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1. Introduction

Let K be a subgroup of a group G. The pair (G,K) is said to be a Gelfand pair
if the induced trivial representation indG

K 1 is a multiplicity-free G representation.
More stringently, if (G,K) has the property that

indG
K V is multiplicity-free for every irreducible K representation V ,

then it is called a strong Gelfand pair. In this case, K is called a strong Gelfand sub-
group (or a multiplicity-free subgroup). Clearly, a strong Gelfand pair is a Gelfand
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pair, however, the converse need not be true. The problem of finding all multiplicity-
free subgroups of an algebraic group goes back to Gelfand and Tsetlin’s works [9, 10],
where it was shown that GLn−1(C) (respectively, Spinn−1(C)) is a multiplicity-
free subgroup in SLn(C) (respectively, in Spinn(C)). (SLn(C),GLn−1(C)) and
(Spinn, Spinn−1) are strong Gelfand pairs. It was shown by Krämer in [15] that
for simple, simply connected (complex or real) algebraic groups, there are no addi-
tional pairs of strong Gelfand pairs. If the ambient group G is allowed to be a
reductive group and/or the underlying field of definitions is changed, then there are
many more strong Gelfand pairs [1, 14, 22].

For arbitrary finite groups, there is much less is known about the strong Gelfand
pairs. In this paper we will be exclusively concerned with representations in char-
acteristic 0. Building on Saxl’s prior work [18, 19], the list of all Gelfand pairs of
the form (Sn,K), where Sn is a symmetric group, is determined by Godsil and
Meagher in [11]. Recently, it was shown by Anderson et al. [2] that, for n ≥ 7, the
only strong Gelfand pairs of the form (Sn,K) are given by

(1) (Sn, Sn),
(2) (Sn, An),
(3) (Sn, S1 × Sn−1) (up to interchange of the factors and conjugacy), and
(4) (Sn, S2 × Sn−2) (up to interchange of the factors and conjugacy).

Also recently, in [23], Tout proved that for a finite group F , the pair (F �Sn, F �Sn−1)
is a Gelfand pair if and only if F is an abelian group.

In this paper, we consider the strong Gelfand pairs of the form (F �Sn,K), where
F is a finite group. Although the strongest results of our paper are about the pairs
with F = Z/2, we prove some general theorems when F is a finite (abelian) group.
The main purpose of our paper is two-fold. First, we give a formula for computing
the multiplicities of the irreducible F � Sn representations in the induced represen-
tations indF �Sn

Sn
V , where V is any irreducible representation of Sn. Secondly, we

will determine all strong Gelfand pairs (F �Sn, H), where F = Z/2. Along the way,
we will present various branching formulas for such pairs.

We are now ready to give a brief outline of our paper and summarize its main
results. In Sec. 2, we collect some well-known results from the literature.

The first novel results of our paper appear in Sec. 3, where (1) we prove a key
lemma that we use later for describing some branching rules in wreath products, (2)
we describe the multiplicities of the irreducible representations in indF �Sn

Sn
Sλ where

F is an abelian group, and Sλ is a Specht module of Sn labeled by the partition
λ of n. Roughly speaking, in Theorem 3.12, we show that the multiplicities are
determined by the Littlewood–Richardson rule combined with the descriptions of
the irreducible representations of wreath products. As a corollary, we show that
the pair (F � Sn, Sn) is not a strong Gelfand pair for n ≥ 6. It is easy to find
negative examples for the converse statement. For example, it is easy to check that
if F = Z/2 and n ∈ {1, . . . , 5}, then (F � Sn, Sn) is a strong Gelfand pair.
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It is not difficult to see that for any Sn representationW there is an isomorphism
of F �Sn representations, indF �Sn

Sn
W ∼= C[Fn]⊗W ; see Remark 3.9 for some further

comments and the reference. In particular, if W is the trivial representation, and F
is an abelian group, then indF �Sn

Sn
W is a multiplicity-free representation of F � Sn.

In other words, (F � Sn, Sn) is a Gelfand pair if F is abelian. From this we find
the fact that (F � Sn, diag(F ) × Sn) is a Gelfand pair. Now we have two questions
about (F �Sn, diag(F )×Sn) here: (1) What happens if we take a nonabelian group
F? (2) Is (F � Sn, diag(F ) × Sn) a strong Gelfand pair? The answers of both of
these questions are rather intriguing although both of them are negative. In [3],
Benson and Ratcliff find a range where (F � Sn, diag(F ) × Sn) with F nonabelian
fails to be a Gelfand pair. In this paper, we show that, for F = Z/2 and n ≥ 6,
(F � Sn, diag(F ) × Sn) is not a strong Gelfand pair (see Lemma 6.15). Our proof
can easily be adopted to the arbitrary finite abelian group case.

In Sec. 4, we prove that, for an arbitrary finite group F , a pair of the form
(F � Sn, F � (Sn−k × Sk)) is a strong Gelfand pair if and only if k ≤ 2. In fact, by
assuming that F is an abelian group, we prove a stronger statement in one direction:
(F � Sn, (F � Sn−k) × Sk) is a strong Gelfand pair if k ≤ 2.

Let F and K be two finite groups, and let πG :F �G→ G denote the canonical
projection homomorphism. IfK is a subgroup of F �G, then we will denote by γK the
image of K under πG. The purpose of our Sec. 5 is to prove the following important
reduction result (Theorem 5.4): If (F � G,K) is a strong Gelfand pair, then so is
(G, γK). As a consequence of this result, we observe that (Corollary 5.5), for n ≥ 7,
if (F � Sn,K) is a strong Gelfand pair, then γK ∈ {Sn, An, Sn−1 × S1, Sn−2 × S2}.
Moreover, we show a partial converse of Theorem 5.4: Let n ≥ 7, and let B be a
subgroup of Sn. Then (F � Sn, F �B) is a strong Gelfand pair if and only if (Sn, B)
is a strong Gelfand pair. This is our Proposition 5.6.

In Secs. 6 and 7, we classify the strong Gelfand subgroups of the hyperoctahedral
groupBn := Z/2�Sn, up to conjugacy. The hyperoctahedral group is a type BC Weyl
group, and it contains the type D Weyl group, denoted byDn, as a normal subgroup
of index 2. Our list of strong Gelfand subgroups of Bn is a culmination of a number
of propositions. In Sec. 6 we handle the groups K ≤ Bn with γK ∈ {Sn, An}, and in
Sec. 7, we handle the case ofK ≤ Bn with γK ∈ {Sn−1×S1, Sn−2×S2}. An essential
ingredient for our classification is the linear character group Ln := Hom(Bn,C

∗),
which is isomorphic to Z/2 × Z/2 = {id, ε, δ, εδ}. Here, ε and δ are defined so that
ker ε = Z/2 �An, where An is the alternating subgroup of Sn, and ker δ = Dn. The
kernel of εδ will be denoted by Hn.

Let χ be a linear character of a group A, and let B be another group such that
χ(A) ≤ B. We will denote by (A×B)χ the following diagonal subgroup of A×B:

(A×B)χ := {(a, χ(a)) ∈ A×B : a ∈ A}.
We will denote the natural copy of Sn in Bn, that is, {(0, σ) ∈ Fn×Sn :σ ∈ Sn}

by Sn. There is a unique subgroup Z of B2 that is conjugate to S2 and Z 	= S2.
We will denote this copy of S2 in B2 by S2

′
. In Table 1, we list all strong Gelfand
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subgroups of the hyperoctahedral group, Bn, up to conjugacy, collating the results
of Propositions 6.21, 6.30, 7.43 and 7.73. The index n in this table is assumed to be
at least 6 for the cases of γK ∈ {Sn, An}, at least 7 for the case of γK = Sn−1 ×S1,
and at least 8 for the case of γK = Sn−2 × S2. In fact, there are some additional
strong Gelfand subgroups for n ≤ 7; in Propositions 6.21 and 6.30 we list them
explicitly for n ≤ 5 and γK ∈ {Sn, An}. Though Table 1 does not provide an
exhaustive list for n ≤ 7, we remark that all subgroups in the table are still strong
Gelfand if n ≤ 7. The strong Gelfand subgroups of B2 are given in Lemma 7.48;
those of B3 are given in Proposition 7.74, in which we also give the number of strong
Gelfand subgroups of Bn for each 4 ≤ n ≤ 7. In fact, Proposition 7.74 implies that,
up to conjugacy, all strong Gelfand subgroups of B7 appear in Table 1.

2. Preliminaries

We begin with setting up our conventions.

Table 1. The strong Gelfand subgroups of hyperoctahedral groups.

γK strong Gelfand subgroups of Bn

Sn

Bn

Dn

Hn

An
Z/2 � An

ker ε ∩ ker δ, where n �≡ 2 mod 4

Sn−1 × S1

Bn−1 × B1

Bn−1 × {id}
Dn−1 × B1

Dn−1 × {id} if n is odd

Hn−1 × B1

Hn−1 × {id} if n is odd

(Bn−1 × B1)δ = {(a, δ(a)) : a ∈ Bn−1}, if n is odd

(Bn−1 × B1)εδ = {(a, (εδ)(a)) : a ∈ Bn−1}, if n is odd

(Bn−1 × B1)ε = {(a, ε(a)) : a ∈ Bn−1}
(Dn−1 × B1)εδ = {(a, (εδ)(a)) : a ∈ Dn−1}, if n is odd

(Hn−1 × B1)δ = {(a, δ(a)) : a ∈ Hn−1}, if n is odd

Sn−2 × S2

Bn−2 × B2

Bn−2 × D2

Bn−2 × S2

Bn−2 × H2

Dn−2 × D2 if n is odd

Dn−2 × B2 if n is odd

Hn−2 × D2 if n is odd

Hn−2 × B2 if n is odd

Dn−2 × H2 if n is odd

Hn−2 × H2 if n is odd

three non-direct product index 2 subgroups of Bn−2 × D2

two non-direct product index 2 subgroups of Bn−2 × H2 if n is odd

six non-direct product index 2 subgroups of Bn−2 × B2 if n is odd
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Throughout our paper, we will assume without further mention that our groups
are finite. By a representation of a group we always mean a finite-dimensional
complex representation. The group-algebra of a group G will be denoted by C[G].
If H is a subgroup of G, then we will write H ≤ G. The boldface 1 will always
denote the one-dimensional vector space which is the trivial representation of every
group. When we want to emphasize the group G that acts trivially on 1, we will
write 1G.

We present some combinatorial notation that we will use in the sequel. For a
positive integer n, a partition of n is a non-increasing sequence of positive integers
λ := (λ1, . . . , λr) such that

∑r
i=1 λi = n. In this case, we will write λ 
 n. Also, we

will use the notation |λ| for denoting the sum
∑r

i=1 λi.

2.1. Semidirect products

Let G be a group, and let N and H be two subgroups in G such that

(1) N is normal in G;
(2) G = HN ;
(3) H ∩N = {id}.
In this case, we say that G is the semidirect product of N and H , and we write
G = N �H . Let F be another group, and let X be a G-set. The set of all functions
from X to F is denoted by FX . Since F is a group, this set has the structure of a
group with respect to point-wise multiplication. As G acts on X , it also acts on FX ,
hence, we can consider the group structure on the direct product FX ×G defined
by

(f, g) ∗ (f ′, g′) = (fg · f ′, gg′) for (f, g), (f ′, g′) ∈ FX ×G. (2.1)

In the sequel, when we think that it will not lead to a confusion, we will skip the
multiplication sign ∗ from our notation. The group FX × G whose multiplication
is defined in (2.1) will be called the wreath product of F and G with respect to X ;
it will be denoted by F �G.

Next, we setup some conventions and terminology.

(1) Let idG denote the identity element of G. The subgroup FX × {idG}, denoted
by FX , is called the base subgroup of F � G. In some places in the text, when
confusion is unlikely, we will write F instead of FX .

(2) The diagonal subgroup of the base group is isomorphic to F . By abusing the
notation, we will denote this copy of F in F � G either by diag(F ) or by F ,
depending on the context. Note that if F is an abelian group, then diag(F ) is
a central subgroup in F �G.

(3) Let idF denote the identity element of F . Then the group G := {idF } ×G is a
subgroup of F �G as well. The diagonal copy of F in F �G intersects G trivially,
therefore, FG is a subgroup of F � G; it is isomorphic to F × G since both of
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the subgroups F and G are normal subgroups in FG. Some authors refer to G
as the passive factor of F �G.

(4) If F is the trivial group, then F � G ∼= G. If G is the trivial group, then
F �G ∼= FX .

(5) If G is a subgroup of Sn, then F � G is defined with respect to the set X :=
{1, . . . , n}. In particular, we have F � S1 = F . We set as a convention that
F � S0 = {id}.

We finish this subsection by reviewing some simple properties of the wreath
products. The proofs of these facts can be found in [7, Proposition 2.1.3].

Let H be a subgroup of G. Then we have

(F �G)/(F �H) ∼= G/H. (2.2)

LetG1 andG2 be two finite groups, and for i ∈ {1, 2}, letXi be aGi-set. To form the
wreath product F � (G1×G2), we use the set X := X1X2 with the obvious action
of G1 ×G2. In this case, it is easy to check that there is an isomorphism of groups,
F � (G1×G2) ∼= (F �G1)× (F �G2). Let G be a group such that G1×G2 ≤ G. In the
sequel, we will be concerned with the subgroups of F �G of the form (F �G1)×G2,
where the second factor G2 is the passive factor of F �G2.

2.2. Basic properties of induced representations

There are many equivalent ways of defining induced representation. We provide a
definition for completeness: If H is a subgroup of G and V is a representation of H ,
then we view V as a left C[H ]-module and C[G] as a (C[G],C[H ])-bimodule. Thus
we have the following C[G]-module:

indG
H V := C[G] ⊗C[H] V. (2.3)

In loose terms, the G representation afforded by indG
H V is called the induced rep-

resentation. Notice that for V = 1, the right-hand side of (2.3) is isomorphic to
C[G/H ].

The following fact, which is referred to as the tensor identity by some authors,
is another useful fact that we will refer to later in the text.

Lemma 2.4. Let V be a representation of G, and let W be a representation of the
subgroup H. Then we have the following isomorphism of G representations:

V ⊗ indG
H(W ) ∼= indG

H((resG
HV ) ⊗W ).

If we set W = 1 in Lemma 2.4, then we see that V ⊗ C[G/H ] ∼= indG
H resG

HV .
Let H be a proper subgroup of G, and let V be an irreducible representation of

H . It is well-known that the dimension of indG
HV is equal to [G :H ] dimV , where

[G : H ] is the index of H in G. Consequently, for any two representations V1 and
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V2 of H , we have

indG
H(V1 ⊗ V2) � (indG

H V1) ⊗ (indG
HV2).

Fortunately, there is a favorable situation where we have a similar factorization.

Lemma 2.5. Let G1, . . . , G� be a list of finite groups. For i ∈ {1, . . . , 	}, let Hi be
a subgroup of Gi, and let Vi be a representation of Hi. Then we have

indG1×···×G�

H1×···×H�
(V1 � · · · � V�) ∼= (indG1

H1
V1) � · · · � (indG�

H�
V�).

Proof. Clearly, it suffices to prove our claim for 	 = 2. But this case is proved
in [8, Theorem 43.2].

2.3. Mackey theory

In this subsection, we will mention some useful results of Mackey describing the
relationship between the induced representations of two subgroups of G. A good
exposition of the main ideas of these results is given in [5].

Let H,K ≤ G be two subgroups with a system S of representatives for the
double (H,K)-cosets in G. Let (σ, V ) and (ρ,W ) be representations of H and
K, respectively. For s in S, let Gs denote H ∩ sKs−1, and let Ws denote the
representation ρs : Gs → GL(W ) by setting ρs(g)w = ρ(s−1gs)w for all g ∈ Gs,
and w ∈W . Mackey’s formula states that

HomG(indG
H V, indG

K W ) =
⊕
s∈S

HomGs(res
H
Gs
V,Ws). (2.6)

In this notation, a closely related fact, which is called Mackey’s lemma, states that

resG
H indG

K W =
⊕
s∈S

indH
Gs
Ws. (2.7)

2.4. Generalized Johnson schemes

Let h be an element of the set {0, . . . , n}, and let 1 denote the trivial representation
of the Young subgroup Sn−h ×Sh of the symmetric group Sn. It is well-known that
(Sn, Sh×Sn−h) is a Gelfand pair. Indeed, by using Pieri’s rule [6, Corollary 3.5.14],
it is easy to see that

indSn

Sh×Sn−h
1 = ⊕h

j=0S
(n−j,j), (2.8)

where S(n−j,j) is the Specht module indexed by the partition (n− h, h).

Definition 2.9. Let (F,H) be Gelfand pair. Let n be a positive integer, and let h
be an element of the set {0, . . . , n}. A pair of the form (F � Sn, H � Sh × F � Sn−h)
is called a generalized Johnson scheme.
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According to [7, Theorem 3.2.19(ii)], every generalized Johnson scheme is a
Gelfand pair. Evidently, if F = H , then (F,H) is a Gelfand pair, hence, we have

H � Sh × F � Sn−h = F � Sh × F � Sn−h = F � (Sh × Sn−h).

In particular, the pair (F � Sn, F � (Sh × Sn−h)) is a Gelfand pair.

2.5. Characterizations of the Gelfand property

We can take quotients by normal subgroups and preserve the Gelfand property.

Lemma 2.10. Let N and H be two subgroups of G such that N is normal in G

and N ≤ H. Then we have (G,H) is a Gelfand pair if and only if (G/N,H/N) is
a Gelfand pair.

Remark 2.11. Lemma 2.10 can be restated as follows: Let ϕ :G→ G′ be a homo-
morphism such that kerϕ ≤ H . Then (G,H) is a Gelfand pair if and only if
(ϕ(G), ϕ(H)) is a Gelfand pair.

Corollary 2.12. Let G and F be two finite groups for which we can define F �G.
Let H be a subgroup of G. Then (G,H) is a Gelfand pair if and only if (F �G,F �H)
is a Gelfand pair.

Proof. Let X be a G-set such that the semidirect product of FX �G is the wreath
product F � G, and FX � H is the wreath product F � H . Since FX is a normal
subgroup of F �G, the proof follows from Lemma 2.10.

In the spirit of Corollary 2.12, we can fix the second factor and choose a Gelfand
pair in the first factor.

Lemma 2.13 ([7, Theorem 3.3.18]). Let (F,H) be a finite Gelfand pair, and
let G be a finite group. Then (F �G,H �G) is a Gelfand pair.

If F is an abelian group, then (F, {id}) is a Gelfand pair. Hence, Lemma 2.13
implies that (F � G,G) is a Gelfand pair for every finite abelian group F , and for
every finite group G.

2.6. A brief review of representations of F � Sn

The purpose of this section is to review the construction of the irreducible represen-
tations of F � Sn, where F is a finite group. We loosely follow James and Kerber’s
book [12, Sec. 4.4].

Let W1, . . . ,Wr be the complete list of pairwise inequivalent and irreducible
representations of F . If n denotes a positive integer, then every irreducible repre-
sentation D∗ of Fn is given by an outer tensor product of the form

D∗ := D1 � · · · �Dn,

2150010-8
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where Di ∈ {W1, . . . ,Wr}. For j ∈ {1, . . . , r}, let nj denote the number of factors
of D∗ that are isomorphic to Dj. Of course, some of these numbers might be equal
to zero, nevertheless, the terms of the sequence n := (n1, . . . , nr) sum to n. We will
call such a sequence of nonnegative integers a composition of n. The composition n
will be called the type of D∗. Since Sn permutes the factors of Fn, two irreducible
representations of Fn are Sn-conjugate if and only if they have the same type. An
important group theoretic invariant of the irreducible representation D∗, called the
inertia group of D∗, is given by

F � S(n) := F � (Sn1 × · · · × Snr ) = F � Sn1 × · · · × F � Snr . (2.14)

For every irreducible representation D of F , we have a representation of type
n = (n) of F �Sn, which is denoted by D(n), and defined as follows: The underlying
vector space of D(n) is V = D�n. If v := v1 ⊗· · ·⊗ vn is a basis element for V , then
the action of an element ((f1, . . . , fn), π) of Fn � Sn on v is given by

((f1, . . . , fn), π) · v1 ⊗ · · · ⊗ vn := (f1 · vπ(1) ⊗ · · · ⊗ fn · vπ(n)).

At the same time, for every irreducible representation D′′ of Sn, we have a corre-
sponding irreducible representation of F � Sn. It is defined as follows: If (f, π) is an
element of F � Sn and v is a vector from D′′, then the action of (f, π) on v is given
by

(f, π) · v := π · v. (2.15)

Remark 2.16. Another name for the representation that is defined in (2.15) is
inflation. More generally, if N is a normal subgroup of a finite group M and
ρ :M/N → GL(V ) is a representation, then we have an associated representation
ρ̄ :M → GL(V ), ρ̄(g) := ρ(gN), which is called the inflation of ρ. Since the canoni-
cal quotient map M →M/N is a surjective homomorphism, if ρ is irreducible, then
so is its inflation.

We now consider the inner tensor product of D(n) and D′′, that is

(D;D′′) := D(n) ⊗D′′, (2.17)

on which F �Sn acts diagonally. In general, the inner tensor products of irreducible
representations are reducible, however, (2.17) is an irreducible representation for
F � Sn. Indeed, according to Specht (see also [12, Theorem 4.4.3]) the complete list
of pairwise inequivalent and irreducible representations of F � Sn is comprised of
representations of the form

indF �Sn

F �S(n)(D1;D′′
1 ) � · · · � (Dr;D′′

r ), (2.18)

where n = (n1, . . . , nr) is a composition of n, Di’s (1 ≤ i ≤ r) are pairwise inequiv-
alent irreducible representations of F , and D′′

i (1 ≤ i ≤ r) is an irreducible repre-
sentation of Sni .

2150010-9
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3. A Useful Lemma and Induction From the Passive Factor

The main goal of this section is to prove a technical but useful lemma that we will
use repeatedly in the sequel. Also, we will show that in general the pair (F �Sn, Sn)
need not be a strong Gelfand pair.

We begin with a lemma which we will use several times in the sequel. To keep
its statement simple, we introduce some of the notation of its hypothesis here:
F will denote a group, and D will be an irreducible representation of F . For two
nonnegative integers n and k such that 0 ≤ k ≤ n, we will denote by E (respectively,
E′) an irreducible representation of Sn−k (respectively, Sk). By U , we will denote
the Sn representation U := indSn

Sn−k×Sk
E �E′. We assume that the decomposition

of U into irreducible Sn representations is given by

U ∼= m1E1 ⊕ · · · ⊕mrEr.

Lemma 3.1. We maintain the notation from the previous paragraph. If A is the F �
Sn representation defined by indF �Sn

F �Sn−k×F �Sk
(D;E)�(D;E′), then its decomposition

into irreducible subrepresentations is given by

A ∼=
r⊕

i=1

mi(D;Ei). (3.2)

In particular, if U is a multiplicity-free Sn representation, then A is a multiplicity-
free F � Sn representation.

Proof. By its definition, the induced representation indF �Sn

F �Sn−k×F �Sk
(D;E) �

(D;E′) is given by

indF �Sn

F �Sn−k×F �Sk
(D;E) � (D;E′)

= C[F � Sn] ⊗C[F �Sn−k×F �Sk] ((D;E) � (D;E′)). (3.3)

The outer tensor product (D;E)� (D;E′), as a representation of F �Sn−k ×F �Sk,
can be rewritten as an inner tensor product of representations of F � (Sn−k × Sk)
as follows:

(D;E) � (D;E′) = (D(n−k) �D(k)) ⊗ (E � E′) = D(n) ⊗ (E �E′), (3.4)

where F �(Sn−k×Sk) acts on D(n), as a subgroup of F �Sn, by Fn; it acts on E�E′

by Sn−k × Sk. By substituting (3.4) in (3.3), we see that

C[F � Sn] ⊗C[F �Sn−k×F �Sk] D
(n) ⊗ (E � E′)

= indF �Sn

F �(Sn−k×Sk)D
(n) ⊗ (E �E′). (3.5)

Since F � (Sn−k × Sk) acts on D(n) as a subgroup of F � Sn, by definition,
D(n) is the restricted representation resF �Sn

F �(Sn−k×Sk)D
(n). Thus, by Lemma 2.4, we
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have

indF �Sn

F �(Sn−k×Sk)D
(n) ⊗ (E �E′)

= indF �Sn

F �(Sn−k×Sk)((res
F �Sn

F �(Sn−k×Sk)D
(n)) ⊗ (E � E′))

∼= D(n) ⊗ indF �Sn

F �(Sn−k×Sk)E � E′. (3.6)

Since Fn acts trivially on E � E′, we know that indF �Sn

F �(Sn−k×Sk)E � E′ = m1E1 ⊕
· · · ⊕mrEr. Therefore, (3.6) is given by

D(n) ⊗ (m1E1 ⊕ · · · ⊕mrEr) = m1D
(n) ⊗E1 ⊕ · · · ⊕mrD

(n) ⊗Er

= m1(D;E1) ⊕ · · · ⊕mr(D;Er).

This finishes the proof of our first claim. Our second assertion follows from (3.2)
by setting all of the mi’s (1 ≤ i ≤ r) to 1. This finishes the proof of our
lemma.

Let us present a straightforward consequence of Lemma 3.1. We will use the
following notation: Let D be an irreducible representation of F . Let n be a positive
integer, and let b = (b1, . . . , br) be a composition of n. For i ∈ {1, . . . , r}, let Ei

be an irreducible representation of Sbi , and let U denote the Sn representation
U := indSn

S(b)(�r
i=1Ei) whose decomposition into irreducible constituents is given

by

U =
⊕
λ�n

mλS
λ,

where Sλ is the Specht module indexed by the partition λ, and mλ ∈ Z≥0 is the
multiplicity of Sλ in U .

Corollary 3.7. We maintain the notation of the previous paragraph. If A is the
induced representation indF �Sn

F �S(b)(D;E1)� · · ·� (D;Er), then its decomposition into
irreducible constituents is given by

A =
r⊕

i=1

mλ(D;Sλ). (3.8)

In particular, if U is a multiplicity-free Sn representation, then A is a multiplicity-
free F � Sn representation.

Proof. We apply induction on r. The base cases r = 2 is already proven in
Lemma 3.1. The general case follows from r − 1 by distributivity of the tensor
products over direct sums.

Remark 3.9. Let b be the composition (1, . . . , 1) of n. In this case, we have

F � S(b) = F � (S1 × · · · × S1) = Fn.

Let us denote S1 × · · · × S1 by
∏n

S1. Clearly,
∏n

S1 is the trivial subgroup of
Sn. Let U denote the representation indSnQ

n S1
1 � · · · � 1 = indSn

{id} 1 ∼= C[Sn].
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February 13, 2021 10:24 WSPC/S0129-167X 133-IJM 2150010

M. B. Can, Y. She & L. Speyer

Hence, every irreducible representation Sλ of Sn appears in U with multiplicity
mλ = dimSλ. Corollary 3.7 shows that

indF �Sn

F �Qn S1
(D;1) � · · · � (D;1) =

⊕
λ�n

dimSλ(D;Sλ)

=

(
D;
⊕
λ�n

(dimSλ)Sλ

)
∼= D(n) ⊗ C[Sn].

This observation is a special case of a more general, well-known isomorphism that
is presented in Jantzen’s textbook [13, Sec. 3.8]. In our special case, it implies that,
for any Fn representation N , there is an isomorphism of F � Sn representations:

indF �Sn

F �Qn S1
N ∼= C[Sn] ⊗N. (3.10)

We also know from [13, Sec. 3.8] that, for any Sn representation W , there is an
isomorphism of F � Sn representations:

indF �Sn

Sn
W ∼= C[Fn] ⊗W. (3.11)

Here, Fn acts on C[Fn] via its left regular representation, Sn acts on W the usual
way, and it acts on C[Fn] by permuting the factors of Fn.

Although the isomorphism in (3.11) provides us with the general structure of the
induced representation indF �Sn

Sn
W , we still want to determine the multiplicities of

the irreducible representations in it. We resolve this problem by our next theorem.

Theorem 3.12. Let F be an abelian group, and let U be an irreducible representa-
tion of F �Sn of the form U := indF �Sn

F �S(a)(D1;D′′
1 )� · · ·�(Ds;D′′

s ), where D1, . . . , Ds

are some pairwise inequivalent irreducible representations of F, and D′′
1 , . . . , D

′′
s are

some irreducible representations of Sa1 , . . . , Sas , respectively.
Under these assumptions, if W is an irreducible representation of Sn, then the

multiplicity of U in indF �Sn

Sn
W is equal to the multiplicity of W in indSn

S(a)D
′′
1 �

· · · �D′′
s .

Proof. Since we will work with a fixed number n, and a fixed abelian group F , to
ease our notation, let us set G := F � Sn and K := Sn.

The multiplicity of U in indG
K W is equal to the dimension of the vector space

M := HomG(U, indG
K W ).

We will use Mackey’s formula and Frobenius reciprocity to compute the dimension
ofM . For brevity, we will denote the inertia group of V := (D1;D′′

1 )�· · ·�(Ds;D′′
s ),

that is F � S(a), by H .
Let S be a system of representatives for the (H,K)-double cosets in G. Since F

is a normal subgroup of G, and since it is contained in H , we see that HK = G. In
other words, S has only one element, S = {id}. Therefore, there is only one local
group of the form Gs = H ∩ sKs−1, which is given by Gid = F � S(a) ∩ Sn = S(a).
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Now we apply Mackey’s formula (2.6):

M = HomG(indG
H V, indG

K W )

=
⊕
s∈S

HomGs(res
H
Gs
V,Ws)

= HomS(a)(resH
S(a)V,Wid), (3.13)

where Wid is the copy of W viewed as a representation of S(a), that is, Wid =
resK

S(a)W . In our abelian case, D1, . . . , Ds are one-dimensional representations of
F , so, the dimension of each factor (Di, D

′′
i ) of V is equal to the dimension of D′′

i .
In particular, the factor (Di, D

′′
i ) can be identified, as a representation of Sai , with

D′′
i . Therefore, resH

S(a)V is equivalent to D′′
1 � · · · � D′′

s . Thus (3.13) is equivalent
to

M = HomS(a)(D′′
1 � · · · �D′′

s , res
K
S(a)W ).

This shows that dimM is given by the multiplicity of D′′
1 � · · · �D′′

s in resK
S(a)W .

By applying Frobenius reciprocity, we see that

dimM = the multiplicity of W in indSn

S(a)D
′′
1 � · · · �D′′

s .

This finishes the proof of our theorem.

Corollary 3.14. Let B be a subgroup of F �Sn. If n ≤ 5 and Sn ≤ B, then the pair
(F �Sn, B) is a strong Gelfand pair. If 6 ≤ n and B ≤ Sn, then the pair (F �Sn, B)
is not a strong Gelfand pair.

Proof. It suffices to show that (F � Sn, Sn) is a strong Gelfand pair if and only if
n ≤ 5. In particular, we can now use Theorem 3.12.

Let a be a composition of n, and let S(a) denote the corresponding subgroup
Sa1 × · · · × Sas of Sn. Let D′′

1 � · · · �D′′
s be an irreducible representation of S(a).

Clearly, if n ≤ 5, then at most one of the factors D′′
i (1 ≤ i ≤ s) is of the form S(1a)

or S(a). Then by Pieri’s formula, indSn

S(a)D
′′
1 �· · ·�D′′

s is a multiplicity-free represen-

tation. For n ≥ 6, we can use the induced representation indSn

Sn−3×S3
S(n−4,1)�S(2,1)

and note that S(n−3,2,1) appears as a summand with multiplicity 2 — this is
an easy check on the number of Littlewood–Richardson tableaux of skew-shape
(n− 3, 2, 1)/(n− 4, 1) and weight (2, 1). This completes the proof.

4. Some Strong Gelfand Subgroups of Wreath Products

In this section, we will prove that, for an arbitrary group F , a pair of the form
(F � Sn, F � (Sn−k × Sk)) is a strong Gelfand pair if and only if k ≤ 2 or n− k ≤ 2.
Furthermore, we will prove that, for an abelian group F , (F � Sn, (F � Sn−k) × Sk)
is a strong Gelfand pair if k ≤ 2.
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4.1. The nonabelian base group case

Theorem 4.1. Let F be a group, and let n ≥ 2. If k is 1 or 2, then the pair
(F � Sn, F � (Sn−k × Sk)) is a strong Gelfand pair.

Proof. Let K denote F �(Sn−k×Sk). Since K ∼= F �Sn−k×F �Sk, every irreducible
representation of K is of the form E �D, where E is an irreducible representation
of F � Sn−k and D is an irreducible representation of F � Sk. Then there exists a
composition c = (c1, . . . , cs) of k such that

D = indF �Sk

F �S(c)(D1;D′′
1 ) � · · · � (Ds;D′′

s ),

where D1, . . . , Ds are some pairwise inequivalent irreducible representations of F ,
and D′′

1 , . . . , D
′′
s are some irreducible representations of Sc1 , . . . , Scs , respectively.

Similarly for E, let b denote the composition of n− k such that

E = indF �Sn−k

F �S(b) (E1;E′′
1 ) � · · · � (Er ;E′′

r ),

where E1, . . . , Er are some pairwise inequivalent irreducible representations of F ,
and E′′

1 , . . . , E
′′
r are some irreducible representations of Sb1 , . . . , Sbr , respectively.

Of course, if k = 2, then we have only two possibilities for c; they are given by
c ∈ {(1, 1), (2)}. If k = 1, then c ∈ {(1)}. In any case, to ease our notation, let us
denote (D1;D′′

1 )� · · ·� (Ds;D′′
s ) by D0, and let us denote (E1;E′′

1 )� · · ·� (Er;E′′
r )

by E0.
As far as the irreducible representations E1, . . . , Er, D1, . . . , Ds are concerned,

we have two possibilities:

(1) {E1, . . . , Er} ∩ {D1, . . . , Ds} = ∅, or
(2) {E1, . . . , Er} ∩ {D1, . . . , Ds} 	= ∅.
We proceed with the first case. In this case, by Lemma 2.5, we have

indF �Sn

F �(Sn−k×Sk)(E �D) = indF �Sn

F �(Sn−k×Sk)(indF �Sn−k

F �S(b) E0) � (indF �Sk

F �S(c)D0)

= indF �Sn

F �(Sn−k×Sk)(indF �Sn−k×F �Sk

F �S(b)×F �S(c)E0 �D0)

= indF �Sn

F �S(b)×F �S(c)E0 �D0

= indF �Sn

F �S(bc)E0 �D0,

where bc is the composition obtained by concatenating b and c. It is easy to see
that the representation indF �Sn

F �S(bc)E0 �D0 is one of the irreducible representations
of F � Sn as in (2.18).

Next, we will handle the second case. Without loss of generality let us assume
that D1 = Er. By arguing as before, first, we write

indF �Sn

F �(Sn−k×Sk)(E �D) = indF �Sn

F �S(b)×F �S(c)E0 �D0.
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Notice that we have

F � S(b) × F � S(c) = F � S(b′) × F � Sbr × F � Sc1 × F � S(c′),

where F � S(b′) = F � (Sb1 × · · · × Sbr−1) and F � S(c′) = F � (Sc2 × · · · × Scs).
Accordingly we write

E �D = E′
0 � L�D′

0,

where E′
0 := (E1;E′′

1 ) � · · · � (Er−1;E′′
r−1), D′

0 := (D2;D′′
2 ) � · · · � (Ds;D′′

s ), and

L := (Er ;E′′
r ) � (D1;D′′

1 ) = E(br)
r ⊗E′′

r �D
(c1)
1 ⊗D′′

1

= D
(br)
1 ⊗ E′′

r �D
(c1)
1 ⊗D′′

1 .

Now, by using by Lemma 2.5 and transitivity of induction, we split our induction:

indF �Sn

F �S(b)×F �S(c)E0 �D0

= indF �Sn

F �S(b′)×F �Sbr+c1×F �S(c′) indF �S(b′)×F �Sbr+c1×F �S(c′)
F �S(b′)×F �Sbr×F �Sc1×F �S(c′)E0 �D0

= indF �Sn

F �S(b′)×F �Sbr+c1×F �S(c′) indF �S(b′)×F �Sbr+c1×F �S(c′)
F �S(b′)×F �Sbr×F �Sc1×F �S(c′)E

′
0 � L�D′

0

= indF �Sn

F �S(b′)×F �Sbr+c1×F �S(c′)E
′
0 �

(
indF �Sbr+c1

F �Sbr×F �Sc1
L
)

�D′
0.

We continue with the computation of the middle term

A := indF �Sbr+c1
F �Sbr×F �Sc1

L = indF �Sbr+c1
F �Sbr×F �Sc1

(D(br)
1 ⊗ E′

r) � (D(c1)
1 ⊗D′

1). (4.2)

Notice here that we can apply Lemma 3.1. Indeed, since c1 ∈ {1, 2}, D′
1 is either

a sign representation or the trivial representation of Sc1 , therefore, by Pieri’s for-
mula, the induced representation indSbr+c1

Sbr×Sc1
(E′

r � D′
1) is a multiplicity-free rep-

resentation of Sbr+c1 . Let L1, . . . , Ll denote its irreducible constituents. Then, by
Lemma 3.1, (4.2) is equivalent to the F � Sbr+c1 representation (D1;L1) ⊕ · · · ⊕
(D1;Ll), hence we have

indF �Sn

F �S(b)×F �S(c)E0 �D0

= indF �Sn

F �S(b′)×F �Sbr+c1×F �S(c′)E
′
0 � ((D1;L1) ⊕ · · · ⊕ (D1;Ll)) �D′

0

=
l⊕

i=1

indF �Sn

F �S(b′)×F �Sbr+c1×F �S(c′)E
′
0 � (D1;Li) �D′

0. (4.3)

Evidently, (4.3) is a multiplicity-free representation of F �Sn if there is no other term
(Di;D′′

i ) inD0 for i > 1 such thatDi ∈ {E1, . . . , Er}. In fact, even if there is another
such summand, since c has at most two parts, we can apply the same procedure
to our decomposition (4.3) by the second (inequivalent) irreducible representation
D2. Since the list of irreducible representations of F that appear in the final direct
sum would all be distinct, in this case also, we get a multiplicity-free representation
of F � Sn. This finishes the proof of our theorem.
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4.2. Abelian base groups

In this subsection, F denotes an abelian group. Also, by a slight abuse of notation,
the subgroup (F �Sn−1)×S1 ≤ F �Sn, where S1 corresponds to the (trivial) subgroup
of F � S1, will be denoted by F � Sn−1.

Proposition 4.4. If n ≥ 2, then (F � Sn, F � Sn−1) is a strong Gelfand pair.

Proof. Let K denote the subgroup F �Sn−1 ≤ F �Sn. Every irreducible representa-
tion of K is of the form E � 1, where 1 is the trivial representation of S1, and E is
an irreducible representation of the factor F �Sn−1. Then there exist a composition
b = (b1, . . . , br) of n− 1 and an irreducible representation E0 of F � S(b) such that
E = indF �Sn−1

F �S(b) E0. We want to prove that indF �Sn

K E�1 is a multiplicity-free F �Sn

representation. Since indF �Sn

K E � 1 = indF �Sn

F �(Sn−1×S1)
indF �(Sn−1×S1)

K E � 1, we will

analyze the induced representation indF �(Sn−1×S1)
K E � 1. By Lemma 2.5, we have

indF �(Sn−1×S1)
K E � 1 = indF �Sn−1

F �Sn−1
E � indF �S1

S1
1 = E � U =

s⊕
j=1

E � Uj , (4.5)

where U := indF �S1
S1

1, and U1 ⊕ · · · ⊕ Us = U is the decomposition of U into irre-
ducible F � S1 representations. Since F is abelian and F � S1 = F , we see that
U1, . . . , Us is the complete list of pairwise inequivalent and irreducible F repre-
sentations. Finally, since E0 is an irreducible F � Sn−1 representation, it is of the
form (E1;E′′

1 ) � · · · � (Er;E′′
r ), where {E1, . . . , Er} ⊆ {U1, . . . , Us}, and E′′

i is an
irreducible representation of Sbi for 1 ≤ i ≤ r.

We now look closely at the tensor product E � Uj for j ∈ {1, . . . , s}. Since Uj

is an irreducible representation of F � S1, we have Uj = indF �S1
F �S1

(Uj ;1). Then, by

Lemma 2.5 once again, we have E � indF �S1
F �S1

(Uj ;1) = indF �Sn−1×F �S1

F �S(b)×F �S1
E0 � (Uj ;1).

If Uj /∈ {E1, . . . , Er}, then E0 � (Uj;1) is a typical irreducible representation of F �
S(b)×F �S1 = F �S(b′), where b′ = (b1, . . . , br, 1). In this case, indF �Sn

F �Sn−1×F �S1
E�

Uj is an irreducible representation of F �Sn. If Uj = Ei for some i ∈ {1, . . . , r}, then
there is exactly one such index i. Without loss of generality, let us assume that this
index is r. Then by another application of Lemma 2.5 we get

indF �Sn−1×F �S1

F �S(b)×F �S1
E0 � (Uj ;1)

= indF �Sn−1×F �S1

F �S(b)×F �S1
(E1;E′′

1 ) � · · · � ((Er;E′′
r ) � (Uj ;1))

= indF �Sn−1×F �S1

F �S(b′′) indF �S(b′′)
F �S(b)×F �S1

(E1;E′′
1 ) � · · · � ((Er ;E′′

r ) � (Uj ;1))

= indF �Sn−1×F �S1

F �S(b′′) (E1;E′′
1 ) � · · · � (indF �Sbr+1

F �Sbr×F �S1
(Er;E′′

r ) � (Uj ;1)),

where b′′ = (b1, . . . , br−1, br + 1). Since indSbr+1
Sbr×S1

E′′
r � 1 is a multiplicity-free

Sbr+1 representation, by Lemma 3.1, the representation indF �Sbr+1
F �Sbr×F �S1

(Er;E′′
r ) �
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(Uj ;1) is a multiplicity-free F � Sbr+1 representation with irreducible summands of
the form (Er; Ẽr), where Ẽr is an irreducible Sbr+1 representation. It follows that
E � Uj for j ∈ {1, . . . , s} is a multiplicity-free F � Sn−1 × F � S1 representation.
But since Er is uniquely determined by Uj (in fact, we assumed that Er = Uj),
the representations E � Uj , where j ∈ {1, . . . , s}, do not have any irreducible
constituent in common. Also, any irreducible representation that appears in E�Uj

for j ∈ {1, . . . , s} induces up to an irreducible representation of F �Sn. Now applying
indF �Sn

F �Sn−1×F �S1
to (4.5) proves our claim at once; the representation indF �Sn

K E � 1
is multiplicity-free. This finishes the proof of our proposition.

We proceed with another example.

Lemma 4.6. For every abelian group F, the pair (F � S2, S2) is a strong Gelfand
pair.

Proof. The subgroup S2 has two one-dimensional irreducible representations; they
are given by 1 and the sign representation ε. On the one hand, since F is abelian,
(F �S2, S2) is a Gelfand pair, hence, indF �S2

S2
1 is multiplicity-free. On the other hand,

we know from the construction of irreducible representations of wreath products
F � S2 that the inflation of any irreducible representation of S2 is an irreducible
representation of F � S2. In particular, the (irreducible) linear representation ε of
S2 extends to a linear representation of F � S2. Then we know that the triplet
(F �S2, S2, ε) is an example of a “twisted Gelfand pair” [16, Chap. VII, §1, Exercise
10]. Hence, indF �S2

S2
ε is multiplicity-free representation of F � S2 [16, Chap. VII, §1,

Exercise 11]. This finishes the proof.

Remark 4.7. Let D′′ be an irreducible representation of S2. Then the inflation of
D′′ to F � S2 can be identified with the irreducible representation (1;D′′).

Proposition 4.8. For every positive integer n, the pair (F � Sn, (F � Sn−2) × S2)
is a strong Gelfand pair.

Proof. The proof of this proposition is very similar to the proof of Proposi-
tion 4.4. The only difference is that, instead of using the permutation representation
indF �S1

S1
1, we use the representations indF �S2

S2
V where V ∈ {1, ε}. By Lemma 4.6,

we know that they are multiplicity-free representations of F � S2. Since the rest
of the arguments are the same as in the proof of Proposition 4.4, we omit the
details.

5. A Reduction Theorem

We begin with setting up some new notation that will stay in effect in the rest of
our paper.

Let X be a finite G-set with n := |X |. Let F be a finite group. Although F is
not necessarily an abelian group, for simplifying (the exponents in) our notation,
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the inverse of an element a of F will be denoted by −a. Accordingly, if f is an
element of FX , or equivalently, if it is an element of the subgroup FX in F �G, then
we will write −f to denote its inverse in FX (respectively, in FX). In this notation,
if (f, g) is an element in F �G, then its inverse is given by

(f, g)−1 = (g−1(−f), g−1),

where g−1 is the inverse of g in G. If (f ′, g′) and (f, g) are two elements from F �G,
then their product is given by

(f, g)(f ′, g′) = (f + g · f ′, gg′),

where g · f ′ :F → X is the function defined by g · f ′(x) = f ′(g−1x) for x ∈ X .
Let πG denote the canonical projection homomorphism onto G, that is

πG :F �G → G

(f, g) �→ g.

If K is a subgroup of F � G, then we denote the image of K under πG by γK .
Equivalently, γK is given by

γK := {g ∈ G : there exists f ∈ FX such that (f, g) ∈ K}.
The following remark/notation will be useful in the sequel.

Remark 5.1. For g ∈ γK , let Γg
K denote the preimage (πG|K)−1(g). It is evident

that Γg
K (g ∈ γK) is a subgroup of K if and only if g = id. Indeed, we have the

following short exact sequence: {(id, id)} → Γid
K → K

πG|K−−−→ γK → {id}. Let (f, g)
be an element from K. It is easy to check that πG((f, g) ∗ Γid

G) = {g}. In other
words, we have the inclusion

(f, g) ∗ Γid
K ⊆ Γg

K . (5.2)

Since the union of all left cosets of Γid
K covers K, the inclusions (5.2) are actually

equalities of sets; every Γg
K (g ∈ γK) is a left coset of Γid

K . Therefore, |Γg
K | = |Γid

K |
for all g ∈ γK .

We now go back to the strong Gelfand pairs. The following characterization of
the strong Gelfand pairs is easy to prove.

Lemma 5.3. Let H be a subgroup of G. Then (G,H) is a strong Gelfand pair if
and only if (G×H, diag(H)) is a Gelfand pair.

We will apply this result to wreath products. The main result of this section is
the following reduction result.

Theorem 5.4. Let F and G be two finite groups, and let K be a subgroup of F �G.
If (F �G,K) is a strong Gelfand pair, then so is (G, γK).

Proof. We assume that (F � G,K) is a strong Gelfand pair. By Lemma 5.3, we
know that (F �G×K, diag(K)) is a Gelfand pair.
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Let X denote the finite G-set such that F �G = FX �G, and let H denote the
following subset of F �G×K:

H := {((f, b), (a, b)) : (a, b) ∈ K, f ∈ FX}.
We claim that H is a subgroup. First, we will show that H is closed under prod-
ucts: Let ((f1, b1), (a1, b1)) and ((f2, b2), (a2, b2)) be two elements from H . Then we
have

((f1, b1), (a1, b1)) ∗ ((f2, b2), (a2, b2))

= ((f1 + (b1 · f2), b1b2), (a1 + (b1 · a2), b1b2)).

Since the second and the fourth entries are the same, this product is contained in
H , hence, H is closed under products. Next, we will show that the inverses of the
elements of H exist: For σ := ((f, b), (a, b)) ∈ H , let τ := ((x, y), (z, y)) be the
element ((b−1 · (−f), b−1), (b−1 · (−a), b−1)) in F �G×K. Clearly, τ is an element
of H . The product of σ and τ is given by

σ ∗ τ = ((f, b), (a, b)) ∗ ((x, y), (z, y))

= ((f, b)(b−1 · (−f), b−1), (a, b)(b−1 · (−a), b−1))

= ((f + (b · (b−1 · (−f))), bb−1), (a+ (b · (b−1 · (−a))), bb−1))

= ((id, id), (id, id)),

hence, ((x, y), (z, y)) is the inverse of ((f, b), (a, b)). These computations show that
H is a subgroup of F �G×K.

Evidently, the diagonal subgroup diag(K) in F �G×K is a subgroup of H . Since
(F �G×K, diag(K)) is a Gelfand pair, it follows that (F �G×K,H) is a Gelfand
pair as well. Now we will identify a normal subgroup of F �G×K with the help of
the following map:

φ :F �G×K → G× γK

((f, g), (a, b)) �→ (g, b).

It easy to verify that φ is a homomorphism. It is also evident that, if an element
((x, y), (z, w)) from F � G × K lies in the kernel of φ, then y = w = id. In par-
ticular, we see that N := ker(φ) ≤ H . This is the normal subgroup that we were
seeking.

By Remark 2.11, now we know that the pair ((F �G×K)/N,H/N) is a Gelfand
pair. But (F �G×K)/N is isomorphic to G× γK . Also, it is easy to check that the
diagonal subgroup diag(γK) of F �G×K is isomorphic H/N under the restriction
of φ. Therefore, we have the following identification of Gelfand pairs: ((F � G ×
K)/N,H/N) ∼= (G × γK , diag(γK)). Finally, by using Lemma 2.10 once again,
we conclude that (G, γK) is a strong Gelfand pair. This finishes the proof of our
theorem.
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We mentioned earlier that, for n ≥ 7, there are only four (minimal) strong
Gelfand subgroups in Sn [2]. As a simple consequence of Theorem 5.4, we deduce
a similar statement for the strong Gelfand subgroups in F � Sn.

Corollary 5.5. Let n ≥ 7, and let K be a subgroup of F � Sn. If (F � Sn,K) is a
strong Gelfand pair, then, up to conjugacy, γK ∈ {Sn, An, Sn−1 × S1, Sn−2 × S2}.

We record a partial converse of Theorem 5.4.

Proposition 5.6. Let n ≥ 7, and let B be a subgroup of Sn. Then (F � Sn, F � B)
is a strong Gelfand pair if and only if (Sn, B) is a strong Gelfand pair.

Proof. Let K be a subgroup of the form F � B for some subgroup B ≤ Sn. Then
γK = B. Now Corollary 5.5 gives the ⇒ direction. For the converse, by the main
result of [2], we have four cases: B = Sn, B = An, B = Sn−1 × S1, and B =
Sn−2×S2. In the first case there is nothing to do. The second case follows from the
fact that F � An is an index 2 subgroup of F � Sn. The last two cases follow from
Theorem 4.1.

6. Hyperoctahedral Groups

From now on we will denote by F the cyclic group of order 2. To simplify our
notation, we will use the additive notation, so, F = Z/2 = {0, 1}. If there is no
danger for confusion, the identity element of Fn (n ∈ N) will be denoted by 0 as
well. The wreath product F � Sn will be denoted by Bn. For i ∈ {1, . . . , n}, the
element x ∈ Fn which has 1 at its ith entry and 0’s elsewhere will be denoted by
ei. The set {e1, . . . , en} will be called the standard basis for Fn. In this notation,
for i ∈ {1, . . . , n}, if f ∈ Fn, then fi will denote the coefficient of ei in f . When
there is no danger for confusion, we will use 1 to denote the sum of the standard
basis elements

1 = e1 + · · · + en. (6.1)

The wreath product Bn is called the nth hyperoctahedral group. It follows from
the general description of the irreducible representations of wreath products that
every irreducible linear representation of Bn is equivalent to one of the induced
representations

Sλ,μ := indBn

Bn−k×Bk
(1;Sλ) � (ε;Sμ), (6.2)

where 0 ≤ k ≤ n, and Sλ (respectively, Sμ) is the Specht module indexed by the
partition λ of n − k (respectively, by the partition μ of k). The character of Sλ,μ

will be denoted by χλ,μ.
Our goal in the rest of this section is to determine the strong Gelfand subgroups

of Bn. In light of Corollary 5.5, it will suffice to determine the strong Gelfand
subgroups K with γK ∈ {Sn, An, Sn−1 ×S1, Sn−2 ×S2} only. Before going through
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these cases, we will point out some well-known facts about the structures of certain
subgroups of Bn. Also, we will describe a branching rule for the subgroup Bn−1 in
Bn.

6.1. Some special subgroups of Bn

First of all, we want to point out that Bn has a distinguished index 2 subgroup,
denoted Dn. Actually, it is the Weyl group of type Dn. To describe it, we will view
Bn as a subgroup of S2n. Let (f, σ) be an element of Bn. For i ∈ {1, . . . , n}, we will
construct a permutation f̃i of {1, . . . , 2n} as follows: For j ∈ {1, . . . , 2n}, the value
of f̃i at j is defined by

f̃i(j) =

⎧⎪⎪⎨
⎪⎪⎩
j if j /∈ {2i− 1, 2i} or fi = 0,

2i if j = 2i− 1 and fi = 1,

2i− 1 if j = 2i and fi = 1.

Likewise, by using σ we define a permutation σ̃ of {1, . . . , 2n} by

σ̃(2i− 1) = 2σ(i) − 1 and σ̃(2i) = 2σ(i), for i ∈ {1, . . . , n}.
We set x = x(f, σ) := f̃1 · · · f̃nσ̃ ∈ S2n. Then the map (f, σ) �→ x(f, σ) is an
injective group homomorphism Bn ↪→ S2n. Abusing notation, we will denote the
image of Bn in S2n by Bn as well. Then our distinguished subgroup is given by the
intersection Dn = A2n ∩Bn. In the sequel, we will identify Dn in Bn in a different
way.

It is going to be important for our purposes that we know all index 2
subgroups of Bn. Fortunately, they are fairly easy to find once we give the
Coxeter generators of Bn. Let s1, . . . , sn−1 denote the (simple) transpositions
(0, (1 2)), (0, (2 3)), . . . , (0, (n − 1n)); these elements are the Coxeter generators of
the passive factor Sn in Bn. Let t denote the element ((1, 0, . . . , 0), id) ∈ Bn. Then
we have the following Coxeter relations:

• s2i = (sisi+1)3 = (0, id) for every i ∈ {1, . . . , n− 1};
• t2 = (0, id);
• (sisj)2 = (0, id) for every i, j ∈ {1, . . . , n− 1} with |i− j| ≥ 2;
• (sit)2 = (0, id) for every i ∈ {2, . . . , n− 1};
• (s1t)4 = (0, id).

The group of linear characters of Bn, that is Ln := Hom(Bn,C
∗), is generated

by the characters ε and δ defined by

ε(si) = −1, ε(t) = +1, δ(si) = +1, δ(t) = −1. (6.3)

Thus, Ln is isomorphic to F × F . Explicitly, the four linear characters 1, ε, δ, εδ
correspond to Bn representations as follows:

• The trivial character 1 is the character of S(n),∅ = (1;1) = 1(n) ⊗ 1.
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• The character ε is the character of S(1n),∅ = (1;S(1n)) = 1(n) ⊗ ε.
• The character δ is the character of S∅,(n) = (ε;1) = ε(n) ⊗ 1.
• The character εδ is the character of S∅,(1n) = (ε;S(1n)) = ε(n) ⊗ ε.

These facts allow us to conclude the following useful statements:

(1) Bn has exactly three subgroups of index 2, corresponding to the kernels of the
homomorphisms ε, δ, and εδ.

(2) Bn has exactly one normal subgroup of index 4, denoted by Jn, that is given
by the intersection ker ε ∩ ker δ.

(3) The kernel of δ is Dn. Indeed, if s0 denotes ts1t, then, as a Coxeter group, Dn

is generated by s0, s1, . . . , sn−1. Note that ts1t = ((1, 1, 0, . . . , 0), id).
(4) The kernel of ε is F � An.

Remark 6.4. Let G be a finite group. If there is a unique normal index 4 sub-
group J of G, then we think that it would be appropriate to call it the Stembridge
subgroup of G because of John Stembridge’s seminal work on the projective repre-
sentations [21] where such a subgroup is extensively used.

6.1.1. The associators of index 2 subgroups of Bn

Our references for this subsection are the two papers [20, 21] of Stembridge.
The linear character group Ln of Bn acts on the isomorphism classes of irre-

ducible representations of Bn via V �→ τ ⊗ V , where τ is a one-dimensional rep-
resentation corresponding to an element of Ln. We continue with the assumption
that V is an irreducible representation of Bn. If V ∼= τ ⊗ V , then we will say that
V is self-associate with respect to τ ; otherwise, V and τ ⊗V are said to be associate
representations with respect to τ . In the sequel, when there is no danger for confu-
sion, it will be convenient to denote τ ⊗V by χτV , where χτ is the linear character
of τ .

Let H denote the kernel of χτ :Bn → C∗, and let V be a self-associate represen-
tation with respect to τ . Then there exists an endomorphism S ∈ GL(V ) such that
gSv = τ(g)Sgv for all g ∈ Bn and v ∈ V . Furthermore, as a consequence of Schur’s
lemma, one knows that S2 = 1, hence, S has at most two eigenvalues, ±1. Any of
the two endomorphisms ±S is called the τ-associator of V . Let V + (respectively,
V −) denote the S-eigenspace of eigenvalue +1 (respectively, eigenvalue −1). Then
V + and V − are irreducible pairwise inequivalent H representations. If V and τ ⊗V
are associate representations with respect to τ , then both of them are irreducible
and isomorphic as H representations [20, Lemma 4.1]. Let us translate these state-
ments to the ‘induced/restricted representation’ language. Let V be a self-associate
representation with respect to τ . Then the restriction of V to the subgroup H

splits into two inequivalent irreducible representations. If V is not a self-associate
representation with respect to τ , then the restriction of V to H is an irreducible
representation of H , and furthermore, indBn

H resBn

H V = V ⊕ τ ⊗ V .
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Let Sλ,μ be an irreducible representation of Bn, and let χλ,μ denote the corre-
sponding character. Then we have

(1) δχλ,μ = χμ,λ, hence, Sλ,μ is self-associate with respect to δ if and only if λ = μ;
(2) εχλ,μ = χλ′,μ′

, hence, Sλ,μ is self-associate with respect to ε if and only if
λ = λ′ and μ = μ′;

(3) εδχλ,μ = χμ′,λ′
, hence, Sλ,μ is self-associate with respect to εδ if and only if

λ = μ′.

6.2. γK = Sn

If f is an element of Fn, then we will denote by #f the number of 1’s in f . For a
subgroup K of Bn, we define

mK := min
f∈Γid

K\{(0,id)}
#f. (6.5)

Note that mK may not exist, as we may sometimes have Γid
K = {(0, id)}. Clearly,

if it exists, then mK is an element of the set {1, . . . , n}. We have five major cases
for mK :

(1) mK = 1,
(2) mK = 2,
(3) 3 ≤ mK ≤ n− 1
(4) mK = n,
(5) mK does not exist.

Although the above five cases are defined for K with γK = Sn, in the sequel
the same cases will be considered for the subgroups K ≤ Bn where γK ∈ {An, S1 ×
Sn−1, S2 × Sn−2}. We recall our notation from Remark 5.1. For g ∈ γK , Γg

K is the
preimage (πG|K)−1(g).

Lemma 6.6. If mK = 1, then Γid
K = {(f, id) ∈ Bn : f ∈ Fn} = F . In this case, K

is equal to Bn, hence, it is a strong Gelfand subgroup.

Proof. Since mK = 1, we know that Γid
K contains an element of the form (ek, id)

(1 ≤ k ≤ n). Also, we know from Remark 5.1 that Γid
K is a normal subgroup of K.

Let (f, (i k)) be an element in K, where (i k) is the transposition that interchanges
i and k. Then we have

(f, (i k)) ∗ (ek, id) ∗ (f, (i k))−1 = (f, (i k)) ∗ (ek, id) ∗ ((i k) · (−f), (i k))

= (f + ei, (i k)) ∗ ((i k) · (−f), (i k))

= (ei, id) ∈ Γid
K .

But this implies that Γid
K = F . Since K/Γid

K
∼= Sn, the cardinality of K is equal to

that of Bn, hence, K = Bn. This finishes the proof of our assertion.
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Remark 6.7. The computation in the proof of Lemma 6.6 can be generalized as
follows. If (f, σ) and (g, id) are two elements from K and Γid

K , respectively, then

(f, σ) ∗ (g, id) ∗ (σ−1 · (−f), σ−1) = (f + σ · g, σ) ∗ (σ−1 · (−f), σ−1)

= (f + σ · g − f, id)

= (σ · g, id).

Since Γid
K is a normal subgroup of K, this computation shows that (σ · g, id) ∈ Γid

K .
We interpret this as follows: Although Sn need not be a subgroup of K, it still
normalizes Γid

K . Also, let us point out that, in coordinates, if g = (g1, . . . , gn), then
the action of σ on g is given by σ · g = (gσ−1(1), . . . , gσ−1(n)).

Lemma 6.8. If K is a subgroup of Bn with γK = Sn and mK = 2, then we have

Γid
K = {(f, id) ∈ Bn : #f is even}. (6.9)

There are two subgroups K ≤ Bn with Γid
K as in (6.9):

(1) Dn = ker δ,
(2) Hn := ker(εδ).

In particular, in both of these cases, (Bn,K) is a strong Gelfand pair.

Proof. Since mK = 2, we know that n ≥ 2 and Γid
K contains an element of the form

(ei + ej , id) for some i, j ∈ {1, . . . , n} with i 	= j. By Remark 6.7, Γid
K is normalized

by the permutation action of Sn, therefore, we have (ei + ej , id) ∈ Γid
K for every

i, j ∈ {1, . . . , n} with i 	= j. To simplify our notation, let us denote an element
(ei + ej , id) with 1 ≤ i 	= j ≤ n by (ei,j , id). In this notation, let f be a product of
the form

f = (ei1,j1 , id) ∗ · · · ∗ (eir ,jr , id) = (ei1,j1 + · · · + eir ,jr , id). (6.10)

Clearly, f is an element of Γid
K , and the number of nonzero coordinates of ei1,j1+· · ·+

eir ,jr is divisible by 2. More generally, for (g, id) ∈ Γid
K , the first entry g ∈ Fn cannot

have an odd number of elements. Otherwise, by adding a suitable element of the
form (6.10) to it, we would have ei ∈ Γid

K for some (hence for every) i ∈ {1, . . . , n}.
This argument shows that every element of Γid

K is of the form (6.10). An easy
inductive argument shows that |Γid

K | = 2n−1. Since K/Γid
K

∼= Sn, it follows that
|K| = 2n−1n!, hence that, K is an index 2 subgroup of Bn. In particular, K is a
strong Gelfand subgroup of Bn.

For our second claim, we look at the kernels of the three nontrivial linear char-
acters of Bn (Sec. 6.1). It is easy to verify from the descriptions of ε and δ that
Γid

K ≤ ker δ and Γid
K ≤ ker εδ. Hence, K is equal to either ker δ or ker εδ. In the

former case, we already noted that ker δ = Dn. In the latter case, we observe that
(f, σ) ∈ ker εδ if and only if the parities of ε((0, σ)) and δ((f, id)) are the same.
This finishes the proof of our lemma.
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Remark 6.11. We see from Lemma 6.8 that among the many equivalent descrip-
tions of Dn we have Dn = {(f, σ) ∈ Bn : #f is even}.

Lemma 6.12. If K is a subgroup of Bn with γK = Sn, then mK /∈ {3, . . . , n−1}. In
other words, there is no subgroup K ≤ Bn such that γK = Sn and 3 ≤ mK ≤ n−1.

Proof. Assume towards a contradiction that there exists a subgroup K in Bn such
that mK is an element of {3, . . . , n−1}. Let (f, id) be an element of Γid

K . Then there
are some basis elements ei1 , . . . , eir (r ∈ {3, . . . , n− 1}) with 1 ≤ i1 < · · · < ir ≤ n

such that f = ei1 + · · ·+ eir . Without loss of generality we assume that ir 	= n. Let
σ denote the transposition (ir n) so that σ(ir) = n. Since γK = Sn, the element
(0, σ) is contained in K. In particular, (0, σ) ∗ (f, id) = (σ · f, σ) is an element of K.
Then, (σ · f, σ) ∗ (σ · f, σ) = (f + σ · f, id) is an element of K. But this last element
is equal to (eir + en, id). Since #(eir + en, id) = 2, we obtained a contradiction to
our initial assumption mK ≥ 3. This finishes the proof of our assertion.

Remark 6.13. Let H1 and H2 be two subgroups of a group G. The assumption
that H1 is isomorphic to H2 does not guarantee that the following implications
hold:

(G,H1) is a strong Gelfand pair ⇐⇒ (G,H2) is a strong Gelfand pair. (6.14)

For example, let (G,H1, H2) be the triplet (G,H1, H2) := (B2, diag(F ), S2). It is
easy to verify that (G,H1) is not a strong Gelfand pair but (G,H2) is a strong
Gelfand pair. Nevertheless, if H1 and H2 are isomorphic via an automorphism of
G, then Remark 2.11 shows that (6.14) hold.

Lemma 6.15. If for a subgroup K ≤ Bn with γK = Sn the integer mK is n, then
K is conjugate-isomorphic to a subgroup of diag(F )×Sn. Moreover, these subgroups
are strong Gelfand subgroups of Bn if and only if n ≤ 5.

Proof. For mK = n, the fact that Γid
K = {(0, id), (1, id)} follows from definitions.

Therefore, we have a copy of the central subgroup diag(F ) × {idSn} in K. Since
any element of K is of the form (f, σ), where f ∈ Γid

K and σ ∈ Sn, we see that K is
conjugate-isomorphic to a subgroup of diag(F ) × Sn. Furthermore, since γK = Sn,
we know that the index of K in diag(F ) × Sn is at most 2. As the group of linear
characters of diag(F ) × Sn is isomorphic to Z/2 × Z/2, we see that K can be a
conjugate of one of the following four subgroups: (1) diag(F ) × Sn, (2) {id} × Sn,
(3) diag(F )×An, (4) a non-direct product subgroup of index 2. Notice that, in our
case, the subgroups in (3) cannot occur since γK = Sn, and the subgroups in (2)
cannot occur because it needs mK = n.

Next, we will show that, for n ≥ 6, K := diag(F ) × Sn is not a strong Gelfand
subgroup ofBn; applying Remark 6.13 will then handle the other possible subgroups
in item (1). Those in item (4) follow by transitivity of induction.
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Let U be an irreducible representation of Bn of the form U := indBn

F �(Sa×Sb)

(1;D′′
1 ) � (ε;D′′

2 ), where D′′
1 , D

′′
2 are some irreducible representations of Sa and Sb,

respectively, and a+ b = n. Let us set G := Bn, and H := F � (Sa × Sb). Let W be
an irreducible representation of K; it is of the form D�D′′, where D ∈ {1, ε}, and
D′′ is an irreducible Sn-representation. The multiplicity of U in indG

K W is equal to
the dimension of the vector space

M := HomG(U, indG
K W ).

As in the proof of Theorem 3.12, we will use Mackey’s formula and Frobenius
reciprocity to compute the dimension of M . Let V denote the representation
(1;D′′

1 ) � (ε;D′′
2 ). Then H is the inertia group of V . Let S be a system of rep-

resentatives for the (H,K)-double cosets in G. Since F is a normal subgroup of G,
and since it is contained in H , we see that HK = G. In other words, S = {id}.
Therefore, there is only one local group of the form Gs = H ∩ sKs−1, which is
given by Gid = diag(F ) × (Sa × Sb). By Mackey’s formula (2.6)

M = HomG(indG
H V, indG

K W )

=
⊕
s∈S

HomGs(res
H
Gs
V,Ws)

= Homdiag(F )×(Sa×Sb)(res
H
diag(F )×(Sa×Sb)

V,Wid), (6.16)

where Wid is the copy of W viewed as a representation of diag(F ) × (Sa × Sb),
that is

Wid = resK
diag(F )×(Sa×Sb)

W = resdiag(F )×Sn

diag(F )×(Sa×Sb)
D �D′′

= D � resSn

Sa×Sb
D′′. (6.17)

Recall from Sec. 2.6 that for a representation M of F , and for r ∈ N, the notation
M (n) stands for the r-fold outer tensor product M � · · ·�M . In this notation, we
have

resH
diag(F )×(Sa×Sb)

V = res(F �Sa)×(F �Sb)
Sa×(diag(F )×Sb)

(1;D′′
1 ) � (ε;D′′

2 )

= resF �Sa

Sa
(1;D′′

1 ) � resF �Sb

diag(F )×Sb
(ε;D′′

2 )

= D′′
1 � (resF b

diag(F )ε
(b)) �D′′

2

= (resF b

diag(F )ε
(b)) �D′′

1 �D′′
2 . (6.18)

Note that since F = Z/2, the restricted representation resF b

diag(F )ε
(b) is either 1 or

ε, depending on the parity of b. Substituting (6.18) and (6.17) in (6.16), and using
Frobenius reciprocity, we see that

dimM =

{
0 if resF b

diag(F )ε
(b) 	= D;

dim HomSa×Sb
(D′′, indSn

Sa×Sb
D′′

1 �D′′
2 ) if resF b

diag(F )ε
(b) = D.
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In particular, we see that if W = (resF b

diag(F )ε
(b)) � D′′, then the multiplicity of

U in indBn

K W is equal to the multiplicity of the irreducible Sn-representation D′′

in indSn

Sa×Sb
D′′

1 � D′′
2 . For n ≥ 6, we have examples of such representations with

multiplicity at least 2.
When n ≤ 5, the result for subgroups conjugate to diag(F )×Sn follows from the

fact that the passive factor Sn is strong Gelfand, which we prove in Lemma 6.20.
For the subgroups conjugate to an index 2 subgroup of this, the result can easily
be checked by computer. This completes the proof.

Remark 6.19. There is an easier, alternative proof of the second part of
Lemma 6.15 for n ≥ 10. Indeed, since n ≥ 10, we always have an irre-
ducible representation V of Sn that induces up with multiplicity at least 3. For
example, by using Theorem 3.12, we see that multiplicity of S((n−7,2,1),(3,1)) =
indBn

F �(Sn−4×S4)
(1;S(n−7,2,1)) � (ε;S(3,1)) in indBn

Sn
S(n−6,3,2,1) is equal to the mul-

tiplicity of S(n−6,3,2,1) in indSn

Sn−4×S4
S(n−7,2,1) � S(3,1). As in the proof of Corol-

lary 3.14, we can easily count that there are three Littlewood–Richardson tableaux
of skew-shape (n− 6, 3, 2, 1)/(n− 7, 2, 1) and weight (3, 1). Now, since Sn is a sub-
group of index 2 in Yn, indYn

Sn
V = V1 ⊕ V2, where V1 and V2 are two irreducible

representations of Yn. Let W be an irreducible representation of Bn such that the
multiplicity of W in indBn

Sn
V is at least 3. Then the multiplicity of W in one of the

induced representations indBn

Yn
V1 or indBn

Yn
V2 is at least 2. Hence, we conclude that

(Bn, diag(F ) × Sn) is not a strong Gelfand pair.

Lemma 6.20. Let Yn denote the subgroup

Yn :=

{
(f, σ) ∈ Bn : f =

{
0 if σ is an even permutation;

1 if σ is an odd permutation.

}
.

Then Yn is isomorphic to the passive factor Sn by an automorphism of Bn.
Furthermore, if for a subgroup K ≤ Bn with γK = Sn the integer mK does not
exist, then K is either conjugate to Sn or it is conjugate to Yn. In this case, (Bn,K)
is a strong Gelfand pair if and only if n ≤ 5.

Proof. If mK does not exist, then Γid
K has only one element, Γid

K = {(0, id)}.
Therefore,K is isomorphic to γK . Clearly, Sn is such a subgroup, and the conjugate
subgroups (f, id) ∗ Sn ∗ (f, id)−1, where f ∈ Fn \ {1}, are all different from each
other. Likewise, it is easy to check that Yn is a subgroup of Bn such that γYn = Sn

and mYn does not exist. Furthermore, (f, id)∗Yn∗(f, id)−1, where f ∈ Fn \{1}, are
all different from each other. It is not difficult to show that these are all possible
subgroups of Bn with γK = Sn and mK does not exist. We omit the details of this
part of the proof.

Next, we will show that the subgroups Sn and Yn are strong Gelfand subgroups
of Bn if and only if n ≤ 5. We already proved the former case in Corollary 3.14. To
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prove that Yn is not a strong Gelfand subgroup, we introduce the following map:

ψ :Bn → Bn

(f, σ) �→
{

(f, σ) if σ ∈ An;

(f + 1, σ) if σ /∈ An.

We claim that ψ is an automorphism of Bn. Clearly, ψ is well-defined and one-
to-one. Hence, it is a bijection. Let (f, σ) and (g, τ) be two elements from Bn.
Then (f, σ) ∗ (g, τ) = (f + σ · g, στ). We have four cases: 1) σ, τ ∈ An; 2) σ ∈
An, τ /∈ An; 3) σ, τ /∈ An; 4) σ /∈ An, τ ∈ An. In each case, it is easily checked
that ψ((f, σ)) ∗ψ((g, τ)) = ψ((f +σ · g, στ)). It follows that ψ is an automorphism.
Moreover, we see from the description of ψ that it is an outer automorphism of Bn.
Evidently, we have ψ(Sn) = Yn. But then by Remark 2.11 we know that

(Bn, Sn) is a strong Gelfand pair ⇐⇒ (Bn, Yn) is a strong Gelfand pair.

Therefore, by Corollary 3.14, Yn is a strong Gelfand subgroup of Bn if and only if
n ≤ 5. Applying Remark 6.13 finishes the proof of our lemma.

We now paraphrase the conclusions of the above lemmas in a single proposition.

Proposition 6.21. Let n ≥ 6, and let K be a strong Gelfand subgroup of Bn.
Let ε :Bn → C∗ and δ :Bn → C∗ be the linear characters as defined in (6.3). If
γK = Sn, then K is one of the following subgroups:

(1) Bn;
(2) Dn = ker δ;
(3) Hn = ker(εδ).

For n ≤ 5, in addition to these three cases, we have the following possibilities: Sn,

Yn from Lemma 6.20 and diag(F ) × Sn, up to a conjugacy.

6.3. γK = An

Assumption 6.22. Unless otherwise noted, we assume that n ≥ 3.

We maintain our notation from the previous subsections.
For n ≥ 3, An is generated by the following 3-cycles:

(1 2 3), (1 2 4), . . . , (1 2n). (6.23)

Indeed, we know that the transpositions (1 2), . . . , (1n) generate Sn. If σ is element
of An, then we write it as a product of these transpositions,

σ = (1 l1)(1 l2) · · · (1 l2j).

Between every consecutive subproduct (1 l2i−1)(1 l2i) for 1 ≤ i ≤ j, we insert the
trivial product id = (1 2)(1 2). Then we observe that

(1 l2i−1)(1 2) = (1 2 l2i−1) and (1 2)(1 l2i) = (1 2 l2i)−1,
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hence that

(1 l2i−1)(1 l2i) = (1 2 l2i−1)(1 2 l2i)−1.

This observation shows that the 3-cycles in (6.23) generate An.
Now we proceed to determine all strong Gelfand subgroups K with γK = An.

As in the case of Sn, we will analyze the following five cases for mK : (1) mK = 1;
(2) mK = 2; (3) 3 ≤ mK ≤ n− 1; (4) mK = n; and (5) mK does not exist.

Lemma 6.24. If mK = 1, then Γid
K = {(f, id) ∈ Bn : f ∈ Fn} = F . In this case,

K is equal to F � An, hence, we have a strong Gelfand subgroup.

Proof. We will argue as in Lemma 6.6: Since mK = 1, Γid
K contains an element

of the form (ek, id) for some k in {1, . . . , n}. Let (f, (1 2 k)) ∈ K. Without loss of
generality, we will assume that k > 2. Since Γid

K is a normal subgroup of K, we
know that

(f, (1 2 k)) ∗ (ek, id) ∗ (f, (1 2 k))−1 = ((1 2 k) · ek, id) = (e1, id) ∈ Γid
K .

Then it is not difficult to see that (el, id) ∈ Γid
K for every l ∈ {1, . . . , n}. It follows

that, Γid
K is equal to F . This means that, for every (f, σ) ∈ K, we have (0, σ) =

(−f, id) ∗ (f, σ) ∈ K. In other words, the alternating subgroup of the passive factor
Sn is a subgroup of K. But this shows that Fn � An is a subgroup of K. Since
this an index 2 subgroup in Bn, and since K is a proper subgroup, we have the
equality F � An = K. In particular, K is a strong Gelfand subgroup of Bn by
Proposition 5.6.

Lemma 6.25. If K is a subgroup of Bn with γK = An and mK = 2, then

Γid
K = {(f, id) ∈ Bn : #f is even}, and hence K = Jn = ker ε ∩ ker δ. (6.26)

Then (Bn,K) is a strong Gelfand pair if and only if n 	≡ 2 mod 4.

Proof. First assume that n ≥ 4. Since mK = 2, we know that Γid
K contains an

element of the form (ei + ej, id) for some i, j ∈ {1, . . . , n} with i < j. Let u be a
subset u := {k, l} of {1, . . . , n} with k < l and u∩{i, j} = ∅. Let σ denote the (even)
permutation (k i)(l j), and let x be an element from Γ(k i)(l j)

K . Then x = (f, σ) for
some f ∈ Fn. Since conjugating by x gives

x ∗ (ei + ej , id) ∗ x−1 = ((k i)(l j) · (ei + ej), id) = (ek + el, id),

every element of the form (er +es, id), where 1 ≤ r < s ≤ n and {r, s}∩{i, j} = ∅ is
contained in Γid

K . Note that, we already have (ei+ej, id) ∈ Γid
K . Now by the argument

that we used in the proof of Lemma 6.8, we see that if (f, id) is an element of Γid
K ,

then #f is even. In particular, we see that |Γid
K | = 2n−1. Since K/Γid

K
∼= An, we

see that |K| = 2n−1n!/2 = 2n−2n!. Thus, K is an index 4 subgroup of Bn. Finally,
it is easy to check that K is contained in both of the subgroups ker ε and ker δ.
Therefore, K is equal to ker ε ∩ ker δ. This finishes the proof of (6.26).
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We now proceed to prove our second claim. As in Sec. 6.1.1, we let Ln denote
the linear character group of Bn. Let V be a finite-dimensional irreducible represen-
tation of Bn, and let LV denote the stabilizer of V in Ln, that is, LV = {τ ∈ Ln :
V ∼= τ ⊗ V }. In (the proof of) [21, Theorem 3.1], Stembridge describes in detail
the decomposition of the restriction resBn

K V into K-representations. In particular,
Stembridge’s theorem shows that resBn

K V is not multiplicity-free if and only if

(1) LV = Ln = {id, ε, δ, εδ},
(2) the ε-associator S of V and the δ-associator of V anti-commute, ST = −TS.

Since these conditions require the existence of a δ-associator, which is possible only
if n is even, we conclude that resBn

K V is a multiplicity-free representation if n is odd.
We now proceed with the assumption that n is even. An irreducible representation
V with the corresponding character χλ,μ is self-associate with respect to all of the
three linear characters ε, δ and εδ if and only if λ = μ = μ′, where μ′ is the partition
conjugate to μ. In other words, χλ,μ = χλ,λ and λ is a self-conjugate partition of
n/2. In this case it is known that the associators S = Sλ,λ and T = T λ anti-
commute if and only if n/2 is an odd integer (see the paragraph after [21, Theorem
6.4]).

If n = 3, we can explicitly check that K = J3, which is a strong Gelfand
subgroup of B3.

Lemma 6.27. Let K be a subgroup of Bn with γK = An. Then mK /∈ {3, . . . , n−1}.
In other words, there is no subgroup K ≤ Bn with γK = An and 3 ≤ mK ≤ n− 1.

Proof. Suppose that there did exist a subgroup K of Bn such that mK ∈
{3, . . . , n− 1}. Then there are some basis elements ei1 , . . . , eir (r ∈ {3, . . . , n− 1})
with 1 ≤ i1 < · · · < ir ≤ n such that (f, id) := (ei1 + · · · + eir , id) ∈ Γid

K . Without
loss of generality we assume that ir 	= n. Let (g, (i1 i2)(ir n)) be an element from
Γ(i1 i2)(ir n)

K . Then we have

(f, id) ∗ (g, (i1 i2)(ir n)) = (f + g, (i1 i2)(ir n)) ∈ K.

In particular, the following elements are contained in Γid
K :

(x, id) := (f + g, (i1 i2)(ir n)) ∗ (f + g, (i1 i2)(ir n))

= (f + g + (i1 i2)(ir n) · (f + g), id),

(y, id) := (g, (i1 i2)(ir n)) ∗ (g, (i1 i2)(ir n))

= (g + (i1 i2)(ir n) · g, id).

Notice that for j /∈ {i1, i2, ir, n}, we have xj = yj = 0. If j ∈ {i1, i2}, then we have
xj = yj ; if j ∈ {ir, n}, then we have xj = yj + 1. Now we consider the product

(x, id) ∗ (y, id) = (x+ y, id) = (eir + en, id) ∈ K.
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Since #(eir + en, id) = 2, we obtained a contradiction to our initial assumption
that mK ≥ 3. This finishes the proof of our lemma.

Lemma 6.28. If K is a subgroup of Bn with γK = An and mK = n, then K is
conjugate to a subgroup of diag(F ) × An. In particular, K is not strong Gelfand,
unless n ≤ 5.

Proof. Since mK = n, we have Γid
K = {(0, id), (1, id)}, which is a central subgroup

of Bn. Since γK = An, by the exact sequence in Remark 5.1, we see that K is
conjugate to a subgroup of diag(F ) × An. In particular, the index of K in (a
conjugate of) diag(F ) × An is at most 2. Without loss of generality, we assume
that K is a subgroup of diag(F ) × An. Then since the group of linear characters
of diag(F ) × An has order 2, and since K 	= An, we see that K = diag(F ) × An.
Since K ≤ diag(F ) × Sn, by Lemma 6.15, we find that K is not a strong Gelfand
subgroup for n ≥ 6. For 3 ≤ n ≤ 5, we verified in GAP that diag(F ) × An is a
strong Gelfand subgroup in Bn if and only if n = 3.

Lemma 6.29. If for a subgroup K ≤ Bn with γK = An the integer mK does not
exist, then K is conjugate to the alternating subgroup of the passive factor Sn. In
this case, (Bn,K) is not a strong Gelfand pair for n ≥ 4. If n = 3, then (Bn,K) is
a strong Gelfand pair.

Proof. The proof proceeds in a similar way to that of Lemma 6.28.
Since mK does not exist, we have Γid

K = {(0, id)}. Since πBn((0, (1 2))) = (1 2)
is not contained in An, the element (0, (1 2)) is not contained in K. Let H denote
the subgroup of Bn that is generated by (0, (1 2)) and K. Then it is easy to check
that γH = Sn and that Γid

H = Γid
K , hence, mH does not exist. It follows that H is

one of the subgroups that we considered in Lemma 6.20.
By conjugating H we may assume that H = Sn or the group Yn defined therein,

and that K ≤ Sn or K ≤ Yn. But |K| = n!/2 and we know that γK = An, hence
we infer that K = An (in both Sn and Yn). When n ≥ 6, since H is not a strong
Gelfand subgroup, neither is K. For n ≤ 5 we checked in GAP that K is not a
strong Gelfand subgroup unless n = 3. This finishes the proof.

We paraphrase the conclusions of the above lemmas in a single proposition.

Proposition 6.30. Let K be a strong Gelfand subgroup of Bn. If γK = An, then
K is one of the following subgroups:

(1) F �An;
(2) the Stembridge subgroup of Bn, that is, Jn = ker ε∩ker δ, where ε and δ are two

inequivalent nontrivial linear characters of Bn, where n 	≡ 2 mod 4 for n ≥ 4,
(3) diag(F ) ×A3 or A3 if n = 3, up to conjugacy.
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7. The Cases of γK = Sn−1 × S1 and γK = Sn−2 × S2

In this last part of our paper, we analyze the strong Gelfand subgroups K in Bn,
where γK ∈ {Sn−1 × S1, Sn−2 × S2}. These two cases provide us with the most
diversity. For our proofs we heavily use analogs of the “Pieri’s formulas” for the
hyperoctahedral groups.

Throughout this section also, F will denote the cyclic group Z/2.

7.1. Some Pieri rules

Our goal in this section is to explicitly compute the decomposition formulas for
induced representations from various subgroups ofBn. While some of these formulas
are known [17], we could not locate all of the decomposition rules that we need for
our purposes.

Let k be an element of {0, 1, . . . , n − 1}, let λ be a partition of n − 1 − k, and
let μ be a partition of k. Let Sλ,μ denote the corresponding Bn−1-Specht module.
We begin our computations by studying the decomposition of indBn

Bn−1×S1
Sλ,μ � 1

into its irreducible constituents.
By using (1) the transitivity of induction, (2) Lemma 2.5, (3) the additivity of

induction, we see that

indBn

Bn−1×S1
Sλ,μ � 1 = indBn

Bn−1×B1
indBn−1×B1

Bn−1×S1
Sλ,μ � 1

= indBn

Bn−1×B1
(Sλ,μ � indB1

S1
1)

= indBn

Bn−1×B1
(Sλ,μ � ((1 � 1) ⊕ (ε� 1)))

= (indBn

Bn−1×B1
Sλ,μ � (1;1)) ⊕ (indBn

Bn−1×B1
Sλ,μ � (ε;1)).

(7.1)

Recall that the Bn−1-Specht module Sλ,μ is given by indBn−1
Bn−1−k×Bk

(1;Sλ) �
(ε;Sμ). Note also that (1;1) = indB1

B1
(1;1). We apply these observations to the first

summand in (7.1):

indBn

Bn−1×B1
Sλ,μ � (1;1)

= indBn

Bn−1×B1
(indBn−1

Bn−1−k×Bk
(1;Sλ) � (ε;Sμ)) � (indB1

B1
(1;1))

= indBn

Bn−1×B1
(indBn−1×B1

Bn−1−k×Bk×B1
(1;Sλ) � (ε;Sμ) � (1;1)) (Lemma 2.5)

= indBn

Bn−1−k×B1×Bk
(1;Sλ) � (1;1) � (ε;Sμ). (7.2)

By transitivity of induction, we have

indBn

Bk×Bn−1−k×B1
= indBn

Bk×Bn−k
indBk×Bn−k

Bk×Bn−1−k×B1
.

Therefore, by Lemma 2.5, the following induced representation is equal to (7.2):

indBn

Bk×Bn−k
(indBk

Bk
(ε;Sμ)) � (indBn−k

Bn−1−k×B1
(1;Sλ) � (1;1)). (7.3)
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Now by applying Lemma 3.1 to indBn−k

Bn−k×B1
(1;Sλ) � (1;1), we re-express the for-

mula (7.3), hence, the formula (7.2), more succinctly as follows:

indBn

Bn−1×B1
Sλ,μ � (1;1) = indBn

Bk×Bn−k
(ε;Sμ) � (1;Sλ � 1). (7.4)

Next, we focus on indBn

Bn−1×B1
Sλ,μ � (ε;1). By adapting the above arguments

to this case, we find that

indBn

Bn−1×B1
Sλ,μ � (ε;1) = indBn

Bk×Bn−k
(ε;Sμ � 1) � (1;Sλ). (7.5)

Notation 7.6. If λ is a partition of n− 1, then λ denotes the set of all partitions
obtained from λ by adding a “box” to its Young diagram. Equivalently, we have

λ = {τ 
 n : Sτ is a summand of indSn

Sn−1×S1
Sλ � 1}.

Lemma 7.7. If Sλ,μ is an irreducible representation of Bn−1, then we have the
following decomposition rules:

(1) indBn

Bn−1×B1
Sλ,μ � (1;1) =

⊕
τ∈λ S

τ,μ,

(2) indBn

Bn−1×B1
Sλ,μ � (ε;1) =

⊕
ρ∈μ S

λ,ρ,

(3) indBn

Bn−1×S1
Sλ,μ � 1 =

⊕
τ∈λ S

τ,μ ⊕⊕ρ∈μ S
λ,ρ.

Proof. The first and the second identities follow from (7.4) and (7.5),
respectively, where we decompose the Sn−k (respectively, Sk+1) representation
indSn−k

Sn−k−1×S1
Sλ � 1 (respectively, indSk+1

Sk×S1
Sμ � 1) into irreducible constituents.

We then use the additivity property for the induced representations. In light of the
decomposition (7.1), the third identity follows from the first two identities.

Remark 7.8. Lemma 7.7 combined with the fact that (Sn, Sn−1 × S1) is a strong
Gelfand pair gives a second proof of the fact that (Bn, Bn−1 × S1) is a strong
Gelfand pair.

Our goal is to extend Lemma 7.7 to certain subgroups of Bn−2 × B2, so, we
setup some relevant notation:

Notation 7.9. If λ be a partition of n− 2, then ¯̄λ and ˜̄λ are the following sets of
partitions of n:

¯̄λ := {τ 
 n :Sτ is a summand of indSn

Sn−2×S2
Sλ � 1S2},

˜̄λ := {τ 
 n :Sτ is a summand of indSn

Sn−2×S2
Sλ � εS2},

where εS2 is the sign representation of S2.

The irreducible representations of B2 are easy to list. They are given by

S(2),∅, S(12),∅, S(1),(1), S∅,(12), S∅,(2). (7.10)

In Table 1, we present the values of the characters of these representations; they
are computed by using the formula (5.5) in [21].
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(12), ∅ (2), ∅ (1), (1) ∅, (12) ∅, (2)
χ(2),∅ 1 1 1 1 1
χ(12),∅ 1 −1 1 1 −1
χ(1),(1) 2 0 0 −2 0
χ∅,(2) 1 1 −1 1 −1
χ∅,(12) 1 −1 −1 1 1

Fig. 1. Character table of B2.

We fix an integer n ≥ 4. For k ∈ {0, 1, . . . , n − 2}, let Sλ,μ be an irreducible
representation of Bn−2, where λ 
 n− k− 2 and μ 
 k. Our goal is to compute the
irreducible constituents of indBn

Bn−2×B2
Sλ,μ �W , where W is one of the representa-

tions in (7.10). The method of computation for all these five cases are similar, so,
we will present details only in the first case.

The case of W = S(2),∅. Recall that Sλ,μ is equal to indBn−2
Bn−2−k×Bk

(1;Sλ)�(ε;Sμ),
and that S(2),∅ = (1;1S2) = indB2

B2
(1;1S2). By using Lemma 2.5 repeatedly, we

transform our induced representation to another form:

indBn

Bn−2×B2
Sλ,μ � (1;1S2)

= indBn

Bn−2×B2
(indBn−2

Bn−2−k×Bk
(1;Sλ) � (ε;Sμ)) � (indB2

B2
(1;1S2))

= indBn

Bn−2×B2
(indBn−2×B2

Bn−2−k×Bk×B2
(1;Sλ) � (ε;Sμ) � (1;1S2))

= indBn

Bn−2−k×Bk×B2
(1;Sλ) � (ε;Sμ) � (1;1S2)

= indBn

Bn−k×Bk
indBn−k×Bk

Bn−2−k×B2×Bk
(1;Sλ) � (1;1S2) � (ε;Sμ)

= indBn

Bn−k×Bk
(indBn−k

Bn−k−2×B2
(1;Sλ) � (1;1S2)) � (indBk

Bk
(ε;Sμ)).

By Lemma 3.1, indBn−k

Bn−k−2×B2
(1;Sλ) � (1;1S2) is equal to (1;Sλ � 1S2). Since

indBk

Bk
(ε;Sμ) = (ε;Sμ), we proved that

indBn

Bn−2×B2
Sλ,μ � (1;1S2) = indBn

Bn−k×Bk
(1;Sλ � 1S2) � (ε;Sμ). (7.11)

The case of W = S(12),∅. In this case we have W = (1; εS2) = indB2
B2

(1; εS2) and

indBn

Bn−2×B2
Sλ,μ � (1; εS2) = indBn

Bn−k×Bk
(1;Sλ � εS2) � (ε;Sμ). (7.12)

The case of W = S(1),(1). In this case, we have W = indB2
B1×B1

(1;1) � (ε;1) and

indBn

Bn−2×B2
Sλ,μ �W = indBn

Bn−k−1×Bk+1
(1;Sλ � 1) � (ε;Sμ � 1). (7.13)
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The case of W = S∅,(12). In this case, we have W = (ε; εS2) = indB2
B2

(ε; εS2) and

indBn

Bn−2×B2
Sλ,μ � (ε; εS2) = indBn

Bn−k−2×Bk+2
(1;Sλ) � (ε;Sμ � εS2). (7.14)

The case of W = S∅,(2). In this case, we have W = (ε;1S2) = indB2
B2

(ε;1S2) and

indBn

Bn−2×B2
Sλ,μ � (ε;1S2) = indBn

Bn−k−2×Bk+2
(1;Sλ) � (ε;Sμ � 1S2). (7.15)

We are now ready to present our decomposition rules for the induced represen-
tations from Bn−2 ×B2 to Bn.

Lemma 7.16. If Sλ,μ is an irreducible representation of Bn−2, then we have the
following decomposition formulas:

(1) indBn

Bn−2×B2
Sλ,μ � S(2),∅ =

⊕
τ∈¯̄λ S

τ,μ,

(2) indBn

Bn−2×B2
Sλ,μ � S(12),∅ =

⊕
τ∈˜̄λ

Sτ,μ,

(3) indBn

Bn−2×B2
Sλ,μ � S(1),(1) =

⊕
τ∈λ̄,ρ∈μ̄ S

τ,ρ,

(4) indBn

Bn−2×B2
Sλ,μ � S∅,(12) =

⊕
ρ∈˜̄μ S

λ,ρ,

(5) indBn

Bn−2×B2
Sλ,μ � S∅,(2) =

⊕
ρ∈¯̄μ S

λ,ρ.

Proof. All five of these formulas follow from Lemma 3.1 and the decompositions
we described in (7.11)–(7.15).

Remark 7.17. Lemma 7.16 combined with the fact that (Sn, Sn−2×S2) is a strong
Gelfand pair gives a second proof of the fact that (Bn, Bn−2×B2) is a strong Gelfand
pair, see Theorem 4.1.

Corollary 7.18. Let Sλ,μ be an irreducible representation of Bn−2, and let W be
an irreducible representation of D2. Then we have

(1) if indB2
D2
W = S(2),∅ ⊕ S∅,(2), then indBn

Bn−2×D2
Sλ,μ � W =

⊕
τ∈¯̄λ S

τ,μ ⊕⊕
ρ∈¯̄μ S

λ,ρ;

(2) if indB2
D2
W = S(12),∅ ⊕ S∅,(12), then indBn

Bn−2×D2
Sλ,μ � W =

⊕
τ∈˜̄λ

Sτ,μ ⊕⊕
ρ∈˜̄μ S

λ,ρ;

(3) if indB2
D2
W = S(1),(1), then indBn

Bn−2×D2
Sλ,μ �W =

⊕
τ∈λ̄,ρ∈μ̄ S

τ,ρ.

Proof. As a subgroup of B2, D2 is given by diag(F ) × S2, which is isomorphic to
Z/2 × Z/2. Hence, D2 has four irreducible representations. However, two of these
irreducible representations induce up the same representation of B2. Indeed, by
Clifford theory, and the tools of Sec. 6.1.1, the irreducible representations of D2 are
found as follows. An irreducible representation V of D2 is given by either resB2

D2
Sλ,μ,

where λ and μ are two distinct partitions such that |λ| + |μ| = 2, or by one of the
two irreducible constituents of resB2

D2
S(1),(1). By Frobenius reciprocity, we see that

indB2
D2
V is one of the following three representations of B2: S(1),(1), S(2),∅ ⊕ S∅,(2),

or S(12),∅ ⊕ S∅,(12). The rest of the proof follows from Lemma 7.16.
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Corollary 7.19. Let Sλ,μ be an irreducible representation of Bn−2, and let W be
an irreducible representation of H2. Then we have

(1) if indB2
H2
W = S(2),∅ ⊕ S∅,(12), then indBn

Bn−2×H2
Sλ,μ � W =

⊕
τ∈¯̄λ S

τ,μ ⊕⊕
ρ∈˜̄μ S

λ,ρ;

(2) if indB2
H2
W = S∅,(2) ⊕ S(12),∅, then indBn

Bn−2×H2
Sλ,μ � W =

⊕
ρ∈¯̄μ S

λ,ρ ⊕⊕
τ∈˜̄λ

Sτ,μ;

(2) if indB2
H2
W = S(1),(1), then indBn

Bn−2×H2
Sλ,μ �W =

⊕
τ∈λ̄,ρ∈μ̄ S

τ,ρ.

Proof. The group H2 is isomorphic to Z/4, and hence it has four inequivalent
irreducible representations. Arguing as in Corollary 7.18, these representations can
be described in terms of the irreducible representations of B2. Any irreducible
representation V of H2 is either equal to resB2

H2
Sλ,μ, where λ and μ are two distinct

partitions such that λ 	= μ′ and |λ| + |μ| = 2, or it is one of the two irreducible
constituents of the representation resB2

H2
S(1),(1). By Frobenius reciprocity, indB2

H2
V

is one of the following representations of B2: S(1),(1), S(2),∅⊕S∅,(12), S∅,(2)⊕S(12),∅.
The rest of the proof follows from Lemma 7.16.

Corollary 7.20. Let Sλ,μ be an irreducible representation of Bn−2, and let W be
an irreducible representation of S2. Then we have

indB2

S2
W =

{
S(2),∅ ⊕ S∅,(2) ⊕ S(1),(1) if W = 1,

S(12),∅ ⊕ S∅,(12) ⊕ S(1),(1) if W = ε.

Consequently, we have

indBn

Bn−2×S2
Sλ,μ �W =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

⊕
τ∈¯̄λ

Sτ,μ ⊕
⊕
ρ∈¯̄μ

Sλ,ρ ⊕
⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ if W = 1,

⊕
τ∈˜̄λ

Sτ,μ ⊕
⊕
ρ∈˜̄μ

Sλ,ρ ⊕
⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ if W = ε.

Proof. Our first claim follows from a direct computation by using Table 1.
(Alternatively, one can use Theorem 3.12.) The rest of the proof follows from
Lemma 7.16.

7.2. γK = Sn−1 × S1

Let H be an index 2 subgroup of a finite group G, and let η denote the sign
representation of the quotient G/H ∼= Z/2. If W is an irreducible representation of
G with character χ, then we have two cases:

(a) χη = χ =⇒ resG
HW has two irreducible constituents V1 and V2. The corre-

sponding induced representations indG
H Vi (i ∈ {1, 2}) are equal to W .
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(b) χη 	= χ =⇒ resG
HW is an irreducible representation V of H. The correspond-

ing induced representation indG
H V is given by W ⊕W ′, where the character of

W ′ is χη.

We will apply this standard fact in the following special situation: G = A × B,
where A and B are two finite groups.

Let φ :G → Z/2 be a surjective homomorphism. We denote the restriction of
φ to the subgroup A × {1} by φ1. Likewise, the restriction of φ onto {id} × B is
denoted by φ2. Then for every (a, b) ∈ G, we have φ(a, b) = φ1(a, 1)φ2(id, b). In
particular, we have three distinct possibilities for the kernel H of φ:

(H1) φ2 is the trivial homomorphism. In this case, φ1 must be surjective. Otherwise
we have both of the subgroups A×{1} and {1}×B as subgroups of H , hence,
we haveH = G, which is absurd. Now, since φ1 is surjective, kerφ1 is an index
2 subgroup of A× {1}. In particular, H = kerφ1B.

(H2) φ2 is a surjective homomorphism and φ1 is the trivial homomorphism. This
case is similar to (H1), hence, we have H = A× kerφ2.

(H3) Both of the homomorphisms φ1 and φ2 are surjective. Then the kernel of φ
is given by H = {(a, b) ∈ A×B :φ1(a) = φ2(b)}.

Clearly, the most complicated case is the case of (H3). We will refer to this case
as the non-obvious index 2 subgroup case. Nevertheless, if B is Z/2 = {1,−1} (in
multiplicative notation), then we can describe H quite explicitly,

H = kerφ1 × {1} ∪ kerφ1 × {−1},

where kerφ1 = {(a,−1) :φ1(a) = −1}.

Example 7.21. Let us consider the following factors: A = Bn and B = F = Z/2.
Recall that Bn has three index 2 subgroups corresponding to three nontrivial linear
characters ε, δ, and εδ (see Eq. (6.3)). Thus, for A = Bn, H is one of the following
subgroups in Bn × F :

(H1) H = Bn × {1};
(H2.a) H = ker(δ) × F = Dn × F ;
(H2.b) H = ker(εδ) × F = Hn × F ;
(H2.c) H = ker(ε) × F ;
(H3.a) H = {(a, b) ∈ Bn × F : ε(a) = φ2(b)};
(H3.b) H = {(a, b) ∈ Bn × F : δ(a) = φ2(b)};
(H3.c) H = {(a, b) ∈ Bn × F : εδ(a) = φ2(b)}.

Let V be an irreducible representation of H .

(1) Case 1. Let H be as in (H1). Then V = V ′ � 1, where V ′ is an irreducible
representation of A, hence, indG

H V = V ′ � (indF
id 1) = V ′ � (1 ⊕ ε).
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(2) Case 2. Let H be as in (H2.a)–(H2.c). Then V = V ′ � V ′′, where V ′ (respec-
tively, V ′′) is an irreducible representation of kerφ1 (respectively, of F ), hence,
indG

H V = (indA
ker φ1

V ′) � V ′′.
(3) Case 3. Let H be as in (H3.a)–(H3.c). In particular, kerφ1 × {1} is an index

2 subgroup of H ; we have

H = kerφ1 × {1} ∪ kerφ1 × {−1},

where φ1 ∈ {ε× 1, δ× 1, εδ× 1}. Therefore, kerφ1 ×{1} is an index 4 subgroup
of G = Bn ×F . In fact, it is a normal subgroup of G, so, the irreducible repre-
sentations of kerφ1 ×{1} are easy to describe. Consequently, we can effectively
analyze indG

H V in relation with the induced representations indG
ker φ1×{1} V

′,
where V ′ is an irreducible representation of kerφ1 × {1}. We will do this in the
sequel for the cases (H3.b) and (H3.c).

Example 7.22. Now we consider A = Dn and B = F . Then Dn has a unique
subgroup of index 2, namely, the Stembridge subgroup, Jn = Dn ∩Hn. Therefore,
H is one of the following subgroups in Dn × F :

(H1) H = Dn × {1};
(H2) H = Jn × F ;
(H3) H = {(a, b) ∈ Dn × F : ε(a) = φ2(b)}, where φ2 : F → {1,−1} is the sign

representation.

Example 7.23. Now we consider A = Hn and B = F . Then Hn has a unique
subgroup of index 2, namely, the Stembridge subgroup, Jn = Dn ∩Hn. Therefore,
H is one of the following subgroups in Hn × F :

(H1) H = Hn × {1};
(H2) H = Jn × F ;
(H3) H = {(a, b) ∈ Hn × F : δ(a) = φ2(b)}, where φ2 : F → {1,−1} is the sign

representation.

Assumption 7.24. In the rest of this subsection, K will denote a subgroup of Bn

such that γK = Sn−1 × S1, hence, K ≤ F � (Sn−1 × S1).

Notation 7.25. We denote by φ the natural isomorphism φ : F � (Sn−1 × S1) →
Bn−1×B1. For λ ∈ F �(Sn−1×S1) and (a, b) ∈ Bn−1×B1 such that φ(λ) = (a, b), we
denote by λα the element of F � (Sn−1 × S1) such that φ(λα) = (a, idB1). Similarly,
we will denote by λβ the element of F � (Sn−1 × S1) such that φ(λβ) = (idBn−1 , b).

In this notation, we now have the following two subgroups of Bn:

Λα
K := {λα :λ ∈ K} and Λβ

K := {λβ :λ ∈ K}.

Clearly these two subgroups commute with each other.
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Lemma 7.26. We maintain the notation from the previous paragraph. Then we
have

(1) K ≤ Λα
KΛβ

K
∼= Λα

K × Λβ
K ;

(2) γΛα
K

∼= Sn−1 in Sn and γΛβ
K

∼= S1 in Sn.

Proof. The first item follows from the definitions of Λα
K and Λβ

K . For the second
item, we observe that the restriction πSn |F �(Sn−1×S1) of the canonical projection
πSn :Bn → Sn factors through φ. Since πSn(Λα

K) ∪ πSn(Λβ
K) ⊆ πSn(K) and since

we have φ(Λα
K) ≤ Bn−1 × {id} and φ(Λβ

K) ≤ {id} × B1, the inclusion K ≤ Λα
KΛβ

K

implies that

πSn(Λα
K) = Sn−1 × {id} and πSn(Λβ

K) = {id} × S1.

Remark 7.27. It follows from definitions that |Λα
K | ≤ |K|. SinceK is a subgroup of

Λα
KΛβ

K and since |Λβ
K | ≤ 2, we have |Λα

K | ≤ |K| ≤ 2|Λα
K | = |Λα

KΛβ
K |. In particular,

we have the inequality [Λα
KΛβ

K :K] ≤ 2.

By abuse of notation, in our next result, which we call the second reduction
theorem, we will identify Λα

K with its image under φ. Similarly, we will view Λβ
K as

a subgroup of B1.

Theorem 7.28. If (Bn,K) is a strong Gelfand pair, then so 1is (Bn−1,Λα
K).

Proof. Let us denote by H the following subgroup of Bn−1 ×B1 × Λα
K × Λβ

K :

H = {(a, b′, a, b) | a ∈ Λα
K , b ∈ Λβ

K , b
′ ∈ B1}.

Clearly, H contains the diagonal copy of Λα
K × Λβ

K in Bn−1 ×B1 × Λα
K × Λβ

K as a
subgroup,

diag(Λα
K × Λβ

K) ≤ H.

Next, we will show the following logical implications and equivalences:

(Bn,K) is a strong Gelfand pair.
⇓ (1)

(Bn−1 ×B1,K) is a strong Gelfand pair.
⇓ (2)

(Bn−1 ×B1,Λα
K × Λβ

K) is a strong Gelfand pair.
� (3)

((Bn−1 ×B1) × (Λα
K × Λβ

K), diag(Λα
K × Λβ

K)) is a Gelfand pair.
⇓ (4)

((Bn−1 ×B1) × (Λα
K × Λβ

K), H) is a Gelfand pair.
� (5)

(Bn−1 × Λα
K , diag(Λα

K)) is a Gelfand pair.
� (6)

(Bn−1,Λα
K) is a strong Gelfand pair.
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The equivalences (3) and (6) hold by Lemma 5.3. The implications (1) and (2) hold
since we have the subgroup inclusions, K ≤ Λα

K ×Λβ
K ≤ Bn−1×B1 ≤ Bn. Likewise,

(4) holds since we have diag(Λα
K×Λβ

K) ≤ H . To prove (5) we will show that the pair
(Bn−1 × Λα

K , diag(Λα
K)) is obtained from the pair ((Bn−1 × B1) × (Λα

K × Λβ
K), H)

by a quotient construction. To this end, we define the map

ϕ : (Bn−1 × B1) × (Λα
K × Λβ

K) → Bn−1 × Λα
K

(a, b, c, d) �→ (a, c).

Then we have kerϕ = {(id, b, id, d) : b ∈ B1, d ∈ Λβ
K} ≤ H . Clearly, ϕ is surjective.

Now (5) follows from Remark 2.11. This completes the proof.

Corollary 7.29. Let n ≥ 7. We maintain the notation of Theorem 7.28. If K is a
strong Gelfand subgroup of Bn such that γK = Sn−1 × S1, then, Λα

K is one of the
subgroups Bn−1 × {id}, Dn−1 × {id}, or Hn−1 × {id}.

Proof. By Theorem 7.28, Λα
K (respectively, Λβ

K) is a strong Gelfand subgroup of
Bn−1 (respectively, of B1). Since γΛα

K

∼= Sn−1, for the pair (Bn−1,Λα
K), we are

in the situation of Sec. 6.2. By Proposition 6.21, we know that Λα
K is one of the

subgroups Bn−1 × {id}, Dn−1 × {id}, or Hn−1 × {id} in Bn if n ≥ 7.

Lemma 7.30. Let n ≥ 7. If K be a strong Gelfand subgroup of Bn such that
γK = Sn−1 × S1, then K is conjugate to one of the following subgroups:

(1) K = Bn−1 ×B1,

(2) K = Bn−1 × {id},
(3) K = Dn−1 ×B1,

(4) K = Dn−1 × {id},
(5) K = Hn−1 ×B1

(6) K = Hn−1 × {id}
(7) (Bn−1 ×B1)δ,

(8) (Bn−1 ×B1)εδ,

(9) (Bn−1 ×B1)ε

(10) (Dn−1 ×B1)εδ,

(11) (Hn−1 ×B1)δ.

Proof. We already know that Bn−1 ×B1 is a strong Gelfand subgroup of Bn, so,
let us assume that K 	= Bn−1 × B1. Recall that K is an index 1 or 2 subgroup of
Λα

KΛβ
K . If Λβ

K = {idK}, then by Corollary 7.29 K is as in 2, 4, or 6. We proceed
with the assumption that Λβ

K 	= {idK}. In this case K can be a subgroup of the
form K ′ × Λβ

K , where K ′ is an index 2 subgroup of Λα
K . However, in this case,

Λα
K can only be Bn−1; otherwise, if Λα

K = Dn−1 or Hn−1, we would have that
K ′ = Jn−1 and thus that, γK′ = An−1, which would contradict our assumption
that γK = Sn−1 × S1. Thus, once again by Corollary 7.29, K can be as in 3 or 5.
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These options for K are the obvious options. For the non-obvious index 2 subgroups
of Λα

KΛβ
K , we apply our discussion from the beginning of this subsection.

The remaining possibilities for K are given by the non-obvious index 2 sub-
groups of G × B1, where G ∈ {Bn−1, Dn−1, Hn−1}. We already encountered them
in Examples 7.21–7.23. They account for the possibilities that we listed in the items
(7)–(9) for G = Bn−1; 10 for G = Dn−1; and 11 for G = Hn−1. This finishes the
proof of our lemma.

We now proceed to check the strong Gelfand property of the subgroups that we
listed in Lemma 7.30. We will make use of several elementary results from Sec. 7.1.

7.2.1. (Bn, Bn−1 ×B1) and (Bn, Bn−1 × S1)

We already showed that the pairs (Bn, Bn−1 ×B1) and (Bn, Bn−1 ×S1) are strong
Gelfand pairs.

7.2.2. (Bn, Dn−1 ×B1) and (Bn, Dn−1 × S1)

By the discussion in Sec. 6.1.1, every irreducible representation of Dn−1 is either
equal to resBn−1

Dn−1
Sλ,μ, where λ and μ are two distinct partitions with |λ|+|μ| = n−1,

or it is one of the two irreducible constituents of resBn−1
Dn−1

Sλ,λ, where 2|λ| = n− 1.
By Frobenius reciprocity, for every irreducible representation V of Dn−1, we have
exactly one of the following two cases:

(1) indBn−1
Dn−1

V = Sλ,λ is an irreducible representation of Bn−1 if V is one of the two

irreducible constituents of resBn−1
Dn−1

Sλ,λ for some partition λ such that 2|λ| =
n− 1;

(2) indBn−1
Dn−1

V = Sλ,μ ⊕ Sμ,λ if V = resBn−1
Dn−1

Sλ,μ, where λ and μ are distinct
partitions with |λ| + |μ| = n− 1.

We will analyze the induced representations indBn

Dn−1×B1
V �1B1 . By transitivity

of induction

indBn

Dn−1×B1
V � 1B1 = indBn

Bn−1×B1
indBn−1×B1

Dn−1×B1
V � 1B1 . (7.31)

If V is as in item (1), then (7.31) gives indBn

Dn−1×B1
V �1B1 = indBn

Bn−1×B1
Sλ,λ�1B1 .

Since Bn−1 × B1 is a strong Gelfand subgroup of Bn, the resulting induced repre-
sentation is multiplicity-free. Likewise, if V is as in item (2), then (7.31) together
with part 1 of Lemma 7.7 give

indBn

Dn−1×B1
V � 1B1 = indBn

Bn−1×B1
Sλ,μ � 1B1 ⊕ indBn

Bn−1×B1
Sμ,λ � 1B1

=
⊕
τ∈λ

Sτ,μ ⊕
⊕
ρ∈μ

Sρ,λ. (7.32)
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In this case also, since λ 	= μ, we see that the irreducible representations of Bn that
appear in (7.32) are inequivalent. Thus, we proved that (Bn, Dn−1×B1) is a strong
Gelfand pair.

We now analyze the pair (Bn, Dn−1 ×S1). Once again, by transitivity of induc-
tion, we have

indBn

Dn−1×S1
V � 1S1 = indBn

Bn−1×S1
indBn−1×S1

Dn−1×S1
V � 1S1 . (7.33)

If V is as in item (2) above, then (7.33) and part 3 of Lemma 7.7 give

indBn

Dn−1×S1
V � 1S1 = indBn

Bn−1×S1
Sλ,μ � 1S1 ⊕ indBn

Bn−1×S1
Sμ,λ � 1S1

=

⎛
⎝⊕

τ∈λ

Sτ,μ ⊕
⊕
ρ∈μ

Sλ,ρ

⎞
⎠⊕

⎛
⎝⊕

ρ∈μ

Sρ,λ ⊕
⊕
τ∈λ

Sμ,τ

⎞
⎠.

(7.34)

Here, λ and μ are two distinct partitions such that |λ|+|μ| = n−1. If n−1 = 2m+1
for some m ∈ N, then we consider the partitions λ = (m) and μ = (m + 1). It is
easily checked that the multiplicity of S(m+1),(m+1) in (7.34) is 2. On the other
hand, if n − 1 = 2m for some m ∈ N, then it is easy to check that (7.34) is a
multiplicity-free Bn representation.

Next, we consider the irreducible representations V of Dn−1 as in item (1). In
particular, n−1 is even. Let λ be a partition such that 2|λ| = n−1, let Sλ,λ denote
the corresponding irreducible representation of Bn−1. By part 3 of Lemma 7.7, we
get

indBn

Dn−1×S1
V � 1S1 = indBn

Bn−1×S1
Sλ,λ � 1S1

=
⊕
τ∈λ

Sτ,λ ⊕
⊕
ρ∈λ

Sλ,ρ. (7.35)

Clearly, the irreducible constituents of (7.35) are inequivalent, hence,
indBn

Dn−1×S1
V � 1S1 is a multiplicity-free representation of Bn. In summary, we

proved that (Bn, Dn−1 × S1) is a strong Gelfand pair if and only if n is odd.

7.2.3. (Bn, Hn−1 ×B1) and (Bn, Hn−1 × S1)

Next, we proceed to analyze the pair (Bn, Hn−1×B1). Since [Bn−1 : Hn−1] = 2, the
irreducible representations of Hn−1 are described by Clifford theory (cf. Sec. 6.1.1):

(1) Sλ,μ is self-associate with respect to εδ if and only if λ = μ′, in which case
resBn−1

Hn−1
Sλ,μ is the direct sum of two irreducible Hn−1 representations of the same

degree. (2) If Sλ,μ and εδSλ,μ are associate representations with respect to εδ, then
resBn−1

Hn−1
Sλ,μ is an irreducible representation of Hn−1. By Frobenius reciprocity, if

V is an irreducible representation of Hn−1, then:

(1) indBn−1
Hn−1

V = Sλ,λ′
is an irreducible representation of Bn−1 if V is one of the

two irreducible components of resBn−1
Hn−1

Sλ,λ′
for some partition λ of n− 1;
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(2) indBn−1
Hn−1

V = Sλ,μ ⊕ Sμ′,λ′
if V = resBn−1

Hn−1
Sλ,μ, where λ 	= μ′ and|λ| + |μ| =

n− 1.

Now let V be an irreducible representation of Hn−1 as in 1. Since indBn−1
Hn−1

V is
an irreducible representation of Bn−1, indBn

Hn−1×B1
V � 1B1 is a multiplicity-free

representation of Bn. For V as in 2, we get

indBn

Hn−1×B1
V � 1B1 = indBn

Bn−1×B1
Sλ,μ � 1B1 ⊕ indBn

Bn−1×B1
Sμ′,λ′ � 1B1

=
⊕
τ∈λ

Sτ,μ ⊕
⊕
ρ∈μ′

Sρ′,λ′
. (7.36)

In this case also, it is easy to verify that (7.36) is a multiplicity-free representation
of Bn. Therefore, (Bn, Hn−1 ×B1) is a strong Gelfand pair.

We now proceed to the case of (Bn, Hn−1 × S1). In this case, if V is as in 2,
then by part 3 of Lemma 7.7 we get

indBn

Hn−1×S1
V � 1S1 = (indBn

Bn−1×S1
Sλ,μ � 1S1) ⊕ (indBn

Bn−1×S1
Sμ′,λ′ � 1S1)

=

⎛
⎝⊕

τ∈λ

Sτ,μ ⊕
⊕
ρ∈μ

Sλ,ρ

⎞
⎠⊕

⎛
⎝⊕

ρ∈μ′

Sρ,λ′ ⊕
⊕
τ∈λ′

Sμ′,τ

⎞
⎠.
(7.37)

Let n − 1 = 2m + 1 for some m ∈ N, and set λ = (m + 1) and μ = (1m). Then
by Pieri’s rule we see that the multiplicity of S(m+1),(1m+1) in (7.37) is 2. Thus,
if n is even, then (Bn, Hn−1 × S1) is not a strong Gelfand pair. If n is odd, then
it is easy to check that the induced representation (7.37) is a multiplicity-free Bn

representation.
Next, we consider the irreducible representations V of Hn−1 as in 1. Then n is

odd. By part 3 of Lemma 7.7, we get

indBn

Hn−1×S1
V � 1S1 = indBn

Bn−1×S1
Sλ,λ′ � 1S1

=
⊕
τ∈λ

Sτ,λ′ ⊕
⊕
ρ∈λ′

Sλ,ρ. (7.38)

Clearly, the irreducible constituents of (7.38) are inequivalent, and hence
indBn

Hn−1×S1
V �1S1 is multiplicity-free. In summary, we proved that (Bn, Hn−1×S1)

is a strong Gelfand pair if and only if n is odd.

7.2.4. (Bn, (Bn−1 ×B1)δ) and (Bn, (Bn−1 ×B1)εδ)

We start with the case (Bn, (Bn−1 × B1)δ). To ease our notation, let us denote
(Bn−1 × B1)δ by M . Let ν denote the linear character of Bn−1 × B1 such that
ker ν = M . Then it is easy to check that ν|Bn−1×{1} = δBn−1 and ν|{1}×B1 = δB1 .
(Indeed, Dn−1 × {1} is contained in the kernel of ν.)
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Let W = Sλ,μ � (D;1) be an irreducible representation of Bn−1 × B1. There
are two possibilities: (1) W is a self-associate representation with respect to ν,
or (2) W and νW are associate representations with respect to ν. However, since
δBn−1S

λ,μ = Sμ,λ and δ2B1
= 1B1 , we have

ν(Sλ,μ � (D;1)) = Sμ,λ � (D̃;1),

where {D, D̃} = {1, ε}. Since {D, D̃} = {1, ε}, the representations Sλ,μ � (D;1)
and Sμ,λ�(D̃;1) are inequivalent. Hence, we conclude that there is no self-associate
irreducible representation with respect to ν. Now let V be an irreducible represen-
tation of M . Then by Frobenius reciprocity we have

indBn−1×B1
M V = Sλ,μ � (1;1) ⊕ Sμ,λ � (ε;1)

for some irreducible representation Sλ,μ of Bn−1. By Lemma 7.7, indBn

M V must be⊕
τ∈λ

Sτ,μ ⊕
⊕
ρ∈λ

Sμ,ρ. (7.39)

If n − 1 = 2m + 1 for some m ∈ N, then we fix a pair of partitions (λ, μ) such
that λ is obtained from μ by removing a box from its Young diagram. Then it
is easy to check that Sμ,μ appears twice in (7.39). If n is odd, then it is easy to
check that (7.39) is multiplicity-free for any λ and μ. Therefore, we proved that
(Bn, (Bn−1 ×B1)δ) is a strong Gelfand pair if and only if n is odd.

Next, we consider the pair (Bn, (Bn−1 × B1)εδ). To ease notation, we denote
(Bn−1 × B1)εδ by N . We know that Hn−1 × {1} is an index 2 subgroup of N ,
and N is an index 2 subgroup of Bn−1 × B1. We will describe the irreducible
representations of N . Let ν denote the linear character of Bn−1 × B1 such that
ker ν = N . Then the restrictions of ν to the factors are given by ν|Bn−1×{1} = εδ

and ν|{1}×B1 = δB1 . Let W = Sλ,μ � (D;1) be an irreducible representation of
Bn−1 ×B1. We have two possibilities here: (1) W is a self-associate representation
with respect to ν, (2) W and νW are associate representations with respect to ν.
However, since δSλ,μ = Sμ′,λ′

and δ2B1
= 1B1 , we have

ν(Sλ,μ � (D;1)) = Sμ′,λ′ � (D̃;1),

where {D, D̃} = {1, ε}. Since {D, D̃} = {1, ε}, the representations Sλ,μ � (D;1)
and Sμ′,λ′ � (D̃;1) are inequivalent. Thus, similarly to the previous case, there
is no self-associate irreducible representation with respect to ν. Now let V be an
irreducible representation of N . Then we have

indBn−1×B1
N V = Sλ,μ � (1;1) ⊕ Sμ′,λ′ � (ε;1)

for some irreducible representation Sλ,μ of Bn−1. By Lemma 7.7, indBn

N V must be⊕
τ∈λ

Sτ,μ ⊕
⊕
ρ∈λ′

Sμ′,ρ. (7.40)
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If n− 1 = 2m+ 1 for some m ∈ N, then we fix a pair of partitions (λ, μ) such that
λ is obtained from μ′ by removing a box from its Young diagram. Then we see that
the multiplicity of Sμ′,μ in (7.40) is 2. If n is odd, then it is easy to check that (7.40)
is multiplicity-free for any λ and μ. Therefore, we proved that (Bn, (Bn−1 ×B1)εδ)
is a strong Gelfand pair if and only if n is odd.

7.2.5. (Bn, (Bn−1 ×B1)ε)

To ease our notation, let us denote (Bn−1×B1)ε by Z. We know that (F �An−1)×{1}
is an index 2 subgroup of Z, and Z is an index 2 subgroup of Bn−1 ×B1. We will
describe the irreducible representations of Z. Let ν denote the linear character of
Bn−1 × B1 such that ker ν = Z. Then the restrictions of ν to the factors are given
by ν|Bn−1×{id} = εBn−1 and ν|{id}×B1 = δB1 .

Let W = Sλ,μ � (D;1) be an irreducible representation of Bn−1 × B1. We
have two possibilities: (1) W is a self-associate representation with respect to ν,
(2) W and νW are associate representations with respect to ν. But since there is
no self-associate irreducible representation of B1 with respect to δB1 , there is no
self-associate irreducible representation of Bn−1 ×B1 with respect to ν.

Let V be an irreducible representation of Z. Then for some irreducible repre-
sentation Sλ,μ of Bn−1, we have

indBn−1×B1
Z V = Sλ,μ � (1;1) ⊕ Sλ′,μ′ � (ε;1).

By Lemma 7.7, indBn

Z V is ⊕
τ∈λ

Sτ,μ ⊕
⊕
ρ∈μ′

Sλ′,ρ. (7.41)

It is easy to see that this representation is multiplicity-free. Thus, (Bn, Z) is a
strong Gelfand pair.

7.2.6. (Bn, (Dn−1 ×B1)εδ) and (Bn, (Hn−1 ×B1)δ)

To ease our notation, let us denote (Dn−1 × B1)εδ by K. Let ν denote the linear
character of Dn−1 × B1 such that ker ν = K. Since K ≤ Dn−1 × F , the restric-
tions of ν to the factors are given by ν|Dn−1×{id} = (εδ)Bn−1 and ν|{id}×B1 =
(εδ)B1 = δB1 .

Let U � (D;1) be an irreducible representation of Dn−1 × B1, where D ∈
{1F , εF }. Since (1F ;1) and (εF ;1) are δB1 -associate representations, there are no
self-associate representations of Dn−1 × B1 with respect to ν. In particular, every
irreducible representation of Dn−1 × B1 restricts to K as an irreducible represen-
tation. Thus, if V is an irreducible representation of K, then indDn−1×B1

K V is of
the form U � (1F ;1) ⊕ (εδU) � (εF ;1). Let Sλ,μ be the irreducible representation
of Bn−1 such that resBn−1

Dn−1
Sλ,μ = U , where λ and μ are two partitions such that
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|λ| + |μ| = n− 1. First we assume that λ 	= μ. Then we have

indBn

K V = indBn

Bn−1×B1
indBn−1×B1

K V

= indBn

Bn−1×B1
indBn−1×B1

Dn−1×B1
(U � (1F ;1) ⊕ (εδU) � (εF ;1))

= indBn

Bn−1×B1
(Sλ,μ � (1F ;1) ⊕ Sμ,λ � (1F ;1) ⊕ Sλ′,μ′

�(εF ;1) ⊕ Sμ′,λ′ � (εF ;1)).

Then by Lemma 7.7, we find that

indBn

K V =
⊕
τ∈λ

Sτ,μ ⊕
⊕
τ∈μ

Sτ,λ ⊕
⊕
ρ∈μ′

Sλ′,ρ ⊕
⊕
ρ∈λ′

Sμ′,ρ. (7.42)

It is easy to check that this is a multiplicity-free representation of Bn if n − 1 is
even. If n− 1 is odd, then we choose λ = (m) and μ = 1m+1. Then S(m+1),(1m+1)

appears with multiplicity 2 in (7.42). Next, we assume that λ = μ. Of course, this
choice is available only when n− 1 is even. Then we have

indBn

K V = indBn

Bn−1×B1
indBn−1×B1

K V

= indBn

Bn−1×B1
indBn−1×B1

Dn−1×B1
(U � (1F ;1) ⊕ (εδU) � (εF ;1))

= indBn

Bn−1×B1
(Sλ,λ � (1F ;1) ⊕ Sλ′,λ′ � (εF ;1)).

Clearly, this representation is multiplicity-free if and only if λ 	= λ′; we can find
self-conjugate partitions of n− 1 as long as n− 1 > 2. Therefore, if n ≥ 3, (Bn,K)
is a strong Gelfand pair if and only if n is odd.

By a similar argument, one can also deduce that, if n ≥ 3, (Bn, (Hn−1 ×B1)δ)
is a strong Gelfand pair if and only if n is odd.

7.2.7. Summary for γK = Sn−1 × S1

We now summarize the conclusions of the previous subsections in a single proposi-
tion. In particular, we maintain our notation from Lemma 7.30.

Proposition 7.43. Let n ≥ 7. Let K be a subgroup of Bn such that γK = Sn−1×S1.
In this case, (Bn,K) is a strong Gelfand pair if and only if K is conjugate to one
of the following subgroups:

(1) K = Bn−1 ×B1,

(2) K = Bn−1 × {id},
(3) K = Dn−1 ×B1,

(4) K = Dn−1 × {id}, if n is odd,
(5) K = Hn−1 ×B1,

(6) K = Hn−1 × {id}, if n is odd,
(7) (Bn−1 ×B1)δ, if n is odd,
(8) (Bn−1 ×B1)εδ, if n is odd,
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(9) (Bn−1 ×B1)ε.
(10) (Dn−1 ×B1)εδ, if n is odd,
(11) (Hn−1 ×B1)δ, if n is odd.

7.3. γK = Sn−2 × S2

Throughout this subsection, we will assume that n ≥ 8, K will be a subgroup of Bn

such that γK = Sn−2×S2, and hence, K ≤ F �(Sn−2×S2). The idea of our analysis
in this subsection is the same as the one that we used in the previous subsection.

Let φ′ :F �(Sn−2×S2) → Bn−2×B2 be the canonical splitting isomorphism. For
λ ∈ F � (Sn−2 × S2) and φ′(λ) = (a, b) ∈ Bn−2 ×B2, we denote by λα the element
in F � (Sn−2 × S2) such that φ′(λα) = (a, idB2). Likewise, we denote by λβ the
element in F � (Sn−2 ×S2) such that φ′(λβ) = (idBn−2 , b). In this notation, we have
λ = λαλβ . As before, we have the following “K-related” subgroups of Bn−2 ×B2:

Λα
K := {λα :λ ∈ K} and Λβ

K := {λβ :λ ∈ K}. (7.44)

It is easy to show that K ≤ Λα
KΛβ

K
∼= Λα

K × Λβ
K , γΛα

K

∼= Sn−2, and that γΛβ
K

∼= S2.
Hereafter, when it is convenient for our purposes, we will identify Λα

K with its
isomorphic copy in Bn−2, and Λβ

K with its isomorphic copy in B2.

Remark 7.45. It is worth noting here that if K is a direct product subgroup of
Λα

KΛβ
K , then K = Λα

KΛβ
K .

The proof of our second reduction theorem is adaptable to the subgroups Λα
K

and Λβ
K defined in (7.44).

Theorem 7.46. If (Bn,K) is a strong Gelfand pair, then so is (Bn−2,Λα
K).

Also, the proof of the following corollary is similar to that of Corollary 7.29.

Corollary 7.47. If (Bn,K) is a strong Gelfand pair, then Λα
K is one of the fol-

lowing subgroups: Bn−2 × {idB2}, Dn−2 × {idB2}, or Hn−2 × {idB2}.
In the following lemma, which is easy to verify, we examine all subgroups of B2,

thus giving us all possibilities for what the subgroup Λβ
K could be.

Lemma 7.48. If G is a strong Gelfand subgroup of B2 such that γG = S2, then G

is one of the following subgroups:

(1) B2,

(2) D2 = {((0, 0), idS2), ((1, 1), idS2), ((0, 0), (1 2)), ((1, 1), (1 2))},
(3) H2 = {((0, 0), idS2), ((1, 1), idS2), ((1, 0), (1 2)), ((0, 1), (1 2))},
(4) S2 := {((0, 0), idS2), ((0, 0), (1 2))} or S2

′
:= {((0, 0), idS2), ((1, 1), (1 2))} =

xS2x
−1, where x = ((0, 1), (1, 2)).

We have 3 more strong Gelfand subgroups G with γG = {idS2}:
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(5) F × 0 = {((0, 0), idS2), ((1, 0), idS2)}, its conjugate 0 × F = {((0, 0), idS2),
((0, 1), idS2)}, and F � {idS2}, with γF×0 = γ0×F = γF �{idS2} = {idS2}.

Finally, B2 has two more subgroups that are not strong Gelfand, namely the diagonal
subgroup diag(F ) and the trivial subgroup. In both cases, we again have that γK =
{idS2}.

We now introduce our auxiliary subgroup of K to show that K cannot be too
small.

Lemma 7.49. Let L denote the following subgroup of Λα
K :

L := {λα ∈ K :λβ = idΛβ
K
}.

Then L is a normal subgroup of K, that is nontrivial if n ≥ 5. Furthermore, the
following hold:

(1) [K : L] ≤ 8 and [Λα
KΛβ

K : K] ≤ 8.
(2) If L = Λα

K , then K = Λα
KΛβ

K.

Proof. Let Δ2 :K → Λβ
K denote the composition of the canonical injection of K

into Λα
K × Λβ

K and projection onto the second component. Then L is precisely the
kernel of Δ2, hence, L is a normal subgroup of K. Next, we will show that L is
nontrivial. Since γK = Sn−2 × S2, whenever n ≥ 5, we can choose an element
λ of order 3. Note that the order of an element of B2 is 1, 2, or 4. Therefore,
λ4 = (λaλb)4 = (λa)4(λb)4 = (λ4)a(λ4)b = (λ4)a ∈ K. Since (λ4)a 	= idBn−2 , we see
that L is a nontrivial normal subgroup of K.

Since Λβ
K is a subgroup of B2 and since B2 has order 8, we see that the index of

L in K is bounded by 8. The second bound follows from the following inequalities:

|Λα
K | ≤ |K| ≤ |Λα

KΛβ
K | = |Λβ

K ||Λα
K | ≤ 8|Λα

K |.
For our final assertion, we observe that if L = Λα

K , then we have Λα
K ≤ K. It follows

that Λβ
K ≤ K, hence that Λβ

KΛα
K = K. This finishes the proof of our lemma.

Corollary 7.50. Let L be the subgroup of K that is defined in Lemma 7.49. Then
γL = An−2 × {idS2} or Sn−2 × {idS2}.

Proof. Since L ≤ Bn−2 × {idB2}, the proof follows from the fact that γL ≤ γK =
Sn−2 × S2 and that An−2 is the unique nontrivial normal subgroup of Sn−2.

In our next lemma, we will narrow the choices for L.

Proposition 7.51. Let n ≥ 8 and let K be a strong Gelfand subgroup of Bn such
that γK = Sn−2×S2, and let L be the subgroup of K that is defined in Lemma 7.49.
Then we have

(1) L ∈ {Bn−2, Dn−2, Hn−2, F � An−2, Jn−2}, and in particular, L is a normal
subgroup of Bn−2 such that [Bn−2 :L] ≤ 4.
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(2) K is a normal subgroup of Λα
KΛβ

K. Furthermore, the quotient group Λα
KΛβ

K/K

is isomorphic to Λα
K/L, and in particular, [Λα

KΛβ
K :K] ≤ 4.

Proof. (1) Let L be the subgroup of K that is defined in Lemma 7.49. In Secs. 6.2
and 6.3 we characterized subgroups K ′ ≤ Bn−2 with γK′ ∈ {Sn−2, An−2}. In par-
ticular, we notice that the index of K ′ in Bn−2 is one of 1, 2, 4, 2n−3, 2n−2, 2n−1.
By [4, Corollary 1.3] and the argument after it, the index of L in Λα

K is bounded
above by the order of Λβ

K , which is at most 23. Combined with the fact that
[Bn−2 : Λα

K ] ≤ 2, and that γL ∈ {Sn−2, An−2}, we see that L must have index
1, 2, or 4 in Bn−2. The result now follows from the description of those subgroups
of index 1, 2 and 4 in its statement.

(2) Follows from part 1 and [4, Corollary 1.3].

In light of this proposition, let us organize the major cases that we will check
for the strong Gelfand property.

Case 1. K is a normal, index 4, non-direct product subgroup of Λα
K × Λβ

K , where
Λα

K = Bn−2 and Λβ
K = B2.

Case 2. K is a normal, index 2, non-direct product subgroup of Λα
K × Λβ

K , where
Λα

K is one of the subgroups in Corollary 7.47 and Λβ
K is one of the sub-

groups in Lemma 7.48.
Case 3. K is equal to the direct product Λα

K × Λβ
K , where Λα

K is one of the sub-
groups in Corollary 7.47 and Λβ

K is one of the subgroups in Lemma 7.48.

Note that Cases 1 and 2 are not necessarily distinct. For example, an index 4
subgroup of Bn−2 ×B2 might be an index 2 subgroup of Dn−2 ×B2.

We are now ready to determine all strong Gelfand subgroups of K ≤ Bn such
that γK = Sn−2 × S2. We will first examine subgroups as in Case 3.

Notation 7.52. For brevity, in the following subsections, we will denote the iden-
tity element (0, idB2) of B2 by 1, and we will denote the element (0, (1 2)) by −1.

7.3.1. Strong Gelfand pairs of the form (Bn, Bn−2 ×G), where G ≤ B2

By Proposition 4.8 we know that (Bn, Bn−2×S2) is a strong Gelfand pair. Therefore,
for any G such that S2 ≤ G ≤ B2, the pair (Bn, Bn−2×G) is a strong Gelfand pair.
There is one more subgroup that we have to check, that is, G = H2. In this case, we
see from Corollary 7.19 that (Bn, Bn−2 ×G) is a strong Gelfand pair. (Of course,
we could have used the same method for the subgroups G, where S2 ≤ G ≤ B2.)

7.3.2. Strong Gelfand pairs of the form (Bn, Dn−2 ×B2)

First, we assume that n is an even number such that n− 2 = 2m for some m ≥ 3.
We let λ denote the partition (m− 1, 1), and let μ denote the partition (m). Then
V = resBn−2

Dn−2
Sλ,μ is an irreducible representation of Dn−2. Furthermore, we have
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indBn−2
Dn−2

V = Sλ,μ ⊕ Sμ,λ. The tensor product V � S(1),(1) is an irreducible repre-
sentation of Dn−2 ×B2. By transitivity of induction, Lemmas 2.5 and 7.16, part 3,
we have

indBn

Dn−2×B2
V � S(1),(1) = indBn

Bn−2×B2
(Sλ,μ ⊕ Sμ,λ) � S(1),(1)

= indBn

Bn−2×B2
Sλ,μ � S(1),(1) ⊕ indBn

Bn−2×B2
Sμ,λ � S(1),(1)

=

⎛
⎝ ⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ

⎞
⎠⊕

⎛
⎝ ⊕

ρ∈μ̄,τ∈λ̄

Sρ,τ

⎞
⎠. (7.53)

Since the multiplicity of S(m,1),(m,1) in (7.53) is two, we see that (Bn, Dn−2 × B2)
is not a strong Gelfand pair.

Next, we assume that n is odd. Let (λ, μ) be a pair of partitions such that
|λ|+ |μ| = n− 2. Then we have |λ| 	= |μ|. Hence, V = resBn−2

Dn−2
Sλ,μ is an irreducible

representation of Dm−2, and furthermore, we have indBn−2
Dn−2

V = Sλ,μ ⊕ Sμ,λ. Let
(a, b) be a pair of partitions such that |a|+|b| = 2. As before, by using the transitivity
of induction and Lemma 2.5, we get

indBn

Dn−2×B2
V � Sa,b = indBn

Bn−2×B2
Sλ,μ � Sa,b ⊕ indBn

Bn−2×B2
Sμ,λ � Sa,b.

(7.54)

But since |λ| and |μ| are not equal, we see from Lemma 7.16 that (7.54) is
multiplicity-free. In summary, we proved the following result

Lemma 7.55. Let n be an integer such that n ≥ 8. Then (Bn, Dn−2 × B2) is a
strong Gelfand pair if and only if n is odd.

7.3.3. Strong Gelfand pairs of the form (Bn, Hn−2 ×B2)

Let n = 2m for some m ≥ 4. First, we assume that m is an even integer as well;
m = 2k with k ≥ 2. Let λ = μ = (k + 1, 1k−1), and note that λ 	= μ′. Then V =
resBn−2

Hn−2
Sλ,μ is an irreducible representation of Hn−2, and therefore, indBn−2

Hn−2
V =

Sλ,μ ⊕ Sμ′,λ′
. The tensor product V � S(1),(1) is an irreducible representation of

Hn−2 ×B2. By transitivity of induction, Lemmas 2.5 and 7.16, part 3, we have

indBn

Hn−2×B2
V � S(1),(1)

= indBn

Bn−2×B2
(Sλ,μ ⊕ Sμ′,λ′

) � S(1),(1)

= indBn

Bn−2×B2
Sλ,μ � S(1),(1) ⊕ indBn

Bn−2×B2
Sμ′,λ′ � S(1),(1)

=

⎛
⎝ ⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ

⎞
⎠⊕

⎛
⎝ ⊕

ρ∈μ̄′,τ∈λ̄′

Sρ,τ

⎞
⎠. (7.56)
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Since the multiplicity of S(k+1,1k),(k+1,1k) in (7.53) is 2, we see that (Bn, Dn−2×B2)
is not a strong Gelfand pair. Now suppose that m = 2k + 1 with k ≥ 2, and set
λ := (k + 1, 1k) and μ := (k, 1k+1). Clearly, λ is a self-conjugate partition and
λ 	= μ. Then V = resBn−2

Hn−2
Sλ,μ is an irreducible representation of Hm−2. It follows

that indBn−2
Hn−2

V = Sλ,μ ⊕ Sμ′,λ′
. The tensor product V � S(1),(1) is an irreducible

representation of Hn−2 ×B2. Once again, we have

indBn

Hn−2×B2
V � S(1),(1) =

⎛
⎝ ⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ

⎞
⎠⊕

⎛
⎝ ⊕

ρ∈μ̄′,τ∈λ̄′

Sρ,τ

⎞
⎠. (7.57)

It is easy to check that the multiplicity of S(k+2,1k),(k+1,1k+1) in (7.57) is 2. Hence,
if n is even, then (Bn, Dn−2 ×B2) is not a strong Gelfand pair.

Next, we assume that n is odd. Then, by arguing as in the second part of the
(Bn, Dn−2 ×B2) case, it is easy to verify that, for every irreducible representation
W of B2 and for every pair of partitions (λ, μ) such that |λ|+ |μ| = n, the induced
representation indBn

Hn−2×B2
Sλ,μ � W is multiplicity-free. In summary, similarly to

the case of (Bn, Dn−2 ×B2), we proved the following result.

Lemma 7.58. Let n be an integer such that n ≥ 8. Then (Bn, Hn−2 × B2) is a
strong Gelfand pair if and only if n is odd.

7.3.4. Strong Gelfand pairs of the form (Bn, Dn−2 ×D2)

Since Dn−2 × D2 is a subgroup of Dn−2 × B2, if n is even, then by Lemma 7.55
(Bn, Dn−2×D2) is not a strong Gelfand subgroup. So, we proceed with the assump-
tion that n = 2m+ 1 for some m ≥ 4.

Let λ and μ be two partitions such that |λ|+ |μ| = n−2, and let Sλ,μ denote the
corresponding irreducible representation of Bn−2. Since |λ| 	= |μ|, the restricted rep-
resentation V = resBn−2

Dn−2
Sλ,μ is an irreducible representation of Dn−2. Furthermore,

we have indBn−2
Dn−2

V = Sλ,μ ⊕ Sμ,λ. The tensor product V � S(2),∅ is an irreducible
representation of Dn−2 × D2. By transitivity of induction, Lemmas 2.5 and 7.16,
parts 1 and 5, we have

indBn

Dn−2×D2
V � S(2),∅

= indBn

Bn−2×B2
indBn−2×B2

Dn−2×D2
V � S(2),∅

= indBn

Bn−2×B2
(Sλ,μ ⊕ Sμ,λ) � (S(2),∅ ⊕ S∅,(2))

=

⎛
⎝⊕

τ∈¯̄λ

Sτ,μ

⎞
⎠⊕

⎛
⎝⊕

ρ∈¯̄μ

Sλ,ρ

⎞
⎠⊕

⎛
⎝⊕

ρ∈¯̄μ

Sρ,λ

⎞
⎠⊕

⎛
⎝⊕

τ∈¯̄λ

Sμ,τ

⎞
⎠. (7.59)

Since ||λ| − |μ|| is odd, the representation (7.59) is multiplicity-free. By using sim-
ilar arguments, we see that indBn

Dn−2×D2
V � S∅,(2), indBn

Dn−2×D2
V � S∅,(12), and
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indBn

Dn−2×D2
V �S(12),∅ are multiplicity-free representations of Bn. Finally, we notice

that indBn

Dn−2×D2
V �S(1),(1) = indBn

Dn−2×B2
V �S(1),(1), hence, it is also multiplicity-

free (by Lemma 7.55). Therefore, we proved the following result.

Lemma 7.60. Let n be an integer such that n ≥ 8. Then (Bn, Dn−2 × D2) is a
strong Gelfand pair if and only if n is odd.

7.3.5. Strong Gelfand pairs of the form (Bn, Hn−2 ×D2)

The proof of this case is similar to that of Lemma 7.60. By Lemma 7.58, if n
is even, then we know that (Bn, Hn−2 × D2) is not a strong Gelfand pair. We
proceed with the assumption that n is an odd number of the form n = 2m+ 1 for
some m ≥ 4. Let λ and μ be two partitions such that |λ| + |μ| = n − 2, and let
Sλ,μ denote the corresponding irreducible representation of Bn−2. Since λ 	= μ′,
V = resBn−2

Hn−2
Sλ,μ is an irreducible representation of Hn−2, and furthermore, we

have indBn−2
Hn−2

V = Sλ,μ ⊕ Sμ′,λ′
. From this point on, we argue as in the proof of

Lemma 7.60. We omit the details but write the conclusion below.

Lemma 7.61. Let n be an integer such that n ≥ 8. Then (Bn, Hn−2 × D2) is a
strong Gelfand pair if and only if n is an odd number.

7.3.6. Strong Gelfand pairs of the form (Bn, Dn−2 ×H2) and
(Bn, Hn−2 ×H2)

Since Dn−2 × H2 and Hn−2 × H2 are subgroups of Dn−2 × B2 and Hn−2 × B2,
respectively, if n is even, then by Lemmas 7.55 and 7.58 (Bn, Dn−2 × H2) and
(Bn, Hn−2×H2) are not strong Gelfand pairs. So, we proceed with the assumption
that n = 2m+ 1 for some m ≥ 4. In this case, the proofs of Lemmas 7.60 and 7.61
are easily modified, and we get the following result.

Lemma 7.62. Let n ≥ 8. Then (Bn, Dn−2 ×H2) is a strong Gelfand pair if and
only if n is odd. Likewise, (Bn, Hn−2 ×H2) is a strong Gelfand pair if and only if
n is odd.

7.3.7. Strong Gelfand pairs of the form (Bn, Dn−2 × S2)

Lemma 7.63. If n ≥ 8, then (Bn, Dn−2 × S2) is not a strong Gelfand pair.

Proof. Suppose n−2 = 2m+1 for somem ≥ 4. Let λ = (m) and μ = (m+1). Then
Sλ,μ⊕Sμ,λ is a representation of Bn−2 that is induced from an irreducible represen-
tation V of Dn−2. Let W denote the trivial representation of S2. By Corollary 7.20,
we see that S(m+1,1),(m+1) has multiplicity 2 in indBn

Dn−2×S2
V �W .

Next, suppose that n − 2 = 2m for some m ≥ 4. Let λ = (m) and μ = (1m).
Then Sλ,μ ⊕ Sμ,λ is a representation of Bn−2 that is induced from an irreducible
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representation V of Dn−2. Let W denote the trivial representation of S2. By Corol-
lary 7.20, we see that S(m+1),(1m+1) has multiplicity 2 in indBn

Dn−2×S2
V �W . This

completes the proof.

7.3.8. Strong Gelfand pairs of the form (Bn, Hn−2 × S2)

Lemma 7.64. If n ≥ 8, then (Bn, Hn−2 × S2) is not a strong Gelfand pair.

Proof. Suppose n − 2 = 2m + 1 for some m ≥ 4. Let λ = (m) and μ = (1m+1).
Then Sλ,μ ⊕ Sμ′,λ′

is a representation of Bn−2 that is induced from an irreducible
representation V of Hn−2. Let W denote the trivial representation of S2. By Corol-
lary 7.20, we see that S(m+1,1),1(m+1)

has multiplicity 2 in indBn

Hn−2×S2
V �W .

Next, we assume that n − 2 = 2m for some m ≥ 4. Let λ = (m − 1, 1) and
μ = (1m). Then Sλ,μ ⊕ Sμ′,λ′

is a representation of Bn−2 that is induced from an
irreducible representation V of Hn−2. Let W denote the trivial representation of S2.
By Corollary 7.20, we see that S(m,1),(2,1m−1) has multiplicity 2 in indBn

Hn−2×S2
V �

W . This completes the proof.

7.3.9. Non-direct product index 2 subgroups of Bn−2 × S2

There are two non-direct product index 2 subgroups K ≤ Bn−2 × S2 such that
γK = Sn−2 × S2:

(1) K = (Bn−2 × S2)δ := {(a, δ(a)) : a ∈ Bn−2};
(2) K = (Bn−2 × S2)εδ := {(a, (εδ)(a)) : a ∈ Bn−2}.

We begin with the case K = (Bn−2 × S2)δ. Let ν denote the linear character
of Bn−2 × S2 such that ker ν = K. Then the restrictions of ν to the factors are
given by ν|Bn−2×{1} = δ and ν|{id}×S2

= ε. Let W = Sλ,μ � D be an irreducible
representation of Bn−2 × S2. Since δSλ,μ = Sμ,λ, εε = 1 and ε1 = ε, we have

ν(Sλ,μ �D) = Sμ,λ � D̃,

where {D, D̃} = {1, ε}. In particular, the representations Sλ,μ � D and Sμ,λ � D̃

are inequivalent. Hence, there is no self-associate irreducible representation with
respect to ν.

We are now ready to describe the induction from K to Bn−2 × S2 by using
Frobenius reciprocity. Let V be an irreducible representation of K. Then we have

indBn−2×S2
K V = (Sλ,μ � 1) ⊕ (Sμ,λ � ε) (7.65)

for some irreducible representation Sλ,μ of Bn−2. Here, λ and μ may be any par-
titions with |λ| + |μ| = n − 2. It is now easy to see from Corollary 7.20 that if we
induce the representation in (7.65), then we will get a non-multiplicity-free repre-
sentation of Bn. Indeed, for n = 2m, we can choose λ = μ, and for n = 2m+ 1 we
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can choose λ = (m) and μ = (m+1). Therefore, (Bn, (Bn−2 ×S2)δ) is not a strong
Gelfand subgroup.

Next, we focus on the case K = (Bn−2 ×S2)εδ. We know that Hn−2 ×{1} is an
index 2 subgroup of K, and K is an index 2 subgroup of Bn−2×S2. We begin with
describing the irreducible representations of K. Let ν denote the linear character of
Bn−2 × S2 such that ker ν = K. Then the restrictions of ν to the factors are given
by ν|Bn−2×{1} = εδ and ν|{id}×S2

= ε.
Let W = Sλ,μ�D be an irreducible representation of Bn−2×S2. Since εδSλ,μ =

Sμ′,λ′
, εε = 1 and ε1 = ε, we have

ν(Sλ,μ �D) = Sμ′,λ′ � D̃,

where {D, D̃} = {1, ε}. Since D 	= D̃, the representations Sλ,μ � D and Sμ′,λ′ �
D̃ are inequivalent. Hence, we conclude that there is no self-associate irreducible
representation with respect to ν. We are now ready to describe the induction fromK

to Bn−2×S2 by using Frobenius reciprocity. Let V be an irreducible representation
of K. Then we have

indBn−2×S2
K V = Sλ,μ � 1⊕ Sμ′,λ′ � ε (7.66)

for some irreducible representation Sλ,μ of Bn−2. Here, λ and μ can be any parti-
tions with |λ| + |μ| = n − 2. It is now easy to see from Corollary 7.20 that if we
induce the representation in (7.66), then we will get a non-multiplicity-free repre-
sentation of Bn. Indeed, for n = 2m, can choose V with λ = μ′, and for n = 2m+1
we can choose λ = (1m) and μ = (m+ 1). Therefore, (Bn, (Bn−2 × S2)εδ) is not a
strong Gelfand subgroup.

Lemma 7.67. If n ≥ 8, then there is no strong Gelfand pair of the form (Bn,K),
where K is a non-direct product index 2 subgroup of Bn−2 × S2 such that γK =
Sn−2 × S2.

7.3.10. Non-direct product index 2 subgroups of Bn−2 ×D2

Since D2 is isomorphic to Z/2×Z/2, it has four linear characters χi (i ∈ {0, . . . , 3})
with the corresponding irreducible representations denoted by Vi (i ∈ {0, . . . , 3}).
These one-dimensional (inequivalent) representations can be obtained by restricting
the irreducible representations from B2:

(1) V0 := resB2
D2
S(2),∅,

(2) V1 := resB2
D2
S(12),∅,

(3) V2 ⊕ V3 := resB2
D2
S(1),(1).

Then we know that indB2
D2
V0 = S(2),∅ ⊕ S∅,(2), indB2

D2
V1 = S(12),∅ ⊕ S∅,(12), and

that indB2
D2
V2 = indB2

D2
V3 = S(1),(1). Note that the character group of D2, which is

isomorphic to D2, acts on the set of representations {Vi : 0 ≤ i ≤ 3} as it does on
itself by left multiplication. The character χ0 is the trivial character, and the other
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three characters χi (i ∈ {1, 2, 3}) have order 2 as associators, satisfying χiV0
∼= Vi.

Note also that, in the notation of Lemma 7.48, the kernel of the character χ1 is the
diagonal copy of F in D2, the kernel of χ2 is S2, and the kernel of χ3 is S2

′
.

Let ν denote the linear character of Bn−2×D2 such that ker ν = K, whereK is a
non-direct product index 2 subgroup of Bn−2×D2. The restrictions ν|Bn−2×{1} and
ν|{id}×D2 are nontrivial linear characters. In particular, the kernel of ν|Bn−2×{1} is
one of the following groups: Dn−2 × {1}, Hn−2 × {1}, or F � An−2 × {1}.

We proceed with the assumption that ker ν|Bn−2×{1} = Dn−2 × {1}. Let W
be an irreducible representation of Bn−2 ×D2 of the form W = Sλ,μ � V , where
V ∈ {V0, . . . , V3}. Let Ṽ denote χiV for some i ∈ {1, 2, 3}. Since the character group
of D2 is isomorphic to D2, χi does not fix any of the representations, V0, . . . , V3,
so, we know that Ṽ 	= V . Since δSλ,μ = Sμ,λ and Ṽ 	= V , we have ν(Sλ,μ �
V ) = Sμ,λ � Ṽ , and furthermore, the representations Sλ,μ � V and Sμ,λ � Ṽ are
inequivalent. Therefore, the restrictions of both of these representations to K give
the same irreducible representation,

C := resBn−2×D2
K Sλ,μ � V = resBn−2×D2

K Sμ,λ � Ṽ .

By inducing it to Bn, we get

indBn

K C = indBn

Bn−2×D2
indBn−2×D2

K C

= indBn

Bn−2×D2
(Sλ,μ � V ⊕ Sμ,λ � Ṽ ).

As we have three possibilities for ν|{id}×D2 , which are given by χ1, χ2 and χ3, we
proceed to analyze them separately.

First suppose that ν|{id}×D2 = χ1. To distinguish it from the other two cases, let
us denote ν by ν1. Then we see that any irreducible K-module C is of the form (a)
C = resBn−2×D2

K Sλ,μ�V0 = resBn−2×D2
K Sμ,λ�V1 or (b) C = resBn−2×D2

K Sλ,μ�V2 =
resBn−2×D2

K Sμ,λ � V3. In the former case, using Corollary 7.18 we have

indBn

K C = indBn

Bn−2×D2
(Sλ,μ � V0 ⊕ Sμ,λ � V1)

=
⊕
τ∈¯̄λ

Sτ,μ ⊕
⊕
ρ∈¯̄μ

Sλ,ρ ⊕
⊕
α∈˜̄μ

Sα,λ ⊕
⊕
β∈˜̄λ

Sμ,β .

If n is even, then setting λ = (m) and μ = (m + 1, 1), S(m+1,1),(m+1,1) appears in
the above with multiplicity 2.

If n is odd, then the sum is easily seen to be multiplicity-free, by considering
parities of the partitions involved. If C is as in (b), then

indBn

K C =
⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ ⊕
⊕

α∈μ̄,β∈λ̄

Sα,β .

which is easily seen to be multiplicity-free by considering parities of the partitions
involved. Therefore, we showed that ker ν1 is a strong Gelfand subgroup if and only
if n is odd.
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Now suppose that ν|{id}×D2 = χ2. Then we will denote ν by ν2. Then we see
that any irreducible K-module C is of the form a) C = resBn−2×D2

K Sλ,μ � V0 =
resBn−2×D2

K Sμ,λ � V2 or b) C = resBn−2×D2
K Sλ,μ � V1 = resBn−2×D2

K Sμ,λ � V3. In
the former case, we have

indBn

K C = indBn

Bn−2×D2
(Sλ,μ � V0 ⊕ Sμ,λ � V2)

=
⊕
τ∈¯̄λ

Sτ,μ ⊕
⊕
ρ∈¯̄μ

Sλ,ρ ⊕
⊕

α∈μ̄,β∈λ̄

Sα,β ,

and the latter case is analogous. If n is odd, then we may set λ = (m) and μ =
(m+ 1), and see that S(m+2),(m+1) appears with multiplicity 2.

If n is even, then the sum is easily seen to be multiplicity-free, by considering
parities of the partitions involved. Therefore, we showed that ker ν2 is a strong
Gelfand subgroup if and only if n is even.

Now we will consider the final case where ν is such that ν|{id}×D2 = χ3. Let
us write ν3 instead of ν. We claim that ker ν3 is conjugate to the subgroup ker ν2.
Indeed, let η :Bn → Bn denote the inner automorphism defined by the element
(1, x) of Dn−2×B2, where x is as defined in part 4 of Lemma 7.48. We know that x
has the property that xS2x

−1 = S2
′
(but x /∈ D2). Therefore, we see that ker ν1 and

ker ν2 are conjugate subgroups of Bn. In conclusion, as far as our classification up-
to-conjugation concerned, in the case of ν3, we do not get a “new” strong Gelfand
subgroup.

In the remaining two major cases, where ker ν|Bn−2×{1} = Hn−2 × {1} or
ker ν|Bn−2×{1} = F � An−2 × {1}, our analyses are almost identical to the case
of ker ν|Bn−2×{1} = Dn−2 × {1}. In fact, in the former case, for every n ≥ 8, we
find the same number of strong Gelfand subgroups up to conjugacy as in the case
of ker ν|Bn−2×{1} = Dn−2 × {1}. Nevertheless, in the latter case, we get only one
strong Gelfand subgroup up to conjugacy for every n ≥ 8. Since all of our argu-
ments in these cases are very similar to the arguments we had for the first case, we
omit their details. The summary of our results are as follows.

Lemma 7.68. Let n ≥ 8, and let K be a non-direct product index 2 subgroup of
Bn−2 ×D2 with γK = Sn−2 × S2. Let ν denote the linear character of Bn−2 ×D2

such that K = ker ν. If ker ν|Bn−2×{id} is equal to either Dn−2×{1} or Hn−2×{1},
then

(1) If n is odd, then there is one such strong Gelfand subgroup, with ν|{id}×D2 = χ1.
(2) If n is even, then there are two such strong Gelfand subgroups, with ν|{id}×D2 =

χ2 or χ3, respectively. These are conjugate to each other.

If ker ν|Bn−2×{id} = F �An−2×{1}, then there are two such strong Gelfand subgroups,
with ν|{id}×D2 = χ2 or χ3, respectively. These are conjugate to each other.
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7.3.11. Non-direct product index 2 subgroups of Bn−2 ×H2

H2 is isomorphic to Z/4, so, it has four linear characters χi (i ∈ {0, . . . , 3}) with the
corresponding irreducible representations denoted by Vi (i ∈ {0, . . . , 3}). We denote
by χ0 the trivial character, and we denote by χ1 a generator so that χi = χi

1 for
i ∈ {1, 2, 3}. As in the case of D2, we will express the (inequivalent) irreducible
representations of H2 by restricting the irreducible representations from B2:

(1) V0 := resB2
H2
S(2),∅,

(2) V1 ⊕ V3 := resB2
H2
S(1),(1),

(3) V2 := resB2
H2
S(12),∅.

Then we know that indB2
H2
V0 = S(2),∅⊕S∅,(12), indB2

H2
V2 = S(12),∅⊕S∅,(2), and that

indB2
H2
V1 = indB2

H2
V3 = S(1),(1). The character group of H2, which is isomorphic to

H2, acts on the set of representations {Vi : i ∈ {0, . . . , 3}} as it acts on itself by left
multiplication.

Let ν denote the linear character of Bn−2×H2 such that kerν = K, whereK is a
non-direct product index 2 subgroup of Bn−2×H2. The restrictions ν|Bn−2×{1} and
ν|{id}×H2 are nontrivial linear characters. In particular, the kernel of ν|Bn−2×{1} is
one of the following groups: Dn−2 ×{1}, Hn−2 ×{1}, or F �An−2 ×{1}. Let χi be
the nontrivial character of H2 such that ν|{id}×H2 = χi. Since ν|{id}×H2 has order
2, we have χi = χ2.

First, let us assume that ker ν|Bn−2×{1} = Dn−2 ×{1}. Let W be an irreducible
representation of Bn−2 ×H2 of the form W = Sλ,μ � V , where V ∈ {V0, . . . , V3}.
Let Ṽ denote χ2V . Since χ2 does not fix any of the representations, V0, . . . , V3,
W is not self-associate representation with respect to ν. In particular, we have
ν(Sλ,μ � V ) = Sμ,λ � Ṽ . Furthermore, the representations Sλ,μ � V and Sμ,λ � Ṽ

are inequivalent. Therefore, the restrictions of both of these representations to K
give the same irreducible representation,

E := resBn−2×B2
K Sλ,μ � V = resBn−2×B2

K Sμ,λ � Ṽ .

By inducing it to Bn, we get

indBn

K E = indBn

Bn−2×H2
indBn−2×H2

K E

= indBn

Bn−2×H2
(Sλ,μ � V ⊕ Sμ,λ � Ṽ ).

For the action of χ2 on {V0, . . . , V3} we have χ2V0
∼= V2 and χ2V1 = V3.

We proceed with the assumption that V = V0 and Ṽ = V2 in E. Then, by
Corollary 7.19 we have

indBn

K E = indBn

Bn−2×H2
(Sλ,μ � V0 ⊕ Sμ,λ � V2)

=
⊕
τ∈¯̄λ

Sτ,μ ⊕
⊕
ρ∈˜̄μ

Sλ,ρ ⊕
⊕
α∈˜̄μ

Sα,λ ⊕
⊕
β∈¯̄λ

Sμ,β .
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If n is even, then we may set λ = (m− 1) and μ = (m, 1), and see that S(m,1),(m,1)

appears with multiplicity 2. If n is odd, then the sum is easily seen to be multiplicity-
free, by considering parities of the partitions involved.

We now proceed with the assumption that V = V1 and Ṽ = V3 in E. Then, by
Corollary 7.19 we have

indBn

K E = indBn

Bn−2×H2
(Sλ,μ � V1 ⊕ Sμ,λ � V3)

=
⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ ⊕
⊕

ρ∈μ̄,τ∈λ̄

Sρ,τ .

If n is even, then we may set λ = μ. Then the sum is not multiplicity-free. If n is
odd, then the sum is easily seen to be multiplicity-free, by considering parities of
the partitions involved.

The case where ker ν|Bn−2×{1} = Hn−2 ×{1} is almost identical, as is the result
in that case. The case where ker ν|Bn−2×{1} = F �An−2 × {1} is almost identical in
proof, but the result in that case is that there are no such strong Gelfand subgroups.
We summarize these below.

Lemma 7.69. Let n ≥ 8, and let K be a non-direct product index 2 subgroup of
Bn−2 × H2 with γK = Sn−2 × S2. If n is even, then K is not a strong Gelfand
subgroup. If n is odd, there are two such subgroups K that are strong Gelfand
subgroups.

7.3.12. Non-direct product index 2 subgroups of Bn−2 ×B2

Let ν denote the linear character of Bn−2 ×B2 such that ker ν = K, where K is a
non-direct product index 2 subgroup of Bn−2×B2. The restrictions ν|Bn−2×{1} and
ν|{id}×B2 are nontrivial linear characters. Each factor can be one of the 3 nontrivial
linear characters of the corresponding hyperoctahedral group. Therefore, we have
nine cases.

(1) We start with the case ker ν|Bn−2×{1} = Dn−2 × {1} and ker ν|{id}×B2 =
{id} × D2. Since K is an index 2 subgroup of Bn−2 × B2, for an irre-
ducible representation W of K, indBn−2×B2

K W is either irreducible, or it is
the direct sum of two inequivalent irreducible representations V1 and V2 such
that resBn−2×B2

K V1 = resBn−2×B2
B2

V2 = W . Since (Bn, Bn−2 × B2) is a strong
Gelfand pair (see Theorem 4.1), only in the second case it may happen that
indBn

K W = indBn

Bn−2×B2
V1 ⊕ V2 is not multiplicity-free. So, we will look more

closely at the second case. The irreducible representations V1 and V2 are asso-
ciate representations with respect to ν. Let V1 = Sλ,μ � Sσ,τ , where λ and μ

are two partitions such that |λ| + |μ| = n − 2 and σ, τ are two partitions such
that |σ| + |τ | = 2. Then V2 = νV1 = Sμ,λ � Sτ,σ, and therefore, we have

indBn

K W = indBn

Bn−2×B2
(Sλ,μ � Sσ,τ ⊕ Sμ,λ � Sτ,σ). (7.70)
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Then it follows from Lemma 7.16 that (7.70) is multiplicity-free if and only
if n is odd.

In the following five cases:
(2) ker ν|Bn−2×{1} = Dn−2 × {1} and ker ν|{id}×B2 = {id} ×H2,
(3) ker ν|Bn−2×{1} = Hn−2 × {1} and ker ν|{id}×B2 = {id} ×D2,
(4) ker ν|Bn−2×{1} = Hn−2 × {1} and ker ν|{id}×B2 = {id} ×H2,
(5) ker ν|Bn−2×{1} = Hn−2 × {1} and ker ν|{id}×B2 = {id} × F �A2,
(6) ker ν|Bn−2×{1} = Dn−2 × {1} and ker ν|{id}×B2 = {id} × F � A2,

we arrive at the same conclusion by similar arguments, so, we omit their
details. Also by using similar arguments, it is easily checked that the following
three cases are not strong Gelfand:

(7) ker ν|Bn−2×{1} = F �An−2 × {1} and ker ν|{id}×B2 = {id} ×H2,
(8) ker ν|Bn−2×{1} = F �An−2 × {1} and ker ν|{id}×B2 = {id} ×D2,
(9) ker ν|Bn−2×{1} = F �An−2 × {1} and ker ν|{id}×B2 = {id} × F �A2.

Here is the result of this subsection.

Lemma 7.71. Let n ≥ 8. If n is odd, then there are six non-direct product, index
2, strong Gelfand subgroups of Bn−2 ×B2 such that γK = Sn−2 × S2. If n is even,
then there are no strong Gelfand subgroups.

7.3.13. Non-direct product index 4 normal subgroups of Bn−2 ×B2

Let n ≥ 8 and let K be a strong Gelfand subgroup of Bn−2 × B2 such that γK =
Sn−2×S2. If K is a non-direct product index 4 subgroup of Bn−2×B2, then K is a
subgroup of index 2 of a group K ′, where K ′ is a subgroup of index 2 in Bn−2×B2.
Then K ′ is either a direct product of the form (1) Dn−2 ×B2, (2) Hn−2 ×B2, (3)
Bn−2 ×D2, (4) Bn−2 ×H2, or (5) K ′ is a non-direct product subgroup of index 2
in Bn−2 ×B2. In cases (3) and (4), we have already found all such strong Gelfand
subgroups, in Lemmas 7.68 and 7.69, respectively. In cases (1), (2) and (5), we
determined in Lemmas 7.55, 7.58 and 7.71, respectively, that in each case, K ′ is
strong Gelfand if and only n is odd. Thus, it remains to check index 2 subgroups
of these 3 groups when n is odd.

We proceed with the assumption that n is odd.
(1) K is a non-direct product index 2 subgroup of K ′ := Dn−2 ×B2.
Let ν be the linear character of Dn−2 × B2 that defines K in K ′. Then

ν|Dn−2×{id} and ν|{id}×B2 are linear characters of Dn−2 and B2, respectively. In
particular, the linear character ν|Dn−2×{1} is given by ε|Dn−2×{1}.

Let U � Sa,b be an irreducible representation of K ′, where U is an irreducible
representation of Dn−2 and Sa,b is an irreducible representation of B2; here, a and
b are two integer partitions such that |a|+ |b| = 2. Since n is odd, U is of the form
resBn−2

Dn−2
Sλ,μ, where λ and μ are two (distinct) partitions such that |λ|+ |μ| = n−2.

Let V be an irreducible constituent of resK′
K Sλ,μ � Sa,b. Every irreducible

representation of K arises this way. We proceed with the assumptions that
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λ /∈ {μ, μ′} and a = b = (1). We now look at the induced representation
indBn

K V = indBn

K′ indK′
K V . Since the restriction ν|Dn−2×{id} is given by ε, we see

that indK′
K V = Sλ,μ � S(1),(1) ⊕ Sλ′,μ′ � S(1),(1). Hence, by using the arguments

that led us to (7.54), we obtain

indBn

K V = indBn

K′ S
λ,μ � S(1),(1) ⊕ indBn

K′ S
λ′,μ′ � S(1),(1)

=

⎛
⎝ ⊕

τ∈λ̄,ρ∈μ̄

Sτ,ρ

⎞
⎠⊕

⎛
⎝ ⊕

ρ∈μ̄,τ∈λ̄

Sρ,τ

⎞
⎠

⊕
⎛
⎝ ⊕

τ∈λ̄′,ρ∈μ̄′

Sτ,ρ

⎞
⎠⊕

⎛
⎝ ⊕

ρ∈μ̄′,τ∈λ̄′

Sρ,τ

⎞
⎠. (7.72)

For λ := (r, 1r) and μ := (s, 1s−1), where 2r+ 2s− 1 = n− 2, we see that the mul-
tiplicity of S(r+1,1r),(s,1s) in (7.72) is 2. Hence, K is not a strong Gelfand subgroup
of Bn.

(2) K is a non-direct product index 2 subgroup of K ′ := Hn−2 ×B2.
This case develops essentially in the same way as the previous case does; K is

not a strong Gelfand subgroup of Bn. We omit the details for brevity.
(3) K is an index 2 subgroup of a non-direct product index 2 subgroup K ′ of

Bn−2 ×B2.
Let ν′ be the linear character of Bn−2 × B2 that defines K ′. Since K ′ is an

index 2 subgroup of Bn−2 × B2, the linear characters ν′|Bn−2 and ν′|B2 are in
{δBn−2 , (εδ)Bn−2} and {δB2 , (εδ)B2}, respectively. Let ν be the linear character of
K ′ such that K = ker ν. Then we see that ν|K′∩(Bn−2×{1}) is obtained by restrict-
ing δ on the kernel of (εδ)Bn−2 , or vice versa. Likewise, we have ν|K′∩({id}×B2) is
the restriction of δ onto the kernel of (εδ)B2 , or vice versa. The irreducible rep-
resentations of K are constructed in two stages: first, we describe the irreducible
representations of K ′ (by using Clifford theory applied to Bn−2), then we apply
the same method (Clifford theory) to K ′. In particular, the decompositions of the
induced irreducible representations ofK have the same description as those induced
irreducible representations from the previous two cases. Therefore,K is not a strong
Gelfand subgroup.

In summary, a non-direct product index 4 normal subgroup of Bn−2 ×B2 with
γK = Sn−2 × S2 is a strong Gelfand subgroup of Bn only if it is among the strong
Gelfand subgroups we described previously.

7.3.14. Non-direct product index 2 subgroups of Dn−2 ×G and Hn−2 ×G

In this section, G is one of the subgroups B2, D2, H2, or S2. Let us first assume
that K is a non-direct product index 2 subgroup of Dn−2 × B2. Our analysis in
the first paragraph and part (1) of the previous Sec. 7.3.13 shows that K cannot
be a strong Gelfand subgroup. At the same time, since every non-direct product
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index 2 subgroup of the form Dn−2 × G, where G ∈ {H2, D2, S2} is contained in
a non-direct product index 2 subgroup of Dn−2 × B2, by the transitivity of the
strong Gelfand subgroup property, we see that there is no non-direct product index
2 strong Gelfand subgroup of the form Dn−2×G. The case where K is a non-direct
product index 2 subgroup of Hn−2 ×G can be handled in an entirely similar way;
there are no new strong Gelfand subgroups in this case also. In summary, a non-
direct product index 2 subgroup of Dn−2 ×G or Hn−2 ×G with γK = Sn−2 ×S2 is
a strong Gelfand subgroup of Bn only if it is among the strong Gelfand subgroups
we described previously.

7.3.15. Summary for γK = Sn−2 × S2

We now summarize the conclusions of the previous subsections in a single
proposition.

Proposition 7.73. Let n ≥ 8 and let K be a subgroup of Bn such that γK =
Sn−2×S2. In this case, (Bn,K) is a strong Gelfand pair if and only if K is conjugate
to one of the following subgroups:

(1) K = Bn−2 ×B2,

(2) K = Bn−2 ×D2,

(3) K = Bn−2 × S2,

(4) K = Bn−2 ×H2,

(5) K = Dn−2 ×D2 if n is odd,
(6) K = Dn−2 ×B2 if n is odd,
(7) K = Hn−2 ×D2 if n is odd,
(8) K = Hn−2 ×B2 if n is odd,
(9) K = Dn−2 ×H2 if n is odd,

(10) K = Hn−2 ×H2 if n is odd,
(11) three non-direct product index 2 subgroup of Bn−2 ×D2,

(12) two non-direct product index 2 subgroups of Bn−2 ×H2 if n is odd,
(13) six non-direct product index 2 subgroups of Bn−2 ×B2 if n is odd.

7.4. Exceptional cases

Finally, we add some closing remarks regarding the missing cases for small n. Note
that the strong Gelfand subgroups that we have found in Secs. 6 and 7, and collected
in Table 1, are all still strong Gelfand pairs in these small cases. Our lower bounds on
n come in when reducing the possible cases to check, and are thus required only in
order for the corresponding parts of Table 1 to be exhaustive. For γK = Sn orAn, we
have filled in these extra cases along the way, and they appear in Propositions 6.21
and 6.30. With more work, we could have considered these extra subgroups when
γK = Sn−1×S1 or Sn−2×S2, for example extending Corollary 7.29 and Lemma 7.30
to pick up extra possible subgroups for n ≤ 6.
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Further to these, there are also missing cases for n = 4, 5 and 6 arising due to
the extra possibilities for γK — see [2, Theorem 4.13].

Instead of an extensive body of work to explicitly give a long list of all strong
Gelfand subgroups in these few small cases, we have instead computed them in GAP,
and the following proposition (along with Lemma 7.48) summarize the number of
these in each case, with finer detail for B3.

Proposition 7.74. For B3, Table 1, Propositions 6.21, 6.30 and 7.43 give us 21
strong Gelfand subgroups. In fact, there are 22 in total. Up to conjugation, the only
strong Gelfand subgroup we have not seen, which falls into the case γK = S2 × S1,

is

K = S2 ×B1 = {((0, 0, 0), idB1), ((0, 0, 1), idB1), ((0, 0, 0), (1, 2)), ((0, 0, 1), (1, 2))}.
Up to conjugation, the other small hyperoctahedral groups have the following num-
bers of strong Gelfand subgroups:

• B4 has 32 strong Gelfand subgroups.
• B5 has 43 strong Gelfand subgroups.
• B6 has 20 strong Gelfand subgroups.
• B7 has 37 strong Gelfand subgroups.
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Lyle for advice on GAP. We are also grateful for the support and resources provided
by the Scientific Computing Section of the Research Support Division at OIST.
Finally, we thank an anonymous referee for providing data that enabled us to fix
mistakes in a previous version.

References

[1] A. Aizenbud, D. Gourevitch, S. Rallis and G. Schiffmann, Multiplicity one theorems,
Ann. of Math. (2) 172(2) (2010) 1407–1434.

[2] G. Anderson, S. P. Humphries and N. Nicholson, Strong Gelfand pairs of symmetric
groups, J. Algebra Appl., https://doi.org/10.1142/S0219498821500547.

[3] C. Benson and G. Ratcliff, A family of finite Gelfand pairs associated with wreath
products, Colloq. Math. 152(1) (2018) 65–78.

[4] M. R. Bridson and C. F. Miller, III, Structure and finiteness properties of subdirect
products of groups, Proc. London Math. Soc. (3) 98(3) (2009) 631–651.

[5] T. Ceccherini-Silberstein, A. Mach́ı, F. Scarabotti and F. Tolli, Induced representa-
tions and Mackey theory, J. Math. Sci. (N.Y.) 156(1) (2009) 11–28.

[6] T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli, Representation Theory of the
Symmetric Groups: The Okounkov–Vershik Approach, Character Formulas, and Par-
tition Algebras, Cambridge Studies in Advanced Mathematics (Cambridge University
Press, Cambridge, 2010).

2150010-62



February 13, 2021 10:24 WSPC/S0129-167X 133-IJM 2150010

Strong Gelfand subgroups of F � Sn

[7] T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli, Representation Theory and Har-
monic Analysis of Wreath Products of Finite Groups, London Mathematical Society
Lecture Note Series, Vol. 410 (Cambridge University Press, Cambridge, 2014).

[8] C. W. Curtis and I. Reiner, Representation Theory of Finite Groups and Associa-
tive Algebras (AMS Chelsea Publishing, Providence, RI, 2006), Reprint of the 1962
original.

[9] I. M. Gel’fand and M. L. Cetlin, Finite-dimensional representations of groups of
orthogonal matrices, Dokl. Akad. Nauk SSSR (N.S.) 71 (1950) 1017–1020.

[10] I. M. Gel’fand and M. L. Cetlin, Finite-dimensional representations of the group of
unimodular matrices, Dokl. Akad. Nauk SSSR (N.S.) 71 (1950) 825–828.

[11] C. Godsil and K. Meagher, Multiplicity-free permutation representations of the sym-
metric group, Ann. Comb. 13(4) (2010) 463–490.

[12] G. D. James and A. Kerber, The Representation Theory of the Symmetric Group,
Encyclopedia of Mathematics and its Applications, Vol. 16 (Addison-Wesley, Read-
ing, MA, 1981).

[13] J. C. Jantzen, Representations of Algebraic Groups, 2nd edn., Mathematical Surveys
and Monographs, Vol. 107 (American Mathematical Society, Providence, RI, 2003).

[14] T. Kobayashi and T. Matsuki, Classification of finite-multiplicity symmetric pairs,
Transform. Groups 19(2) (2014) 457–493.
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