered purely as two-dimensional non-Euclidean manifold that may be em-
bedded in E* without regard to the identification of material points.

In differential geometry, surfaces are parametrically represented by coordinate systems
and are endowed with first and second fundamental forms which describe their metric and
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curvature properties, respectively. The coordinate systems for different surfaces may, but
are not required to, be taken as the ‘same’ in the sense that the values of the coordinates
of an image point are the same as those of the corresponding inverse image point. Accord-
ing to Kreyszig [15, p. 161], given two surfaces, a portion of one is isometrically mapped
onto a portion of the other if and only if at corresponding points of the two surfaces—when
referred to the same coordinate systems on the two surfaces—the coefficients of the first
fundamental forms for the two surfaces are the same. This has the consequence that for the
isometric mapping of a portion of one surface onto a portion of another surface, the length
of any arc on one surface must be the same as that of its inverse image. It is well-known
in differential geometry that two surfaces which have the same constant Gaussian curvature
may be isometrically mapped, one onto the other. It is also well-known in the kinematics of
deformable two-dimensional continuous material regions that the isometric deformation of a
planar, undistorted reference configuration must produce a surface with the same, vanishing,
Gaussian curvature. However, it does not generally follow that a reference and a target sur-
face that have the same constant Gaussian curvature from the differential geometric point
of view represent the isometric deformation of a material reference configuration into its
deformed image.

The first fundamental form of a deformed two-dimensional continuous material region
characterizes its metric properties and is generated by the deformation itself. The deforma-
tion from a given reference configuration of the body is said to be isometric if the length of
any arc of material fibers in the reference configuration and the length of the image of that
arc in the deformed configurations is identical.

In differential geometry, an isometric mapping of a portion of one surface onto a por-
tion of another surface requires that the length of any arc on one must be the same as
that of its inverse image on the other. Since lengths on a surface are determined by the
first fundamental form on that surface, and this depends on its parametrization, then there
exists an isometric mapping if and only if when the same coordinates are used to param-
eterize the surfaces the coefficients of their first fundamental forms are equal. A test for
this draws upon the important theorem that isometric surfaces necessarily have the same
Gaussian curvature at corresponding points. This test is also sufficient if the surfaces have
the same constant Gaussian curvature. Since developable surfaces are ruled surfaces of zero
Gaussian curvature that characterize the class of all surfaces that are geometrically iso-
metric to a plane, and since an isometric deformation of planar, undistorted material sur-
faces produces a developable image, the two distinct concepts of isometry from the dif-
ferential geometric and the deformation points of view have become fuzzy and are some-
times mistaken to be equivalent. The characterization of an isometric deformation of a
planar material region involves more than the geometric restriction of developability. All
fibers of the material region must remain unchanged in length and this yields an addi-
tional restriction on the changing rotation field that is responsible for the bending that
takes place around the generators of the ruled and developable deformed material sur-
face.

In this paper, we have established several equivalent necessary and sufficient representa-
tions of a smooth, isometric deformation of a planar material region into a curved surface
and we have emphasized the essential nature of the non-trivial tensorial ordinary-differential
initial-value-problem that must be solved to properly relate the generators, the curvature, and
the rotation field of the isometrically deformed material surface. For illustrative purposes,
we have also provided examples involving isometric deformations of rectangular material
strips into cylindrical and conical surfaces.
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