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A B S T R A C T

The extensional dynamics of an elasto-viscoplastic (EVP) fluid is studied by means of numerical simulations
modelling an experimental configuration. Specifically, we track the interface between the EVP material and the
Newtonian medium using an algebraic volume of fluid method (MTHINC-VOF) and employ a fully Eulerian
immersed boundary method (IBM) to model the motion of the piston responsible for the extension of the
material. We investigate the role of different values of the yield stress, surface tension at the interface between
the EVP material and the surrounding fluid, polymer viscosity ratio, and extension rates on the necking
thickness of the material, extensional viscosity, and yielding of the material for two sets of parameter with
low and high elasticity. The results of the simulations reveal that when the yield stress of the EVP material is
much larger than the viscous stresses, the material undergoes an elastic deformation, regardless of the selected
values of the extension rate, interfacial forces, and viscosity ratio. Moreover, by increasing the ratio of the
polymeric viscosity to the total viscosity of the system, the EVP material produces stronger strain hardening
and reaches the minimum resolvable width sooner. Specific and novel to our study, we show that interfacial
forces cannot be ignored when the surface tension coefficient is such that a Capillary number based on the
extensional rate is of order 1. For large values of the surface tension coefficient, the EVP material fails sooner,
with a clear deviation from the exponential reduction in the neck thickness. Moreover, our results suggest that
the role of the yield stress value on the dynamics of the material is more pronounced at lower elasticity.
. Introduction

Researchers in fluid mechanics have soon identified the need to
onsider fluids for which the stress tensor is not linearly proportional
o the strain rate and memory effects become important. Indeed, in
any industrial and biological applications, working fluids exhibit a
ore complex behaviour and are categorised as non-Newtonian. Blood

low in biological tissues, liquid foams, polymer solutions and hot metal
orming in industry and mudslides, meteoric and tectonic dynamics
f the earth in geological fluid dynamics [1], food processing [2],
ilm blowing, drag reduction, lubrication, extrusion and fibre spin-
ing [3], ink jet printing [4], atomisation of fertilisers and pesticides
nd electro-spinning processes [5] are examples of the importance of
on-Newtonian fluids.

The presence of a microstructure may cause non-Newtonian fluids
o exhibit variable viscosity and elastic and/or plastic behaviour, i.e.
iscoelastic materials and yield stress and viscoplastic fluids. Some
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materials may show both plasticity and elasticity, the so-called elasto-
viscoplastic materials (hereafter referred to as EVP materials) [6]; if the
applied stress is less than a threshold value (yield stress) the material
remains solid and undergoes elastic deformations due to the applied
shear. The same material, however, starts flowing if the applied stress
exceeds the yield stress [6,7].

Several studies in the past have separately considered viscoelastic
and viscoplastic fluids. Recent observations, however, have proved the
existence of material deformation below the yield stress as well as
extensibility of some yield stress materials. Carbopol has been shown
to display elastoviscoplastic properties [8]. Bamforth et al. [9] ascribed
the discrepancies in the comparison between experiments in Kaolin
(a yield stress fluid) and computational results to the possibility of
deformation below the critical (yield) stress. Furthermore, phenomena
such as the fore-and-aft asymmetry and negative wake behind a sphere
observed experimentally for the flow of yield stress fluids have been
attributed to the elasticity of the yield stress materials [10]. Nelson
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et al. [2] have recently documented high extensibility in yield stress
materials. These studies all point to the fact that yield stress fluids
inevitably have intrinsic elastic properties which should be considered.

These observations motivated several attempts to introduce mathe-
matical descriptions of EVP fluids. Yoshimura et al. [11] extracted the
material rheology under large amplitude oscillatory shear (LAOS) of
an elastic Bingham model to match experiments. The same base model
was later extended by Doraiswamy et al. [12] to include a Cox–Merz
rule. Furthermore, Sollich et al. [13] introduced a probabilistic method
to describe some of the features of EVP materials. Saramito [7] devel-
oped a tensorial constitutive model wherein the material behaves as a
Kelvin–Voigt solid before a critical stress is reached and as an Oldroyd-
B viscoelastic fluid above the critical stress. To account for shear
thinning (e.g. Carbopol [8] and liquid foams [14]) and the less common
shear thickening observed in some materials after yield, Saramito [15]
improved his earlier model to predict a Kelvin–Voigt solid before
yielding and a non-linear, viscoelastic, Herschel–Bulkley fluid after
yielding. Unlike previous models for elastoviscoplasticity, the models
in [7,15] are thermodynamically admissible. Additionally, they predict
a smoother behaviour as the material transitions through yielding. Ben-
ito et al. [16] also presented a tensorial, non-linear Bingham model for
EVP foams and emulsions based on the evolution of a so called ‘‘stored
deformation tensor’’. This model predicts the deformation in the elastic
regime before the occurrence of plastic creep and viscous flow at higher
applied stresses. Borrowing ideas from solid mechanics, Dimitriou and
McKinley [17] introduced an EVP model which accounts for complex
rheological responses like kinematic hardening and thixotropy. In this
paper, we adopt the model from Saramito [7], which was proved to be
suitable for numerical simulations, see e.g. [18–20]

From a practical point of view, a primary consideration is how to
measure the properties of these complex EVP materials. Over the years,
the extensional filament stretching procedure [21,22] has turned out to
be effective in extracting rheological properties of complex fluids. Con-
sequently, both experimental and (few) numerical efforts have focused
on the dynamics of filament stretching in non-Newtonian fluids. Among
those, Valette et al. studied fast stretching of fluid filaments using
numerical simulations and compared the results with experiments [23].
Their results show the role of Newtonian viscosity, surface tension
and Bingham yield stress on the deformation of the filament and the
formation of drops or broken threads.

Unlike the case of shear flows (dictated by a linear input [22]),
extensional flows are dictated by a non-linear exponential input and
can therefore impose more stringent kinematic conditions on the flow.
As a result, several non-linear features (like extensional strain harden-
ing) only become apparent with an extensional procedure [24,25]. It
should also be considered that extensional flows present themselves as
better candidates to reveal the physics of flexible macromolecules and
the orientation of rigid molecules [22].

Considering the limitations often faced by experimentalists where
the parameter range is usually restricted by the test material, numerical
simulations offer a certain flexibility in the parameter selection and
the possibility of performing more detailed analyses. For viscoelastic
fluids, early numerical efforts to model extensional flows used either
an Eulerian finite-element method for differential viscoelastic constitu-
tive equations (e.g. [21,26]), the Lagrangian finite-element approach
for integral constitutive equations (e.g [27]) or the boundary-element
method (e.g. [28]). Here, we borrow the idea of [29] and adjust
their method to model a moving wall with interface tracking to de-
fine the material deformation. The proposed model is fully Eulerian,
hence requires less computational resources and facilitates the code
parallelisation.

Past attempts to numerically simulate filament stretching in yield
stress fluids include the work by Balmforth et al. [9], who modelled
the extensional and thinning dynamics of yield stress bridges using the
slender filament approach based on the Herschel–Bulkley constitutive
2

equation, and Dimakopoulos et al. [30], who developed a penalised
augmented Lagrangian algorithm for a yield stress fluid which com-
pared favourably with the simulations from Balmforth et al. [9]. Also
following this work, Moschopoulos et al. [31] performed simulation of
linearly extending yield stress fluids using the half length model.

In this context, the objective of the present work is twofold. On
one hand we wish to establish a numerical framework for high-fidelity
realistic simulations of extensional flows where different constitutive
relations could be tested against experimental data. Indeed, exten-
sional flows reveal more easily the nonlinear material dynamics and
present therefore a more stringent test for any theoretical modelling.
Of particular interest here, the rheological modelling of elastoviscoplas-
ticity is challenging due to nonlinearities and complex constitutive
equations [32,33]. On the other hand, we hope the present simula-
tions contribute to fill some gaps in our current understanding of the
material behaviour, those mainly due to simplifying assumptions in
current theoretical investigations. In detail, our work aims to inves-
tigate the combined effect of capillarity, elasticity, inertia, plasticity
and viscosity on the filament stretching by means of numerical sim-
ulations of the Saramito model, with minimum assumptions in terms
of physical properties. By doing this, we wish to extend the current
discussion and analysis of the extensional dynamics of complex fluids
from visco-elasto-capillary [5] to visco-elasto-plasto-capillary.

The paper is organised as follows. In Section 2, we introduce and
describe the governing equations whereas the scheme and algorithm
used for their numerical solution are introduced in Section 3. We
present the physical configuration in Section 4 and discuss the results
of our numerical simulations in Section 5. We conclude the paper by
summarising the major findings in Section 6.

2. Governing equations

We will simulate the stretching of an EVP material in a second fluid.
To track the interface between the EVP material and the Newtonian
medium and computing the interaction forces between the two phases
in the system, we employ a volume of fluid method. To do so, we define
an indicator (or colour) function which is 1 inside the EVP and zero
otherwise. We denote the indicator function by 𝐻 and update it by
solving the following advection equation [34]:
𝜕𝜙
𝜕𝑡

+
𝜕𝑢𝑖𝐻
𝜕𝑥𝑖

= 𝜙
𝜕𝑢𝑖
𝜕𝑥𝑖

, (1)

where 𝜙 is the averaged value of the indicator function in each cell,
and 𝑢𝑖 represents the velocity vector.

The fluid motion is governed by the conservation of mass and
momentum:

𝜕𝑢𝑖
𝜕𝑥𝑖

= 0,

𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕𝜌𝑢𝑖𝑢𝑗
𝜕𝑥𝑗

=
𝜕𝜎𝑖𝑗
𝜕𝑥𝑗

+ 𝑓𝜎𝑖 + 𝑓𝐼𝑖 ,
(2)

where 𝑓𝐼𝑖 is the immersed-boundary force (discussed later in the next
section), 𝑓𝜎𝑖 represents the surface tension forces, and 𝜎𝑖𝑗 is the Cauchy
tress tensor:

𝑖𝑗 = −𝑃𝛿𝑖𝑗 + 2𝜇𝑒𝑖𝑗 + 𝜏𝑖𝑗 . (3)

Here 𝑃 is the pressure, 𝛿 is the Kronecker delta, 𝜇 the dynamic viscosity
and 𝑒𝑖𝑗 denotes the strain rate tensor:

𝑒𝑖𝑗 =
1
2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)

. (4)

In Eq. (3), 𝜏𝑖𝑗 represents the viscoelastic stress tensor which models
the non-Newtonian fluid characteristics. We employ the constitutive
equation proposed by Saramito [35] to model the non-Newtonian
stress in the EVP material. In this model, if the stress is below the
yield stress (𝜏𝑦), the fluid element only undergoes recoverable Kelvin–
Voigt viscoelastic deformation; however, if the stress exceeds the yield
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stress, the model reduces to the Oldroyd-B viscoelastic model. The
components of the non-Newtonian stress tensor are therefore governed
by the following transport equation:

𝜆
( 𝜕𝜏𝑖𝑗

𝜕𝑡
+ 𝑢𝑘

𝜕𝜏𝑖𝑗
𝜕𝑥𝑘

− 𝜏𝑘𝑗
𝜕𝑢𝑖
𝜕𝑥𝑘

− 𝜏𝑖𝑘
𝜕𝑢𝑗
𝜕𝑥𝑘

)

+ 𝑚𝑎𝑥
(

0,
|𝜏𝑑 | − 𝜏𝑦

|𝜏𝑑 |

)

𝜏𝑖𝑗 = 2𝜇𝑝𝑒𝑖𝑗 ,

(5)

here 𝜆 and 𝜇𝑝 represent the relaxation time and an additional viscos-
ty. In Eq. (5), |𝜏𝑑 | is the second invariant of the deviatoric part of the
on-Newtonian stress tensor |𝜏𝑑 | =

√

0.5 𝜏𝑑𝑖𝑗𝜏
𝑑
𝑖𝑗 .

. Numerical method

We solve the system of equations introduced above on a staggered
esh: the velocity components are defined at the faces whereas all the

ther variables are defined at the cell centre. All the spatial derivatives
re discretised using second-order finite differences except that, for nu-
erical stability purposes, the advection term in the transport equation

or the non-Newtonian stresses (see Eq. (5)) is discretised using a fifth-
rder WENO scheme; nevertheless the spatial order of convergence
s eventually quadratic because it is limited by the 2nd order finite
ifferences used for the remaining terms. The different equations are
dvanced in time using the second order Adams–Bashforth scheme.
inally, we use a fractional-step method to impose the incompressibility
onstraint on two-fluid system, following the procedure suggested in
odd and Ferrante [36].

To reconstruct the interface between the EVP and the external
ewtonian fluid, among different VOF models, we employ the mul-

idimensional tangent of hyperbola for interface capturing method
hereafter will be referred to as MTHINC-VOF). The method was orig-
nally proposed by [34] and extended to multiple dimensions in [37].
n the MTHINC-VOF model, the indicator function (𝐻) is approximated

as follows:

𝐻 (𝒙, 𝑡) ≈ �̃�
(

𝑥𝑖
)

= 1
2
[

1 + tanh
(

𝛽
(

𝑃𝑛
(

𝑥𝑖
)

+ 𝑑
))]

, (6)

here 𝑥𝑖 are the coordinates in space, 𝛽 is a sharpness parameter, and
is a normalisation parameter. 𝑃𝑛(𝑥𝑖) is a quadratic function of the

oordinate vector. We define the local normal vector (𝑛𝑖) and the six
alues of the curvature tensor (𝑅𝑖𝑗) as [38]:

𝑛𝑖 =
1

|

𝜕𝜙
𝜕𝑥𝑖

|

𝜕𝜙
𝜕𝑥𝑖

𝑖𝑗 =
1
2

(

𝜕𝑛𝑖
𝜕𝑥𝑗

+
𝜕𝑛𝑗
𝜕𝑥𝑖

)

.

(7)

The normalisation parameter (𝑑) is computed to satisfy the follow-
ing constraint:

∫

1

0 ∫

1

0 ∫

1

0
�̃�𝑑𝑋1𝑑𝑋2𝑑𝑋3 = 𝜙. (8)

Once the indicator function 𝐻 and its averaged value at each cell
𝜙 are updated by solving Eq. (1), we compute the surface tension
forces acting on the interface using the continuum surface force (CSF)
model [39]:

𝑓𝜎𝑖 = −𝜎
𝜕𝑛𝑗
𝜕𝑥𝑗

𝜕𝜙
𝜕𝑥𝑖

. (9)

Note finally that the solvent viscosity, 𝜇, and the density, 𝜌, vary
between 𝜌1 and 𝜇1 inside the EVP fluid to 𝜌2 and 𝜇2 in the Newtonian
medium through a linear interpolation based on the local value of the
function 𝜙 [38].

The EVP material is extended by pulling a piston attached to its top
side. To model the piston, we use the immersed-boundary model (IBM)
proposed by Kajishima et al. [40] and combine it with the selected
interface tracking approach (MTHINC-VOF) by adjusting the method
proposed in [29]. We define the local volume fraction (𝛾) as the fraction
3

v

of volume of the computational cell occupied by the piston; hence, the
volume fraction is zero for all the numerical cells in the fluids and unity
for the cells entirely located inside the piston. Kajishima et al. suggested
to calculate the IBM force, 𝑓𝐼𝑖 , used in the momentum equations as

𝑓𝐼𝑖 = 𝛾
𝑢𝑝𝑖 − 𝑢∗𝑖

𝛥𝑡
𝑢∗∗𝑖 = 𝑢∗𝑖 + 𝛥𝑡𝑓𝐼𝑖

(10)

where 𝑢𝑝𝑖 is the piston velocity (computed to satisfy the prescribed
extension rate), 𝑢∗𝑖 is the typical prediction velocity in any fractional
step algorithm, and 𝑢∗∗𝑖 is defined as the second prediction velocity
using Eq. (10). The present implementation of an EVP fluid and of the
VOF method has been extensively validated in several previous works,
see e.g. [32,38,41].

It is worth to recall that the type and value of boundary condition
for the volume fraction 𝜙 changes the shape of the material at the
wall, and thus partially affects the extensional dynamics where the
boundary condition controls the wettability of the solid surface. Here,
however, we will not consider variations of the contact angle. In
the employed Immersed Boundary framework, we only prescribe the
velocity boundary condition at the solid wall and let the coupled system
of equations (Naviers Stokes Eq. (2) and VOF transport (1)) control the
contact dynamics at the wall via a balance between surface tension and
advection. Effectively, the interface behaves as a free surface near the
end plates.

4. Simulation setup

Fig. 1(a) illustrates the setup used in all the simulations. The compu-
tation domain (light grey area in Fig. 1a) has size [𝑋1, 𝑋2]×[4𝑅0, 12𝑅0],

here 𝑅0 is the initial width of the EVP sample used as reference
enght; the origin of the adopted Cartesian coordinate system is on
he left bottom of the numerical domain. The two-dimensional sheet
f the EVP material (coloured in blue) is initially placed between a
olid substrate and a solid piston (both are represented in dark grey
n Figs. 1(a) to (d). The initial height and width are chosen to ensure
hat the initial aspect ratio is unity, i.e. both equal to 𝑅0. This value
as been recommended and specified to be the optimal aspect ratio for
h sample stretching procedures [21,27,42]. The piston moves upward
ith a prescribed velocity corresponding to the desired extension rate

�̇�:

𝑝 =
𝑑𝐿
𝑑𝑡

, 𝐿(𝑡) = 𝑅0𝑒
�̇�𝑡. (11)

he position of the piston is represented in Fig. 1(e) versus time
or the three values of the extension rate studied here. During the
xtension, we monitor the evolution of the minimum thickness of
he EVP material, denoted by 𝑅(𝑡), see Fig. 1(c), until the sample
reaks (panel 1d). The non-Newtonian contribution of the extensional
iscosity is calculated from the averaged value (along the 𝑋1 direction)
f the normal stress difference at the wall-normal location of minimum
hickness of the EVP sample, denoted 𝑋2𝑚 in Fig. 1c:

+
𝐸
(

̇𝜖0, 𝑡
)

=
[

𝜏11
(

𝑋2𝑚 , 𝑡
)

− 𝜏22
(

𝑋2𝑚 , 𝑡
)]

∕ ̇𝜖0, (12)

here ̇𝜖0 is the initially imposed extension rate and the square bracket
ndicate the spatial averaging. A periodic boundary condition is im-
osed for all the variables on the left and right boundaries of the
omain, while the bottom and the top boundaries are modelled as
olid walls with no-slip and impermeability boundary conditions for
he velocity components and Neumann boundary conditions for the
ressure. We define the initial length of the EVP sample, 𝑅0, the inverse
f the extension rate (1∕�̇�), and 𝑅0�̇� as the reference length, time, and
elocity. The density of the EVP material is considered as the reference
ensity (𝜌0 = 𝜌1) and the total viscosity of the EVP, i.e. the summation
f the Newtonian and polymeric viscosity, is assumed as the reference

iscosity, 𝜇0 = 𝜇1 + 𝜇𝑝. Using these reference values, we define the
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Fig. 1. Schematic of the simulation setup. The sample, a square of edge 𝑅0, is placed on a solid substrate and attached to a piston moving upwards with velocity 𝑢𝑝, defining an
extension rate �̇�. The computational domain has dimensions 4𝑅0 × 12𝑅0 in the wall-parallel and stretching directions.
Fig. 2. Extensional viscosity versus the material extension, 𝑡∗ = �̇�𝑡, for varying grid sizes i.e. 𝛥𝑥 = 1∕8, 1∕16, 1∕32, 1∕64. The simulations are performed for two sets of the
governing physical parameters. For the results on the left, we set 𝑊 𝑖 = 1.0, 𝑅𝑒 = 0.01, 𝐵𝑖 = 0, 𝐶𝑎 = ∞, 𝜅𝜌 = 1, 𝜅𝜇 = 1, 𝛼 = 0.9 whereas for the configuration on the right,
𝑊 𝑖 = 1.0, 𝑅𝑒 = 0.01, 𝐵𝑖 = 1, 𝐶𝑎 = 100, 𝜅𝜌 = 102 , 𝜅𝜇 = 104 , 𝛼 = 0.5.
Weissenberg number (𝑊 𝑖), the Reynolds number (𝑅𝑒), the Bingham
number (𝐵𝑖), and capillary number (𝐶𝑎) as follows:

𝑊 𝑖 = 𝜆�̇�, 𝑅𝑒 =
𝜌0�̇�𝑅2

0
𝜇0

, 𝐵𝑖 =
𝜏𝑦
𝜇0�̇�

, 𝐶𝑎 =
𝜇0�̇�𝑅0

𝜎
. (13)

Furthermore, we define 𝜅𝜌 and 𝜅𝜇 as the ratio of density and viscosity
of the EVP material and the external Newtonian fluid, and the viscosity
ratio 𝛼 = 𝜇𝑝∕(𝜇1 + 𝜇𝑝).

4.1. Grid independence studies

To determine a suitable mesh size, we first perform simulations for
a flow with 𝑊 𝑖 = 1.0, 𝑅𝑒 = 0.01, 𝐵𝑖 = 0, 𝐶𝑎 = ∞, 𝜅𝜌 = 1, 𝜅𝜇 = 1, and
𝛼 = 0.9 using different grid sizes, namely 𝛥𝑥 = 1∕8, 1∕16, 1∕32, 1∕64.
The extensional viscosity 𝜇+

𝐸
(

̇𝜖0, 𝑡
)

at the section of minimum width of
the EVP material is displayed in Fig. 2a for the different resolutions.
Because we use a fixed (Eulerian) mesh, we can resolve the sample
thickness up to the numerical grid size, and cannot reproduce an
infinite thinning of the EVP material before the break-up. In other
words, the smaller the grid size, the later the EVP sample breaks. We
therefore restrict our grid convergence analysis to the initial part of
the thinning process. According to Fig. 2a, the difference in extensional
viscosity at the late stages, i.e. before the sample breakup, is reasonably
small between the grids of size 1∕32 and 1∕64. To confirm the choice of
the resolution 1∕32, we investigate the grid convergence for a second
4

flow, characterised by 𝑊 𝑖 = 1.0, 𝑅𝑒 = 0.01, 𝐵𝑖 = 1, 𝐶𝑎 = 100, 𝜅𝜌 =
102, 𝜅𝜇 = 104, and 𝛼 = 0.5 . Our results, (see Fig. 2b), show that the
numerical solution converges with mesh size 1∕32 also in this case.
Hence, the resolution 𝛥𝑥 = 1∕32 is used to obtain the results discussed
below, which provides good results within a reasonable amount of
computational time, allowing us to perform a full parametric study.
Note that, in the employed algebraic Volume of Fluid method, the
variation of the averaged indicator function, 𝜙, is roughly restricted
to two numerical cells. Thus, considering the selected grid size of
𝛥𝑥 = 1∕32, simulation results are not reliable when the width of the
filament decrease to values below 2∕32 (𝑅𝑚𝑖𝑛 < 0.0625), corresponding
to a minimum physical value 𝑅𝑚𝑖𝑛∕𝑅0 = 0.03125. Hereafter, we refer to
this limit as the minimum resolvable width of the material.

5. Results and discussion

We define as main reference the case with 𝑊 𝑖 = 1.0, 𝑅𝑒 = 0.01,
𝐶𝑎 = 100, 𝐵𝑖 = 1, 𝜅𝜌 = 102, 𝜅𝜇 = 104, and 𝛼 = 0.5. It is worth to
mention that typical values for density and viscosity ratios between an
EVP material and air in experiments are 𝜅𝜌 ≈ 103, 𝜅𝜇 ≈ 105. Given the
large parameter space, we selected a reference case with non-negligible
elasticity and yield stress, and a surrounding fluid with significantly
lower viscosity and density. A significant contribution of elasticity to
the dynamics has been chosen to also compare with the several results

in literature for viscoelastic materials. Selecting larger the values of
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Fig. 3. (a) Normalised width and (b) extensional viscosity at the minimum radial section versus the non-dimensional time (or instantaneous extension) 𝑡∗ for different Weissenberg
numbers: 𝑊 𝑖 = �̇�𝜆 ∈ [0.1, 1, 10]. The other parameters are: 𝐵𝑖 = 1.0, 𝐶𝑎 = 100, 𝑅𝑒 = 0.01, 𝛼 = 0.5, 𝜅𝜌 = 102 and 𝜅𝜇 = 104. The dashed lines represent the analytical solution of Saramito’s
model with corresponding colour for the corresponding cases.
viscosity or density ratios would require a smaller time step and make
the simulations much more expensive. To be able to span a wide range
of the governing parameters, we need therefore a trade-off between the
choice of the density and viscosity ratios, 𝜅𝜌 and 𝜅𝜇 , and the number
of simulation cases.

To disentangle the effect of changing the yield stress (𝜏𝑦), surface
tension coefficient (𝜎), extension rate (�̇�), and viscosity ratio, in the
presence of all other physics, we will keep all the parameters as in the
reference case and change only one of them at a time. In addition, to
focus on the extensional dynamics at lower elasticity, approaching the
limit of viscoplastic materials, we will also vary the yield stress (𝜏𝑦) and
the surface tension coefficient (𝜎), for a second setup with 𝑊 𝑖 = 0.01,
𝑅𝑒 = 0.01, 𝜅𝜌 = 102, 𝜅𝜇 = 104, and 𝛼 = 0.5. Below, we present the effect
of each parameter in separate subsections.

For our analysis, we will examine two (normalised) measures: (i)
𝑅𝑚𝑖𝑛(𝑡)∕𝑅0 the ratio between the minimal material width at time 𝑡 and
the initial width of the sample; (ii) the transient extensional viscosity
at the minimum cross-section: 𝜇+

𝐸 (𝑡) =
[

𝜏11 − 𝜏22
]

∕ ̇𝜖0 where [𝜏11−𝜏22] is
the normal stress difference, averaged along the 𝑋1 axis, at the sample
minimum width. Note that, the sharp interface limit between the EVP
material and the surrounding fluid is numerically captured by the curve
𝜙 = 0.5

5.1. Effects of different values of the Weissenberg number

The time scale of the extensional process is determined by the
extension rate �̇�, normalised here with the polymer relaxation time
to give the Weissenberg number, 𝑊 𝑖. When inertia is negligible, the
dynamics change with the ratio between the imposed extensional time
scale and the polymer relaxation. The ratio of these two time scales
is one of the most important parameters dictating the dynamics of the
sample stretching.

The change in width of the sample (smallest thickness of the EVP
material as defined in Fig. 1c), and the extensional viscosity are shown
versus the non-dimensional instantaneous extension (alternatively non-
dimensional time, 𝑡∗) in Fig. 3 together with the analytical prediction
for the extensional viscosity obtained from Saramito’s model in the
limit of density ratio 𝜅𝜌 = 1 and no surface tension (𝐶𝑎 → ∞) for three
values of the Weissenberg number, i.e. 0.1, 1 and 10. We note first that
the extensional viscosity reaches its peak value at a lower extension
for the case 𝑊 𝑖 = 0.1. As the polymer relaxation is faster than the
imposed extension rate when 𝑊 𝑖 < 1, the extensional viscosity attains a
constant value, a ‘‘steady state’’ behaviour, before the material reaches
its minimum resolvable width, see panel b of the figure. For large
5

values of 𝑊 𝑖, on the contrary, the extensional viscosity increases until
the sample width reaches the minimum resolvable value. The results
suggest that the material stretches following the imposed extension
with a certain delay at high 𝑊 𝑖; the larger delay at the highest value
of 𝑊 𝑖 under investigation explains the reduced value of the internal
stresses (and of the extensional viscosity), while the geometry of the
two samples is similar for 𝑊 𝑖 = 1 and 𝑊 𝑖 = 10, see the evolution of
𝑅𝑚𝑖𝑛∕𝑅0 in panel (a) of Fig. 3.

We recall that, for the Saramito model considered here, the stress
increases without bound under extension when 𝑊 𝑖 ≥ 0.5, the so called
‘‘extensional catastrophe/coil-stretch transition’’ [21,24,43]. The fact
that the material can extend indefinitely without failure is an artefact
of the Oldroyd-B model, as also confirmed by numerical simulations of
viscoelastic elements (e.g. [21,24]). Even though the Saramito model is
an extension of the Oldroyd-B model, the sample will eventually break
in a numerical simulation at finite resolution, as in the viscoelastic
case in Ref. [21,24] (note that, as highlighted earlier, we cannot rely
on the quantitative results when 𝑅𝑚𝑖𝑛∕𝑅0 < 0.03125). Nevertheless,
at higher extension rates (𝑊 𝑖 = 1 and 𝑊 𝑖 = 10), the model shows
that the stretching sample becomes thin quite rapidly and reaches the
minimum resolvable width of the material after attaining a maximum
of the extensional viscosity, as opposed to the case of lower extension
rate where we observe a more gradual decrease of the extensional
viscosity after its peak. As emphasised earlier, the infinite extensibility
of the Oldroyd B model explains why the analytic solutions extend to
infinitely large times, see Fig. 3.

To complement these observations, we present visualisations of the
sample at two extension rates, i.e. two values of 𝑊 𝑖, in Fig. 4. Note
that in all the visualisations, the contour colours indicate the normal
stress difference [𝜏11 − 𝜏22]∕𝜇0�̇� with corresponding values indicated by
the side bars. To gain further insight on the physics of the extending
sample, the unyielded region, i.e. the solid part of the EVP material,
where the |𝜏𝑑 | < 𝜏𝑦 (see Eq. (5)), is depicted in red. First, we observe
that the unyielded regions appear close to the end plates, in zones
of low extensional stresses. However, because of the fast exponential
dynamics of the high 𝑊 𝑖 case (or alternatively the slower material
response), the middle part of the extending sample column is fully
yielded, as observed for increased extensional rate in [9]. Surprisingly,
we however observe a relatively large unyielded region near the plates.
These regions are most likely just remaining from the initial state given
the fast dynamics and/or slow material response at 𝑊 𝑖 = 10. For the
low 𝑊 𝑖 case, the slower evolution of the EVP implies lower shear
and extensional stresses, which explains why the unyielded regions
near the plate are larger. Finally, we note that, although the regions
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Fig. 4. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝑊 𝑖 = 0.1 and (bottom) 𝑊 𝑖 = 10 for the cases in Fig. 3.
The red regions indicate the unyielded material. The other parameters are: 𝐶𝑎 = 100, 𝑅𝑒 = 0.01, 𝐵𝑖 = 1.0, 𝛼 = 0.5, 𝜅𝜌 = 102 and 𝜅𝜇 = 104.
close to the end plates have low extensional stresses, the shear stresses
are relatively high due to the no-slip boundary condition [21]. The
combination of high shear stresses and unyielded regions may seem
contradictory. However, for an extending sample, the stresses mostly
contributing to the value of the invariant |𝜏𝑑 | are the tensile and not the
shear stresses. Hence, higher extensional stresses lead to yielding at the
midsection whereas higher-shear stresses may not necessarily induce
yielding close to the walls.

5.2. Effects of different values of Bingham number

We next study the effect of the yield stress on the extensional
dynamics of the EVP fluid. To this aim, we first examine results for
four values of the Bingham number, namely 𝐵𝑖 = [0, 0.01, 1, 100] and
other parameters as for the main reference case introduced above, when
elasticity is not negligible. The two observables considered here are
displayed in Figs. 5a and 5b.

First, we note in Fig. 5b that the simulation results are in good
agreement with the analytical solution of Saramito’s model before
the material reaches its minimum numerically resolvable width (see
dashed lines). Note that we expect a minor difference between the
simulation results (𝐶𝑎 = 100) and the analytical solution due to absence
of capillary effects and density contrast in the Saramito’s model. The
data also reveal a minimal dependence of the dynamics of extension
on 𝐵𝑖 even though the yield stress is varied over several order of
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magnitudes (from 0.01 to 100). This is more evident for the evolution
of 𝑅𝑚𝑖𝑛∕𝑅0 where the only visible effect occurs near the end of the
extensional process. We also note that the shape of the different curves
is similar, which points to similar underlying extensional dynamics,
with peak values only weakly dependent on the yield stress value, 𝜏𝑦.
This similarity can be understood by considering the dominant role of
Newtonian viscous diffusion at the relatively small value chosen for the
viscosity ratio (𝛼) and the large elasticity.

To examine the effect of different 𝐵𝑖 on the extensional dynamics
and focus on the plasticity effects, we report in panels c and d of
Fig. 5 the results for three values of the Bingham number, namely 𝐵𝑖 =
[0, 0.01, 1] for the second reference case where 𝑊 𝑖 = 0.01. As anticipated
by the data at low elasticity in Fig. 3, the minimum sample width
decreases faster in the limit of vanishing material elasticity, whereas
the extensional viscosity attains a constant value because of the quick
material response, a ‘‘steady state’’ value, before the material reaches
its minimum resolvable width, which is more gradual than in the cases
with 𝑊 𝑖 = 1 in panel b especially at low values of 𝐵𝑖. Interestingly,
we observe now a clear dependence on the Bingham number: the
extensional viscosity 𝜇𝐸 increases with 𝐵𝑖 and the sample thinning (the
decrease of 𝑅𝑚𝑖𝑛∕𝑅0) is faster. The value of the extensional viscosity is
larger than in the cases with 𝑊 𝑖 = 1 at early times while becomes
smaller at the high extensions preceding rupture.

The evolution of the EVP sample for the two extreme values of the
Bingham number under investigations for cases with 𝑊 𝑖 = 1 is shown



Journal of Non-Newtonian Fluid Mechanics 318 (2023) 105060M. Abdulrazaq et al.
Fig. 5. Normalised width (left column) and extensional viscosity (right column) at the minimum radial section versus the non-dimensional time (or instantaneous extension) 𝑡∗

for different values of the Bingham number, 𝐵𝑖 ∈ [0, 0.01, 1, 100] with 𝑊 𝑖 = 1.0, for the figures on the top row and 𝑊 𝑖 = 0.01, for the figures on the bottom. The other parameters
are: 𝐶𝑎 = 100, 𝑅𝑒 = 0.01, 𝛼 = 0.5, 𝜅𝜌 = 102 and 𝜅𝜇 = 104. The dashed lines represent the analytical results of Saramito’s model for the corresponding cases.
in Fig. 6. As expected, the unyielded region is small when 𝐵𝑖 = 0.01 and
larger when 𝐵𝑖 = 100. In particular, at high 𝐵𝑖, the material remains
almost completely unyielded throughout the extensional process, and
hence behaves as an ‘‘elastic solid’’. At lower values of the Bingham
number instead, we observe that the fluid yielding begins from the
middle of the sample and extends towards the end plates, see data for
𝐵𝑖 = 0.01 in the figure, where one can find pockets of unyielded ‘‘elastic
solid’’ close to the edges of the end plates while the rest of the EVP
material behaves as a liquid. For this low 𝐵𝑖 case, the unyielded regions
at the corners of the plates at first slightly increase as the extension
progresses (see image at time 𝑡∗ = 1.2). The localisation of low stress
at the corners described here (precursor to unyielded regions) was
also observed in [21] for the extensional stress in viscoelastic sample.
Here, however, we do not observe a thin boundary layer with high
stresses at the midplane interface, which can be explained by the more
homogeneous conditions due to a higher value of the sample initial
aspect ratio.

We focus on the dynamics at low elasticity in Fig. 7. Consistent
with the observations in Fig. 5(c) and 5(d), the visualisations suggest
an important effect of the 𝐵𝑖 at low extensibility, i.e, smaller valued
of 𝑊 𝑖. According to the top row in Fig. 7, small value of 𝐵𝑖, the
material yields very fast and exhibit viscoelastic behaviour even at
small extension rates. However, increasing the 𝐵𝑖 number to 1, we
observe an evolution of the unyielded regions. Right after starting the
extension, the stress exceeds the yield stress everywhere in the material
(except small regions at the interface) resulting in a fully viscoelastic
behaviour of the sample. As the extension continues, owing to the fast
response of the material at small 𝑊 𝑖, the stress concentration shifts
towards the central part of the sample where the necking happens.
Therefore, the unyielded region appears to extend from the endplates
(where the normal stresses are minor) towards the central part resulting
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in a triangular shape close to the endplates, as compared to the smooth
and curved shape of the material at the endplates for the sample at
lower 𝐵𝑖 values.

Note that a similar ‘‘freezing’’ of the bottom regions, observed
for both values of 𝑊 𝑖 considered here, was also reported for highly
viscoplastic Bingham fluids [9] and the presence of unyielded regions
close to the endplates has been previously reported for pure Bingham
fluids under extension in [9,31].

Summarising, notwithstanding the large variation of 𝐵𝑖 and the
transition from mostly yielded to mostly unyielded flow, the differences
in the overall behaviour are quite limited for the sample with 𝑊 𝑖 = 1.
We believe that the weak dependence on 𝐵𝑖 in the presence of signifi-
cant elasticity may be ascribed to the fact that the yield stress parameter
in the Saramito model is merely a ‘‘transition parameter’’ between
two similar viscoelastic models. At low 𝐵𝑖, a ‘‘Saramito’’ fluid mainly
exhibits the Oldroyd B viscoelastic behaviour, with constant shear
viscosity, whereas the material behaves as a Kelvin–Voigt viscoelastic
solid at higher values of 𝐵𝑖. Hence, a similar viscoelastic response is
obtained here regardless of the value of the Bingham number chosen.
Different is the case with a high value of the viscosity ratio, when
the viscous response of the yielded Oldroyd B fluid differs from that
of the Kelvin–Voigt viscoelastic solid. We will thus investigate the
extensional dynamics for the extreme values of 𝐵𝑖 under consideration
(𝐵𝑖 = 0.01, 100) for low and high viscosity ratios (𝛼 = 0.1, 0.9) in
Section 5.4. In the limit of vanishing elasticity, on the contrary, we
observe an increase of the extensional viscosity with 𝐵𝑖 and a more
rapid path to rupture.

5.3. Role of the capillary number

Before examining the effect of capillarity on the dynamics of an

extending EVP sample, we note that previous numerical studies on
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Fig. 6. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝐵𝑖 = 0.01 and (bottom) 𝐵𝑖 = 100 with 𝑊 𝑖 = 1, see also
data in the top row of Fig. 5. The red regions indicate the unyielded material.
non-Newtonian extensional flows (among others [24,25]) ignored the
effect of surface tension. This is assumed to be important only in the
final stages of necking in slowly extending fluids [24]. For very viscous
or highly elastic non-Newtonian fluids, i.e. 𝑊 𝑖 and 𝐶𝑎 ≫ 1, where
bulk stresses (viscous or elastic) dominate, the role of interfacial effects
is expected to be minor [24,28]. In general, the axial stress in the
sample increases when increasing capillarity [24,44]. This is clearly
seen in the analytic expression for the extensional viscosity (obtained
considering an ideal uniaxial flow) given in [45]. In addition, according
to the analysis in [45], the effect of the surface tension is magnified
when the width of the extending sample is small (at the later stages
of the extending process) and when the change in the rate at which
the width is reduced increases, supporting the assumptions mentioned
above. To study the effect of the capillary number under more general
conditions, we first consider five different values for 𝐶𝑎, namely 𝐶𝑎 ∈
[0.1, 1, 10, 100,∞] for the main reference case, when the elasticity of the
material is not negligible. The data pertaining the minimum normalised
width and stress are presented in Fig. 8a and b. From the evolution
of the width, we note that the effect of the capillary number is weak
for values larger than 10. For lower values, i.e. 𝐶𝑎 ≈ (1), when
viscous and interfacial forces are comparable in magnitude, the width
of the material decreases faster for larger values of the surface tension,
though the behaviour is still initially exponential. The same trend is
observed for the evolution of the extensional viscosity, see panel b of
the same figure. Neglecting the surface tension forces would therefore
lead to inaccurate predictions at low values of 𝐶𝑎, that is when the
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extension rate is relatively slow. It is also relevant to note that we use
here a viscosity ratio 𝛼 = 0.5, meaning that the bulk elastic stresses
are relatively modest, while they are stronger for higher values of 𝛼.
Hence, we expect that lower values of 𝐶𝑎 (or higher surface tension 𝜎)
will be needed to considerably affect the dynamics of the EVP material
in highly viscoelastic fluids (large values of 𝛼). This observation is
consistent with the assumption that capillary effects can be ignored
in the case of high elastic stresses [24], unless the surface tension is
particularly high.

In addition, our simulations reveal that the exponential extension
of EVP material, corresponding to a straight line on a semilog plot, is
not an accurate prediction when the Capillary number 𝐶𝑎 ≲ 10. This is
clearly observed in Fig. 8a, where the deviation from the exponential
reduction (a straight line) is seen for the lowest Capillary number con-
sidered. Note finally that we see a departure from the linear behaviour
also in the absence of surface tension once close to minimum resolvable
width of the material. This is however due to the fact that eventually
the film ruptures because the sample cannot become indefinitely long at
finite numerical resolution. This is also the case in experiments where
infinite extension is prevented by other factors such as the nonlinear
dynamics of realistic materials, and also the no-slip boundary condition
at the end plates. Note that the Saramito model reduces to an Oldroyd-
B model when the material yields resulting in an infinite extensibility,
which is however not possible at finite numerical resolution.

As in Section 5.2, we further investigate the role of surface tension
on the dynamics of an EVP material with lower 𝑊 𝑖 = 0.01. To do
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Fig. 7. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝐵𝑖 = 0.01 and (bottom) 𝐵𝑖 = 1 with 𝑊 𝑖 = 0.01, see also
data in the bottom row of Fig. 5. The red regions indicate the unyielded material.

Fig. 8. Normalised width (left column) and extensional viscosity (right column) at the minimum radial section versus the non-dimensional time (or instantaneous extension) 𝑡∗

for different capillary numbers: 𝐶𝑎 ∈ [0.1, 1.0, 10, 100,∞] where 𝑊 𝑖 = 1.0, for the figures on the top row and 𝑊 𝑖 = 0.01, for the figures on the bottom one. The other parameters
are: 𝐵𝑖 = 1.0, 𝑅𝑒 = 0.01, 𝛼 = 0.5, 𝜅𝜌 = 102 and 𝜅𝜇 = 104. The dashed lines represent the analytical solution of Saramito’s model where the surface tension is ignored (𝐶𝑎 = ∞).
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Fig. 9. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at 𝐶𝑎 = 0.1 (top) and 𝐶𝑎 = 100 (bottom) with 𝑊 𝑖 = 1 for the cases
in top row of Fig. 8. The red regions indicate the unyielded material.
so, we consider 𝐶𝑎 ∈ [0.1, 1, 10,∞], with all the other parameters
matching those of the second reference case. Fig. 8(c) and (d) display
the normalised width and extensional viscosity for these, essentially
viscoplastic, cases. The trend is similar to those discussed above: faster
decrease of 𝑅𝑚𝑖𝑛∕𝑅0 and constant value of 𝜇𝐸 over a wide range of
time until the width of the material reaches the minimum numeri-
cally resolvable. The variations observed when increasing the relative
importance of the surface tension are similar to those just discussed
for configurations with 𝑊 𝑖 = 1, see panels (a) and (b) of the same
figure: the width of the material decreases faster for capillary numbers
𝐶𝑎 ≲ (1).

A visualisation of the evolution of the EVP material for two values
of the Capillary number (𝐶𝑎 = 0.1 and 𝐶𝑎 = 100) is reported in Fig. 9
for the sample with significant elasticity, 𝑊 𝑖 = 1, where, as before, red
regions indicate areas of unyielded material. Unlike the case with low
𝐵𝑖, where unyielded regions appear only at the corners of the endplates,
in the low 𝐶𝑎 number case, i.e. high surface tension, these regions are
first seen at the middle of the endplates and then spread out gradually.
This indicates that the high stresses generated by the large interfacial
tension forces are primarily concentrated at the midsection (since it is
the section with the least width) causing a homogeneous deformation
zone [21]. A combination of the homogeneous deformation zone (in
the middle of the sample) and the low-stress (unyielded) regions forces
the remaining part of the sample to retain its original shape after an
initial deformation, while the mid-region undergoes high stresses due
to high surface tension. For the high 𝐶𝑎 case, i.e. low surface tension,
the behaviour is similar to the results for a sample with low 𝐵𝑖 number
discussed earlier: the unyielded low-stress regions are limited to the
areas between the endplates and the interface between the two fluids.

Fig. 10 reports visualisations of the evolution of the material for
two values of Capillary number (𝐶𝑎 = 1 and 𝐶𝑎 = ∞) at low elasticity
10
(𝑊 𝑖 = 0.01) . Similarly to the visualisation for different Capillary
numbers at 𝑊 𝑖 = 1 (Fig. 9), we observe that when the surface tension is
large (𝐶𝑎 = 0.1) the material starts yielding from the centre, where the
interfacial stresses are large due to necking and change in the shape
of the material, leaving unyielded regions close to the plates. As the
extension continues, the width further decreases at the centre, resulting
in a larger stress concentration in a narrow region close to the neck.
Thus, the unyielded region spreads from the plates towards the centre.
Interestingly, comparing the snapshots right before the rupture in the
top rows of Figs. 9 and 10, we observe that the material yields at the
plates before it reaches the minimum resolvable width when 𝑊 𝑖 = 0.01.
This can be understood by considering the fast response of the system
at smaller 𝑊 𝑖: due to the lack of elasticity, the sample cannot extend
more, which leads to a redistribution of the stresses resulting in a
decrease in the central part and increase at the endplates.

5.4. Role of the viscosity ratio

We next present results obtained by varying the viscosity ratio. This
is defined following [35] as 𝛼 = 𝜇𝑝∕𝜇0 where 𝜇0 = 𝜇1 + 𝜇𝑝 with 𝜇1
and 𝜇𝑝 the solvent and polymer viscosities. The results obtained with
three different values of 𝛼 are displayed in Fig. 11. First, we observe
that the major effect of an increased polymer viscosity, in relation to
its solvent counterpart, is to induce an early failure in the extending
fluid, the difference being more pronounced when increasing 𝛼 from
0.5 to 0.9. In particular, we note that for larger value of 𝛼, the material
produces stronger strain hardening and as a result is in general thicker
but reaches its minimum resolvable width earlier [46].

Note also that the values of the extensional viscosity are similar for
the cases 𝛼 = 0.5 and 𝛼 = 0.9; in the former case, however, the material
fails (reaches the minimum resolvable width) later.



Journal of Non-Newtonian Fluid Mechanics 318 (2023) 105060M. Abdulrazaq et al.
Fig. 10. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at 𝐶𝑎 = 0.1 (top) and 𝐶𝑎 = ∞ (bottom) with 𝑊 𝑖 = 0.01, see also
data in bottom row of Fig. 8. The red regions indicate the unyielded material.
Fig. 11. (a) Normalised width and (b) extensional viscosity at the minimum radial section versus the non-dimensional time (or instantaneous extension) 𝑡∗ for different viscosity
ratios: 𝛼 ∈ [0.1, 0.5, 0.9]. The other parameters are: 𝐵𝑖 = 1.0, 𝐶𝑎 = 100, 𝑅𝑒 = 0.01,𝑊 𝑖 = 1.0, 𝜅𝜌 = 102 and 𝜅𝜇 = 104. The dashed lines represent the analytical solutions of Saramito’s
model for the corresponding cases.
A visualisation of the material extension and of the yielded/
unyielded regions in the material is displayed in Fig. 12, following the
same layout and colour scheme used in the similar figures above. As
regards the yielded regions, the extensional stresses are moderate for
the viscosity ratio 𝛼 = 0.1 and the behaviour is similar to the cases
described earlier with the yielded regions at the corners of the sample,
in the regions close to the moving and stationary plate. Conversely, the
extensional stresses are larger for the viscosity ratio 𝛼 = 0.9. According
to the bottom row of Fig. 12, the stress is higher at the centre of the EVP
in the beginning of the extension process, resulting in the formation of
unyielded regions on the endplates and at the interface (see the frame
at 𝑡∗ = 0.4). The unyielded regions at the endplates gradually reduce
as the extension continues, while those at the interface remain (see
frames at 𝑡∗ = 0.8 and 𝑡∗ = 1.2). In fact, the interface remains unyielded
throughout the extensional process while the thickness of the EVP
11
material reduces. Due to increasing stress concentration in the central
part of the necking EVP, the material reaches its minimum resolvable
width much earlier than in the two cases with smaller viscosity ratio
(𝛼 = 0.1 and 0.5), which culminates in an abrupt failure of the EVP.

As anticipated in Section 5.2, we present also simulations for the
extreme values of the Bingham number (i.e. 𝐵𝑖 = 0.01, 100) and
viscosity ratio (i.e. 𝛼 = 0.1, 0.9), see Fig. 13. For the cases with higher
viscosity ratio, the EVP material width decreases faster than for the
smaller viscosity ratio (see the left panel of figure) and presents a higher
extensional viscosity (see the right panel of Fig. 13).

The visualisation of the extensional dynamics of the cases with
smallest Bingham number, 𝐵𝑖 = 0.01, and 𝛼 = 0.1, 0.9 are reported in
Fig. 14. For the smallest value of the viscosity ratio (top row of the
figure), the EVP material is completely yielded except for the small
regions on the corners attached to the endplates. On the other hand,
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Fig. 12. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝛼 = 0.1 and (bottom) 𝛼 = 0.9 for the cases in Fig. 11. The
red regions indicate the unyielded material. The other parameters are: 𝐵𝑖 = 1.0, 𝐶𝑎 = 100, 𝑅𝑒 = 0.01,𝑊 𝑖 = 1.0, 𝜅𝜌 = 102 and 𝜅𝜇 = 104.
Fig. 13. (a) Normalised width and (b) extensional viscosity at the minimum radial section versus the non-dimensional time (or instantaneous extension) 𝑡∗ for different yield stress
and viscosity ratios. The Bingham number 𝐵𝑖 ∈ [0.01, 100] and viscosity ratio 𝛼 ∈ [0.1, 0.9] while the remaining parameters are set to: 𝐶𝑎 = 100, 𝑅𝑒 = 0.01,𝑊 𝑖 = 1.0, 𝜅𝜌 = 102 and
𝜅𝜇 = 104.
for the same Bingham number (𝐵𝑖 = 0.01), but higher viscosity ratio
(𝛼 = 0.9), see bottom row of Fig. 14, the unyielded regions on the
corner in contact with the endplates grow in size at the interface as
the extension progresses. Hence, a high stress region is formed close to
the centre of the EVP, away from the solid plates, which accelerates the
material rupture.
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Finally, Fig. 15 depicts the cases with 𝐵𝑖 = 100 and 𝛼 = 0.1, 0.9.
As expected, since the Bingham number is now large, irrespective of
the viscosity ratio, the EVP material remains unyielded throughout
the extension process and undergoes elastic solid deformation. For
the largest viscosity ratio under consideration (bottom row), the EVP
material fails much sooner and attains an asymmetric shape close to the
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Fig. 14. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝛼 = 0.1 and (bottom) 𝛼 = 0.9 with 𝐵𝑖 = 0.01 for the cases
in Fig. 13. The red regions indicate the unyielded material. The other parameters are: 𝐶𝑎 = 100, 𝑅𝑒 = 0.01,𝑊 𝑖 = 1.0, 𝜅𝜌 = 102 and 𝜅𝜇 = 104.
failure, with the neck located closer to the lower wall. We recall that
in our simulations the EVP material is pulled from one side, and for
large values of 𝛼 we observe the material remains solid and the sample
follows the upper wall motion more closely. The parts close to the lower
wall, instead, are constrained by the no-slip boundary, resulting in a
thinner region close to the lower wall where the rupture is observed.

Summarising, the results show that the extensional dynamics is
more affected by variations of the viscosity ratio than by variations
of the Bingham number when elasticity is an important component of
the dynamics. In particular, for larger values of 𝛼 we observe higher
values of the extensional viscosity and the material reaches it minimum
resolvable width sooner. This further elucidated the observations in
Section 5.2 about the limited role of the Bingham number on the
extension of the EVP material for small values of the viscosity ratio.
Indeed, the failure is similar for different values of 𝐵𝑖 when 𝛼 ≲ 0.5
and occurs nearly at the same time; this is because the dynamics of
a Kelvin–Voigt solid and Oldroyd-B viscoelastic fluid are similar for
low viscosity ratios (similar material viscosity in yielded and unyielded
conditions) although the stresses experienced by the sample (due to
varying Bingham number) differ.

6. Conclusions

The extensional dynamics of an elasto-viscoplastic (EVP) fluid is
studied by means of a novel numerical setup, closely modelling an
13
experimental extensional configuration. Specifically, we track the in-
terface between the EVP material and the Newtonian medium using an
algebraic volume of fluid method (MTHINC-VOF) and employ a fully
Eulerian immersed boundary method (IBM) to model the motion of the
piston responsible of the extension of the material. The constitutive
model proposed by Saramito [7] is used to compute the non-Newtonian
stresses in the EVP material.

We investigate the role of the yield stress threshold, the surface
tension coefficient, the viscosity ratio, and the extension rate on the
dynamics of the EVP material by separately changing the Bingham
number (𝐵𝑖 = 0, 0.01, 1, 100), capillary number (𝐶𝑎 = 0.1, 1, 10, 100),
viscosity ratio (𝛼 = 0.1, 0.5, 0.9), and Weissenberg number (𝑊 𝑖 =
0.1, 1, 10) with respect to two reference configurations with 𝐵𝑖 = 1, 𝐶𝑎 =
100, 𝛼 = 0.5, and 𝑊 𝑖 = 1 and 𝑊 𝑖 = 0.01. To quantify the differences in
the extensional dynamics, we report the minimum thickness of the EVP
sample and its extensional viscosity for each case under consideration.
Visualisations are used to highlight the yielded and unyielded regions
of the material during the extension and before the minimum resolvable
width is obtained.

First, our results demonstrate that for small values of 𝑊 𝑖, i.e., ap-
proaching the limit of a viscoplastic material, when the polymer re-
laxation is faster than the imposed extension rate, the extensional
viscosity reaches a steady state value before the final failure of the EVP
material. Conversely, for large 𝑊 𝑖, the extensional viscosity increases
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Fig. 15. Visualisation of the EVP sample stretching and evolution of the normal stress difference
[

𝜏11 − 𝜏22
]

∕𝜇0 �̇� at (top) 𝛼 = 0.1 and (bottom) 𝛼 = 0.9 with 𝐵𝑖 = 100 for the cases
in Fig. 13. The red regions indicate the unyielded material. The other parameters are: 𝐶𝑎 = 100, 𝑅𝑒 = 0.01,𝑊 𝑖 = 1.0, 𝜅𝜌 = 102 and 𝜅𝜇 = 104.
continuously until the EVP material breaks. For small 𝑊 𝑖, the slower
extension results in lower shear and extensional stresses which explains
the presence of large unyielded regions close to the endplates. On the
other hand, the presence of relatively large unyielded regions in case
of high 𝑊 𝑖 is due to the fast exponential dynamics (slower material
response). We believe that these regions are just remaining from the
initial state given the slow material response.

The results of our simulation reveal that the extensional dynamics
undergoes minor variations when changing the Bingham number 𝐵𝑖
at fixed viscosity ratio 𝛼 = 0.5, although the yield stress varies by
several orders of magnitude when the material elasticity is important.
We observe that for the largest values of 𝐵𝑖, the EVP material behaves
as an elastic solid, whereas at lower values the yielding starts from
the middle of the EVP sample and extends towards the end plates
forming pockets of unyielded elastic solid close to the edges of the end
plates. The small differences are explained by the similar magnitude
of viscosity and elasticity of the yielded and unyielded phases. On the
other hand, we observe an increase of the extensional viscosity with
𝐵𝑖 in the limit of a viscoplastic material. Also, at low elasticity, the
material response is fast and the extensional viscosity attains a plateau
before the material reaches its minimum width.
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An important observation is that the EVP reaches the minimum
resolvable width faster for lower values of the capillary number, 𝐶𝑎 ≈
(1), and that neglecting the surface tension forces results in inaccu-
rate predictions of the dynamics especially when the extension rate
is relatively slow. In addition to the dynamics of the sample under
extension, the simulation results illustrate the importance of the surface
tension coefficient in the yielding process; for small values of 𝐶𝑎, the
unyielded regions first appear at the middle of the endplates, followed
by a gradual spreading towards the interface. In other words, due to the
large interfacial tension at the midsection of the sample (the section
with the least width of curvature), the EVP first yields in this region
while it is still unyielded at the endplates. On the other hand, for large
values of 𝐶𝑎, the unyielded regions appear only at the corners of the
endplates.

By examining the role of the viscosity ratio, we conclude that due to
stronger strain hardening effects, the EVP material remains thicker for
larger values of 𝛼 and fails sooner. As regards the yielded region, for
small values of viscosity ratio, the sample first yields everywhere but
at the endplates then, as the extension process continues, the corners
of the sample at the solid substrate and on the piston yield as well and
only the region close to the centre of the endplates remains unyielded.
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On the other hand, for large values of viscosity ratio, the EVP fluid
yields only in the central part of the sample in the beginning of the
extension process, while remaining unyielded both at the interface and
the endplates.

We believe that the numerical framework introduced here can be
used for high-fidelity simulations of EVP materials to test different con-
stitutive relations against experimental data. The flexibility of the setup
provides the possibility to change the material constitutive equations
and perform numerical simulations for a variety of non-Newtonian
models.
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