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Abstract

Optical nanobers (ONFs) pave the way for researchers to understand and control light-
matter interactions at the nanoscale. Evanescent light elds at the waist of ONFs can
be coupled to quantum emitters for various studies. In particular, signicant experimen-
tal progress on quantum emitter coupling with an ONF-based cavity mode, for cavity
quantum electrodynamics (cQED), has been achieved in the last two decades. This the-
sis showcases the following topics: (i) the development of novel ONF cavity fabrication
methods using a focused ion beam (FIB) which provides highly reective cavity mir-
rors with more stable fabrication quality than conventional fabrication methods, (ii) the
optical characterization of ONF cavities fabricated using the FIB technique, (iii) the in-
vestigation of the eects of laser annealing on the cavity modes, and (iv) the realization
and characterization of an ONF-based cavity supporting higher-order modes (HOMs) and
controlled excitation of the desired HOMs with polarization topology. This is a signicant
step toward degenerate multimode cQED and potential access to evanescent eld singular
optics using a HOM-ONF. This PhD work advances ONF-based cavity systems, not only
for cQED studies but also contributes to their fundamental understanding in quantum
optics, structured light, and beyond.
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Chapter 1

Introduction1

Light is the most familiar type of electromagnetic wave in our daily lives. The interac-
tion of light and matter is an extremely ubiquitous physical phenomenon that enables
us not only to see things but also is responsible for photosynthesis in plants, vitamin D
synthesis in our bodies, and why the sky is blue. The interaction of light and matter
described by the laws of quantum electrodynamics (QED) has led to essential scientic
and technological achievements —lasers, light-emitting diodes (LEDs), and atomic clocks
are only a few well-known examples. In recent years, nano-optics and nanophotonics have
been of increasing interest for researchers to understand and control such interactions [2].
Optical nanodevices are attractive tools to investigate fundamental non-paraxial optical
phenomena, such as transverse spin [3] and spin-orbit coupling [4, 5]. Such devices are
also useful tools for quantum information applications, which include quantum computa-
tion and quantum cryptography [6, 7]. A single photon of light, which can be generated
by a quantum emitter, can be trapped in an optical resonator. This can lead to a co-
herent interaction known as strong coupling, where the interaction between a quantum
emitter and a cavity mode is so strong that it leads to observable and signicant quan-
tum (nonclassical) eects, and this is a key ingredient to advancing functional quantum
technologies. This strong coupling in an optical cavity is part of a eld of study called
cavity QED (cQED) [8].

Among the various types of optical nanodevices, optical nanobers (ONFs) —conven-
tional optical bers with a nanoscale diameter section —have some advantages due to easy
integration into the existing ber communication network to realize an all-ber quantum
system [4]. Light guided in the ONF contains a signicant evanescent eld, which can
be further increased in an optical cavity at resonance for cQED [9]. There are various
designs of the ONF-based cavity for cQED applications, falling into two main categories:
(i) an internal mirror cavity where the mirror separation is on the micron scale and (ii)
an external mirror cavity where the mirror separation is on the centimeter to meter scale
[1, 8]. Each type of cavity has its own advantages and disadvantages and one of the
challenges to realizing o-the-shelf all-ber cavity quantum system is in fabricating opti-

1Section 1.4 in this chapter contains the following published work with permission licensed under a
CC BY license: P. Romagnoli, M. Maeda, J.M. Ward, V.G. Truong, and S. Nic Chormaic, "Fabrication
of optical nanober-based cavities using focussed ion-beam milling: a review", Appl. Phys. B 126, 111
(2020) [1]. M. Maeda contributed to the development of new fabrication methods with P. Romagnoli and
J.M. Ward, the fabrication of the cavities with P. Romagnoli, and editing the paper.
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mal cavity congurations according to the application purpose. Thus far, strong coupling
was demonstrated using cold atom(s) and the fundamental mode of an external mirror
type ONF-based cavity [10, 11]. Despite their achievement in the ONF community, such
systems have a number of limitations. One of these limitations is the use of cold atom(s),
which require a magneto-optical trap (MOT) and many optical components, leading to
larger and more costly experimental setups. To facilitate the development of quantum
technologies, it becomes crucial to reduce both the size and cost of the system. Another
constraint of the existing ONF-based cavity system is that it supports exclusively the
fundamental mode. Incorporating higher-order modes (HOMs) would broaden the cav-
ity’s capabilities as a tool for quantum information applications. This extension would
be particularly valuable in scenarios involving cavity-based quantum information process-
ing, where qubits associated with various cavity modes interact through a shared atom
[12]. However, constructing an ONF-based cavity accommodating HOMs has not been
achieved so far.

This PhD research explores ONF-based cavities, which are primarily aimed at, but not
limited to, cQED experiments and applications. This chapter presents a brief history of
ONFs and investigations on the light-matter interactions using ONFs and various ONF-
based cavities representing the current state-of-the-art.

1.1 Introduction to ONFs
To begin with, let us rst review a standard step-index silica (SiO2) ber. A specic path
or pattern that light can take when it travels through the ber is called a mode. The
conventional ber modes are assumed as nearly transverse elds and they are commonly
referred to as linearly polarized (LP) modes [13]. Figure 1.1(a) shows a schematic of the
step-index prole of a conventional single-mode (SM) ber, which supports the funda-
mental LP01 mode, which propagates along the ber axis in the z-direction. The optical
ber is made of two components, the core and cladding. The refractive index of such a
ber is a function of ber radius position, r, and the refractive index in the core, n1, has a
slightly higher value compared to the refractive index in the cladding, n2. The refractive
index of the environment, n3, is typically lower than n2. The optical ber is an ecient
waveguide as the light is well conned and guided at the core/cladding interface by total
internal reection as shown in Figure 1.1(b). At the reection sites, a small fraction of
light penetrates into the cladding region as an evanescent eld. The portion of energy in
the evanescent eld increases as the core diameter decreases [14]. Reducing the diameter
of the optical ber to the same order of magnitude as the wavelength of the ber-guided
light can lead to some unique properties. Not only does transverse connement of the
guided modes increase and, thereby, the eld intensity, but an intense evanescent eld
also extends from the boundary of the ber into its surroundings [14–18]. In fact, in some
cases, the amount of energy in the evanescent eld exceeds what remains inside the ber,
so that the light is essentially guided not only inside but also outside the ber as depicted
in Figure 1.1(b). In this scenario, it is more appropriate to describe the light ray as an
electromagnetic eld, i.e., the fundamental eigenmode, HE11, rather than employing ray
optics [14]. Such a subwavelength diameter optical ber, a so-called optical microber
(OMF) or ONF, is surrounded by the environment such as air, vacuum, or water, in which
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the evanescent eld extends. As a result, the guided mode is altered by the properties of
the medium [19].

Figure 1.1: (a) Schematic of a standard step-index SM optical ber and its refractive
indices, n(r): the core index, n1, and the cladding index n2 as well as the index of the
environment, n3, as a function of ber radius position, r. Light propagation relies on
total internal reection, as viewed from the perspective of ray optics. (b) Schematic of an
ONF and its n(r), n1, and n2 as a function of r.

In perhaps the most extreme example, silica ONFs with diameters as small as 50 nm
and lengths of tens of millimeters were reported by Tong et al. [16]. These ONFs or
nanowires were fabricated using a ame-heated ber drawing method, in which a conven-
tional ber was tapered to micrometer size, with a sapphire tip placed at the end of the
taper. The sapphire tip was heated by a ame and used to draw out the nanowire. The
authors coupled light into the nanowire via the evanescent eld from a tapered optical
ber attached to the nanowire by van der Waals forces. Single-mode light guiding with
low loss (below 0.1 dB mm−1) at a wavelength of 633 nm was achieved for a 450 nm
diameter wire and at a wavelength of 1550 nm for a 1100 nm diameter wire. This ex-
ample demonstrates the capabilities of light guidance in optical bers that are pushed
to their physical limits. These unique properties have been exploited for a large number
of applications, such as nonlinear optics [20, 21], cold atoms [22–24], particle manipula-
tion, [25–29] and sensors [30–34]. Several reviews related to their fabrication and uses are
available [1, 8, 14, 18, 31, 33–40].
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Optical nanobers are typically made by tapering a section of commercial optical ber
via heating and stretching [38, 41–44] in a ber pulling rig, with either a stationary or
moving (brushing) heat source. Dierent heat sources may be used, depending on the
compound and melting point of the glass [33], such as a CO2 laser [45], resistance heating
[46] or a graphite microheater [47]. A drawing of a tapered ber by heating and stretching
is illustrated in Figure 1.2(a). After fabrication, a biconical, tapered ber is formed, i.e.,
it has a down taper, transitioning from the initial diameter to a thin waist. The waist is
followed by an up taper returning the ber to its initial diameter. The thin waist region
is referred to as the OMF or ONF, depending on the scale of the nal diameter. As an
alternative method, one can also use solvents to dissolve the ber material to fabricate
tapered bers [48]. A scanning electron microscope (SEM) image of an ONF with a
diameter of ∼690 nm is shown in Figure 1.2(b).

Figure 1.2: (a) Schematic of a tapered ber drawn by heat-and-pull technique. (b) SEM
image of a section of a typical ONF with a diameter of ∼690 nm.

Dedicated theoretical studies in the eld of ONFs began to emerge approximately two
decades ago. Le Kien et al. [49] calculated the eld intensity distribution in an ONF and
showed a large discontinuity of the eld distribution at the core/cladding (SiO2/vacuum)
boundary due to high contrast between the refractive indices (∼0.45-0.46). The medium
surrounding the ONF can interact with the guided light via the evanescent component.
With this in mind, the spontaneous emission of a cesium (Cs) atom near an ONF was
studied by Le Kien et al. [50]. The authors showed that connement of the ONF-guided
modes can change the decay rate of the Cs atom. Coupling between the emission from
an atom on the surface of an ONF with a diameter of ∼400 nm and the guided mode was
studied and a coupling eciency of 28% was theoretically predicted.

Later experiments [23, 51] conrmed these predictions. For example, Nayak et al. [51]
manipulated and probed the uorescence of Cs atoms using ONFs. The authors used a
MOT to conne and cool Cs atoms around an ONF with a diameter of 400 nm. With an
eective number of atoms of 5, they showed an average coupling eciency of spontaneous
emission into the guided mode of ∼ 6%. The following year, a similar setup was used by
Nayak et al. [23] to detect a single Cs atom and the coupling of the atom’s spontaneous
emission into the modes of the ONF. Aside from neutral atoms, similar experiments
can be performed using a variety of single-photon emitters such as quantum dots (QDs)
[52–55], diamond nanocrystals with a nitrogen-vacancy (NV) or silicon-vacancy (SiV)
[56–58], single molecules [59] and hexagonal boron nitride [60]. Channeling eciency of
uorescence from QDs into ONF-guided modes was demonstrated by Yalla et al. [54],
see Figure 1.3. The number of photons in the guided and radiation modes was measured
and a channeling eciency up to 22.0 ± 4.8% was obtained for a 350 nm ONF and an
emission wavelength of 780 nm, thus demonstrating a ber-coupled single-photon source
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with a bright output in the range of 10-100 of kilocounts/second. The ease with which
OMFs or ONFs can be integrated into experimental setups means that they oer many
advantages for applications in areas as diverse as optical sensing [30–34], atomic physics
[22, 61–65], photonics [66–69] and quantum optics [11, 23, 40, 70, 71].

Figure 1.3: The channeling eciency is depicted as a function of the ber size param-
eter (ka = 2πaλ). The red solid curve represents the theoretical prediction, while the
measured values are denoted by black squares with error bars. Reproduced from [54] with
permission, copyright (2012) by the American Physical Society.

1.2 HOMs in ONFs
So far, we have introduced the early research focused on the light-matter interactions
using ONFs with quantum emitters. Those various quantum emitters are coupled to
the fundamental mode guided along an SM-ONF, supporting one mode per polarization.
However, optical ber can support multiple modes, and any modes propagating along
a ber rather than the fundamental mode are called HOMs. Figure 1.4 shows a cross-
section of standard multimode ber, where the core diameter is larger than the SM ber
(see Figure 1.1). The multimode ber can support more than one guided mode, and
multimode bers with a small number of guided modes are termed few-mode (FM) bers.
In the multimode ber, each mode has a distinctive propagation constant, thus rays’ paths
are dierent from each other as illustrated in Figure 1.4. HOMs can also propagate in an
ONF with a waist diameter suciently large enough for specic wavelengths.

Most ONF research focuses on SM-ONFs. One of the most signicant advantages of
SM-ONFs is the absence of a cuto diameter, allowing the fundamental mode to propagate
along the ber until the diameter is reduced to the point where the light is lost in free
space [9]. This unique feature enables the propagation of the fundamental mode even in
extremely small bers, as long as the bulk material can accurately represent the response
of a dielectric medium to an incident electric eld [14]. Moreover, the fundamental mode
in an ONF, HE11, has a small mode area and simple mode structure. In the meantime,
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Figure 1.4: Schematic of a standard step-index FM optical ber and its n(r): n1 and
n2 as well as n3, as a function of r. Light propagation relies on internal total reection,
as viewed from the perspective of ray optics.

increasing attention has been paid to HOMs in ONFs for potential applications in many
elds of optics and nanophotonics. The rst group of HOMs in a conventional ber
is called the LP11 mode, which separates into the transverse electric (TE), transverse
magnetic (TM), and hybrid modes, termed TE01, TM01, and HE21. In what follows, we
introduce the proles of HOMs and their distinctive and captivating attributes not only
in terms of cQED applications but also for the fundamental aspects.

1.2.1 Polarization structures of ber modes
In recent years, there has been a signicant increase in interest in the eld of structured
light optics [72]. Structured light involves the engineering of light in terms of its amplitude,
phase, and polarization [73]. While all light inherently possesses structure, it is only in
recent times that we have gained the capability to manipulate it comprehensively in terms
of all its degrees of freedom and dimensions. This development has driven signicant
progress in both fundamental understanding and practical applications [72]. Historically,
most instances of structured light elds have exclusively dealt with scalar beams, typically
either neglecting the polarization component or regarding it as an independent degree of
freedom during the design phase [73].

Polarization of light is the way its electric eld vector oscillates [74] and the state of
polarization (SOP), i.e., how the polarization is distributed in the cross-section of a given
mode, can be controlled by mechanical perturbations in an optical ber. One possibility
is a bend perturbation, which induces birefringence. This occurs when the ber bends
along an in-plane path, and, as a result, linear and circular polarizations change their
SOPs into elliptical elds [75]. Another important mechanical perturbation is the slow
perturbation with an adiabatic redirection of light out-of-plane, namely the Pancharat-
nam–Berry phase, or the so-called geometrical phase [76, 77]. The phase introduced by
geometric transformations diers from the more typical propagating phase linked to the
phase propagation constant of a light beam [75]. Such phenomena can be observed in
helically wound optical bers, i.e., an optical ber is placed in an out-of-plane path [78].
In this manifestation, linear polarization remains linear with a rotation of its SOP along
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the azimuthal orientation, while circular polarization only acquires a phase [75].
One can classify polarized elds into three categories: scalar, vector, and ellipse elds.

The scalar eld has a homogeneous SOP at any point of the beam [73]. Figure 1.5(a)
shows four examples of such elds. Figure 1.5(a)(i-iii) are the ber fundamental mode,
HE11, with x-polarization, y-polarization, and circular-polarization, denoted as HEx

11,
HEx

11, and HEcirc
11 , respectively. The intensity pattern is Gaussian shaped and polarization

is uniform at every point in each mode. Figure 1.5(a)(iv) is the circularly polarized HE21

mode, denoted as HEcirc
21 . This mode has a donut-shaped intensity pattern so that there

is a point with zero intensity at the center of the beam. Moreover, the polarization is
homogeneously left-handed circular as indicated by blue circles, and is therefore classied
as a scalar eld. The zero intensity point in the scalar light eld is called the optical phase
singularity point (marked as a white dot), around which the phase changes by a multiple
of 2π. Singularities in this context pertain to points or regions within a eld where one
or more parameters become undened or exhibit extreme values. Such a eld of study
is known as singular optics, and it has been rapidly growing in the last 50 years [79, 80]
since the discovery of phase singularity by Nye and Berry [81]. Singularities exhibit a
natural characteristic, meaning they remain stable when subjected to perturbations and
their natural behavior typicality includes generic, structurally stable, and universal [80].
Phase singularities can be generated by an optical ber [82, 83]. In the case of the
HEcirc

21 mode, this phenomenon is observed in helical beams that carry orbital angular
momentum (OAM). This beam displays an optical vortex where the wavefront swirls and
forms a distinctive pattern.

The SOP can be inhomogeneous at each point of a beam. When the eld oscillates
linearly, the eld can be categorized as a vector eld [84]. In standard terminology, which
we will adhere to in this PhD thesis, vector states of light pertain to states where the
linear polarization pattern is nonuniformly spread across the spatial mode. In fact, linearly
polarized ber HOMs fall into this category, as shown in Figure 1.5(b)(i-iv). The HE21

mode with "even" and "odd" polarizations, denoted as HEe
21 and HEo

21, are illustrated
in Figure 1.5(b)(i, ii), respectively. These modes have polarization orthogonal at every
point. Similarly, the TE01 and TM01 modes, Figure 1.5(b)(iii, iv), respectively, also have
an orthogonal polarization relationship at every point of the cross-section. For orthogonal
SOPs, the polarization ellipse shares the same ellipticity with the azimuths diering by
π/2 and opposite handedness [74]. As clearly seen, all of these modes possess a donut-
shaped intensity pattern, but these modes have nonuniform polarization as opposed to
the donut mode of HEcirc

21 (Figure 1.5(a)(iv)). The inhomogeneous electric eld across the
beam can form topological defects in the polarization, termed a polarization singularity
[85]. Polarization singularities constitute a distinct branch within the eld of singular
optics, coexisting alongside phase singularities [79, 80]. In our examples here, there is a
point with zero intensity at the center of the vector elds as indicated by pink dots in
Figure 1.5(b)(i-iv). These points have undened polarization and are termed V-points
[86].

Similar to vector elds, the SOP can be inhomogeneous but not necessarily as a lin-
ear polarization at every point of the beam. Modes with an inhomogeneous polariza-
tion spread across a spatial mode with elliptical polarization are called ellipse elds [84].
Some examples are depicted in Figure 1.5(c)(i-iv). For example, an arbitrary ellipse eld
with a ower-like intensity shape, Figure 1.5(c)(i), shows various polarizations such as a
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Figure 1.5: (a) The intensity proles and polarization distribution of a scalar eld: (i)
the HEx

11 mode, (ii) the HEy
11 mode, (iii) the HEcirc

11 mode, and (iv) the HEcirc
21 mode.

The phase singularity point is indicated by a white dot. (b) The intensity proles and
polarization distribution of a vector eld: (i) the HEe

21 mode, (ii) the HEo
21 mode, (iii)

the TE01 mode, and (iv) the TM01 mode. (c) The intensity proles and polarization
distribution of the ellipse eld: (i) an arbitrary ellipse eld, (ii) the lemon mode, (iii) the
star mode, and (iv) the spiral mode. The red and blue SOPs indicate right-handed and
left-handed ellipticities, respectively. V-points and C-points are indicated as pink dots,
and Poincaré vertices are indicated as blue and orange dots. L-lines are indicated as green
lines. The scale bars show the normalized intensity (from 0 to 1).

thin ellipse or a fat ellipse with various orientations. This particular mode only has left-
handedness ellipses as indicated in blue and does not possess topological defects. However,
ellipse elds can facilitate complex polarization textures with multiple types of singular-
ities. Here we introduce relatively simple and well-known examples in the community of
the singular optics: the lemon mode [87], star mode [87], and spiral mode [88], shown in
Figure 1.5(c)(ii-iv), respectively. These modes have a point at the beam center with an
unknown ellipse orientation, termed the C-point, as indicated by a pink dot. The ellipses
rotate around the C-points thereby changing their ellipticities and they are linearly po-
larized elds at the contour marked in green. This line is called the L-line, where a line is
formed by polarizations with unknown ellipticity. The ellipse orientation changes at the
border of the L-line, as indicated by red ellipses being right-handed circulation. There
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are also points where the polarization ellipticity is undened and its polarization is either
perfectly horizontal (H), vertical (V), diagonal (D), or antidiagonal (A). These points are
termed Poincaré singularities, as indicated by blue (for H and V) and orange dots (for D
and A).

In contrast to phase singularities, theoretical research on polarization singularities
commenced quite early [87, 89]. These singularities are ubiquitous in our lives, such as
in skylight [90]. However, experimental research on polarization singularities and their
practical applications has been limited due to the constraints of manipulating the SOP
in optical elds. In recent years, the study of vector and ellipse elds has led to the
development of more sophisticated techniques for manipulating the SOP of optical elds
[91–96]. Polarization defects can be generated and controlled via various methods [85].
For example, uniform birefringence materials can facilitate polarization singularities and
their topological charge remains constant as they propagate through the medium [97–
99]. Materials with non-isotropic and slowly varying birefringence can be used to control
the entrance or exit of singularity points from the beam cross-section [100]. Another
commonly used method to generate and manipulate polarization topology is multimode
interference [86, 101–104]. Polarization singularities can be described as superpositions of
OAM states within orthogonal circular polarization bases [105]. Overlapping a number of
dierent modes produces unique polarization patterns. In this context, FM or multimode
optical bers are ideal candidates as a tool to create such beams, as they support multiple
modes in a birefringence medium. In fact, FM ber has been used to generate complex
polarization topologies such as C-points [106, 107]. However, the propagation of these
singularities in ONFs has never been previously observed.

1.2.2 The potential of HOM-ONFs
There are numerous interesting physical phenomena that can be investigated using a
HOM-ONF. For example, theoretical studies proposed that the relationship between spin
angular momentum (SAM) and OAM can be explored with a HOM-ONF [4, 5, 108, 109].
Possession of OAM in HOM-ONFs is attractive in its potential use for quantum multi-
plexing [110]. The rate of data transmission through optical bers is reaching a threshold
due to nonlinear optical eects. However, multiplexing oers a solution by encoding data
in various modes of light, including polarization, wavelength, amplitude, and phase, en-
abling parallel transmission through the bers. Moreover, OAM presents an additional
degree of freedom, wherein photons are imparted with well-dened twists or helicity [111].
Storage of the fundamental mode of an ONF in cold atoms was experimentally demon-
strated [112, 113]. Expanding the ONF-based quantum memory system into the multi-
mode regime holds great appeal as it allows for the exploration of the feasibility of an
HOM-ONF-based quantum memory.

The attraction of HOM-ONFs is not only around OAM but also their complex po-
larization topology. There are various fundamental studies revealing the behavior and
dynamics of polarization singularities in three-dimensions (3D) with the presence of the
longitudinal eld component. These include the optical Möbius strip [114, 115], ribbon
strips [116], pure transverse spin [115], and photonic skyrmion [117, 118]. It is note-
worthy to emphasize that the optical elds inevitably undergo distortion from external
disturbances during propagation. However, optical elds with topological characteris-
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tics remain unaected by external disturbances throughout the propagation process, due
to their topological invariability [85]. Topological invariants are characterized by values
associated with a topological space, remaining constant and discrete, unchanged by con-
tinuous deformations applied to the space [119]. This behavior makes them attractive
in applications for information, communication, encryption, Bose–Einstein condensation,
and quantum spin Hall eect as a kind of topological protection status [85]. In this
context, the exploration of the evanescent elds associated with HOM-ONFs is not only
intriguing from a fundamental perspective but also holds promise for future technological
advancements.

Additionally, theoretical work proposed that a HOM-ONF could be used to trap,
probe, and manipulate small particles including atoms [120–124]. As shown in Fig-
ure 1.5(b)(i-iv), each ONF mode has its own unique polarization structure and this is
true in the evanescent eld. Engineering the shape of the evanescent eld by interfering
multiple modes may enable us to control the position of trapped particles.

Until now, signicantly more attention has been devoted to HOM-ONFs in theoretical
research [4, 109, 123, 125–128] than experimental research. This discrepancy can be
attributed to the numerous obstacles that need to be overcome in experimental studies.
Fabrication of an ONF or OMF that supports the HOMs was achieved [38, 48, 129–
131]. Nevertheless, such fabrication demands meticulous care during the ber tapering
process and achieving low-loss HOM-ONFs is not a widespread achievement. An early
study to fabricate an exponential-shaped tapered ber supporting the LP11 mode was
demonstrated by Frawley et al. [130]. Their approach used an original ber cladding
diameter of 80 µm instead of the most commonly used cladding diameter of 125 µm.
Transmission of the LP11 at the waist of an ONF was demonstrated as 55%. Ward
et al. [38] produced low-loss HOM-ONFs, with transmission as high as 95%, using a
double linear-shaped tapered ber from the originally reduced cladding diameter of 80 µm.
Harrington et al. [132] and Jung et al. [133] used the unconventional refractive index
distribution in the ber, i.e., a non-step-index prole, to produce HOM-OMFs. Ha et al.
[48] employed wet-etching methods, in which the cladding with its original diameter of
125 µm was etched below 20 µm, followed by the ame brushing and pulling technique.
Extra care is required even after the fabrication of low-loss HOM-ONFs, as identifying the
excited modes at the ONF waist is not straightforward. Homan et al. [134] employed
imaging techniques to identify specic HOMs at the waist of the ONF. They deduced
the intermodal beat lengths by analyzing the scattering images obtained from the ONF
waist. Fatemi et al. [135] also distinguished modes propagating in an ONF by measuring
the intermodal beat lengths using a probe crossed-tapered ber. However, selective mode
excitation at the waist has not yet been achieved. Thus, experimental studies on the
light-matter interactions using HOM-ONFs are limited to the generalized HOMs, where
all TE01, TM01, and HE21 modes are excited at the ONF waist at the same time. For
instance, manipulation of microbeads around an OMF was performed using this set of
HOMs [136, 137]. Other experimental work showed that these HOMs interacting with
cold atoms have stronger signals than when using the fundamental mode only [138].

Unlike the case for the SM-ONF-based cavities, which are already well-established sys-
tems and have been used for many applications including cQED as described in Section 1.3,
the HOM-ONF-based cavity is still under development. The utilization of multiple de-
generate HOMs in free-space has demonstrated strong light-matter coupling [12, 139],
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emphasizing the signicance of realizing a HOM-ONF-based cavity system at this junc-
ture. Indeed, the advantages extend beyond enhanced interactions via cQED eects. The
realization of a cavity also encompasses a more comprehensive understanding of the spec-
tral and spatial mode behavior. Previously, the generation of TE01 and TM01 modes in
a laser cavity was demonstrated using an OMF directional coupler-based mode converter
[140]. However, earlier attempts by Jöckel to realize a passive HOM-OMF-based cavity
did not result in any resonant peaks in the cavity spectrum, except for the fundamental
mode [141]. This limitation can be primarily attributed to the challenges encountered
while engineering the taper shape to eectively minimize losses. Indeed, there is ample
room for further investigation and exploration of this topic forms the focus of this thesis
work in Chapter 5.

1.3 Introduction to ONF-Based cQED
An optical cavity, also known as an optical resonator, is a structure that is designed to
enhance the interaction and accumulation of light within a conned space. An ONF-
based optical cavity typically consists of two highly reective mirrors placed facing each
other (i.e., Fabry-Pérot cavity conguration), creating a region between them where light
can bounce back and forth. The mirrors reect a large portion of the incident light,
allowing it to build up within the cavity over multiple reections. This accumulation of
light leads to the phenomenon of resonance, where certain frequencies (wavelengths) of
light are amplied while others are suppressed. The constructive interference resulting
from multiple reections between the mirrors causes certain frequencies to experience
reinforcement, resulting in a more intense and coherent output.

By placing a quantum emitter in an optical cavity, the connement of photons by
the cavity is used in essentially two ways. First, photons can interact with the quantum
emitter multiple times, and second, light resonant in the cavity adds constructively to
create high-intensity intracavity elds. By combining an optical cavity with the small
mode volumes that ONFs can oer, it is possible to further concentrate the mode eld
and improve light-matter interaction rates [142]. The spontaneous emission of an atom
is not a xed property but rather is the result of coupling between the atom and the
vacuum eld. An optical cavity can modify vacuum eld uctuations, thereby altering the
properties of spontaneous emission from the atom, such as the decay rate and transition
energy [143–146]. The study of this phenomenon is known as cQED.

Let us consider a SM optical cavity coupled with an atom (assumed to be initially
in the excited state of a dipole transition) and that the cavity’s mode is resonant with
the dipole transition. The atom’s spontaneous emission and the mode eld of the cavity
will couple and the energy in the system will oscillate at the vacuum Rabi frequency
[142]. However, the Rabi oscillations are limited by the cavity’s nite photon lifetime,
i.e., energy loss from the system. A cavity that is typically used is the Fabry-Pérot type,
where connement of the photon is provided by two mirrors [142].

In order to quantify the eciency of light-matter interactions, it is useful to compare
the vacuum Rabi frequency, 2g, where g is the emitter-photon coupling rate, with the
cavity decay rate, κ, and the emitter spontaneous emission rate, γ, [8, 9, 147]. There are
two coupling regimes that can be used to classify cQED. The rst regime occurs when
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κ > 2g, γ} and is termed weak coupling [148, 149] or the Purcell regime, where the
emitter-cavity interaction is slower than the dissipation [145]. The second regime is when
2g > γ,κ} and is termed strong coupling [148, 149]. This occurs when a cavity can
support, even if only briey, Rabi oscillations notwithstanding the energy leaking out
[142]. In other words, the emitter-cavity interaction is faster than the dissipation and
the emitted photon remains in the cavity long enough to have a high probability of being
reabsorbed by the atom [143, 145].

Optical nanober-based cavities can be viewed as inline optical cavities since the mirror
structure can be built into a single ber. In-line all-ber Fabry-Pérot type cavities can
be produced by two dierent approaches: (i) the mirrors are fabricated directly on the
ONF region and are designated hereafter as internal cavities (see Figure 1.6(a)) or (ii)
the mirrors are fabricated outside the ONF region, but still on or within the ber. We
refer to these as external cavities (see Figure 1.6(b)) [8]. In both approaches, the most
common method to produce cavity mirrors is to fabricate ber Bragg gratings (FBGs) by
generating a strong, permanent modulation of the refractive index in the ber.

Figure 1.6: (a) Schematic view of an internal mirror ONF-based cavity. Cavity mirrors
are fabricated along the ONF region. (b) Schematic view of an external mirror ONF-based
cavity. Cavity mirrors are placed outside of the ONF region. The ONF waist diameter,
d, is on submicron scale.

Le Kien et al. [9] developed a theoretical formalism to understand the dynamics of the
interaction between an ONF-based cavity created by FBGs and the spontaneous emission
of a single, nearby atom. They showed that even with a moderate nesse cavity, coupling
between the atom and an ONF-guided mode could be enhanced. They found that with
a 400 nm diameter ONF and a cavity nesse of about 30, up to 94% of the spontaneous
emission from the atom could be coupled into the cavity. Additionally, it was shown that
strong coupling could be achieved for a moderate nesse of 30 and a reasonably long
cavity of 10 cm to 1 m.

Experimentally, an external FBG ONF-based cavity was fabricated by Wuttke et al.
[150] in 2012. The cavity with a nesse of 86 fullled the requirements for the strong
coupling regime with atomic Cs. In 2015, Kato et al. [10] observed strong coupling
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between the external FBG ONF-based cavity and a single trapped Cs atom. The coupling
regime was tuned by temperature since one of the FBGs was designed to have the edge
of its reection band at the Cs emission D2 line transmission at 351.73 THz. The ONF
had a 400 nm diameter and the cavity length and nesse were, respectively, 33 cm and
less than 40. Ruddell et al. [11] also succeeded in observing strong coupling of an ONF
mode and an ensemble of Cs atoms. Their cavity was a ring ber type with a length of
1.3 m, which is longer than the theoretical maximum length [9]. However, by employing
the so-called Dicke model [151, 152], using a cloud of atoms instead of a single atom, they
achieved an increase in the coupling rate g by a factor of

√
N , where N represents the

number of atoms. An ONF-based ring ber cavity with a length of 30 m and following
the Dicke model was demonstrated by Johnson et al. [153], in the superstrong coupling
regime with an ensemble of Cs atoms, achieving g > ∆νr, where ∆νr represents the free
spectral range (FSR), i.e., the distance between two consecutive cavity modes.

In 2013, Nayak et al. [154] experimentally demonstrated a fabrication technique to
create internal FBG ONF cavities. The authors could produce thousands of periodic
nanocraters on the ONF using a femtosecond laser ablation technique, see Figure 1.7(a).
For ONFs with diameters ranging from 450-650 nm, crater diameters down to 95 nm were
formed. This structure can act as a one-dimensional photonic crystal (PhC) and provides
strong connement of the electric eld in both the transverse and longitudinal directions.
A section of fabricated FBGs is shown in Figure 1.7(b) and one can see a nanocrater
structure in the ONF cross-section in Figure 1.7(c).

Figure 1.7: (a) Schematic view of the ONF cavity fabrication setup using femtosecond
laser ablation. (b) SEM image of an ONF cavity mirror section fabricated using single-
shot irradiation. (c) SEM image of a cross-section of the ONF at a nano-crater position
taken by tilting the ONF at an angle of 33◦. Reprinted with permission from [154] ©
The Optical Society.

Thereafter, the femtosecond laser ablation technique continued to produce high-quality
cavities [149, 155]. Keloth et al. [149] reported on a 1.2 cm cavity produced with this
technique that supported both the weak and strong coupling regimes. The ONF was
∼ 1.7 cm long and had a diameter of ∼ 500 nm. The authors could observe many modes
in the cavity and it was shown that those with nesse between 200-400 were suitable
to achieve strong coupling, while other modes were only suitable for the weak coupling
regime.
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A dierent approach to producing ONF cavities in the weak coupling regime was
presented by Yalla et al. [156]. The authors created a composite PhC cavity, formed
by placing a grating with a defect in contact with the ONF, see Figure 1.8(a, b). The
grating was fabricated by electron beam lithography on a SiO2 substrate. The structure
was polarization-dependent and the cavity quality (Q) factors measured for the x- and
y-polarizations were 1410 and 2590, respectively. They also observed enhancement of the
spontaneous emission rate from colloidal QDs into the ONF-guided modes.

Figure 1.8: (a) Schematic view of a composite PhC ONF cavity. (b) SEM image of an
experimentally demonstrated composite PhC ONF cavity. Reproduced from [156] with
permission, copyright (2014) by the American Physical Society.

There is another important ONF cavity fabrication technique using focused ion beam
(FIB) milling [157–160] and this is the method explored for fabricating internal mirror
cavities as part of this PhD. In the following section, important aspects of the FIB milling
technique are discussed and a review of ONF-based cavities made by FIB is presented.

1.4 ONF Cavities Fabricated by FIB
As introduced in Section 1.3, there are several dierent techniques to produce optical
cavities directly in ONFs [28, 29, 149, 154–156, 159, 161]. One method that is proving
particularly successful is the use of FIB milling to fabricate Bragg mirrors for ONF-based
optical cavities [157–160, 162]. This technique uses a focused beam of ions to cut patterns
into the ber with very high resolution.

FIB milling is widely used in the semiconductor industry for high-quality, high-precision
fabrication of devices ≤1 µm [163] and for transmission electron microscope sample prepa-
ration [164]. To date, several studies have demonstrated optical cavities milled directly
onto OMFs or ONFs using FIB milling and some studies have already demonstrated
that it is possible to mill structures in OMFs and ONFs for quantum optics applications
[157, 158, 165].

The mode volume of ber-based optical cavities can be extremely small. It depends on
the ber diameter and the distance between the mirrors, or more precisely, the eective
length of the cavity. Therefore, ber-based microcavities can produce mode volumes of
only a few µm3. Early examples demonstrated milling in bers with diameters of a few
microns. To further reduce the volume and increase transverse connement, it is necessary
to make cavities in bers with diameters of a few hundred nanometers. The advantage
of ion milling is clear here since the distance between the mirrors is only limited by the
resolution of the ion beam. Hence, ONFs are the most suitable structures for creating
ber cavities with dimensions close to the physical limits of optical connement.
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Focused ion beam milling of Bragg gratings to generate cavities in ONFs has been
experimentally demonstrated [157] and theoretically studied [166]. Nayak et al. [157]
milled Bragg grating mirrors to form a ber cavity, see Figure 1.9(a). The grating had
120 periods and the resonance wavelength, λr, was around 852 nm with the achieved F
of 117.

Figure 1.9: (a) Scanning ion microscope (SIM) images of ONF Bragg grating structures
on ONFs fabricated using FIB with ∼ 560 nm diameter ber and grooves of ∼ 100 nm
deep and ∼ 150 nm wide. Reprinted with permission from [157] © The Optical Society.
(b) SIM images of a section of an ONF cavity with Bragg grating structures fabricated
by FIB. Scale bar of 1 µm, ∼ 270 nm diameter ber and grooves of 45 nm, 300 nm pitch,
and 450 nm defect length. Reproduced from [158] with permission licensed under a CC
BY license. (c) SEM image of the combined structure of a PhC with a Bragg grating.
SEM image. The cavity length is 2.2 µm. Reproduced from [159] with permission licensed
under a CC BY license.

An ONF cavity composed of a PhC structure was demonstrated by Wuttke [167].
Interestingly, to discharge the sample, the author used a copper mirror in a custom-
designed holder, placed underneath the ONF. A F of 11.1±0.2 was obtained for a λr

∼838 nm with 30 periods of mirror structure.
An ONF cavity with Bragg grating structures was also demonstrated by Schell et al.

[158]. This device, shown in Figure 1.9(b), was formed by cutting 160 periods of small
grooves in the side of the ber. The achieved Q-factor was 250 at λr ∼630 nm with a
corresponding mode volume of only 0.7 µm3. A key capability of an optical cavity is
the tunability of the cavity modes by applying strain to the cavity via a piezo-activated
translation stage on which the tapered ber was mounted, giving a tuning span of up to
25.8 nm.

An alternative ONF-based cavity design that combined a PhC structure with Bragg
gratings was proposed by Li et al. [159]. The authors showed that the combined structure
can achieve higher reectivity with 20 periods of gratings. An SEM picture of the structure
is shown in Figure 1.9(c). A Q-factor up to 784±87 was achieved at λr ∼780 nm with
the mode volume ∼ 1.05 µm3. The following year, the authors extended their study to
include a slot inside the cavity between the mirrors in simulation [168], similar to what was
shown in slotted ber [29] and hole-tailed ber [169]. The slot permits the deposition of
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single emitters at the position of strongest eld intensity, that is, within the slot, thereby
enhancing emission into the cavity.

As discussed earlier, the deposition of Ga ions can be a source of loss in the ber
cavity. To overcome this limitation, ion milling using a dierent ion was demonstrated
by Takashima et al. [160]. A helium (He) ion beam was used to mill Bragg gratings.
He is a noble gas; therefore, electrical, optical, and chemical alteration of the target
material is minimized [170], i.e., it can be considered contamination-free. In this work
[160], the authors compared cavities produced with He and Ga ions by milling 160 periods
of grooves. They showed that the Q-factor was higher in the cavity milled with He (450
versus 250 for the Ga FIB milling). The He FIB was then used to mill 640 periods of
Bragg gratings and a high Q-factor of 4170 at λr = 699.80 nm was achieved. Tashima et
al. [165] also fabricated an ONF cavity with a mirror separation length of 755 nm using
He FIB with 250 periods of Bragg gratings and showed Q-factor of 807.

As a quick reference for the reader, Table 1.1 contains summaries of the important
parameters of ONF cavity fabrication using FIB.

Table 1.1: Summary of ONF cavities by FIB milling. V, I, and N in the rst raw
indicate voltage, current, and number of grating periods, respectively.

Reference Ion V I Spot size d L N Q F Nanostructure Discharge

[157] Ga 30 kV ∼10 pA ∼14 nm ∼560 nm 100 µm 120 - 117 Bragg -

[167] Ga 30 kV 1-10 pA ∼10 nm ∼520 nm 2.39±0.1 mm 30 9.6×104 11.1±0.2 PhC Cu substrate

[158] Ga 30 kV 9.3 pA 13 nm 270 nm 450 nm 160 250 - Bragg -

[159] Ga 30 kV 7 pA 9 nm ∼830 nm ∼2.2 µm 20 784±87 - PhC + Bragg ITO coating

[160] He - 1 pA - 306 nm 840 nm 640 4170 - Bragg -

[165] He - - - 400 nm 755 nm 250 807 - Bragg -

Progress in FIB-fabricated ONF cavities mentioned herein shows great potential to
achieve strong coupling in cQED. Nevertheless, there still are a number of limitations
that should be overcome in order to further advance the ONF cavity system to be a more
promising quantum technological tool. Perhaps, the biggest limiting factor of the FIB
technique to fabricate ONF cavities may be associated with the fact that the ONF is
extremely fragile, so FIB milling requires patience and signicant technical experience
not to break the ONF samples. Additionally, precise milling of periodic nanostructures
directly to an ONF is challenging due to many factors. For example, FIB milling on highly
curved structures with large aspect ratios, such as silica ONFs, is dicult in practice due to
mechanical vibrations and the resulting misalignment due to charge accumulation on the
device. In addition, contamination is not only from ion beams but also from a conductive
layer which is necessary to operate the FIB. Furthermore, it is not easy to correctly adjust
the ion beam focus and stigmatism on the ber surface, where the ber edge is the only
reference for the beam adjustments. Correcting the stigmatism is especially dicult when
the ber is aligned in one direction. Exposing the ONF sample to the ion beam for such
beam adjustment also results in damaging and scraping the ber surface, and deposition
and implantation of unnecessary Ga ions. To improve the repeatability and quality of the
fabrication process, methods were developed to mitigate these challenges, and details are
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contained in Chapter 3.

1.5 Conclusion
This PhD work revolves around the development of ONF-based cavities. In this intro-
duction chapter, we have thus far provided summaries of the current research status on
the elds of HOM-ONFs and ONF-based cavities.

In Chapter 2, a belief introduction to fundamental aspects of ONFs, including HOMs,
and theoretical considerations in ONF-based cQED are depicted. These mathematical
concepts are highly relevant to this PhD work and theoretical predictions based on these
concepts are also presented in the following chapters.

Chapter 3 focuses on the fabrication of ONFs and ONF cavities. Here, two well-
established ONF fabrication techniques, the ame brushing technique and the ceramic
heater technique, are explained. We also report a novel method to fabricate ONF cavities
using Ga FIB.

The optical characterization of ONF cavities is presented in Chapter 4. The cavities
were fabricated for light-matter interactions, assuming a single colloidal QD at a cryogenic
temperature. The optical qualities of cavities were characterized from cavity spectroscopy.

Chapter 5 describes the eects of laser annealing on the ONF cavities. Here, cavity
spectroscopy was performed under a vacuum environment and the annealing laser power
was sequentially increased to observe any positive or negative eects on the optical quality.

Chapter 6 presents the experimental realization of an HOM-ONF-based cavity. The
ber cavity was meticulously designed to support the rst set of the HOM family, namely
the TE01, TM01, and HE21 modes.

Finally, in Chapter 7, we conclude this thesis by highlighting some of the PhD work
presented above as well as potential experiments and theoretical investigations that can
be pursued in the future.



Chapter 2

Theory 1

In Chapter 1, we presented a review of previous research in the areas of HOM-ONF
and cavities based on ONF. The emphasis in this review was primarily on experimental
investigations. However, theoretical studies on the behavior of modes guided by an ONF
are well investigated [4, 49, 172–174]. Before conducting experiments involving ONFs,
it is essential to take into account various theoretical predictions, such as the number of
supported modes and the mode intensity distribution. One also needs to be aware that the
speed of light propagating along an ONF varies with the ber diameter due to material
dispersion. Moreover, there are a number of parameters which need to be controlled in
order to achieve the best fabrication outcomes. In the case of HOM-ONFs, it is important
to consider the impact of interference and birefringence caused by the presence of multiple
modes on the resultant mode proles. Meanwhile, the ONF-based cavity has unique
cavity characteristics where the light is tightly guided by the subwavelength diameter
ber. This distinctive feature of an ONF-based cavity leads to a considerable theoretical
modication of the cQED system compared to in free-space. Consequently, there are
specic parameters tailored to the ONF-based cavity that require manipulation to attain
an ideal light-matter interaction regime.

This chapter introduces important fundamental concepts of ONFs that are crucial
for the scope of this PhD work. We also showcase the structural dynamics of HOMs
which are needed for deeper insight into the topological features of the polarizations
states. Furthermore, a brief overview of the theoretical aspects of ONF-based cQED is
presented.

2.1 Mode Propagation
ONFs are optical bers that are heated and pulled so that the diameters are in the
submicron scale. An ONF is composed of three regions with dierent physical properties:

1Section 2.5 in this chapter has contents of Section 2.B Simulations and 2.C Analysis from the following
published work with permission from Chinese Laser Press: M. Maeda, J. Keloth, and S. Nic Chormaic,
"Manipulation of polarization topology using a Fabry–Pérot ber cavity with a higher-order mode optical
nanober," Photon. Res. 11, 1029-1037 (2023) [171]. M. Maeda led all aspects of the work including the
fabrication of the cavity, the construction of the optical setup, taking data, the development of MATLAB
codes with J. Keloth, analysis of experimental results, simulation of results, and writing/editing the
paper.

18



Theory 19

the pigtail, the taper, and the waist regions. One can modify the shape of the taper region
according to needs. Here, we introduce two taper shapes: an exponential shape and a
linear shape. Figure 2.1(a) shows a schematic illustration of the exponential-shaped ONF.
Due to simple procedures and the short required time for fabrication (a few minutes),
exponential-shaped ONFs are the most commonly used in SM-ONF studies. However, for
some studies, such as making an extremely high transmission ber (>99%) [38, 175, 176],
a broadband transmission ber [177], a very short tapered ber (overall length of 2.3 cm)
[175], or an ONF with a very long waist region (ONF waist length of 1.7 cm) [149],
linear-shaped SM-ONFs can also be used. One can obtain high transmission SM-ONFs
(99.6% [175] and 99.95% [176, 178]) with a single linear taper angle, although it results
in a relatively long tapered ber length (63 mm [175]). Adding an optimal larger number
of linear angles, i.e., multilinear taper angles, the tapered ber length can be minimized
(23 mm for∼300 varying angles [175]), and, consequently, this reduces possible mechanical
vibrations of the ONF. Linear taper shapes can be employed to fabricate HOM-ONFs in
order to satisfy stricter adiabatic criteria, i.e., the condition in which an ONF mode does
not couple to another mode [38]. As an example, Figure 2.1(b) is a schematic view of a
trilinear-shaped ONF.

Figure 2.1: (a) Schematic of a typical exponential-shaped ONF. The waist, d, is typi-
cally subwavelength. The ber diameter is exponentially reduced along the propagation
direction, z, in the taper transition region to the waist. (b) Schematic view of a typical
trilinear-shaped ONF. The ber diameter is reduced with three dierent local core taper
angles, Ωi where i  Z+, along the propagation direction z in the taper transition region
to the waist.

Typically, conventional step-index silica bers are used to fabricate ONFs. The the-
oretical properties of ideal step-index ber are well-known [172, 173, 179–181], and we
largely follow the formalism developed in [181]. The refractive index distribution of the
step-index ber, n(r), as a function of the radial distance in cylindrical coordinates cen-
tered at the ber axis, r, is dened as:
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n(r) =


n1 0 ≤ r ≤ a, for core
n2 r > a, for cladding,

(2.1)

where n1 and n2 are the refractive indices of the core and the cladding, and a is the core
radius. Figure 1.1(a) illustrates such an index relationship together with the refractive
index of the environment, n3.

There are dierent types of modes that can propagate through an ONF and these
can be determined by solving Maxwell’s equations (see Appendix A). The exact solutions
of Maxwell’s equations yield four dierent modes, so-called exact eigenmodes. They
are transverse electric (TE), which has no electric eld in the direction of propagation
modes, denoted as TE0,m, transverse electric (TM) modes, which has no magnetic eld
in the direction of propagation, denoted as TM0,m, and hybrid modes in which the TE
component dominates, HEl,m, and hybrid mode in which the TM component dominates,
EHl,m. Here, l  Z+ is the azimuthal mode order, which denes the helical phase front
and the associated phase gradient in the ber transverse plane, m  Z+ is the radial
mode order, and indicates the mth solution of the corresponding eigenvalue equations
(Equations A.22, A.23, A.25, and A.26).

The pigtail region of an ONF is essentially the original ber region, where the refractive
indices of the core and cladding hardly dier, generally on the order of n1 − n2 ∼0.01.
When the dierence between the core and cladding refractive indices is small (n2n1 ≃ 1),
we can use the weakly guiding approximation to describe light guided in this region as
linearly polarized (LP) modes, denoted as LPl,m modes. The notations l and m are
physically the same as for the exact eigenmodes. The general eigenvalue equation of the
LP modes is [180]

Jl(ha)

haJℓ−1(ha)
= − Kl(qa)

Kℓ−1(qa)
(2.2)

where

ℓ =





1, for TE0,m and TM0,m

l + 1, for EHl,m

l − 1, for HEl,m

(2.3)

where the parameters h =

n2
1k

2 − β2 and q =

n2
2k

2 − β2 describe the scales of the
spatial eld variations inside and outside of the ber, respectively. k and β are a free-space
wavenumber and the phase propagation constant, respectively. Jℓ(ha), Jℓ−1(ha) represent
the ℓth and (ℓ− 1)th order Bessel function of the rst kind with respect to ha, and Kℓ(qa)
and Kℓ−1(qa) represent the ℓth and (ℓ−1)th order modied Bessel functions of the second
kind with respect to qa, respectively. Detailed derivation of Equation 2.2 can be found in
Appendix A or elsewhere [13, 172, 180]. Notice from Equations 2.2 and 2.3 that there is
a relationship between the LP modes and the exact ber modes, see Table 2.1.

Solving Equations 2.2 for β, we can obtain dispersion curves of the LP modes. Here,
we introduce the eective refractive index of the mode, ne, a product of β and k, with
the following relations
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Table 2.1: Relationship of LP modes with exact eigenmodes.

LP modes (m ≥ 1) Exact eigenmodes (m ≥ 1)

LP0m (l = 0) HE1m

TE0m

LP1m (l = 1) TM0m

HE2m

LPlm (l ≥ 2) EHl−1,m

HEl+1,m

β = kne =
2π

λ
ne (2.4)

where λ is the wavelength of the light in vacuum. For any lossless modes conned in the
core, the range of β is restricted to

n2k ≤ β ≤ n1k (2.5)

Light propagation within a step-index ber can be characterized by the V -parameter, also
called V -number, such that

V =
2π

λ
a

(n2

1 − n2
2), (2.6)

where a is the core radius. Figure 2.2(a) shows ne as a function of the V -parameter. As
a decreases, ne and the number of supported modes in the ber also decrease, while for
decreasing λ, ne and the number of guided modes increase.

The transition region is the part of the ONF where the original core starts to decrease
and becomes negligibly small, and the light starts to propagate in a new core, which is the
original cladding of the ber, and a new cladding, which is the surrounding medium of the
ONF. The refractive index of the surrounding medium is usually lower than the refractive
index of the original cladding (n1 ∼1.45-1.46). Typically, when the surrounding medium
is air, the refractive index of the new cladding n2 ≈ 1. This results in the refractive index
dierence of the new core and cladding becoming much more signicant (n1 − n2 ∼0.45-
0.46), as depicted in Figure 1.1(b). This causes a very high numerical aperture and a small
eective mode area [4], and the weakly guiding approximation is no longer valid and one
needs to express the guided modes as exact eigenmodes. The light that is conned within
this region is also referred to as strongly guided modes.

The general eigenvalue equation of exact eigenmodes is given by [4]


J ′
l(hr)

hrJl(hr)
+

K ′
l(qr)

qrKl(qr)

 
n2
1J

′
l(hr)

hrJl(hr)
+

n2
2K

′
l(qr)

qrKl(qr)


= l2


1

h2r2
+

1

q2r2

2
β2

k2
 (2.7)

where Jl(hr) and Kl(qr) represent the lth order Bessel function of the rst kind and the
modied Bessel functions of the second kind as a function of hr and qr, respectively.
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Figure 2.2: (a) Eective index, ne, of the weakly guided modes as a function of V -
number for the rst four LP modes. The values of n1 and n2 in the calculation were
1.4586 and 1.4537, respectively, at λ = 776 nm. (b) Eective index, ne, of the strongly
guided modes as a function of V -number for the rst seven eigenmodes. The values of n1

and n2 in the calculation were 1.4537 and 1, respectively, at λ = 776 nm. The orange-
coloured region indicates the range of d (540 nm < d < 728 nm) used in experiments in
Chapter 4, where experiments were operated with parameters of n1 = 14528 and n2 = 1
at λ = 780 nm. The exact d values for these n1, n2, and λ only dier by 0.6%. Three
black dotted lines indicate the d (d = 450 nm, 840 nm, and 1100 nm) used in experiments
in Chapter 5, where experiments are conducted with the same values of n1, n2 and λ as
the calculation. ne in both (a) and (b) was calculated using the eigenmode expansion
(EME) method of the software FIMMPROP.

Moreover, J ′
l(ha) and K ′

l(qa) represent the derivatives of the lth order modied Bessel
functions of the rst kind with respect to arguments ha and the modied Bessel functions
of the second kind with respect to arguments qa, respectively. A rigorous derivation of
this eigenvalue equation for ONF modes is documented in Appendix A.

Solving Equation 2.7 gives us the propagation constant, β, of each eigenmode. Fig-
ure 2.2(b) shows the exact eigenmodes propagating in a tapered ber for HE11, TE01,
TM01, HE21, EH11, HE31, and HE12, which are guided as in the rst four LP family
modes plotted in Figure 2.2(a). Same as the case for LP modes, as the V -number de-
creases for a xed wavelength, i.e., as a decreases, ne of the modes also decreases, and
the number of modes that can be supported in the ber decreases. The cuto core radius
at λ = 780 nm with n1 = 1.4537 and n2 = 1 for the TE01 and TM01 modes is a ≃ 283 nm
and the cuto core radius for the HE21 mode is a ≃ 325 nm [4]. Thus by tailoring the
diameter and refractive index it is possible to control the number of modes in the ber.

2.2 Mode Proles
By utilizing the mode conditions presented in Equation 2.7, it becomes feasible to express
the mode proles in cylindrical coordinates. Here, we follow the mode prole functions
developed by Le Kien et al. [4]. In this PhD work, we studied six distinct modes, namely



Theory 23

HEx
11, HE

y
11, HEe

21, HEo
21, TE01 and TM01. Mode proles of these modes in the weakly

guiding regime are presented in Figures 1.5(a)(i, ii) and (b)(i-iv). In this section, we
visually present the mode proles for the strongly guided HEx

11, HE
y
11, HEe

21, HEo
21, TE01

and TM01 of an ONF with the following parameters: n1 = 1.4537, n2 = 1, a = 420 nm,
and λ = 780 nm.

Let us now briey introduce the electric and magnetic components of the eigenmodes,
such that [4]


E
H


=

1

2


E
H


e−iωt + cc, (2.8)

where E and H are the electric and magnetic eld, and E and H are the complex am-
plitudes of the electric and magnetic eld, respectively. For the eigenmodes with a prop-
agation constant, β, and the azimuthal mode order, l, E and H can be expressed as
[4]


E
H


=


e
h


e−ifβz+ilpθ, (2.9)

where e and h are the reduced mode prole functions with the propagation direction,
f = + or -, and phase circulation direction p = + or -, respectively. The reduced mode
prole function can be further decomposed into three components: radial component, er
or hr, azimuthal component, eθ or hθ, and axial component ez or hz, for the electric eld
and the magnetic eld, respectively. In the cylindrical coordinates, the unit vectors lie
on r̂ = x̂cosθ + ŷsinθ, θ̂ = -x̂sinθ + ŷcosθ, and ẑ, with x̂ and ŷ the unit vectors in the
Cartesian coordinates. The ber transverse plane is spanned by rr̂ + θ̂ = xx̂ + yŷ, and
denoted as rθ or xy (see Figure 1.1(b)). The rigorous expressions of er, eθ, ez, hr, hθ, and
hz for each mode are given in Appendix A. The mode intensity distribution, I, can be
obtained by [4]

I = e2 = er2 + eθ2 + ez2 (2.10)

2.2.1 Hybrid modes
Hybrid modes possess both the electric and magnetic eld components in the longitudinal
direction. The reduced mode functions of the electric and magnetic components of a
hybrid mode with circular polarization in the transverse plane can be characterized by
the propagation direction, f = + or -, azimuthal mode order l, and phase circulation
direction p = + or -, as follows [4],

e(flp) = r̂er + pθ̂eθ + f ẑez,

h(flp) = r̂hr + pθ̂hθ + f ẑhz
(2.11)

Note that these modes contain all components, i.e., the radial, azimuthal, and axial
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components of the electric and magnetic elds. The full mode functions for such hybrid
modes can be written as [4]

E (flp)
circ = e(flp)eifβz+iplθ,

H(flp)
circ = h(flp)eifβz+iplθ,

(2.12)

where the subscript "circ" stands for the transversely circular polarization, also called
quasi-circular polarization. The term "quasi-" refers to the contribution of the eld from
the axial components.

On the other hand, hybrid modes with quasi-linear polarization can be seen as super-
positions of the quasi-circularly polarized hybrid modes with left-handed and right-handed
directions, such that [4]

E (flθpol)
lin =

1√
2
E (fl+)
circ e−iθpol + E (fl−)

circ e−iθpol ,

H(flθpol)
lin =

1√
2
H(fl+)

circ e−iθpol +H(fl−)
circ e−iθpol ,

(2.13)

where the subscript "lin’ stands for linear polarization and θpol represents the orientation of
the mode prole’s symmetry axes within the transverse plane of the ber. The particular
phase angle values θpol = 0 and π/2 establish two perpendicular polarization proles: one
exhibits symmetry relative to the x-axis, while the other arises from rotating the former
by an angle of π/2Le within the xy-plane. Equations 2.13 can be also written as [4]

E (flθpol)
lin = e(flθpol)eifβz,

H(flθpol)
lin = h(flθpol)eifβz,

(2.14)

where e(flθpol) and h(flθpol) are the reduced prole functions of quasi-linearly polarized
hybrid modes, such that [4]

e(flθpol) =
1√
2
(e(fl+)ei(lθ−θpol) + e(fl−)e−i(lθ−θpol)),

h(flθpol) =
1√
2
(h(fl+)ei(lθ−θpol) + h(fl−)e−i(lθ−θpol))

(2.15)

Now, substituting Equations 2.11 into Equations 2.15, we obtain the following forms [4];

e(flθpol) =
√
2[̂rer cos(lθ − θpol) + iθ̂eθ sin(lθ − θpol) + f ẑez cos(lθ − θpol)],

h(flθpol) =
√
2[if r̂hr sin(lθ − θpol) + f θ̂hθ cos(lθ − θpol) + iẑhz sin(lθ − θpol)]

(2.16)

For θpol = 0, we nd [4]



Theory 25

e(fl,0) =
√
2[̂rer cos(lθ) + iθ̂eθ sin(lθ) + f ẑez cos(iθ)],

h(fl,0) =
√
2[if r̂hr sin(lθ) + f θ̂hθ cos(lθ) + iẑhz sin(iθ)],

(2.17)

and, for θpol = π/2, we obtain

e(fl,π/2) =
√
2[̂rer sin(lθ)− iθ̂eθ cos(lθ) + f ẑez sin(iθ)],

h(fl,π/2) =
√
2[−if r̂hr cos(lθ) + f θ̂hθ sin(lθ)− iẑhz cos(iθ)]

(2.18)

Figure 2.3(a) shows the electric eld, i.e. the SOPs, and the electric eld intensity
of the quasi-linear x-polarized fundamental mode, HEx

11. The SOPs across the beam are
relatively uniform, i.e. the vector changes direction slightly as the eld goes away from
the center of the ber. One can also note the higher intensity of the evanescent eld along
the x direction. The 3D view of such an intensity prole is illustrated in Figure 2.3(b).
The ber region is marked as a solid black line in Figures 2.3(a, b). The intensity prole
peaks at the center inside the ber, while there is a sudden increase in the intensity at the
external boundary of the ber. This shows the signicance of the evanescent eld even
when the ber diameter (d = 840 nm) is not subwavelength dimension (λ = 780 nm). The
orthogonal polarization of a y-polarized fundamental mode, HEy

11, has the distribution of
the SOPs and the intensity exactly perpendicular to HEx

11.

Figure 2.3: (a) Cross-sectional normalized intensity distribution of the HEx
11 mode. The

blue arrows show local polarization vectors. The black circle indicates the ber edge. (b)
Three-dimensional representation of the intensity distribution in (a). The electric eld
was calculated using Lumerical FDTD method and plotted by MATLAB.

Figure 2.4(a) shows the cross-sectional view of the SOP and intensity proles of the
HEe

21 mode. The SOPs are not as uniform as for the fundamental mode, with alternating
eld vectors pointing to radial and azimuthal directions. This mode has a donut-like
shaped intensity prole, i.e., null intensity at the center of the ber. It also possesses four
regions of high evanescent eld intensity around the {xa, ya} = {0, 1}, {0, -1}, {1, 0},
and {-1, 0} positions, where the SOPs are radially oriented. The 3D view of the intensity
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prole is shown in Figure 2.4(b). From this point of view, it is clear that the intensity at
those four regions of the evanescent eld is higher than the intensity inside the ber.

Figure 2.4: (a) Cross-sectional normalized intensity distribution of the HEe
21 mode. The

blue arrows show local polarization vectors. The black circle indicates the ber edge. (b)
Three-dimensional representation of the intensity distribution in (a). The electric eld
was calculated using Lumerical FDTD method and plotted by MATLAB.

The transverse view of SOP and intensity distributions of the HEo
21 mode is shown in

Figure 2.5(a). The mode structure of HEo
21 is exactly perpendicular to that of HEe

21. Four
intense evanescent eld at {xa, ya} = {∼0.7, ∼0.7} and {∼0.7, ∼-0.7}, {∼-0.7, ∼0.7}
and {∼-0.7, ∼-0.7} regions, where the SOPs are radially oriented. Figure 2.5(b) presents
the electric intensity from the 3D point of view, which also shows the higher intensity at
those four positions outside the ber region.

Figure 2.5: (a) Cross-sectional normalized intensity distribution of the HEo
21 mode. The

blue arrows show local polarization vectors. The black circle indicates the ber edge. (b)
Three-dimensional representation of the intensity distribution in (a). The electric eld
was calculated using Lumerical FDTD method and plotted by MATLAB.
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2.2.2 TE modes
The reduced mode functions of the electric and magnetic components for TE01 mode are
given by

e(f) = θ̂eθ

h(f) = f r̂hr + f ẑhz
(2.19)

Figure 2.6(a) shows the cross-section of SOP and intensity distributions of the TE01

mode. As is clear from Equation 2.19, the SOPs of this mode are purely transverse
(ez = 0), and purely azimuthal (er = 0). This results in the perfect donut pattern, i.e.,
a uniform intensity prole in the azimuthal direction, in contrast with hybrid modes.
This intensity prole is further illustrated in a 3D perspective in Figure 2.6(b). There
is no sharp increase in intensity at the core-cladding interface, indicated as a solid black
line, and the mode intensity decays smoothly away from the ber. The eld is contin-
uous because tangential eld components, eθ, and ez, at the boundary do not generate
discontinuity.

Figure 2.6: (a) Cross-sectional normalized intensity distribution of x-polarized TE01

mode. The blue arrows show local polarization vectors. The black circle indicates the
ber edge. (b) Three-dimensional representation of the intensity distribution in (a). The
electric eld was calculated using Lumerical FDTD method and plotted by MATLAB.

2.2.3 TM modes
Finally, we now introduce the reduced mode functions of the electric and magnetic com-
ponents for the TM01 mode, which are given by

e(f) = r̂er + f ẑez

e(f) = f θ̂hθ
(2.20)
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Figure 2.7(a) presents the SOP and intensity distributions for the TM01 mode within
the transverse plane. In this mode, the electric eld distribution is solely radial (eθ = 0),
evident from Equation 2.20. Analogous to the TE01 mode, the TM01 mode also exhibits
azimuthal symmetry. The intensity of the evanescent eld reaches its peak at the interface
between the core and cladding, marked by a solid black line. Notably, at the ber’s
central position {xa, ya} = {0, 0}, the intensity is not zero unlike for the other HOMs
discussed here. It is worth noting that, at this location, the eld vector does not possess
a transverse component and the dominant contribution to the electric eld comes from
the axial component ez. Indeed, the TM01 mode exhibits its most intense point at the
center of the 840 nm diameter ber for a wavelength of 780 nm. This characteristic is
prominently evident in the 3D representation, as depicted in Figure 2.7(b). Additionally,
an abrupt increase in intensity at the core-cladding interface is noticeable for this mode.

Figure 2.7: (a) Cross-sectional normalized intensity distribution of the TM01 mode. The
blue arrows show local polarization vectors. The black circle indicates the ber edge. (b)
Three-dimensional representation of the intensity distribution in (a). The electric eld
was calculated using Lumerical FDTD method and plotted by MATLAB.

2.3 Adiabatic Criterion
An ONF with negligible power loss due to mode coupling is termed as being adiabatic
[173]. An ONF can support the desired number of modes at high transmission not only if
the ber diameter is above the cuto size for said modes, but also if the adiabatic tapering
condition for these modes is satised [38, 172].

Light propagation along optical bers varies as ei(βz−ωt), where β is the phase propa-
gation constant. The most critical factor for the adiabatic condition is the local coupling
length between two modes, the so-called beat length zb = zb(z), such that

zb =
2π

β1 − β2
=

λ

ne,1 − ne,2
, (2.21)

where β1 = β1(z) and β2 = β2(z) stand for propagation constants of two distinctive modes,
and ne,1 and ne,2 are corresponding eective refractive indices. Thus, mode coupling
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creating a non-adiabatic taper is most likely to occur between two adjacent modes as
they propagate along the taper transition region. Another important note is that an
LPlm mode only couples to other modes with the same mode order l, i.e., with similar
circular symmetry [173]. In order to obtain an insight into the mode coupling, the beat
length is compared with the local taper length, zt [173]:

zt =
a(z)

tan[Ω(z)]
≈ a(z)

Ω(z)
, (2.22)

where a(z) is the local core radius as a function of position z and Ω(z) is the local taper
angle as a function of position z, with Ω(z) ≪ 1 rad. The local taper angle has to be
small enough for the modes to see a ber as straight [173]. Modes can be conserved in a
taper when zt ≫ zb; mode coupling occurs when zt ≪ zb [173]. Thus, the condition
zt = zb gives an indication of an approximate adiabatic-lossy boundary regime, dened
by a critical local taper angle, which is equivalent to [173]

Ω =
a(β1 − β2)

2π
 (2.23)

Note that the adiabatic criterion requires that the local taper angle be lower than the
critical local taper angle, but not its rate of change. In other words, the taper angle can
be suddenly changed without signicant loss as long as the changed angle also meets the
adiabatic criterion [8]. This leads to the fabrication of high transmission ONFs by using
multiple angles achieved by changing the heated region on the ber during tapering [174].
The adiabatic condition for SM ber has been known and demonstrated since the 1990s
[173]; however, adiabatic tapering for HOMs was only realized in 2011 after the discovery
that not only taper angle but the initial core-cladding ratio plays a critical role [129].

Figure 2.8: The delineation curves of LP01 (black), LP11 (red), LP21 (blue), and LP02

(green), as a function of normalized core radius. Ωi must be smaller than the critical local
core taper angle Ω for each set of LP modes to fabricate an adiabatic ONF. These plots
were generated from the same parameters as Figures 2.2(a, b).
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The critical core taper angles as a function of normalized ber radius for the rst
four sets of LP modes, i.e., LP01, LP11, LP21, and LP02, are shown in Figure 2.8. It is
evident that HOMs have lower critical taper angles compared to the fundamental mode.
This poses challenges in experimental works involving HOM-ONFs, which have not been
well-developed. Furthermore, the critical angles decrease as the mode order increases,
adding to the diculty in operating experiments with LP21 and LP02 modes. However, a
recent breakthrough in fabrication involves the successful production of adiabatic ONFs
through chemical etching of the ber before the conventional tapering process [48].

2.4 Material Dispersion
We now consider material dispersion, which occurs when ne changes with λ and/or the
ber diameter, d. This applies to the silica ONF system with ne = ne(V ), where
V (λ, 2a = d) as Equation 2.6 indicates. Light in a dispersive medium propagates at the
group velocity vg, which is given by [172]

vg =
dω

dβ
=

c

ng
, (2.24)

where c is the speed of light in vacuum and ng is the group index, which is given as [172]:

ng = ne(d,λ)− λ
∂ne(d,λ)

∂λ
 (2.25)

Figure 2.9(a) shows the change in ng of the fundamental mode HE11 for dierent d
ranging from 0-1500 nm for λ = 780 nm. We selected this wavelength because all ONF
samples fabricated for this thesis work were designed to match a specic QD and 87Rb D2

emission wavelength at λ = 780 nm. ng reaches a maximum at d ∼600 nm and rapidly
decreases as d gets thinner. It goes down nearly as low as 1, meaning that the group
velocity is almost reaching the speed of light in a vacuum.

The change of ng of the HE11 mode as a function of λ ranging from 500-1000 nm
for an ONF with d = 720 nm is illustrated in Figure 2.9(b). ng reaches a maximum at
λ ∼ 900 nm and slowly decreases as λ gets shorter. One can clearly see that the eect of
change in d (for typical ONF diameters from 400-800 nm) on ng is an order of magnitude
larger than the change in λ (for the wavelength range 750-810 nm) on ng. We use ng to
calculate the eective cavity length, Le, in Chapter 4.

2.5 Polarization in the Multimode Regime
When studying the optical ber system in the multimode regime, it is important to take
into account the eect of interference between the modes. Moreover, in the case where the
ber contains loops and bends, it is necessary to consider the possible eects of birefrin-
gence on the resulting modes. Birefringence and interference in ber can create a complex
polarization topology that cannot be seen in pure ber eigenmodes. Here, we introduce
the mathematical expressions describing the eects of birefringence and interference with
some examples of these complex polarizations. Furthermore, their topological defects are
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Figure 2.9: (a) Change of ng of the HE11 mode as a function of d at λ = 780 nm.
The insert is the typical ber diameters of the ONFs in Chapter 4. (b) Change of ng of
the HE11 mode as a function of λ at d = 720 nm. The insert is for the typical vacuum
wavelength range of the ONF-based cavities in Chapter 4. ng was calculated using the
EME method of the software FIMMPROP with n1 = 1.4528 and n2 = 1.

also found. This is critical for an introduction to the material contained in Chapter 5.

2.5.1 Birefringence and interference
Each mode experiences arbitrary birefringence as it propagates along the ber. The total
eld in the ber at any point is the sum of the propagating modes with a corresponding
phase shift. The addition of FBG mirrors to the ber induces an additional birefringence
[166, 182], which can be incorporated in a single birefringence matrix. Note that this
model does not include cavity boundary conditions since we only aim to simulate the
spatial proles of the ber modes. We can calculate an arbitrary ber eld, E, due to
interference and birefringence by taking a summation over dierent ber modes, such that

E =
N

M

JMAMEMe
iϕM, (2.26)

Here, N is the number of eigenmodes to be interfered, EM is the electric eld of a ber
eigenmode, where the mode subscript M  {TE0,m, TM0,m, HEl,m and EHl,m}. AM is the
amplitude, ϕM is the phase between modes, and JM represents the arbitrary birefringence
Jones matrix of each eigenmode EM, such that [183]

JM = eiηM/2


cos2 θM + eiηM sin2 θM (1− eiηM) cos θM sin θM
(1− eiηM) cos θM sin θM sin2 θM + eiηM cos2 θM


, (2.27)

where ηM is the relative phase retardation induced between the fast axis and the slow
axis, and θM is the orientation of the fast axis with respect to the horizontal-axis, i.e.,
perpendicular to mode propagation.

Let us now consider the system with the ber supporting HEx
11, HE

y
11, TE01, TM01,
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HEo
21 and HEe

21, so that the number of modes that can be interfered is N ≤ 6. The cross-
sectional proles and SOPs of TE01 and HEe

21 are shown in Figure 2.10(a, b), respectively.
The TM01 and HEo

21 modes are not shown here but their vector elds are orthogonal to the
TE01 and HEe

21 at every point, respectively (see Figure 1.5(b)(iv, ii)). These modes have
donut-shape mode proles with linearly polarized vector elds at any point in the mode
cross-section. As an example of possible ber modes using Equation 2.26, Figure 2.10(c)
illustrates in-phase interference of the TE01 and HEe

21 modes with equal amplitudes. The
resulting mode has a lobe-shape intensity pattern with scalar elds. Figure 2.10(d) is an
example of a mode resulting from the interference of the circularly polarized HE11 and
an out-of-phase (a π/2 phase dierence) TE01 and TM01 with equal amplitudes. The
SOP, which is overlapped on the intensity prole images, are marked as red and blue
ellipses, corresponding to right and left-handed orientation, respectively. This mode is
the so-called lemon [107], which contains not only linear polarization but also elliptical
and circular polarization components in one mode. The dots and line in Figure 2.10(d)
are highlighting what are known as Stokes singularities and are discussed in detail in the
next section.

Figure 2.10: Simulations of (a) TE01, (b) HEe
21, (c) TE01 + HEe

21 and (d) lemon. The
red and blue SOPs indicate right-handed and left-handed ellipticities, respectively. The
scale bars show the normalized intensity (from 0 to 1) and the Stokes phase (from 0 to
2π). Stokes singularity points of σ12, σ23, and σ31 are indicated as pink, orange, and blue
dots, respectively. An L-line is indicated in green.
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2.5.2 Stokes singularities
The polarization gradient was calculated in order to identify Stokes singularities in the
cross-section of the mode. The gradient map is known as the Stokes phase, ϕij, which is
given by [184, 185]

ϕij = Arg(Si + iSj), (2.28)

where Si and Sj are Stokes parameters with i, j}  1, 2, 3} in order, and i ̸= j, such
that [74, 186]

S0 =

S2
1 + S2

2 + S2
3 ,

S1 = S0 cos(2χ) cos(2ψ) = IH − IV

S2 = S0 cos(2χ) sin(2ψ) = ID − IA,

S3 = S0 sin(2χ) = IL − IR

(2.29)

where ψ and χ represent the orientation of the major axis and the polarization azimuth
in the spherical angular coordinate, respectively. In this context, IH, IV, ID, IA, IL and IR
indicate the electric eld intensity with polarization with subscripts H, V, D, A, L and
R implying horizontal, vertical, diagonal, antidiagonal, left-circular, and right-circular
directions, respectively. We can identify the SOP at a point in the transverse plane by
calculating the ellipse orientation, ψ, and ellipticity, χ, using Equations 2.29 [186]:

χ =
1

2
sin−1


S3

S0


,

ψ =
1

2
tan−1


S2

S1




(2.30)

The SOP can be visually represented on the Poincaré sphere, see Figure 2.11. Linear
SOPs, H, L, D, and A, have ψ = 0 and are located on the equator of the Poincaré sphere.
The northern hemisphere represents the right-handed elliptical states with positive ψ,
while the southern hemisphere represents the left-handed elliptical or circular states. In
particular, the north/south poles correspond to circular states of R and L, respectively.

The Stokes phase uncertainty points, i.e., Stokes singularities, can be identied by
obtaining the Stokes indices, σij, which are dened as [184, 185]

σij =
1

2π



c

ϕij · dc, (2.31)

where

c
ϕij · dc = ∆ ϕij is the counterclockwise azimuthal change of the Stokes phase

around the Stokes singularity, i.e., ∆ ϕij = ϕnal
ij −ϕinitial

ij is the winding angle of ϕij, with
ϕinitial
ij (ϕnal

ij ) being the value of ϕij at the starting point (ending point) of any simple
closed path c that encircles the vortex [184]. Singularities of σ12 are known as V-points
and C-points, in vector and ellipse elds, respectively [184]. Singularities of σ23 and σ31

are known as Poincaré vortices [103, 185, 187]. L-lines are located where ϕ23 = 0,π, 2π.
Table 2.2 is a summary of the classication of the Stokes singularity types in terms of the
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Figure 2.11: Schematic of Poincaré sphere presenting SOPs at a total of eight positions
(red dots): H, V, D, A, L, and R as well as arbitrary elliptical SOPs.

Stokes phases and singularity indices with the corresponding polarizations in the vector
and ellipse elds [86, 102, 103, 185].

Table 2.2: List of Stokes singularities in vector elds (v) and ellipse elds (e) by the
singularity index, σij, using the Stokes phase, ϕij, with {i, j}  {1, 2, 3} in order.

Stokes Stokes phase Stokes index/ Polarization
singularity Phase values

V-point (v) ϕ12 σ12 Null

C-point (e) ϕ12 σ12 R/L

Poincaré ϕ23 σ23 H/V

vortex (e) ϕ31 σ31 D/A

L-line (e) ϕ23 0, π, 2π Linear

The Stokes singularity points and L-lines are found from the Stokes phases, then
superimposed and marked on the mode proles. As examples, from Figures 2.10(a, b),
the center of the mode proles for both TE01 and HEe

21 contain a V-point, with σ12 = −2
and +2 (pink dot), respectively. These points are found from their Stokes phases ϕ12 (lower
panels in Figures 2.10(a, b)). In contrast, the lemon mode in Figure 2.10(d) has a closed
loop representing an L-line (green) and all three types of Stokes singularities: a C-point
with σ12 = −1 (pink dot), Poincaré vortices with σ23 = −1 and +1 (orange dots),
and σ31 = −1 and +1 (blue dots) are found from ϕ12, ϕ23, and ϕ31, respectively. The
lobe-shaped scalar mode in Figure 2.10(c) does not have a 2π gradient in any associated
Stokes phases, since topological defects can only exist in non-scalar elds [85].
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2.6 cQED using an ONF
The light-matter interaction is a series of processes involving a photon being absorbed,
emitted, or scattered by charged particles. The strength of such an interaction can be
increased when a resonant cavity is incorporated so-called Purcell enhancement [188].
This remarkable observation led to a dynamically expanding eld of study, which is called
cavity quantum electrodynamics, cQED [189]. Researchers have been engineering various
cavity systems ever since to achieve strong light-matter interactions by controlling tunable
parameters. This section briey summarizes the important parameters to be controlled
specically in an ONF-based cQED system.

Typically, in order to observe the strong cQED eects using a Fabry-Pérot cavity, one
needs to obtain a sucient value of nesse, F , which describes how narrow the full-width
half-maximum (FWHM) of resonances are in relation to their frequency separation, that
is [190]

F =
FSR

FWHM
, (2.32)

with both FSR and FWHM being either in wavelength or frequency. For a cavity with
two mirrors of intensity reectivities R1 and R2, and when both of which are equal, i.e.,
R1 = R2 = R, F is given by [191]

F =
π

2 arcsin


1−R
2
√
R

  (2.33)

The optical quality of cavities can be also measured by the Q-factors, which describe the
damping of resonator modes, such that [190]

Q =
λr

FWHM
=

νr
FWHM

, (2.34)

where λr and νr are the wavelength and the frequency of resonance, respectively, with
FWHM either in units of wavelength or frequency. The Q-factor is often used for a short
Fabry-Pérot cavity where FSR cannot be measured.

The study of single atoms coupling to free-space Fabry-Pérot cavities has been ex-
tensively developed in free-space [147, 192, 193]. Strong coupling is achieved when the
coherent energy exchange rate between a photon and an emitter is signicantly greater
than the energy dissipation rate of the system and this is evident from Rabi splitting.
The light-matter interaction dynamics are primarily governed by the interplay between
the coherent rate and the incoherent rate involving three key factors: the emitter-photon
coupling rate (represented by 2g0, which corresponds to the single-photon Rabi frequency),
the cavity decay rate (κ0), and the emitter spontaneous emission rate (γ0). These param-
eters for free-space cavities are given by

g0 =


µ2ωc

2ℏϵ0Vm
, (2.35)

κ0 =
ωc

Q
=

πc

FLe
, (2.36)
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γ0 =
8π2µ2

2ℏϵ0λ3
, (2.37)

where µ is the dipole moment, ωc = 2πcλ is the emitter transition frequency at wave-
length λ, ℏ is the reduced Planck’s constant, ϵ0 is the free-space permittivity, Le is the
optical eective cavity length, and Vm is the cavity mode volume. The eective cavity
length of the Fabry-Pérot cavity can be calculated from the FSR value ∆λFSR (∆νFSR)
and the group index ng, such that [194]

Le =
λ2

2ng∆λFSR
 (2.38)

We now introduce gure-of-merit to describe the light-matter interaction, the so-called
cooperativity parameter, C, which characterizes the degree of coherence of the coupling,
and is determined from the following expression [8, 189, 195]:

C =
(2g0)

2

κ0γ0
 (2.39)

The essential condition for observing coherent interactions between light and a single
quantum emitter is C ≫ 1. Even when C ≫ 1, there are typically two dierent regimes,
namely ’the weak coupling regime’ and ’strong coupling regime’ in an ONF-based cQED
system. The weak coupling regime is when the incoherent rate(s) exceeds the coherent
rate, that is, 2g0 < κ0, γ0. Meanwhile, the strong coupling regime has the following
condition [8, 9]:

2g0 > κ0, γ0 (2.40)

The light-matter interactions are improved by increasing the Q-factor (or F ) or reducing
the mode volume. Nevertheless, when expressing the cQED parameters in relation to the
mode volume, the transverse and longitudinal dimensions become combined. Specically,
the mode volume is inversely proportional to the energy density and can be represented
as the product of the eective mode area, Ae , at the emitter’s position and the opti-
cal eective length, Le, of the cavity. Thus, Equation 2.35 and Equation 2.39 can be
expressed by considering transverse and longitudinal dimensions separately as follows [8]:

g =


cγ

ngLe


σ

Ae


, (2.41)

C =
4

π


σ

Ae


F, (2.42)

where γ is the spontaneous emission rate of an emitter vicinity of an ONF and σ = 3λ22π
is the single emitter absorption cross-section. In the case of waveguide cavities, the speed
of light in the medium decreases due to material dispersion (see Section 2.4), so the cavity
decay rate for the ONF cavities is expressed as

κ =
πc

FngLe
, (2.43)



Theory 37

Importantly, for ONF-based cavities, due to the strong transverse connement of the
ONF-based cavity, a moderate value of nesse (F ∼ a few tens) can create a strong
coupling condition. This important feature of cQED on an ONF is a major dierence
from the conventional free-space Fabry–Pérot cQED system, where it typically requires
extremely high nesse values (F ∼ 4× 104 - 4×105) [8].

As mentioned in Section 1.1, the spontaneous emission rate of an emitter placed on the
surface of an ONF increases compared to the free-space scenario due to the aforementioned
Purcell eect [188], and can be expressed as γ =γg + γr, where γ is the emission total
decay rate, γg is the emitter decay rate into a ber guided mode, and γr is the emitter
decay rate to the radiation mode [9]. This means the rate of the emission into an ONF-
guided mode, the so-called channeling eciency, can be expressed as η =γgγ, and such
eciency is dependent on the ber diameter, i.e., the transverse connement, as shown in
Figure 1.3 [9, 54]. Based on this unique characteristic of the ONF system, Equations 2.41
and 2.42 can further be rewritten as:

g =


cγg

ngLe
=


cγη

ngLe
, (2.44)

C =
4

π
(η

γ

γ0
)F =

4

π
ηPF, (2.45)

where P = γγ0 is the Purcell factor. Note that the value of C primarily relies on two fac-
tors: the longitudinal connement, which is determined by F ∝ 1/Le, and the transverse
connement of the optical mode, which is η ∝ 1/de , where de is the eective mode waist.
The eective mode waist of ONFs is smaller than 1 µm, which is one order of magnitude
smaller than the typical mode waist of 10–30 µm in the conventional free-space Fabry-
Pérot cavities. This signicant reduction in waist size results in a two-order improvement
in C for ONF-based cavities [8]. Moreover, in the context of ONF-based cavities, there
exists the advantage of independently controlling the cavity length, Le, without impact-
ing the transverse connement. As a result, it becomes feasible to adjust Le to attain
the strong coupling regime, since the cavity decay rate decreases more rapidly than the
emitter–eld coupling rate with increasing Le. Furthermore, the emitter–eld coupling
strength can be enhanced by choosing an emitter with a high spontaneous emission rate.
This oers the exibility to select suitable values for the cavity length, ber diameter,
as well as the type of emitter within the achievable nesse range, thereby enabling both
regimes of cQED as desired.

2.7 Conclusion
This chapter provides a foundational understanding of optical nanobers (ONFs), includ-
ing a concise explanation of the mathematical descriptions of guided modes within ONFs.
The propagation of modes along an ONF is articulated in cylindrical coordinates, derived
from Maxwell’s equations, with further elaboration provided in Appendix A. Addition-
ally, visual representations of the eigenmodes belonging to the LP01 and LP11 families,
operating within the weakly guided regime, are presented.

Moreover, this chapter provides a brief overview of the theoretical expectations regard-
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ing taper proles. These proles are crucial factors to consider when producing low-loss
ONFs. Taper proles can take the form of exponential or linear shapes, depending on
the specic requirements. The key factor is ensuring that the taper angles remain ade-
quately low for the desired mode. Typically, HOMs necessitate even lower tapering angles
compared to the fundamental mode.

We also highlighted the essential attributes of cQED systems, particularly those em-
ploying ONF-based cavities. An ONF-based cQED setup holds a signicant advantage in
terms of nesse requirements to achieve a strong coupling regime for light-matter interac-
tion phenomena. This advantage is realized with a moderate nesse value, often several
orders of magnitude lower than what is needed for free-space cQED systems.

All these fundamental concepts play a pivotal role in this PhD research and, as such,
we apply these concepts extensively in the subsequent chapters. In the next chapter, we
introduce the fabrication methods of ONFs and cavities.



Chapter 3

Fabrication of ONFs and Cavities using
a Ga FIB1

In the previous chapter, we went through key mathematical expressions to study mode
propagation and proles in ONFs, polarizations in HOM-supporting bers, and the ONF-
based cQED system. Here, we introduce the important technical details for the fabrication
of ONFs and ONF cavities. Various fabrication methods of ONFs are already well estab-
lished, as presented in Section 1.1. Here, we focus on two ber-pulling systems with
dierent heat sources: the hydrogen(H2)/oxygen(O2) ame and the ceramic microheater,
both of which were used in this PhD work. We also introduce an ONF/OMF cavity
fabrication technique. To create such cavities, we employ a FIB, which stands out as one
of the most promising methods for constructing ONF-based cavities designed for applica-
tions in cQED, as discussed in Section 1.4. This chapter provides not only comprehensive
explanations of newly developed FIB techniques for crafting internal mirror-type ONF
cavities but also details the pre- and post-FIB processes, all aimed at achieving optimal
results in cavity fabrication.

3.1 Fabrication of ONFs
There are a number of important parameters to control ONF fabrication outcomes. These
parameters vary for dierent taper shapes of ONFs. This section briey summarizes these
key parameters for the fabrication of exponential-shaped ONFs and linear-shaped ONFs.
The parameters described in this section are variables that were changed for dierent
types of experiments and inserting these parameters in the existing MATLAB code and/or
LabVIEW program communicates with a ber-pulling rig, details of which are described
in Subsection 3.1.2. Note that many dierent bers and various parameters were used
for dierent experiments in this PhD work, so this section only describes the general
knowledge and methods used to fabricate ONFs used for this thesis work.

1This chapter contains Section 4 of the following published work: P. Romagnoli, M. Maeda, J.M. Ward,
V.G. Truong, and S. Nic Chormaic, "Fabrication of optical nanobre-based cavities using focussed ion-
beam milling: a review", Appl. Phys. B 126, 111 (2020) [1]. M. Maeda contributed to the development
of new fabrication methods with P. Romagnoli and J.M. Ward, the fabrication of the cavities with P.
Romagnoli, and editing the paper.
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3.1.1 Key parameters for ONF fabrication
The shape of the taper transition region, as indicated in Figure 2.1(a, b), is determined
by the size of the heated part of the ber, the so-called hotzone, H. For a xed constant
hotzone, the taper prole follows an exponential shape and is suitably adiabatic for the
fundamental HE11 mode. This is the most common and simplest way to fabricate an
SM-ONF. The nal ber diameter, df, is a function of the initial ber diameter d0, the
total pull length, L, and the constant and uniform hotzone, H, such that [15, 38, 173]

df = d0e
(− L

2H
) (3.1)

Once the diameter of the original ber is decided, one only needs to set parameters H
and L. By using Equation 3.1, it is possible to estimate these parameters to obtain a
desired ONF diameter. However, in reality, the hotzone may not be constant or uniform,
and one may be required to use more complex models, such as linear hotzone variation
[15], for more controlled and accurate outcomes. Nevertheless, the simplest model given
by Equation 3.1 was sucient for our experiments.

Linear and more complex taper shapes are also possible by varying the size of the
hotzone during the ber-pulling process. As mentioned, linear taper transitions are espe-
cially useful for achieving ultrahigh transmission in an SM-ONF and for low-loss HOM
propagation in a HOM-ONF [38, 129, 178]. Linear-shaped ONFs require extra parameters
to be considered. Well-described derivations of these parameters are found in [38]. For
this PhD work, a trilinear taper shape of ONFs was used, as illustrated in Figure 2.1(b).
Parameters required for the fabrication of a trilinear-shaped ONF are the initial ber
diameter d0, two intermediate ber diameters d1 and d2, the waist diameter d, and most
importantly, three local core taper angles Ω1, Ω2, and Ω3 (see, Figure 2.1(b)). These local
core taper angles must be under the delineation curves for a specic mode of interest. For
instance, in the case of one of the projects in Chapter 5, which requires the LP11 family,
the local core taper angles have to be Ω ≲ 1 mrad at a normalized ber radius ∼0.5, as
shown in Figure 2.8.

3.1.2 ONF fabrication procedure
ONFs are typically made by tapering a section of commercial optical ber in a ber-
pulling rig, with either a stationary or moving (brushing) heat source. Before starting
the ber-pulling process, it is extremely important to prepare and clean a section of to-
be-ONF. In this PhD work, several dierent commercially available silica optical bers
were used for dierent experiments. Specic bers are listed in the method section of
each chapter. To begin with, the acrylic coating of the ber is removed by a stripper,
followed by wiping the stripped section with dry optical tissue. Next, the stripped ber
region was cleaned by another two optical tissues which contain isopropyl alcohol (IPA)
and acetone, respectively, to remove residual acrylic and any dust particles.

Dierent heat sources may be used, depending on the compound and melting point of
the glass [33], such as a CO2 laser [45], resistance heating [46] or a graphite microheater
[47]. Two systems were employed, each equipped with distinct heat sources: a H2/O2

ame and a ceramic heater. Despite the diering heat sources, both systems operate on
the same fundamental principle. A schematic of the ber-pulling system is illustrated in
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Figure 3.1(a). Similar to the cleaning preparation of the ber, it is also very important to
clean the ber-pulling rig using IPA before the fabrication to eliminate as much dust as
possible to obtain high-transmission ONFs. The ber is xed on two linear motor stages
(A in Figure 3.1(a)) that pull, while heating is done by a heat source coming from another
linear motor stage (B in Figure 3.1(a)) and a stepper motor stage (C in Figure 3.1(a)).

Figure 3.1: (a) Schematic of the ber-pulling rig with stationary ame technique. A:
Newport XMS linear motor stage, B: Newport ILS-LM linear motor stage, C: stepper
motor stage, PD: photodiode. (b) Image of the H2/O2 ame system. (c) Image of the ce-
ramic heater system. These ber-pulling rig setups were mainly designed and constructed
by Dr. Jonathan Ward and Dr. Kristoer Karlsson.

Let us rst introduce the H2/O2 ame system, with the stoichiometric ratio of H2:O2

being 2:1, see Figure 3.1(b). The ame has a temperature range of 1200-1500◦C so that
the ber is plastic and can be stretched without breaking [38]. The ame nozzle faces
toward the y direction with the stationary stage positions. The ame nozzle has 3 × 3
holes and is occasionally cleaned by IPA followed by acetone in a sonicator to remove dust.
There is also a charge-coupled device (CCD) camera from the side of the hotzone area,
where a section of the ber is heated. This is to monitor if the ber has dust particles or
if the ber is broken.

Figure 3.1(c) shows the ceramic heater system. The ceramic micro heater was pur-
chased from NTT Advanced Corporation, and it has a ber insertion slot with a width
of 1 mm. The applied current is set so that the ceramic heater has a temperature of
1300-1400◦C. Unlike the gas ame system, the ceramic heater size is xed (22 mm), i.e.,
the hotzone needs to be carefully controlled by the movement of the ceramic heater. In
the case of our stationary ceramic heater system, the pulling length is the only variable
that can be used to control the ONF waist diameter. Therefore, the ceramic heater rig is
only suitable for the fabrication of exponential taper-shaped ONFs.

Both fabrication setups are covered by acrylic seals and the setup can be closed except
when the ber is mounted on the stages. A positive air pressure is applied to the setup
to minimize dust contamination of the ONF sample from the surrounding, but the lter
is turned o during the fabrication process to avoid unexpected ame movement.
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3.2 Characterization of ONFs
Characterization of ONFs is important as a quality check before using the samples for
experiments. Some studies related to the fabrication of HOM-ONFs use transmitted
imaging as a quality check [48, 130, 134]. This is ideal to conrm the adiabaticity of
HOMs during the fabrication process; however, this requires extra optical components,
such as a spatial light modulator (SLM) or a Q-plate, a telescope, and a camera. The
ber-pulling rig setup has limited space and it is not always possible to image the ber
output during the fabrication of ONFs. Some SM-ONF studies measure the diameter of
the taper region and the length of ONFs [38, 149]. These measurements are only required
when proving the critical adiabatic angle was achieved [38] or when fabricating a uniform
ONF waist to create an ONF cavity with internal mirrors imprinted on the waist [149].
Typically, most ONF studies rely on the characterization of ONFs just by measurement of
the transmission during the ONF fabrication and pre-measurement and calibration of the
ONF waist diameter. Therefore, these two characterization methods were also performed.

To measure the transmission of an ONF, a laser beam was launched into the ber
and the transmission during the tapering process was monitored using a power meter or
a photodiode, which was connected to a digital oscilloscope, see Figure 3.1(a). Varying
wavelengths for dierent experiments were used and these specic wavelengths are noted
in the method section in each chapter. The transmission after the tapering process was
normalized to the original transmission before the tapering process.

Fabricating an ONF with the desired diameter is essential since it xes the number
of modes guided in the ONF. There are several methods to precisely measure the ONF
diameter without damaging the ONF, such as the use of whispering gallery modes [196,
197], second harmonic generation [198], composite photonic crystal cavity [199], and a
crossing microber [135, 200]. SEM imaging is commonly used to measure the ONF
diameters. The problem with SEM measurement is that it needs conductivity to image
an ONF sample. The fabricated ONFs were composed of silica, an insulating material,
necessitating the application of a conductive coating. Consequently, the ONFs become
unsuitable for direct use in actual experiments. To ensure the attainment of the desired
ONF diameter, multiple ONF diameters were assessed via SEM before fabrication for
experimental purposes.

After the ber-pulling process, the sample was placed on a microscope glass slide, and
glued on it using optical glue and a UV gun. The mounted sample was then coated with
a 3 nm conductive platinum-palladium (Pt-Pd) layer by an ion-sputtering machine. The
coated sample was then placed in the SEM and the waist diameter was measured. The
SEM measurement has nanometer-scale errors, thus, we measured the waist diameter ten
times, and the measured values were averaged and one standard deviation of the measure-
ments was also calculated as a possible error in measurements. A typical SEM image of
an ONF with a waist diameter d = 605 nm is shown in Figure 3.2. It is important to note
that the diameter measurement procedure was not conducted for samples undergoing the
FIB process, as their diameters can be directly measured using the SEM conguration
integrated within the FIB machine.
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Figure 3.2: SEM image of a section of a typical ONF waist.

3.3 Cavity Fabrication using a Ga FIB
An ONF cavity with a complex mirror structure was previously fabricated by our unit,
see Figure 1.9(c) [159]. To achieve high-quality devices, one must be careful about the
preparation of the ONF, such as fabrication, and handling of tapered bers, both before
and after the milling process. The conventional fabrication procedure, as detailed in Li
et al. [159], involves a three-step process:

1. The optical ber was tapered and then xed onto an aluminum (Al) substrate, using
optical glue. In this case, the tapered ber was suspended over the substrate in the
air;

2. The sample/tapered ber was coated with an ITO layer with a thickness of 20 nm
to reduce surface charges;

3. the sample was milled using a Ga source FIB.

However, fabrication results using this process were not consistent, see Figure 3.3(a-d),
primarily due to the low conductivity of the thin (∼20 nm) ITO layer and vibrations of
the silica ber when impacted by Ga ions. Therefore, a way to dispense with this ber
coating step was sought in order to improve repeatability and sample quality.

The versatility of ion beam milling enables the direct fabrication of nanostructures on
ONFs. Low lateral scattering of ions ensures that only the intended regions are exposed
to the ion beam [201]. However, this works only if charge accumulation is minimal, which
can be achieved by discharging the sample. The usual practices for solving this issue,
include a direct coating of the sample with a conductive material (which may be removed
later) [29, 159, 202–207] or placing the sample on top of a conductive substrate [167, 208–
211]. Negatively charging the sample with an electron beam from an SEM can also be
used to avoid this charging eect and can partially compensate for sample charging [208],
although an electron beam can damage the sample.

For OMFs or ONFs that are to be used for experiments involving quantum emitters
(e.g. QDs, defect colour-centered diamond, or neutral atoms) interacting with light in
the ONF’s evanescent eld, ber coatings, such as the conductive ITO layer, can lead
to undesirable transmission loss [212]. Also, coating the ONF before milling necessitates
an additional procedure. Additional handling increases the diculty of the process and
exposes the ber to dierent sources of contamination. It may be possible to remove the
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Figure 3.3: SEM images of mirror nanostructures on (a) OMF and (b-d) ONFs, aimed to
fabricate periodic triple rectangular nanostructures as Figure 1.9(c), fabricated by early
FIB methods. The FIB milled structures were almost always distorted from the aimed
structures. Some of these samples were fabricated with Dr. Priscila Romagnoli.

coating by etching or even milling again using an FIB, but such invasive methods may
damage the nal structure.

If a ber is uncoated and a conductive substrate is used, in order to avoid contamina-
tion due to the redeposition of the sputtered atoms during milling, the substrate material
should be chosen so that it does not signicantly absorb in the wavelength range being
used in later experiments. This is important when milling holes through the ber because
the ion beam will also cut into the substrate, and sputtered atoms from the substrate
can redeposit on the holes, causing optical losses in cavity transmission, as demonstrated
previously for a copper substrate [167].

We developed techniques to overcome the obstacles described above by simply using
a silicon wafer coated with ITO as a conductive substrate. ITO is almost transparent for
visible wavelengths and Maniscalco et al. [212] showed that a 238 nm ITO layer sputtered
on soda lime glass can have transmission values exceeding 75% for a wavelength range
of 600-800 nm. As a result, the eect of contamination can be minimized when using
an ITO-coated substrate instead of a metal substrate. This enables us to eliminate the
conductive coating on the ONF, thereby reducing loss due to handling and increasing the
mechanical stability of the ONF during milling due to van der Waals force between the
ONF and the substrate. In what follows, the sequence for the fabrication of an ONF-based
cavity is described in detail.

3.3.1 Pre-FIB fabrication
Optical nanobers in this section are produced using the ceramic heater ber-pulling
system, see Figure 3.1(c). This section explicitly explains many key points to mount
an ONF for FIB milling. Indeed, the manner in which an ONF is mounted holds equal
signicance to the FIB process itself. This is crucial not only for enhancing cavity quality
but also for increasing the survival rate of the ber which relates to the probability of
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ONF-based cavities avoiding breakage. The ONF preparation procedure specically for
Ga FIB milling involved the following steps. The tapered ber was placed onto an ITO-
coated substrate and xed on an Al ber mount using optical glue to ensure the waist
of the tapered ber is in contact with the ITO-coated substrate. Optionally, two small
pieces of Pt-Pd coated bers may be placed on the taper transmission parts of the tapered
ber.

For this work, a commercial SM800(5.6/125) ber from Fibercore, with an initial
cladding diameter d0 = 125 µm, was tapered down to a submicron waist with transmission
of > 90% at λ = 785 nm (Thorlabs SM ber-pigtailed laser diode, LPS-785-FC). The ber
cavity resonance wavelength was chosen to be near 780 nm, to coincide with the emission
prole of a particular cadmium selenide telluride/zinc sulde (CdSeTe/ZnS) QD or the
87Rb D2 atomic transmission.

After tapering, the ber was glued onto an Al base plate that was specically de-
signed by myself, Dr. Priscilla Romagnoli, and Dr. Jonathan Ward, and fabricated by
the Engineering Support Section at OIST, to hold the tapered ber during FIB milling.
Figure 3.4(a) illustrates a schematic representation of the ONF and the ber mount which
was designed for FIB milling purposes. The base plate has a rectangular slot, in which
a rectangular block sits. Stuck on top of the block is an ITO-coated substrate. The
block is held in place in the slot by Al slab-holding screws. The height of the substrate is
relative to the tapered ber and can be adjusted prior to tightening the screws. It is also
important not to tighten the Al slab-holding screws (G in Figure 3.4(a)) for removing the
Al slab later without breaking the ONF. The main idea of the Al base plate was to ensure
that the ONF was physically in contact with the ITO-coated substrate. A small piece of
carbon tape was stuck on the Al mount as well as the substrate to further improve the
conductivity. The mount was also designed to have a screw (H in Figure 3.4(a)) so that
we could shift the resonance wavelength of the milled ber cavity. After removing the Al
slab, the cavity can be easily transferred for the optical experiments, see Figure 3.4(b).

Figure 3.4: (a) Schematic of ONF Al mount for FIB fabrication process. A: UV optical
glue, B: Kapton tape, C: Pt-Pd coated ber, D: carbon tape, E: Al slab, F: ITO coated Si
wafer, G: Al slab holding screw, and H: cavity length tuning screw. Use of Pt-Pd coated
holding bers and Kapton tapes is optional. (b) Schematic of ONF ber mount after FIB
fabrication process and for optical characterization.

The silicon substrate was sputtered with ITO in a sputtering deposition machine to
create a uniform ITO coating. We sputtered in argon plasma, using a ow of 20 sccm, at
100◦C, with 100 W of power, and rotation at 5 rpm. The exposure time of the substrate
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to the ITO target was typically 480 s, yielding a layer thickness of ∼ 40 nm [213]. The
substrate was xed to the Al slab with carbon tape and was designed to be ∼ 0.5 mm
higher than the base plate and approximately the length of the tapered region. The
substrate must be cut into a small-enough size. If the ITO-coated substrate size was
excessively large compared to the ONF waist region, as shown in Figure 3.5(a) with a
stretched ONF, and Figure 3.5(b) with a slightly loose ONF, it could lead to poor SEM
imaging and FIB fabrication quality due to low conductivity, because the ONF does not
come in contact with the conductive ITO-coated substrate. The ITO-coated substrate
length should not overly exceed the length of the ber waist so that the to-be-milled
section is in good contact with the ITO layer, as shown in Figure 3.5(c, d).

Figure 3.5: Schematic cross-sectional side view of how-to-mount an ONF. (a) A taut
ONF on a large ITO-coated substrate. (b) A loose ONF on a large substrate. (c) A taut
ONF on a small ITO-coated substrate. (d) A loose ONF on a small substrate is taken to
be the best ONF mounting conguration for FIB milling.

It is also important to make sure that the ONF waist or the to-be-milled section of the
tapered ber is actually close to submicron size d ∼ 1 µm. If the ber diameter exceeds
this, i.e., d > 1 µm, the conductivity may be too weak to resolve the ber edge or mill
the ber, and the focus may be o for the actual FIB milling process. One should also be
careful not to over-tighten the tapered ber during and after ONF fabrication. In fact, it
is best to leave the ber slightly slack, as shown in Figure 3.5(b) and (d). There were so
many incidents where Ga ions broke the samples during the FIB milling process. One of
the main reasons for this was over-taut ONFs/OMFs, which do not have enough exibility
to release some of the mechanical vibrations and tension during the fabrication process.

To doubly ensure that the taper waist is in contact with the substrate, two small
pieces of optical ber, which we term "holding" bers, could be used to push the taper
downward. These small pieces of bers were coated with 3 nm of Pt-Pd to reduce surface
charges. They were attached to the substrate using Kapton tape, see Figure 3.5(a). Note
that the tapered optical ber is quite exible and can be easily pushed into contact with
the ITO-coated substrate using the holding bers. While extra mechanical stability and
conductivity can be achieved by adding these holding bers, there are a few disadvantages
to having them. For instance, it requires extra time to fabricate these conductive holding
bers. In addition, there is potential dust contamination from the holding bers. Fur-
thermore, removing these holding bers can cause breakage of successfully FIB-fabricated
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ONF cavities in the post-milling stage. One needs to weigh up the pros and cons of using
the holding bers and they were not used in many FIB-fabricated cavities in this thesis
work.

3.3.2 FIB milling of an ONF/OMF
To demonstrate the validity of the new FIB milling mounting method, a nanostructure
of complex periodic triple rectangular holes [159] was chosen as a mirror structure, see
Figure 3.6(a). Such structures are composed of rectangular shapes with side lengths
sx and sz. In this experiment, the to-be-milled section was chosen to be a region of
uniform diameter of the taper transition region dm1 and dm2, for Mirror-1 and Mirror-2,
respectively. For proof-of-principal, we selected the milling positions where dm1 ≈ dm2 ≈
1 µm, which is the maximum ber diameter that could still be conductive enough from
the ITO-coated substrate. The ber diameter only had a small deviation of ±10 nm in
each milling site when the total grating length is 10 µm at this diameter. A schematic
of the cross-section of such a structure is shown in Figure 3.6(b). The center and two
sides of the ber were milled, so the ber cross-section had signicant index modulation,
enabling fewer periods to achieve high reectivity (e.g. > 80% transmission with 30
grating periods) [159]. The two mirrors were separated by a length L. It is important
to consider the pitch, or the distance between each grating period, Λ, see Figure 3.6(a).
This determines the resonant center frequency, or the so-called Bragg wavelength, λB,
such that

λB = 2neΛ (3.2)

Typically, a FIB machine has an SEM built into the system. The SEM is used to
image a sample to locate an exact spot for FIB fabrication and to take pictures without
damaging the sample by ion beams. Operating the FIB requires tilting the sample relative
to the position for SEM imaging. In the case of the FIB machine that was used in this
PhD work (FEI system, Helios NanoLab G3 UC), the sample was mounted at 0◦ with
respect to the table surface for SEM imaging, as shown in Figure 3.7(a). The working
distance, i.e., the distance between the sample surface and the electron source, needs to
be separated by 4 mm for the best electron beam focus. To use FIB imaging and milling,
the sample needs to be tilted at 52◦, see Figure 3.7(b). The working distance between
the sample and the ion source also has to be 4 mm for the best fabrication and imaging
outcome using the FIB. The Ga ion beam was extracted using a voltage of 30 kV. The
beam dwell time was 1 µs, corresponding to the time the beam spends at each pixel. These
values were selected from the literature [159]. The sputtering rate is characterized as the
target volume removed per charge and is dened by the material. For silica, its value is
0.24 µm3/nC at 30 kV [214]. The two lowest beam current settings (2 pA and 7 pA) did
not give a signicant dierence in fabrication outcomes, so the second lowest beam current
of 7 pA was selected to achieve high precision at a low time cost. The corresponding beam
diameter of 7 pA was ∼ 9.8 nm. The FIB milling procedure comprised the following three
steps: (i) Some nanostructures were milled by the FIB on a small section of the ITO-
coated substrate; (ii) the ion beam alignment (adjustment of focus and stigmatism) was
performed on the milled nanostructures on the ITO-coated substrate; (iii) the ber was
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Figure 3.6: Schematic of the ONF-based cavity with a mirror nanostructure of periodic
triple rectangular holes. The waist region of the tapered ber has a diameter of d. The
FIB milling positions of Mirror-1 and Mirror-2 have ber diameters dm1 ≈ dm2 ≈ 1 µm.
An FBG parameter Λ represents the grating period, i.e., the pitch of nanorectangular
holes with a rectangular side length of sx and sy. Two sets of periodic mirror structures
are separated by a distance L along the z-coordinate.

milled by the FIB without changing the beam alignment.
For aligning the ion beam before milling the sample, a small section (∼1 µm2) of

the ITO-coated substrate ∼5 µm away from the sample was used to adjust the focus
and stigmatism of the electrostatic lens of the FIB. Aligning the ion beam necessitates
exceptionally sensitive control over the focus and stigmatism. Unlike with an electron
beam, even a brief exposure to the ion beam can cause substantial damage to the sample.
Therefore, at higher magnications, we initially milled rectangular holes with identical
sizes and pitch to the actual milling dimensions on the ber, without exposing the sample
to the ion beam. Premilled nanostructures were then imaged using a locally magnied FIB
snapshot, with the ber sample positioned outside the FIB imaging window. This process
was reiterated until the structures were distinctly delineated. Figure 3.8(a) shows typical
premilling nanorectangular shapes on an ITO-coated substrate. One can notice that the
rst premilling resulted in tilted nano-ellipses which indicates the ion beam astigmatism
was not optimized. The beam focus and stigmatism were adjusted at these nano-ellipses
which improved the second premilling. The beam focus and astigmatism were adjusted
again at these second premilled nanostructures. The third premilling structure had clear
edges and corners. It is important not to image the premilled structures on the sub-
strate by SEM which can only be done by tilting the sample back to 0◦ from 52◦, see
Figure 3.7(a). This causes slight misalignment of the ion beam relative to the ONF, even
after the optimization with the premilled structures.

A ber sample, namely Cavity-1, had 90% transmission at λ = 785 nm at the tapering
process. The ONF waist diameter, d, was 600 nm, the ber diameter at Mirror-1 and
Mirror-2 were dm1 = 1053 nm±4 nm and dm2 = 1068 nm±4 nm, respectively. The number
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Figure 3.7: (a) Schematic of the SEM imaging setup. The sample stage position is
parallel to the ground level. (b) Schematic of the FIB milling and imaging setup. The
sample stage position is 52◦ tilted with respect to the ground level.

of mirror structures were set as N = 30 periods of triple rectangular holes sx = 150 nm,
sz = 120 nm, and a pitch Λ = 300 nm. Once the beam alignment was optimized, as shown
in Figure 3.8(a), the magnication was decreased until it was possible to just see a to-be-
milled section of the ONF. FIB milling of the ber was nally initiated, without changing
the focus or stigmatism. Figure 3.8(b) is an SEM image of Mirror-1 and the premilled
nanostructures. A close-up image of the mirror structures is shown in Figure 3.8(c).
Alternatively, if a dust particle was found near the sample, the rst focus and astigmatism
alignment can be performed on the dust particle, as shown in Figure 3.8(d). The mirror
separation length, that is the distance between the two mirrors, was L ∼ 6.450 mm.

This method signicantly improved the quality of mirror structures, compared to
ones fabricated using the previous methods (Figure 3.3(a-d)). SEM measurements were
performed by measuring ten points in a sample, and the mean value and one standard
deviation were calculated as a possible error. The nanorectangular structural sizes were
measured as sx1 = 152±3 nm, sx2 = 154±5 nm, and sz1 = 122±3 nm, sz2 = 122±1 nm,
where the subscripts 1 and 2 denote Mirror-1 and Mirror-2, respectively. The measured
pitches for Mirror-1 and Mirror-2 were Λ1 = 293±12 nm and Λ2 = 292±8 nm, respectively.
These measured values agree very well with the target values of sx = 150 nm, sz = 120 nm,
and Λ = 300 nm, considering a measurement error of ± several nm. The nanorectangular
structures shown in Figure 3.8(b-d), have clear edges and corners, which were not observed
in the previous samples (Figure 3.3(a-d)).

Not only is there an improvement in the nanostructure shapes, but this FIB method
also improved the success rate of fabrication without breaking a sample during the milling,
see Figure 3.9(a, b) and Table 3.1. We have milled a number of ONF-based cavities using
the ITO-coated silica substrate and found that the overall stability and conductivity lead
to improved repeatability and reduced turn-around time. It is important to note that
the overall shape and pitch of the structure were repeatedly maintained and errors on
the order of a few to tens of nm are reasonable for high-precision milling of complex
structures.
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Figure 3.8: (a) SEM image of 3 × 3 rectangular nanostructures on the ITO-coated
substrate of the rst, the second, and the third millings. (b) SEM image of Cavity-1
Mirror-1 of an FIB-fabricated ONF-based cavity after three ion beam alignments with
the 3 × 3 rectangular shapes on the ITO-coated substrate. (c) Close-up SEM image
of the nano-structures milled by the FIB in a section of Mirror-1. (d) SEM image of
the Cavity-1 Mirror-2, after the FIB alignment with a dust particle followed by 3 × 3
rectangular nanostructures on the ITO-coated substrate.

Figure 3.9: (a) SEM image of Mirror-1 of an FIB-fabricated ONF-based Cavity-2, after
FIB alignment with a dust particle (white object) followed by 3 × 3 rectangular nanos-
tructures on the ITO-coated substrate. (b) SEM image of the cavity Cavity-2 Mirror-2,
the other side of the mirrors of Cavity-2, after three ion beam alignments with the 3 × 3
rectangular nanostructures on the ITO-coated substrate.
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Table 3.1: Summary of nanostructural sizes in ONF-based cavity mirrors. The measured
value ± error value indicates the mean and one standard deviation of 10 measurements,
respectively. The following notation was used in the table, C#: Cavity-#, M#:Mirror-#.

Sample Figure Measured d Measured dm1,m2 Aimed sx Measured sx Aimed sz Measured sz Aimed Λ Measured Λ

C1 M1 3.8(b, c) 600 nm 1,050±4 nm 150 nm 152±3 nm 120 nm 122 nm±3 300 nm 293±12 nm

C1 M2 3.8(d) 1060±3 nm 150 nm 154±5 nm 120 nm 122 nm±1 300 nm 292±8 nm

C2 M1 3.9(a) 630 nm 1023±5 nm 170 nm 165±3 nm 150 nm 141±1 nm 300 nm 307±11 nm

C2 M2 3.9(b) 1016±6 nm 170 nm 164±4 nm 150 nm 156±2 nm 300 nm 290±18 nm

3.3.3 Post FIB fabrication
The cavities are susceptible to contamination by dust and humidity of the environment
exposed in the between-steps, i.e., mounting the tapered ber on the substrate, loading
it in the FIB machine, and in the optical characterization setup. Thus, the cavity was
kept in a clear plastic container with two ber feed-through holes to minimize the risk of
dust contamination during the optical characterization. Moreover, cavities were kept in a
vacuum chamber (pressure < 0.6 MPa), and the lifetime can be more than one month, as
opposed to the usual lifetime of the samples about a few weeks in ambient conditions. If
the holding bers were used, the Kapton tapes along with the holding bers were removed,
and then the Al slab with the ITO-coated substrate was removed by loosening the side
bolts. The ITO-coated substrate on the Al slab was removed just before loading the
sample into the optical characterization setup, as shown in Figure 3.4(b). Even though
this FIB-milling method signicantly improved fabrication quality as well as ber survival
rate, i.e. signicantly reduced the chance of breaking the ber during the FIB process,
removing the ITO-coated substrate and the Al slab could cause a break of FIB-fabricated
ONF-based cavities. This problem was mitigated by (i) slightly loose screwing of the
Al slab-holding screws (see Figure 3.4(a)) before mounting an ONF, and (ii) unscrewing
these screws very slowly in the positive pressured fume hood to avoid dust contamination.
Optical characterization of ONF cavities is described in Chapter 4.

3.4 Conclusion
We have successfully devised a method that uses a Ga FIB to create nanostructures on
an ONF, enabling the fabrication of an ONF cavity. The fabrication of an ONF-based
cavity using FIB had numerous challenges, such as concerns regarding the mechanical
stability of the ONF, time-consuming processes, achieving nanostructural quality, ensur-
ing repeatability, and addressing fragility issues. The application of the presented FIB
methods to create complex, periodic, triple rectangular nanostructural shapes for cavity
mirrors resulted in signicant improvements in fabrication.

We used an ITO-coated substrate underneath an ONF sample, thereby not requiring
a conductive layer directly on the ONF. The van der Waals force between the ber and
the ITO-coated substrate stabilized the mechanical movement of the ber during the ion
milling. The ber cavities on the ITO-coated substrate are also easier to handle than the
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earlier suspended ber design in both the pre-and post-FIB process. Additionally, this
method reduced the overall fabrication time by eliminating the step of ITO sputtering
directly onto the ber sample which typically entails several extra hours per sample.

The premilling of the nanostructure can be performed on the ITO-coated substrate
for the ion beam alignment. This premilling step signicantly enhances the precision of
nanostructure shape and size. Having good ion beam alignment is critical for obtaining
high nanostructural quality as well as repeatable outcomes. This new fabrication method
substantially enhanced the overall success rate of FIB milling in comparison to the conven-
tional approach. Moreover, this also reduced unwanted damage from ion beam imaging
and Ga ion contamination.

The Ga FIB technique oers distinct advantages in the fabrication of nano- and micro-
length internal mirror ONF cavities when compared to alternative methods such as fem-
tosecond laser ablation [149, 154, 155], composite PhC cavity conguration [156], or He
FIB. While these methods are acknowledged for their contamination-free nature, both
femtosecond laser-ablated ONF cavities and composite PhC cavities necessitate a lengthy
index modulation region per mirror, thereby requiring the fabrication of a uniquely shaped
ONF with an extended waist region to achieve high reectivity. Although the He FIB
process does not demanding such intricate eorts, it is not widely available, and its high
resolution makes the fabrication process time-consuming. In contrast, Ga FIB is more
readily accessible, allowing for the creation of substantial index modulation in a brief
mirror length within a shorter time frame. Through our innovative Ga FIB fabrication
methods, we have demonstrated the capability to consistently produce nanostructures
with minimal deviations of only a few nm, underscoring the signicant potential of Ga
FIB in ONF cavity fabrication. Additionally, we will address and mitigate a potential
drawback associated with this technique, that is the risk of Ga contamination during the
fabrication process, as discussed in Chapter 5.

The focus on Ga FIB fabrication in this PhD work was ONF-based cavities for cQED.
These all-ber integrated devices are suitable for studying single quantum emitters in
ber-based quantum networks. These FIB-fabricated cavities are much shorter (scale of
µm to mm) than external-mirror types of ONF-based cavities (scale of cm to m), meaning
that they are more suited to applications where high Purcell enhancement or small loss
are required. Therefore, this technique can also be applied to other applications that
require FIB milling, including the fabrication of Bragg gratings and cavity structures for
sensing purposes. The cavities fabricated for the work reported in this chapter had com-
plex periodic triple rectangular shapes to demonstrate the validity of our new fabrication
methods using the Ga FIB. However, despite high reectivity, such complex periodic triple
rectangular shapes induce higher scattering losses compared to simpler nanostructures,
such as periodic single circular holes. In the next chapter, we discuss the fabrication and
optical characterization of ONF micro-length cavities with periodic single circular holes
using the same developed methods.



Chapter 4

Characterization of ONF Cavities
Fabricated using Ga FIB

4.1 Introduction
A reliable method to create FBGs of periodic complex nanostructures using a FIB was
described in Chapter 3. The use of an ITO-coated substrate to mitigate issues related
to Ga FIB milling, such as mechanical instability, charging, and Ga contamination was
successful. Such a method can be applied not only to fabricate ONF cavities, but also other
ONF-based devices, such as slotted bers for cold atom trapping or particle manipulation
[27–29] as well as hole-tailored bers for enhancing emitter coupling [169]. It is important
to investigate the optical quality of such cavities to aim for repeatable and consistent
optical outcomes.

One of the important optical qualities of an ONF-based cavity for cQED is the nesse,
F , which can be controlled by using an ONF with high transmission and designing cavity
mirrors with high reectivity and low loss. There are two earlier works that claim to
achieve strong coupling in cQED using an ONF-based cavity with F < 40 [10, 11]. These
experiments used a single cold atom [10] or an ensemble of cold atoms [11] and relatively
long external mirror type cavities (a Fabry-Pérot ber cavity with 33 cm [10] and a ber
ring resonator of 1.3 m [11]). Moreover, a 1.2 cm long internal mirror type cavity was
fabricated using femtosecond laser ablation and was proposed for strong coupling with
a single cold atom [149]. Cold atoms are ideal quantum emitters in terms of their well-
characterized transition states, narrow line widths, and indistinguishability. The natural
linewidth (i.e., γ02π) of cold atoms is as narrow as several MHz. Additionally, multiple
atoms can be used to increase the coupling rate g0 to

√
Ng0 [151, 166], where N is the

number of emitters. Such a model is only valid for indistinguishable emitters such as
atoms. However, experiments involving cold atoms require an MOT, which makes the
whole experimental setup bulky and rather expensive. In order to realize commercial
quantum technologies, it is important to minimize the size, complexity, and cost of the
system.

In this context, an ONF-based hybrid quantum system with solid-state quantum emit-
ters, such as QDs or color center defect diamonds, has some advantages. In contrast to
other emitters, QDs, i.e., nanocrystals with core/shell structures, oer a substantial ad-
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vantage, which stems from their compatibility with standard semiconductor nanotechnol-
ogy processes due to their material composition [215]. Unlike atoms, defect color-center
diamonds, or molecules, the emission wavelength can be modied. The emission wave-
length of QDs can span a broad spectral range from approximately 300 nm to over 1.55 µm,
and can be achieved by selecting appropriate materials and employing strain engineering
techniques [216]. Notably, this wavelength span encompasses the telecom bands, which is
signicant to achieve all ber-based quantum communication [217]. Although high quan-
tum conversion eciency of telecom-compatible QDs is still under development [218], there
is tremendous potential in a QD-based quantum communication scheme [217, 219]. In
fact, cQED experiments using ONF cavities with QD(s) were already achieved [156, 158].
Nonetheless, these studies only achieved weak coupling or the so-called Purcell regime,
and the realization of the strong coupling regime with a non-atomic ONF hybrid system
has never been reported to the best of our knowledge. It is possible to realize such a novel
system by considering the various parameters involved in ONF-based cQED requirements.

In the following section, we will describe parameters of ONF-based cavities, to deter-
mine whether it is possible to enter the strong coupling regime, assuming a single QD
under cryogenic conditions as the quantum emitter. Section 4.3 presents the design and
fabrication of the ONF cavity. Section 4.4 describes experimental setups and methods to
measure cavity spectra. Section 4.5 showcases the optical characterization of ONF cavi-
ties and examines the validity of those cavities for cQED. Finally, this chapter concludes
with Section 4.6, which discusses potential applications and the outlook for such cavities.

4.2 Device Parameterization
As mentioned in Section 2.6, to achieve strong coupling in light-matter interactions, one
needs to satisfy the condition in Equation 2.40. An important experimental parameter to
qualitatively assess the optical property of a cavity mode is the nesse, F , which can be
calculated from the FWHM of a cavity mode linewidth, ∆λFWHM (∆νFWHM = κ2π, where
κ is the cavity decay rate), and the FSR, ∆λFSR (∆νFSR), as shown in Equation 2.32. As
described in Section 2.6, one of the greatest advantages of an ONF-based cavity is its high
potential to achieve strong coupling with a moderate nesse value (the order of a few 10s)
when the cavity length is suciently long [9]. Now, let us introduce a new parameter,
Fmin, the minimum theoretical nesse to enter the strong coupling regime, by rearranging
Equations 2.43 and 2.44 to satisfy one of the conditions 2g > κ, such that

Fmin =
π

2


c

ηγngLe
< F (4.1)

From Equation 4.1, it is clear that Fmin reduces as the cavity length increases.
However, it is also important to consider the decay rate of a quantum emitter. QDs

have a disadvantage due to their broad emission linewidth, which is typically several tens
of nm at room temperature. Sha et al. [55] demonstrated an ONF-QD hybrid system at
3.7 K to reduce a single CdSe QD emission linewidth down to 0.12 nm, which is equivalent
to γ2π = 59,171 MHz at λ = 780 nm (including Purcell factor P ∼ 1.5 [50]). Here, γ
is the spontaneous emission rate when the emitter is in the vicinity of an ONF and,
typically, γ > γ0 (i.e., γ = Pγ0) [50]. This linewidth is still four orders of magnitude
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Figure 4.1: (a) Minimum nesse Fmin(Le = Lmax) (blue) and maximum cavity length,
Lmax (red), as a function of channeling eciency, η. (a) Fmin (solid lines) as a function of
Le and corresponding maximum cavity length, Lmax (vertical dashed lines) with dierent
η values: 0.22 (black), 0.16 (red), 0.09 (blue), 0.06 (green), and 0.035 (pink). These η
values are theoretically equivalent to a ber diameter of 400 nm, 500 nm, 600 nm, 700 nm,
and 800 nm, respectively.

broader than, for example, the linewidth of the 87Rb D2 transition of ∼6.4 MHz when the
atom is 200 nm away from an ONF (a typical distance between an ONF and a trapped
atom [220]) at λ = 780 nm (with P ∼ 1.05 [50]). Let us introduce a new parameter,
Lmax, the theoretical maximum cavity length in order to achieve strong coupling. It can
be determined by rearranging Equation 2.44 with the condition 2g > γ, such that

Lmax =
4ηc

ngγ
> Le (4.2)

It is important to know the optical cavity length, i.e., the eective cavity length, Le ,
from the FSR (Equation 2.38). This is to ensure that the optical cavity length does not
exceed Lmax for strong coupling, i.e., Le < Lmax must be satised.

Typically, each ONF cavity sample has a dierent Bragg wavelength, λB, see Equa-
tion 3.2. However, from simulations, the change in group index, ng, over 20 nm (770-
790 nm) is less than 0.003, see Figure 2.9(b). Moreover, the cavity mode resonant fre-
quency can be adjusted by controlling the mirror separation, L, by mechanically stretch-
ing the ber cavity. The repeatable tunability of the resonant wavelength of ONF-based
cavities fabricated using an FIB has been experimentally demonstrated, with an almost
constant transmittance and Q-factor over 20 nm being achieved; such tuning can also be
performed at cryogenic temperatures [158].

Notice that both Fmin and Lmax are functions of channeling eciency, η. We plot the
relationship between Fmin(Le = Lmax) and Lmax with γ = 2π×59 GHz (equivalent to a
single QD emission rate at λ = 780 nm) as a function of η in Figure 4.1(a). As η increases,
Fmin decreases and Lmax increases. It is possible to achieve strong coupling by choosing
the mirror reectivity (which can be obtained from Fmin as Equation 2.33 indicates) and
the mirror separation, L, to fabricate the ONF cavity once d, thus ng and η, are known.
Figure 4.1(b) shows Fmin as a function of Le for ve dierent η values and the equivalent
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d values [54]: 0.22 (400 nm), 0.16 (500 nm), 0.09 (600 nm), 0.06 (700 nm), and 0.035
(800 nm). As d gets larger, η decreases, hence Fmin increases, while as Le increases,
Fmin decreases. Also notice that Lmax gets longer for high η (small d). This means that
having a small d is a key to relaxing the conditions to reach strong coupling. In practice,
two theoretical parameters, Fmin and Lmax, were calculated for each cavity sample and
compared with the experimentally measured F and Le to evaluate the cavity quality.

4.3 ONF Cavity Design and Fabrication
As mentioned in Section 4.2, the ONF cavity should match the conditions F > Fmin, Le

< Lmax, and, typically, L < Le [194]. From Equations 4.1 and 4.2, both Fmin and Lmax

are functions of the channeling eciency, η, with η ∝ 1/d reaching a maximum of 22%
when d = 350 nm at λ = 780 nm, see Figure 1.3 [54]. Nonetheless, performing FIB milling
on a ber with such a small diameter is not a straightforward task due to the increased
fragility. Therefore, it is important to design a cavity with an optimal but also practical
L and d as well as the shape of the nanostructure.

The cavities discussed in Section 3.3.2 consisted of complex nanostructures composed
of periodic triple rectangular shapes (see Figure 3.6(a, b)) to show the validity of the
FIB fabrication method. These were milled at dm1 ≈ dm2 ≈ 1 µm on the taper region
of samples with a waist d = 600 nm and 630 nm. These cavities, therefore, had several
mm of mirror separation, L. For strong coupling with a QD emission with γ2π =
59,171 MHz, ONF cavities with d = 600 nm (η = 0.09) and 630 nm (η = 0.075) have
Lmax = 240 µm and 290 µm, respectively. Milling periodic triple rectangular shapes at
the ONF waist with d = 600 nm increases the fragility as there is less ber material
remaining. Moreover, despite high reectivity, periodic triple rectangular nanostructures
induce higher scattering losses compared to simpler nanostructures, such as periodic single
circular holes. For this reason, we used a simpler cavity mirror shape consisting of periodic
circular holes, a so-called one-dimensional (1D) PhC as often employed for nanobeams
[221, 222] and ONF cavities [167], see Figure 4.2(a). See also Figure 4.2(b) for the cross-
section schematic view of such an index modulation. This nanostructure only has a single
hole per period, as opposed to three holes in the triple rectangular shapes, hence it has a
weaker refractive index modulation per period [159]. Nonetheless, it is possible to increase
reectivity by increasing the number of grating periods per mirror [159]. With this 1D
PhC-type mirror structure, ONF cavities were designed with d ranging from 600 nm
(η = 0.09) to 800 nm (η = 0.04), with corresponding Lmax of 290 µm and 130 µm,
respectively.

In total, we fabricated seven ONFs, namely Cavity-3 through Cavity-9, that had trans-
missions ranging from 90% to 97% by pulling a section of SM800(5.6/125) ber (Fiber-
core). The cavities had d ranging from 540±1 nm to 728±3 nm. These values were
obtained from the mean and one standard deviation of ten sample measurements using
an SEM. The circular hole diameter, dc, was set to be 100 nm, 120 nm, or 150 nm, depend-
ing on d for each ONF sample, as shown in Table 4.1. The nanostructures were milled at
the ONF waist region with a relatively uniform d. Each circular hole was separated by the
grating period Λ = 320 nm. Two sets of periodic circular nanostructures were separated
by a length, L, of either 100 µm or 140 µm. The number of grating periods was N = 50
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Figure 4.2: (a) Schematic of an ONF cavity with FIB-milled periodic circular holes. The
uniform waist region of the ONF with a diameter d. An FBG parameter Λ represents the
grating period, i.e., the pitch of the nano-circular holes with a diameter dc, separated by
the length L along the z-coordinate. Here, Le is visually represented as a physical graphic,
but it is, in fact, an optical parameter with the relationship Le > L. (b) Schematic of
the cross-section of an ONF-based cavity at FIB-milled circular hole.

for both sides of the mirror in all samples.
As an example of fabrication outcomes, Figure 4.3(a) shows Mirror-1 of Cavity-3.

The PhC structures are well aligned near the center of the ONF and the hole sizes and
grating period are almost constant, see Figure 4.3(b). The set circular hole diameter
was dc = 120 nm, while the actual measured sizes along the x-direction and z-direction
were dc(x) = 122±10 nm and dc(z) = 135±8 nm, respectively. The grating period was
measured as Λ = 327±14 nm. Mirror-2 of the same cavity, on the other hand, had slight
misalignment along the ONF, see Figure 4.3(c). The periodic nano-circular shapes and
the grating periods were also constant, see Figure 4.3(d), and the measured circular hole
sizes and grating period were dc(x) = 124±7 nm, dc(z) = 135±3 nm, and Λ = 315±3 nm,
respectively. These values matched well with the set dimensions with errors of several
nm. Nanostructural properties of each mirror in Cavity-4, Cavity-5, Cavity-6, Cavity-
7, Cavity-8, and Cavity-9 were similarly characterized (see Figures B.1-B.6). All the
cavities had a good match to the set circular hole sizes as well as the grating period. The
fabrication results are summarized in Table 4.1.
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Figure 4.3: (a) SEM images of Mirror-1 in Cavity-3 in wide-eld view and (b) close-up
view. (c) SEM images of Mirror-2 in Cavity-3 in wide-eld view and (d) close-up view.

Table 4.1: Summary of nanostructural sizes in ONF-based cavity mirrors fabricated by
the FIB technique. The measured value (± error) indicates the mean and one standard
deviation of 10 measurements. The following notation was used in the table, C#: Cavity-
#, M#: Mirror-#.

Sample Figure Measured d Set dc Measured dc(x) Measured dc(z) Set Λ Measured Λ Estimated L

C3 M1 4.3(a, b) 713±4 nm 120 nm 122±10 nm 135 nm±8 nm 320 nm 327±14 nm 100 µm

C3 M2 4.3(c, d) 715±4 nm 120 nm 124±7 nm 135 nm±3 nm 320 nm 315±3 nm 100 µm

C4 M1 B.1(a, b) 580±3 nm 100 nm 99±5 nm 108 nm±3 nm 320 nm 320±1 nm 140 µm

C4 M2 B.1(c, d) 579±2 nm 100 nm 98±5 nm 105 nm±4 nm 320 nm 316±9 nm 140 µm

C5 M1 B.2(a, b) 540±1 nm 100 nm 92±5 nm 96 nm±6 nm 320 nm 315±5 nm 140 µm

C5 M2 B.2(c, d) 545±1 nm 100 nm 86±3 nm 90 nm±4 nm 320 nm 314±5 nm 140 µm

C6 M1 B.3(a, b) 588±1 nm 120 nm 102±2 nm 102 nm±2 nm 320 nm 317±4 nm 140 µm

C6 M2 B.3(c, d) 588±1 nm 120 nm 108±3 nm 109 nm±3 nm 320 nm 317±4 nm 140 µm

C7 M1 B.4(a, b) 720±7 nm 150 nm 142±2 nm 137 nm±5 nm 320 nm 320±4 nm 140 µm

C7 M2 B.4(c, d) 727±4 nm 150 nm 135±3 nm 142 nm±4 nm 320 nm 313±3 nm 140 µm

C8 M1 B.5(a, b) 728±3 nm 150 nm 134±7 nm 140 nm±4 nm 320 nm 317±5 nm 140 µm

C8 M2 B.5(c, d) 722±4 nm 150 nm 136±3 nm 128 nm±5 nm 320 nm 313±3 nm 140 µm

C9 M1 B.6(a, b) 633±3 nm 120 nm 98±3 nm 101 nm±4 nm 320 nm 315±7 nm 140 µm

C9 M2 B.6(c, d) 628±4 nm 120 nm 90±4 nm 105 nm±4 nm 320 nm 311±7 nm 140 µm

4.4 Methods
An experimental setup, see Figure 4.4, was built to study the transmission and reection
spectra from the ONF cavities. A supercontinuum white light laser (SuperK COMPACT,
NKT Photonics) beam with H polarization (i.e., electric eld oscillates in x-direction, see
the Cartesian coordinates in Figure 4.2), was collimated in free-space and injected into a
2 × 2 SM ber coupler (805±75 nm, with a coupling ratio of 50:50). One line was spliced
to one of the ber pigtails of an ONF cavity, enclosed in a plastic container to reduce dust.
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The other pigtail of the cavity was directly connected to an optical spectrum analyzer
(OSA) (AQ6373B, Yokogawa) to measure the transmission. This line also contained an
inline-polarization controller (IPC), to change the polarization of light into the cavity as
desired. The other line was connected to an OSA and was used to measure a reference
signal. Reection was measured from the other input line, also connected to the OSA.
This setup enabled us to measure transmission, reection, and source simultaneously.
Transmission and reection were normalized to the measured input light source.

Figure 4.4: Schematic of the experimental setup to measure cavity spectra. L: lens,
PBS: polarization beam splitter, BD: beam dump M: mirror, FC: ber coupler, IPC:
inline polarization controller, OSA: optical spectral analyzer.

4.5 Cavity Spectroscopy
A typical cavity spectrum of Cavity-3 is presented in Figure 4.5(a) for x-polarized input
light. Both transmission and reection spectra show a series of cavity modes. The stop-
band in the transmission spanned from ∼775 nm to ∼808 nm. For a mode at λB = 792.89
nm, ∆λFWHM = 0.0316±0.0325 nm (∆νFWHM = κ2π = 15.52±4.39 GHz), and ∆λFSR =
1.96 nm, see Figure 4.5(b). These values were determined by the average and standard
error values generated from the Lorenz tting using Origin. This leads to F = 60±17
and Q = 24,382±6,898, respectively. We did not observe resonant peaks between 780 nm
and 790 nm due to high reectivity in this wavelength range. Decreases or loss of trans-
mission at the center of the stopband are also seen in other ONF-based cavity works
[155, 157, 167].

The y-polarized cavity modes of Cavity-3 were also analyzed, see Figure 4.5(c). Both
transmission and reection spectra show multiple cavity modes at the same frequency. The
stopband was observed from ∼782 nm to ∼807 nm. The minimum cavity mode linewidth
was ∆λFWHM = 0.079 nm (∆νFWHM = κ2π = 37.20±0.59 GHz) at λB = 796.97 nm with
∆λFSR = 796.97 nm, see Figure 4.5(d). This resulted in F = 24±04 andQ = 10, 119±161.

The stopband width of the y-polarized modes was about 8 nm shorter than that
of the x-polarized modes. These outcomes reasonably match the simulated results in



Characterization of ONF Cavities Fabricated using Ga FIB 60

Figure 4.5: Mode spectra for Cavity-3. (a) x-polarized modes. Normalized intensities
of transmission (black) and reection (red). (b) Transmission (black) and Lorentzian t
(pink) of some x-polarized modes near λB = 792.89 nm. (c) y-polarized modes. Normal-
ized intensities of transmission (black) and reection (red). (b) Transmission (black) and
Lorentzian t (pink) of some y-polarized modes near λB = 796.97 nm.
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Figure B.7(a, b), with the bandwidth of the y-polarized modes being about 10 nm
shorter than that of the x-polarized modes. This is because x-polarized elds experi-
ence higher ne modulation in the PhC nanostructures compared to y-polarized modes
(see Figure 4.2(b)); other ONF cavities fabricated using a FIB also have this polariza-
tion dependency [157, 159]. The simulated maximum reectivity for x-polarized modes
was R = 0973. Assuming both sides of the mirror have the same reectivity, i.e.,
R1 = R2 = R, we can estimate the theoretical maximum nesse for the x-polarized
cavity by inserting R into Equation 2.32, yielding F = 113. This indicates that the
observed F of 60 is only 53% of the theoretical maximum value.

For the y-polarized mode, on the other hand, simulation shows the maximum R =
0.884. This gives the theoretical maximum nesse of the y-polarized mode as F = 24,
coinciding with the experimental value. This nding is unexpected, given that fabrication
processes are not always awless, and we initially anticipated additional scattering losses
due to imperfections. There seems to be some loss that aects only the x-polarized
electric eld. This loss may be attributed to factors such as dust and Ga contamination,
as well as scattering from the fabricated edges. An examination of Figure 4.2(b) shows
that the x-polarized eld oscillates across the entire FIB-milled surface, whereas the y-
polarized eld’s oscillation is limited to a very small section near the center. Despite
the higher R and, consequently, higher F in the x-polarized modes than the y-polarized
modes, achieving the theoretical maximum F for the x-polarized cavity modes may prove
challenging due to Ga contamination.

The FSR values were anticipated to uctuate with changing wavelengths due to varia-
tions in the group index, ng, as indicated by Equation 2.25. However, we noticed dispari-
ties in the FSR values between x- and y-polarized modes, even in a short wavelength range
where the wavelength remained relatively constant, see Figure 4.6(a). The x-polarized
modes (black) had slightly shorter FSR compared to the y-polarized modes (red). For
three FSRs in the range of λ between 776 nm and 804 nm, the average and standard de-
viation of FSR values for x- and y-polarized modes are 1.96±0.01 nm and 1.90±0.02 nm,
respectively. We can expect Le to be longer for the y-polarized modes, as Equation 2.38
suggests. Figure 4.6(b) shows Le of the x-polarized modes (black lled dots) and the
y-polarized modes (black unlled dots). Le was calculated from the measured FSR values
and theoretically obtained ng (see Figure 2.9(a, b)) using Equation 2.38. It is clear that
the x-polarized modes had smaller Le than the y-polarized modes at the near-constant
wavelength (see ∼792.5 nm to ∼802.5 nm). This can be explained by the dierence in
R values between the x- and y-polarized modes. Our experimental F values, which are
a function of R (as shown in Equation 2.32), and the simulated R values indicate that
cavity modes with x-polarization exhibit higher R compared to those with y-polarization.
Also, notice that Le is smallest at λB for both polarizations. Le increases rapidly as the
modes get closer to the stopband edges, as R is highest at λB and it decreases going toward
the stopband edges. We also plot mode linewidth (∆νFWHM = κ2π) for the x-polarized
modes (red lled dots) and the y-polarized modes (red unlled dots), see Figure 4.6(b).
Interestingly, κ2π values follow the same trend as Le. These ndings indicate that as
R gets higher, Le becomes smaller.

The minimum Le of the x-polarized mode and the y-polarized mode was calculated as
Le = 103.68±0.30 µm and 106.91±0.06 µm, respectively. Cavity mirrors were separated
by a distance of L ≈ 100 µm, so Le > L. This is because the actual reector surface
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Figure 4.6: (a) Overlaid spectra of x-polarization (black) and y-polarization (red) of
Cavity-3. (b) Le (black dots) and κ2π (red dots) as a function of wavelength for x-
polarized modes (lled dots) and y-polarized modes (unlled dots) of Cavity-3. The error
bars indicate the standard error.

is not strictly at the start of the nanostructures milled by the FIB. There are 50 periods
of circular holes separated by Λ = 327±14 nm and 315±3 nm in Mirror-1 and Mirror-2,
respectively. This means that the Le extends into about 1/8 of the mirror structure (see
Figure 4.2(a)).

Next, we evaluate whether these cavity modes meet the criteria for strong coupling
with a QD. Figure 4.7 shows two theoretical critical parameters Fmin (solid black line) and
Lmax (dashed blue line) for the strong coupling regime together with the experimentally
observed F and Le (red dot). It is clear that F > Fmin and Le < Lmax for both the x-
and y-polarized modes. These ndings suggest that Cavity-3 is very likely to enter the
strong coupling regime of cQED using a single QD at cryogenic temperature, where the
emitter linewidth can be as narrow as 0.12 nm [55]. Note that F calculated in this study
did not actually include the deposition of a QD and any possible losses due to an emitter
are ignored. In reality, some loss would be expected when depositing a QD on the surface
of the ONF cavity. However, the QD deposition loss may not be as signicant in ONF
cavity modes. Yalla reported that the deposition of a single QD onto the ONF surface
induces < 1% of loss [223]. The measured F of an x-polarized mode and a y-polarized
mode of Cavity-3 was 60 and 24, even adding an extra 1% loss reduces these values to F
∼50 (< 17% drop) and ∼22 (< 9% drop), which are still over Fmin for entering the strong
coupling regime. Larger drop in F x-polarized mode compared to y-polarized mode is
due to higher R in x-polarized mode, as Equation 2.33 indicates. Nevertheless, such a
decrease in F value is much smaller compared to free-space cavities, where F is typically
> 40,000 [8], indicating R > 0.9999. The addition of 1% loss to such a cavity drops F to
310 (> 99% drop). This is another advantage of ONF cavity with moderate F , as it is not
signicantly aected by emitter insertion loss to optical quality. The measured optical
properties of Cavity-3 are tabulated in Table 4.2.

Due to the higher optical quality of the cavity for x-polarized modes, in the following,
only the x-polarized cavity spectra were characterized, see Figure 4.8(a-f). All spectra
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Figure 4.7: (a) Relationship between the experimentally observed nesse, F and the
eective cavity length, Le . Also shown: theoretical minimum nesse, Fmin (solid black
line) and maximum cavity length, Lmax (dashed blue line). The red lled dot and unlled
dot indicate F and Le for the x-polarized mode and the y-polarized mode, respectively.
The error bar indicates the standard error. The large error for the x-polarized mode is
associated with the small peak height of the high nesse modes (see Figure B.8). Zoomed
in regions of (a) around (b) the x-polarized mode and (c) the y-polarized mode.

show clear stopbands and cavity modes in both transmission and reection. The FSR
varied from 1.28 nm to 1.38 nm. The mirror separation was L = 140 µm, but Le varied
from 135 µm to 152 µm. Generally, Le is greater than L, which suggests that there may
have been an error in measuring L during the FIB operation, as we have Le = 135 µm <
L = 140 µm. Maximum F for these cavities were between 7 and 22. Figure 4.8(a-f) shows
the experimentally obtained F and Le as well as theoretical Fmin and Lmax for strong
coupling. The cavities in Figures 4.8(b, d, e) surpassed the Fmin. However, despite its
high F , Cavity-8 fell into the weak coupling regime since Le > Lmax (see Figure 4.8(d)).
Out of seven cavities fabricated, three appear to be suitable for strong coupling with a
QD (see Figure 4.7 and Figure 4.9). These estimated F values here indicate that these
cavities have high losses (T + L ∼13-34%). The introduction of an additional 1% loss,
representing the maximum potential loss due to QD deposition, to the high-loss cavity
results in a minor reduction in F value, with a decrease of 0.2-1.7. In fact, a study of
QD coupling to an ONF cavity with a low Q mode (Q = 250) did not report a decreased
Q after the deposition of several QDs [158]. The measured optical properties of these
cavities are tabulated in Table 4.2.
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Figure 4.8: Normalized transmission (black) and reection (red) spectra of x-polarized
modes in ONF cavities: (a) Cavity-4, (b) Cavity-5, (c) Cavity-6, (d) Cavity-7, (e) Cavity-
8, and (f) Cavity-9, respectively. Some of the cavity spectra were measured by Dr. Priscila
Romagnoli.
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Figure 4.9: Relationship between the experimentally observed nesse, F , eective cavity
length, Le , theoretically predicted minimum nesse, Fmin (solid black line) and maximum
eective cavity length, Lmax (dashed blue line) of (a) Cavity-4, (b) Cavity-5, (c) Cavity-6.
(d) Cavity-7, (e) Cavity-8, and (f) Cavity-9. The red dot indicates the experimentally
determined value of F and Le with standard errors.
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Table 4.2: Optical characteristics of the ONF cavities. The polarization of each cavity
sample was adjusted to be x-polarized or y-polarized, as indicated in the column Sample.
The error values indicate the absolute standard errors. T indicates the transmission during
the ONF fabrication process. SC: strong coupling, WC: weak coupling.

Sample Figure T F Q κ/2π FSR λB L Regime

C3 (x) 4.5(a, b) 95% 60±17 24,382±6898 15.52±4.39 GHz 1.96 nm 792.89 nm 103.68±0.30 µm SC

C3 (y) 4.5(c, d) 95% 24±0.4 10,119±161 37.20±0.59 GHz 1.92 nm 796.97 nm 106.91±0.06 µm SC

C4 (x) 4.8(a) 90% 9±0.2 5,371±112 72.23±1.51 GHz 1.28 nm 774.47 nm 150.30±0.19 µm WC

C5 (x) 4.8(b) 94% 11±0.1 6,158±6,173 63.60±0.80 GHz 1.38 nm 764.18 nm 135.06±0.10 µm SC

C6 (x) 4.8(c) 96% 7.41±0.32 4,478±180 86.11±3.46 GHz 1.29 nm 777.95 nm 150.71±0.48 µm WC

C7 (x) 4.8(d) 97% 15.73±2.94 9,379±1,680 40.15±7.19 GHz 1.34 nm 796.73 nm 152.28±1.15 µm SC

C8 (x) 4.8(e) 94% 22.31±2.08 13,277±1,219 28.84±2.65 GHz 1.32 nm 783.60 nm 149.48±0.20 µm WC

C9 (x) 4.8(f) > 90% 9.99±0.15 5,733±85 65.20±0.94 GHz 1.35 nm 788.87 nm 147.61±0.13 µm WC

4.6 Conclusion
In this chapter, ONF cavities fabricated using a Ga FIB, as described in Chapter 3, were
characterized. A set of 50 nano-circular holes was chosen as the cavity mirror in this
study. Cavity spectra of seven cavities were obtained and F values for each cavity were
estimated. The maximum F recorded was 60, with Le of about 104 µW. If one were to
couple a single QD at cryogenic temperatures to such a cavity, it should be sucient for
strong coupling. A total of four out of seven cavities had F values that were higher than
Fmin needed to realize strong coupling. These outcomes nail down the eectiveness of the
FIB milling methods detailed in Chapter 3 not only for the nanostructural property of
the cavity mirrors but also the optical properties of the cavity itself.

Even for the cavities that did not reach Fmin sucient for strong coupling, the shortfall
was minor, at about 0.6-4.2 (5-36%). The varying F values for each cavity may be
attributed to dust contamination, which may be minimized by carrying a sample ber
to the FIB in a vacuum container. Optical measurements of most cavities here were
conducted several weeks after the fabrication process due to COVID restrictions. This
was not ideal even though the samples were kept under low vacuum. Some dust particles
might have accumulated before the cavity spectroscopy [224]. Moreover, if the number of
nanostructural periods were to exceed 50, it is possible that F would surpass Fmin for all
cavities.

ONF cavities fabricated via a Ga FIB have great potential to access the strong coupling
regime by designing the cavities. Our approach to designing ONF cavities to meet the
required parameters for strong coupling with QDs could also be extended to using emitters,
such as color center nanodiamonds. Moreover, numerical analysis using FDTD methods
can be used to further optimize the design of FIB nanostructures for lower scattering loss
and higher Q-factor (hence F ), to enhance the Purcell eect, and to obtain tunability
of the cavity modes [168, 225–227]. In the next chapter, we will further investigate laser
annealing of the ONF cavities to improve the optical qualities.



Chapter 5

Laser Annealing of ONF Cavities
Fabricated using Ga FIB

5.1 Introuction
In the previous chapter, we performed the optical characterization of ONF cavities fabri-
cated using a Ga FIB. We introduced two theoretical parameters, Fmin and Lmax, to ensure
the validity of the cavities to enter the strong coupling regime with a single QD under
cryogenic conditions. In this chapter, we further investigate the potential to improve the
optical qualities by laser annealing the cavities.

As mentioned in Section 4.1, F and Le (thus FSR) are the key experimental parame-
ters to be investigated in ONF cavities for cQED experiments. Since F is a function of the
FWHM of a cavity mode linewidth, see Equation 2.32, it is important to reduce scattering
loss, κs, which is typically associated with unwanted factors such as dust contamination.
In the case of ONF cavities fabricated using a Ga FIB, one needs to also consider other
factors that potentially degrade the cavity’s optical properties due to the FIB process.
One such factor is Ga contamination; Ga ions not only deposit on the surface of a sample
but also they can defuse into the silica [228, 229].

Wuttke [167] studied the eect of Ga contamination on an ONF cavity reector (one
mirror set milled directly at an ONF waist by a Ga FIB) and demonstrated an annealing
procedure for reducing Ga contamination. The annealing process involved placing the
ONF reector in a vacuum chamber (at < 10−5 mbar) and directing laser light at λ =
832±12 nm into the sample so that heating occurred in areas with high concentrations
of Ga absorption. Ga ions were then removed by evaporation. The author showed that
a heating power of 4 µW for 2 minutes was sucient to change the refractive index of
the ber by removing Ga, changing the transmitted stopband shape and causing a blue
shift of the reected band by 50 nm from λ ∼ 852 nm. The transmission increased by
nearly a factor of two at shorter wavelengths in the range of ∼650-850 nm, the absorption
wavelength range of Ga [230]. Not only did Ga desorption happen, but also the sharp
edges of the nanostructures melted, thereby making them smoother and reducing the
scattering loss. Wuttke [167] further increased the annealing power, Pa, to 100 µW for 2
min, thereby blue shifting the reected band edge by an additional 40 nm. Transmission
over a wide wavelength range (650-1000 nm) increased by about a factor of two and,
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notably, the transmission dip at the center of the stopband, λB, increased by a factor
of four. They assumed that the increased transmission dip at λB was a consequence of
Ga diusion into the silica. This study was limited to only two Pa values. It would be
interesting to investigate the annealing threshold power and the feasibility of cold atom
trapping using an ONF cavity fabricated using a Ga FIB, as where typically several mW
of transmitted power is required [220]. Moreover, the eect of laser annealing on the ONF
cavity remains unclear. Nevertheless, this technique seems promising for improving the
optical characteristics of ONF cavities.

In the following section, we will describe experimental setups and methods of the laser
annealing procedure. Section 5.3 shows the eect of laser annealing on the optical quality
of the ONF cavity. We will then conclude this chapter with Section 5.4, which summarizes
the experimental results and potential improvement of the laser annealing procedures.

5.2 Methods
The experimental setup to study the eects of laser annealing is in Figure 5.1(a). In this
experiment, we studied two samples, Cavity-4 (see Figure B.1) and Cavity-8 (Figure B.5).
An ONF cavity was enclosed in a vacuum chamber with a pump (HiCube 80 Eco, DN 63
CF-F, Pfeier Vacuum) at 1× 10−4 mbar. Each ber pigtail, with a diameter of 180 µm
(including plastic coating around the 125 µm cladding), was inserted into a Teon ber
feed-through with a hole of 250 µm, see Figure 5.1(b). The Teon feed-through was placed
in a Swagelok tting on the vacuum chamber, and it was slowly tightened to seal the small
gap between the ber and feed-through until the vacuum chamber pressure dropped to
> 1×10−4 mbar.

The supercontinuum white light laser beam (SuperK COMPACT, NKT Photonics)
with H polarization was launched into one of the two ber coupler input lines (805±75 nm,
with a coupling ratio of 50:50). A 980 nm diode laser (CTL950, Toptica) was used as the
annealing source and was connected to the other input line. The ber coupler output was
split into two lines. One of them was spliced to the input ber pigtail of an ONF-based
cavity, via IPC paddles for input polarization adjustment. The output ber pigtail was
connected to the OSA with a resolution of 0.05 nm to measure the cavity spectra. The
other ber coupler output line was directly connected to a power meter, which measured
the power of the 980 nm annealing laser.

Using the IPC paddles, we selected x-polarized cavity modes before pumping the
vacuum chamber. The system was then pumped down and a variable ber attenuator
(VFA) was used to slowly increase Pa. A transmission spectrum for each Pa was recorded
on the OSA, see Figure 5.1(b). Spectrum measurements were made after 2 min of 980 nm
laser annealing for Cavity-4 and 5 min of 980 nm laser annealing for Cavity-8. After
conrming suciently low vacuum pressure (< 1×10−4 mbar), cavity spectra and optical
images of a section of the ONF cavity were simultaneously recorded while increasing Pa

until no transmission was measured. Pressure change over time for Cavity-4 and Cavity-8
are plotted in Figure C.1(a, b).
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Figure 5.1: (a) Schematic of the experimental setup for annealing experiments. L:
lens, PBS: polarization beam splitter, BD: beam dump, M: mirror, VFA: variable ber
attenuator, FC: ber coupler, IPC: inline polarization controller, OSA: optical spectral
analyzer, PM: power mater. (b) Teon ber feed-through to insert an ONF cavity into
a vacuum chamber (top) and its schematic and dimensions (bottom) with a 250 µm hole
(dotted line).

5.3 Eects of Laser Annealing on Optical Qualities

5.3.1 Eects on maximum transmission
The maximum cavity transmitted power of the stopband region was found from a trans-
mission spectrum window from 740 nm to 800 nm for Cavity-4 and 750 nm to 820 nm
for Cavity-8 as a function of annealing laser power, Pa. The maximum transmission at a
specic Pa was normalized to the maximum transmission observed throughout the mea-
surements, i.e., the maximum transmission in all spectra with varying Pa. Figure 5.2(a)
shows the relation between the normalized maximum transmission and the annealing laser
power for Cavity-4. There is a noticeable trend of increasing transmission as the anneal-
ing process progresses. The cavity transmission was about 20% before annealing and
slowly increased to around 40% up to ∼7 µW, then suddenly dropped back to 20% at
∼10 µW. The normalized maximum transmission then rapidly increased to about 70% as
Pa increased, but a signicant decrease was observed just before the normalized maximum
transmission reached a maximum at ∼100 µW. A sudden loss of transmission was also
observed just before the sample broke. On the other hand, Cavity-8 also showed a trend of
increasing transmission with uctuations in the maximum transmission over the course of
the annealing process, see Figure 5.2(b). The cavity transmission was approximately 70%
prior to annealing, but it dropped to around 60% at ∼35 µW. Subsequently, the transmis-
sion increased to 80% at ∼100 µW, although it exhibited uctuations until it reached a
peak at 400 µW. Much like the scenario observed in Cavity-4, the transmission of Cavity-8
experienced a sharp drop just before complete signal loss. The increase in the transmis-
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Figure 5.2: Normalized maximum transmitted power as a function of Pa for (a) Cavity-4
and (b) Cavity-8.

sion through the cavities was expected since such a phenomenon was previously reported
for laser annealing of an ONF reector fabricated using a Ga FIB [167]. However, the
loss of transmission was not reported. The reduction in transmission may be attributed
to either an increase in loss, which we will address in more detail in Section 5.3.4, or
a potential inaccuracy in the normalization factor. Here, we examined the variation in
the maximum transmission at specic Pa, normalized by the overall highest maximum
transmission across all measured spectra, i.e., Tmax(Pa)/Tmax(Tmax(Pa)). This approach
was employed to comprehend the uctuations in transmission throughout the annealing
process. However, it is acknowledged that this factor may not necessarily serve as the
optimal normalization parameter. In fact, a study involving laser annealing of an ONF
reector indicated decreased transmission at a specic annealing laser power [167]. This
study demonstrated a decrease in transmission at 4 µW compared to the pre-annealed
transmission, while the transmission increased at 100 µW. As discussed in the following
sections, the prole of the cavity spectrum undergoes changes throughout the course of
the annealing experiments. These alterations in spectral prole within a xed wavelength
range may pose challenges in acquiring a consistent reference transmission for normalizing
the raw transmission data.

5.3.2 Eects on spectra
Figure 5.3(a) shows normalized cavity spectra for Pa for Cavity-4. The bandwidth and
on resonance cavity mode transmission, Tr, changes as Pa changes. As Pa increased the
stopband resonance also increased toward shorter wavelengths (the blue-detuned side).
Meanwhile, the peak height of modes decreased as the annealing laser power increased.
However, at = Pa = 188 µW (purple), the bandwidth reduced signicantly and the peak
height increased. Similar trends in the stopband were also observed for Cavity-8, see
Figure 5.3(b). A large blue-shifted stopband at Pa = 26 µW (red) compared to the pre-
annealing stage (black) was observed. Unlike for Cavity-4, there was no clear increase in
peak height with higher Pa (516 µW (purple), and 544 µW (yellow)). We will analyze
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Figure 5.3: Change in cavity spectrum with varying Pa for (a) Cavity-4: 0 µW (before
annealing, black), 10 µW (red), 80 µW (blue), 140 µW (green), 188 µW (purple), and
207 µW (yellow), and (b) Cavity-8: 0 µW (before annealing, black), 26 µW (red), 279 µW
(blue), 377 µW (green), 516 µW (purple), and 544 µW (yellow). The raw data were
recorded by Dr. Priscila Romagnoli.

the details of the stopband movement in the following section.

5.3.3 Eects on stopbands
In order to examine the cavity stopbands, we utilized approximated stopband shapes
obtained by methods described in Section C.2. The blue dots (bottom curve), the black
dots (middle curve), and the red dots (top curve) in Figure 5.4(a) show the blue-side,
the center, and the red-side stopband wavelength as a function of annealing laser power,
Pa. The stopband edges remained relatively constant until ∼8 µW, but then it suddenly
widened. The wavelength of the blue-side and red-side edges shifted to blue and red,
respectively. Thereafter, the red-side edge slowly shifted to blue, while the blue-side edge
remained approximately constant. At Pa = ∼120 µW, the blue-side edge experienced a
signicant shift toward the red side, while the red edge underwent a notable shift toward
the blue side. The center stopband wavelength (i.e., λB) did not undergo any dramatic
change until Pa = ∼40 µW, where it started to slowly decrease by ∼2 nm compared to
the pre-annealing condition. At Pa = ∼120 µW, it shifted to the red-side.

The behavior of the stopband movement in Cavity-8 was dierent compared to Cavity-
4. Figure 5.4(b) shows the stopband wavelengths on the blue-side (blue dots at the
bottom), the center (black dots at the center), and the red-side (red dots at the top)
while varying Pa. The blue, center, and red stopband wavelengths stayed constant at low
Pa, but all of them suddenly shifted to the blue-side at Pa = 26 µW. The position of the
blue-side stopband edge stabilized after Pa ∼200 µW, while the center and red stopband
wavelengths continued to decrease.

Although there were variations in the trends of stopband shifts between Cavity-4 and
Cavity-8, as illustrated in Figures 5.4(a, b), both samples exhibited a consistent trend in
the change of bandwidth. Figure 5.5(a) illustrates the change of bandwidth for Cavity-4
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Figure 5.4: Stopband edges of shorter wavelengths (blue-side edge: blue dots in the
bottom panel), longer wavelengths (red-side edge: red dots in the top panel), and λB

(black dots in the middle panel) as a function of Pa for (a) Cavity-4 and (b) Cavity-8.
The error bars indicate an approximated FSR value. The red dashed lines indicate Pa =
120 µW and 400 µW for Cavity-4 and Cavity-8, respectively.

over the course of the annealing experiments. The bandwidth remained constant at low Pa.
It then suddenly increased by ∼5 nm at Pa = 8 µW, and slowly decreased as Pa increased.
At Pa ∼120 µW, the bandwidth narrowed rapidly. Interestingly, Cavity-8 followed the
same trend, see Figure 5.5(b). The bandwidth was constant before it experienced a
sudden broadening of ∼5 nm at Pa = 26 µW. The bandwidth stayed constant up to Pa

∼200 µW, then it gradually narrowed as Pa increased. At Pa ∼400 µW, a rapid decrease
in the bandwidth was observed.

When Pa = ∼120 µW for Cavity-4 and ∼400 µW for Cavity-8 seems to be the turning
point in this set of experiments. This may be the point where the ONF cavity started to
excessively heat from the annealing laser. We can consider the shift as an eect of the
cavity system where heating and Ga desorption occur at the same time. The shift in the
Bragg wavelength, ∆λB, is determined from the change in the eective refractive index,
∆ne, and the grating period, ∆Λ, as Equation 3.2 indicates. Now, let us postulate that
∆λB can be determined as follows:

∆λB(∆ne,∆Λ) = ∆λh
B(∆ne,∆Λ) +∆λGa

B (∆ne) (5.1)

Here, ∆λh
B is the change in λB due to the heating eect from the laser annealing as a

function of ∆ne and ∆Λ. ∆λGa
B is the change in λB due to Ga desorption as a function

of ∆ne. During laser annealing, Ga deposited on the ONF may desorb, which should
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Figure 5.5: Bandwidth as a function of Pa for (a) Cavity-4 and (b) Cavity-8. The red
dashed lines indicate Pa = 120 µW and 400 µW for Cavity-4 and Cavity-8, respectively.
The error bars indicate a doubled approximated FSR value (estimated propagated error
from stopband analysis (see details in Section C.2)).

decrease ne , henceλB may shift to a shorter wavelength [167]. Additionally, the higher
the laser annealing power, the more the cavity will heat, thereby increasing ne . The
cavity itself also experienced heating from the annealing. This may well elongate L, thus
Λ, resulting in λB shifting to a longer wavelength. Up until ∼120 µW for Cavity-4 and
∼400 µW for Cavity-8, Ga desorption can be assumed to have been dominant. However,
the situation may have changed at the critical Pa with heating then dominating λB,
resulting in the red shift of the stopband and the subsequent breakage of the cavity.

We are also aware that the desorption of water could aect the change in ne , thus
∆λB [231]. However, under vacuum, the relative humidity would be ∼0% [232], indicating
that there may not be any water layer present, or, at most, only a single monolayer of
water may be present with a thickness of 0.282 nm on the surface of silica [233]. Hence
the eect of water desorption can be assumed to be negligible. Table 5.1 summarizes the
potential eects of laser annealing on our ONF cavities.

Table 5.1: Summary of potential eects of heating and Ga desorption on the ONF cavity
during the laser annealing process.

Phenomena Heating Ga desorption

Eects
Increase n Decrease n

Increase L Decrease Lef
Increase Λ Negligible change on Λ

Outcomes Stopband shift to red side Stopband shift to blue side

5.3.4 Eects on linewidths
Next, the FWHM of the minimum cavity mode linewidth, which is associated with the
cavity decay rate, ∆νFWHM = κ2π, was examined for each cavity spectrum while varying
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Pa. Figure 5.6(a) shows κ2π as a function of Pa for Cavity-4. The black points represent
experimental data with estimated standard errors, while the red solid line represents
a tted curve as a visual guide. Although the data points exhibit some scatter there
is a clearly observable trend of decreasing κ2π as Pa increases. The linewidth was
κ2π ∼30 GHz at the beginning of the laser annealing. There was a sudden increase
in κ2π by ∼8 GHz at Pa = 8 µW and the bandwidth also suddenly increased (see
Figure 5.5(a)). Then, the FWHM reduced to ∼20 GHz at Pa ∼120 µW. However, the
linewidth suddenly increased at Pa >∼120 µW and went up to ∼50 GHz at 207 µW.
Similar behavior was observed for Cavity-8. Figure 5.6(b) shows κ2π for Cavity-8 as
a function of Pa. Here, experimental data (black) scatter more and the associated error
values are larger than for Cavity-4. This is because the transmission at resonance, Tr, is
small, see Figure 5.3(b). Due to the increased signal-to-noise ratio, the possible error is
also increased (see Figure B.8.) The linewidth was κ2π ∼30 GHz with some uctuations
of ∼ κ2π ± 2 GHz at the beginning of the laser annealing. At Pa = 26 µW, where
the bandwidth suddenly increased (see Figure 5.5(b)), there was a sudden increase in
κ2π by ∼5 GHz. Then, κ2π decreased until it reached the minimum at Pa ∼200 µW.
Fluctuations in data points and large errors make the evaluation of κ2π change over
dierent Pa. Nevertheless, one can see a general decrease in κ2π as was also observed
for Cavity-4.

Figure 5.6: Minimum cavity mode linewidth, κ2π, as a function of Pa for (a) Cavity-4
and (b) Cavity-b. The error bar indicates the standard error. The solid red line is a tted
curve to guide the eye. The dashed red line indicates Pa = 120 µW for Cavity-4 and
400 µW for Cavity-8.

The scattering rate, κs, i.e., loss, can be extracted from the linewidth and on-resonance
transmission, Tr [149], such that

Tr =
1− κs

κ


2

 (5.2)

Figure 5.7(a) illustrates κs2π as a function of Pa for Cavity-4. Interestingly, κs2π
dropped as κs2π increased, and even at higher annealing Pa > 120 µW. This indicates
that the loss was not induced by scattering but by the cavity itself, i.e., an increase in
the mirror separation length, L, so the heating eect was signicant. Figure 5.7(b) shows
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κs2π as a function of Pa for Cavity-8. Notice that the change in κs2π follows almost
the same as the change in κ2π , see Figure 5.6(b). Despite large uctuations in the data
points, as in the case of κ2π, there is a tendency of a decrease in κs2π. These ndings
suggest that laser annealing reduces the loss of the ONF cavities.

Figure 5.7: Minimum cavity mode loss, κs2π, as a function of Pa for (a) Cavity-4 and
(b) Cavity-b. The error bar indicates the standard error. The solid red line is a tted
curve to guide the eye. The dashed red line indicates Pa = 120 µW for Cavity-4 and
400 µW for Cavity-8.

5.3.5 Eects on resonant wavelengths
We found that not only λB but also the resonant wavelengths of a cavity mode, λr, moved
as Pa increased. Figure 5.8 shows the change of resonant wavelength of 14 modes of
Cavity-4 as a function of Pa. The left-hand-side (LHS) panel is a section of the cavity
spectrum at Pa = 1 µW. The resonant wavelength of all of these 14 peaks shifted toward
the red-detuned side, as shown in the right-hand-side (RHS) panel. λr did not signicantly
change at the low Pa, but started to shift to longer wavelengths from 5 µW. The red shift
of λr can be explained by the Q-factor. As indicated by Equation 2.34, an increase in
Q and κ2π results in an increase in λr. As we have established in Section 5.3.4, the
general trend for κ2π is a reduction. Therefore, the movement of λr toward the longer
wavelength is a signature of higher Q for these cavity modes.



Laser Annealing of ONF Cavities Fabricated using Ga FIB 76

Figure 5.8: Change in λr as a function of Pa. The error bar indicates the standard error.
The LHS shows a section of an ONF cavity spectrum of Cavity-4 taken at Pa = 1. Each
corresponding mode was traced as Pa increased. The RHS shows λr shift for each mode.

5.3.6 Eects on FSR
Figure 5.10(a) shows the FSR as a function of Pa for Cavity-4. Measuring FSR values can
give an insight into the cavity length over the course of the annealing experiments. Due
to the dispersion eect, the FSR can vary at dierent wavelengths, so an FSR around
770 nm for each Pa was measured (indicated as white dots). FSR values stayed reasonably
constant for the rst few µW of Pa. However, after Pa = 8 µW, the FSR value started to
uctuate but also decreased as a general trend. The stopband edges were also dramatically
shifting at Pa = 8 µW, see Figure 5.4(a). We also investigated the change in FSR as a
function of the varying Pa by calculating the average and the standard deviation of FSR
values from all the cavity mode peaks (indicated as black dots with error bars). Averaged
FSR values started to exhibit larger errors at Pa = 8 µW, and the average FSR value
very slightly lowered as Pa increased. Similar phenomena were also observed for Cavity-
8. Figure 5.10(b) shows averaged FSR over a spectrum and their standard deviation as
a function of Pa for Cavity-8. FSR values remained constant at the beginning of the
annealing process, but they slowly decreased with larger error values at Pa = 26 µW,
where the stopband edges rapidly shifted to the blue-side, see Figure 5.4(b). There were
increases in FSR values locally around Pa ∼300 µW, but sudden drops in FSR were
observed after this Pa. In both cavities, the average FSR reduction of ∼0.03 nm was
observed at Pa = ∼100 µW. From Equation 2.38, we can roughly estimate the elongation
of Le to be about +6µm for Pa = ∼100 µW. At Pa = 279 µW of Cavity-8, the FSR
increased by ∼0.02 nm, indicating the contraction of Le by about 4 µm.

As discussed in Section 4.5, Le increases as κπ increases, see Figure 4.6(b). However,
we found that κπ is reduced for the annealed cavities as shown in Figures 5.6(a, b), thus,
increases of the physical mirror separation length, L, seem to be signicant for high Pa.
Laser annealing heats up the ber, resulting in an elongation of L. This would lead
to reducing the FSR. On the other hand, Ga desorption can also happen by annealing.
Removing Ga from the cavity mirror may redene the nanostructures milled by the FIB
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Figure 5.9: (a) FSR around 770 nm (white dots) and averaged FSR (black dots) with
its standard deviation in a single spectrum as a function of Pa for Cavity-4. The error bar
indicates the standard error. The dashed red line indicates Pa at 120 µW. (b) Averaged
FSR (black dots) with its standard deviation in a single spectrum as a function of Pa for
Cavity-8. The dashed red line indicates Pa at 4000 µW.

[167]. As a consequence, the mirror reectivity can be increased and hence Le may be
reduced, see Table 5.1. The uctuations in the FSR values may be attributed to the
eects of these two competing factors. Moreover, mode coupling may happen during the
annealing process which results in a uctuation of FSR values. This may be due to the
elongation of the cavity length caused by the heating.

5.3.7 Eects on nesse
Finally, the maximum nesse, F , of the ONF cavity as a function of Pa was estimated.
The averaged FSR values in Figures 5.9(a, b) were used to estimate F value for each
Pa. See Figures 5.10(a) for Cavity-4. Initially, F was around 20, then it increased slowly
up to around 30 till Pa = 120 µW. However, similar to many other results in this set of
annealing experiments, it started to suddenly decrease after this Pa value. Figure 5.10(b)
shows F as a function of Pa for Cavity-8. This cavity also initially had F ∼20, but F
increased slowly up to around 40 till Pa = 279µW. We can also see a decreasing trend of
F after this Pa value. These outcomes may be due to collapsing nanostructural shapes,
as Cavity-4 broke at Pa = 253 µW and Cavity-8 lost transmission at Pa = 544 µW.

The laser annealing increased F by a factor of about 1.6 at Pa = 80 µW for Cavity-4
and about 1.6 at Pa = 279 µW for Cavity-8 from pre-annealing under vacuum conditions.
This was a reasonable improvement in F for the ONF cavity. See Figure 5.11(a) for
such improvement of Cavity-4. The experimental F value was only ∼0.5 lower than Fmin

before annealing. Just putting the cavity under vacuum increased F by about 120%,
but laser annealing increased it even further, with the total increase to F being about
350%. There was about 6 µm increase in Le due to the heating eect, but Le < Lmax,
and one can clearly see F > Fmin for strong coupling. See Figure 5.11(b) for Cavity-8.
This cavity was not suitable for strong coupling even before the annealing process as Le

< Lmax. Nevertheless, we can study how F changes for this cavity via laser annealing.
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Figure 5.10: Maximum F as a function of Pa for (a) Cavity-4 and (b) Cavity-8. The
error bar indicates the standard error. The dashed red line indicates Pa at 120 µW for
Cavity-4 and 400 µW for cavity-8.

Putting it under vacuum did not signicantly change F , but a nearly 60% increase of F
was observed by the annealing, which would lead to stronger light-matter interactions, as
the cooperativity, C, increased by a factor of 1.6 as Equation 2.45 indicates.

Figure 5.11: Relationship between the experimentally observed nesse, F , eective
cavity length, Le , theoretically predicted minimum nesse, Fmin (solid black line) and
maximum eective cavity length, Lmax (dashed blue line) of (a) Cavity-4 and (b) Cavity-8.
The red dot indicates the experimentally determined value of F and Le with standard
errors before annealing under ambient conditions. The white triangle indicates the F and
Le with standard errors observed before annealing but after placing under vacuum at
1× 10−4 mbar. The white star indicates the F and Le with standard errors observed at
Pa = 80 µW for Cavity-4 and Pa = 279 µW for Cavity-8.

In this set of experiments, we observed heating eects when the critical Pa was 120 µW
for Cavity-4 and 400 µW for Cavity-8. Ga ions on the surface of the ONF can be removed
by annealing, but it would be quite challenging to remove Ga ions that are already im-
planted in the silica material of the ONF [167]. The implanted Ga may have accelerated
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the heating eect. These critical Pa varied for dierent cavities. We also observed dierent
phenomena after critical Pa in each cavity: Cavity-4 broke, but Cavity-8 lost its trans-
mission before breaking. These ndings imply that laser annealing needs to be stopped
before the critical Pa is reached which is rather dicult since it is cavity-dependent. The
variation in the critical Pa may be due to the presence/absence of dust particles and the
amount of implanted Ga ions. Before performing the annealing procedure, it is advisable
to estimate the necessary F for cQED experiments. Then, it is crucial to halt the anneal-
ing process once the desired F has been attained to prevent overheating and deterioration
of the cavity quality.

5.4 Conclusion
Laser annealing of ONF cavities showed decreases in cavity mode linewidth, expanding
the cavity stop bandwidth, and shifting λB to the blue-detuned side, up to a critical
Pa. These ndings are very likely to be a consequence of Ga desorption. However, the
cavity mode resonance peak, λr, was shifted to the red-detuned side during the annealing
process, which indicates increases in Q. FSR values showed a general trend of reduction
over the course of annealing experiments, indicating that there were increases in Le.
Mode coupling due to the laser annealing would have aected the FSR measurements. F
increased as Pa increased up to the critical Pa and just before the critical Pa it surpassed
Fmin that would be needed to perform cQED with a single QD at a low-temperature, where
the QD emission rate is low. These results indicate a signicant opportunity to enhance
the optical quality of ONF cavities through laser annealing prior to cQED experiments,
noting the quality may degrade after the critical Pa. This can be avoidable by terminating
the annealing process after obtaining the aimed F value at a relatively low Pa.

Moreover, there is potential for reducing the risk of cavity breakage while enhancing the
optical qualities of cavities through alternative laser annealing approaches. For instance,
using lower Pa for a longer duration or using a longer annealing laser wavelength may
mitigate the risk of cavity breakage. Another strategy may involve applying the annealing
laser not through the ber but rather from free-space in a perpendicular orientation to the
cavities. Such an approach has the potential to diminish the likelihood of cavity breakage
attributed to dust particles on the sample, primarily addressing the ecient removal of
deposited Ga solely from the ONF surface. Optimizing the specic techniques within the
laser annealing process holds promise for further improving the optical qualities of Ga
FIB-fabricated ONF cavities.

Furthermore, laser annealing may be useful for improving the optical quality of not
only ONF cavities but also structured ONFs, such as slotted bers [27–29], as well as
hole-tailored bers for enhancing emitter coupling [169]. The maximum Pa used in our
experiments is an order of magnitude lower than the typical laser power required for
cold atom trapping. This suggests that structured ONFs fabricated with the Ga FIB
have limitations when used in experiments with laser-cooled atoms. In such cases, the
He FIB may oer a more suitable option for constructing structured ONFs. However, it
is important to note that the Ga FIB remains the most accessible tool for researchers.
To mitigate heating eects resulting from implanted Ga, gas-assisted etching during FIB
milling, combined with laser annealing, has the potential to reduce overall Ga contami-
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nation. This reduction in the contamination may not only enable the use of the required
laser power for cold atom trapping but also enhance the optical quality in the fabricated
devices, beneting applications such as cQED and beyond. Up to now in this thesis, we
focused on the fundamental ONF cavity modes. In the next chapter, we will introduce
HOMs in an ONF-based cavity.



Chapter 6

Higher-order mode Fabry-Pérot ber
cavity1

6.1 Introduction
Novel phenomena that can be revealed in non-paraxial light, such as transverse spin and
spin-orbit coupling, have led to increasing interest in the tightly conned light observed in
nano-optical devices [3]. Optical nanobers, as discussed in detail in earlier chapters, are
useful in this context because they provide very tight radial connement of the electric
eld and facilitate diraction-free propagation over several centimeters [40]. Most ONF
research focuses on SM-ONFs that only support the fundamental mode, HE11. In contrast,
HOM-ONFs, fabricated from FM optical ber, can guide HOMs (see more details in
Section 1.2), such as TE01, TM01, HEe

21, and HEo
21 [130]. In the weakly guided regime,

which is generally used to describe light propagation in standard optical ber, this group of
modes can be viewed to form the LP11 mode. To date, there has been a lot more attention
paid to HOM-ONFs in theoretical work [4, 109, 123, 125–128] than experimental work due
to the diculty in precisely controlling the ber waist size and obtaining selective mode
excitation at the waist [130, 134, 135].

In principle, there are many interesting phenomena that can be explored with a HOM-
ONF. For example, it has been proposed that the relationship between SAM and OAM
can be studied [4, 5, 108, 109]. Additionally, it was proposed that a HOM-ONF could
be used to trap and manipulate cold atoms [121, 123, 124]. Fabrication of an ONF that
supports the HOMs was achieved [38, 129, 130] and subsequently shown to more eciently
manipulate dielectric microbeads in the evanescent eld than SM-ONFs [137, 234]. Other
experimental work has shown that when cold atoms also interact with HOMs, detected
signals are stronger than when one uses a SM-ONF only [138].

Introducing a cavity system to the ONF could further increase light-matter interactions
due to cQED eects [1, 8, 9]. To date, numerous types of SM-ONF-based cavities have

1Sections 6.1-6.6, 6.9 in this chapter contain the following published work with permission from Chinese
Laser Press: M. Maeda, J. Keloth, and S. Nic Chormaic, "Manipulation of polarization topology using a
Fabry–Pérot ber cavity with a higher-order mode optical nanober", Photon. Res. 11, 1029-1037 (2023)
[171]. M. Maeda led all aspects of the work including the fabrication of the cavity, the construction of the
optical setup, taking data, the development of MATLAB codes with J. Keloth, analysis of experimental
results, simulation of results, and writing/editing the paper.
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been proposed [149, 159, 168, 225, 235, 236] and the interactions of their resonance modes
with various quantum emitters have been studied [156, 165, 237]. Strong light-atom
coupling using SM-ONF-based Fabry-Pérot and ring resonators has already been achieved
[10, 11]. Superstrong coupling of cold atoms and multiple longitudinal modes of a long
ber-ring resonator consisting of a SM-ONF section was demonstrated [153]. Utilizing
multiple degenerate higher-order transverse modes in free-space has been shown to exhibit
strong coupling [12, 139], further illustrating the importance of realizing a HOM-ONF-
based cavity system at this point. The advantages are not only for enhanced interactions
via cQED eects but also for a better overall understanding of the behavior of the modes
in such a cavity.

Studying the behavior of the HOM-ONF cavity spectrum and the cavity mode proles
gives additional insight into the nature of the HOMs themselves, as well as how they
interfere with each other and interact with the external environment. The generation of
TE01 and TM01 modes in a laser cavity consisting of a microber directional coupler-based
mode converter was demonstrated previously [140]. However, earlier attempts to realize
a passive HOM optical microber cavity did not yield any resonant peaks in the cavity
spectrum apart from the fundamental modes [141]; in other words, the typical donut- or
lobe-shaped intensity proles associated with HOMs were not observed, primarily due to
challenges when engineering the taper prole to minimize losses at the taper transitions.

As discussed in Section 1.2.1, the inhomogeneous polarization structure of HOMs needs
to be taken into account when studying a ber cavity system with a HOM-ONF. In recent
years, complex polarization distributions and the generation of polarization singularities
have been investigated using various methods, giving rise to the relatively new eld of
singular optics [85]. Polarization singularities are a subset of Stokes singularities, i.e.,
phase singularity points in Stokes phases [103, 184]. In fact, higher-order ber eigenmodes
are vector optical elds with a polarization singularity called a V-point, where the SOP
is undened [85]. Other types of Stokes singularities can be formed in elliptical optical
elds, such as the polarization singularity of C-points, where the polarization orientation is
undened [85, 184], and Poincaré vortices, where the polarization handedness is undened
[103, 185, 187]. Moreover, points of linear polarization can form continuous lines, which
are classied as L-lines [85].

The generation of all Stokes singularities within a single beam has been demonstrated
using a free-space interferometer [102, 103]. Modal interference in a birefringent crystal
can facilitate the creation of polarization singularities [97, 98]. As a result, the SOP can
signicantly vary along the propagation length, with C-points and L-lines propagating as
C-lines, i.e., continuous lines of circular polarization, and L-surfaces, i.e., surfaces of linear
polarization, respectively [97–99]. Moreover, polarization singularities can appear, move
or disappear from a given cross-sectional region with a smooth and continuous change of
birefringence [100]. Birefringent media were used to create laser cavity modes containing
a polarization singularity [238, 239]. These experiments were limited to the generation of
low-order V-points due to a lack of control in the amplitude, phase, and SOP, all of which
would be required to create other types of polarization singularities [85]. A FM optical
ber cavity has the potential to generate complex laser modes by its highly variable degree
of birefringence.

Interference and birefringence are generally inseparable properties in bers. The modal
interference pattern in a ber changes continually with a periodicity of 2π when the rela-
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tive phase between modes is changed between 0 to 2π as the eigenmodes propagate along
the ber [240]. This eect was used in a FM optical ber to generate ellipse elds contain-
ing a C-point [106, 107]. Due to the increasing complexities of modal interference in FM
bers, ltering for the desired set of HOMs, and selectively exciting them to generate and
manipulate polarization singularities, are necessary. Realizing a ber cavity containing an
ONF should enable both spatial and frequency ltering for selective excitation of HOMs,
as well as enhancement of the resonant mode coupling eect [166, 182].

In this chapter, we experimentally demonstrate a HOM-ONF-based Fabry-Pérot ber
cavity. The transverse polarization topology of any given resonant mode is determined by
selecting modes from the cavity spectra and analyzing the images of the transmitted mode
prole. We also demonstrate in situ intracavity manipulation of the modal birefringence
to change the amplitude, frequency position, and the SOP of the modes. Moreover,
the eects of the incident beam angle and polarization on the cavity modes were also
examined. This work is a signicant step toward gaining full control of the evanescent eld
at the HOM-ONF waist and extends the range of applications for which such nanodevices
could be used.

6.2 Fabrication of Fabry-Pérot Fiber Cavity
For the HOMs described in Section 6.1 to propagate throughout the cavity, the tapered
ber must be low loss for the entire LP11 set of modes. Tapered bers were drawn from
SM1250 (9/80) ber (Fibercore) using an O2/H2 ame pulling rig (see Figure 3.1(c)).
The untapered ber supports the LP01, LP11, LP21, and LP02 modes at a wavelength,
λ = 776 nm. The modes supported by the tapered ber depend on the tapering prole
and the waist diameter. The shape of the tapered ber was chosen to be trilinear, see
Figure 2.1(b), with angles of Ω1 = 2 mrad, Ω2 = 0.5 mrad and Ω3 = 1 mrad in order to be
adiabatic for the LP01 and LP11 modes. As mentioned in Section 2.3, these tapering angles
are the critical parameters for fabricating adiabatic ONFs. The ONF waist diameter was
the only parameter studied here. Measured ber diameters as a function of the set ber
diameter of trilinear-shaped ONFs are shown in Figure 6.1. The actual ber diameters
were signicantly smaller than the set diameters. For set values of 800 nm, 1000 nm,
1200 nm, 1250 nm, 1300 nm, 1500 nm, and 1700 nm, the measured mean and standard
deviation diameters from eight or nine samples were 503 nm±37 nm, 573 nm±94 nm,
708 nm±73 nm, 772 nm±67 nm, 839 nm±30 nm, 936 nm±112 nm, and 1185 nm±21 nm,
respectively. Large errors were observed. This calibration plot provided a good guideline
for getting the desired ber diameter. The critical point in fabricating ONFs is that the
ONF waist diameter does not go below the cuto diameter size of the desired modes.

We fabricated three dierent tapered bers with waist diameters of (i) ∼450 nm for
SM behavior (HEx

11 and HEy
11), (ii) ∼840 nm for the HOM-ONF, which supports HEx

11,
HEy

11, TE01, TM01, HEo
21, and HEe

21 (see Figure 2.3(a, b) to 2.7(a, b) for their mode
proles), and (iii) ∼1100 nm for the HOM-OMF, which supports all 12 modes in the
LP01, LP11, LP21, and LP02 families. Fiber transmission following the tapering process
was >95% for the fundamental mode.

Four types of Fabry-Pérot ber cavities were prepared: (i) a cavity with an SM-ONF,
(ii) a cavity with a HOM-ONF, (iii) a cavity with a HOM-OMF, and (iv) a cavity without
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Figure 6.1: Measured diameters versus set ber diameters for a trilinear-shaped ONF
fabricated in the ame ber-pulling rig (see Figure 3.1(a-b)), using an original ber di-
ameter di = 80 µm. Error bars indicate the standard deviation for eight or nine samples
per set diameter.

tapered ber. The cavities with an ONF or OMF were fabricated by splicing each pigtail
of the tapered ber to a commercial FBG mirror (Omega Optical). The two FBG mirrors
consisted of stacked dielectric mirrors coated on the end faces of ber patchcords (SM1250
(9/80), Fibercore) and had a reectivity of 97% at λ = 776 nm. Both mirrors had almost
the same reectivity over all input polarization angles (< 1% variation, see Figure D.2(b)),
details of which are described in Appendix D. A typical cavity length with an ONF was
∼2 m, which was physically measured and estimated from the cavity free-spectral range
(FSR). The ber cavity without an ONF had a length of ∼1 m.

6.3 Methods

6.3.1 Experiments with an ONF
A sketch of the experimental setup for a cavity with an ONF is given in Figure 6.2(a). The
cavity contained an in-line polarization controller (IPC), (see Figure6.2(a)) to manipulate
the birefringence inside the cavity. Moving the angles of the IPC induced stress and strain
in the ber, thereby changing the eective cavity length. A linearly polarized Gaussian
beam from a laser at λ = 776 nm (Toptica DL100 pro) was launched into the ber cavity.
The laser frequency was either scanned or locked to a mode of interest using a Pound-
Drever-Hall locking module (Toptica Digilock110). The cavity output beam was split into
three paths: one for the laser feedback controller to observe the cavity spectra and to lock
to specic modes, one for imaging the spatial prole of the modes with a CCD camera, and
one for analyzing the transverse SOP of each mode using a removable quarter wave plate
(QWP), a rotating linear polarizer, and a CCD camera, see Figure 6.2(b). Six intensity
prole images were taken in total for each mode. Four images were taken without the
QWP and with the linear polarizer angle set to 0◦ (IH), 45◦ (ID), 90◦ (IV), and 135◦
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(IA), and two images were taken by inserting the QWP set to 90◦ while the polarizer was
set to 45◦ (IR) and 135◦ (IL). The SOPs were determined by analyzing the six prole
images using Stokes polarimetry. Furthermore, the Stokes phase and Stokes index were
determined [85], see Section 2.5.2.

Figure 6.2: (a) Schematic of experimental setup with a tapered ber. L: lens, HWP:
half-wave plate, PBS: polarizing beam splitter, M: mirror, MC: cavity mirror, IPC: in-line
polarization controller, BS: beam splitter, QWP: quarter-wave plate, which was inserted
to calculate S3, LP: linear polarizer, CCD: camera, MMF: multimode ber, PD: photo-
diode. (b) Schematic of experimental setup without tapered ber with two experimental
conditions: 1○ varying incident beam angle by changing mirror angles, and 2○ varying
indecent beam polarization by changing HWP angle.

6.3.2 Experiments without an ONF
The experimental setup for the cavity without a tapered ber is shown in Figure 6.2(b).
The IPC was not used in these experiments, and the ber was straightened and xed on a
metal plate with Kapton tape to minimize movement. Note that this cavity is composed of
standard FM ber, which supports LP01, LP11, LP21, and LP02 modes (see Figure 2.2(a))
in the weakly guiding approximation as described in Section 2.1. LP mode representations
are commonly used to describe a standard ber system due to the near degenerate eective
indices of exact eigenmodes within the LP family. Exact eigenmodes in this ber are HE11,
TE01, TM01, HE21, EH11, HE31, and HE12 as shown in Figure 2.2(b), and each hybrid
mode has two orthogonal polarizations, resulting in the total number of supported modes
to be 12. In general, the cavity modes are generated depending on a complex mixture of
variables such as cavity length, birefringence, and mode coupling; hence, it is extremely
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dicult or perhaps impossible to generate cavity modes with a specic polarization of a
specic mode. Nevertheless, minimizing potential perturbation by straightening the ber
cavity can reduce the supported number of modes, and the resonance cavity peaks are
only discernible when the cavity nesse is suciently high [241].

In the experiments without ONF, the cavity input beam was a linearly polarized
Gaussian beam and the cavity was studied by: (i) changing the incident beam angle to
the ber cavity and (ii) changing the incident beam polarization.

First, we set the cavity input polarization horizontal direction and varied the ber
launching angle by changing the angles of the nearest mirror, numbered as 1○ in Fig-
ure 6.2(b). Changing the incident beam angles changed the coupling eciency to the
ber cavity, hence the transmitted intensity of cavity modes. The ber launching angle
was adjusted to obtain maximum coupling (MAX), high coupling (HIGH), low coupling
(LOW), and minimum coupling (MIN). We recorded cavity spectra for each ber launch-
ing angle as the laser frequency was scanned. Each cavity mode was locked and a total
of six intensity prole images were taken: IH, ID, IV, IA, IR, and IL, as we did in Sec-
tion 6.3.1. The intensity prole and SOPs of each cavity mode were analyzed as described
in Section 2.5.

Second, we set the angle of the mirror just before the cavity input to be constant,
and the polarization of the cavity input free-space beam was modied by inserting an
HWP just before the ber launching, denoted as 2○ in Figure 6.2(b). The HWP angles
were changed by 22.5◦, which induces 45◦ rotations of linear polarization, up to 90◦. Four
dierent spectra were taken as the laser frequency was scanned for a polarization of H,
D, V, and A. Each excited cavity mode was locked and the intensity proles of IH, ID,
IV, IA, IR, and IL were taken. These images were processed using Stokes polarimetry
methods, see Section 2.5, to determine the SOPs and Stokes singularities.

6.4 Cavity with a SM-ONF
As an initial experimental test, the spectrum for a HOM cavity consisting an ONF of
waist diameter ∼450 nm was obtained, see Figure 6.3(a). This ONF can only support the
fundamental modes for λ = 776 nm, see Figure 2.2(b). The IPC paddle angles were set
so that two distinct, well-separated modes, Mode 1 and Mode 2, with minimal spectral
overlap were observed. The nesses of Modes 1 and 2 in Figure 6.3(a) were calculated to
be 12 and 15, respectively, using Equation 2.32. The laser was locked to each of these two
cavity modes consecutively and the mode proles were observed at the output end face
of the ber cavity. The corresponding mode intensity proles, SOPs, and Stokes phases
are shown in Figures 6.3(b)(i, ii). The intensity proles for both Modes 1 and 2 were
slightly skewed Gaussian shapes. The HE11 eigenmode intensity shape is Gaussian, so the
slight deviation from the expected shape may be attributed to aberrations in the optical
beam path. In terms of polarization distribution, the Stokes phases of Modes 1 and 2
were uniform; in other words, their SOPs were scalar elds, regardless of the IPC paddle
angles chosen, as expected for the HE11 mode.

Although the pretapered FM ber supported the full set of eigenmodes in LP11, LP02,
and LP21, when the ONF with a diameter ∼450 nm was inserted between the two sets
of mirrors, only one or two modes with quasi-Gaussian proles were observed, no matter
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Figure 6.3: (a) A typical spectrum for a HOM cavity with a SM-ONF as the laser is
scanned over 150 MHz. The spectrum over a single FSR is indicated by the red box.
(b) Mode intensity proles showing the SOPs (top) and corresponding Stokes phases
(bottom) for (i) Mode 1 and (ii) Mode 2. The red and blue SOPs indicate right-handed
and left-handed ellipticities, respectively. The scale bars show the normalized intensity
(from 0 to 1) and the Stokes phase (from 0 to 2π).

which IPC paddle angles were chosen. The HOMs were ltered out due to the tapered
ber waist being SM, analogous to an intracavity pinhole spatial lter. Mode ltering as
a function of the ONF waist diameter was observed experimentally [129]. However, here,
we could additionally observe the mode ltering eect on the cavity spectrum and SOP
of each mode.

In an ideal SM-ONF cavity with no birefringence, there are two degenerate orthogonal
modes. However, due to random birefringence of the ber and the cavity mirrors, the
two modes become non-degenerate, i.e., separated in frequency [242]. Mode coupling
of orthogonal modes can occur in a birefringent medium and this eect can increase
in a cavity conguration [243]. Mode coupling in an ONF cavity due to asymmetrical
mirrors has been discussed previously [166] and experimental evidence of mode coupling
due to intrinsic birefringence in a SM-ONF cavity has already been reported [182]. In
our experiments, non-orthogonal combinations of SOPs were observed, as seen in Figures
6.3(b)(i, ii). Mode 1 was horizontally polarized (red/blue lines in Figure 6.3(b)(i)), while
Mode 2 was left elliptically polarized (blue ellipse in Figure 6.3(b)(ii)). By adjusting the
IPC angles, it was possible to change the phase relationship and coupling between the
HEo

11 and HEe
11 modes, and shift between orthogonal and non-orthogonal combinations of

SOPs.
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6.5 Cavity with a HOM-ONF
Next, the spectrum for a HOM cavity containing an ONF of waist diameter ∼840 nm was
obtained, see Figure 6.4(a). This ONF can support the HE11, TE01, TM01, HEo

21, and
HEe

21 modes at λ = 776 nm. The IPC paddle angles were set to obtain the maximum
number of well-resolved modes in a single FSR, see Figure 6.4(a). One can clearly see
ve distinct peaks indicating that the HOM-ONF does not degrade the modes in the
cavity and the nesses of the cavity modes are high enough to resolve them. The nesses
of Modes 1 to 5 were 12, 16, 13, 22, and 13, respectively. The mode nesse values of
the cavity with a HOM-ONF were in the same range as those for the cavity with a SM-
ONF (Figure 6.3(a)), implying that the HOM-ONF was adiabatic for the LP11 group of
modes. The laser was locked to each of the cavity modes consecutively and the mode
proles were observed at the output of the ber cavity. The corresponding mode intensity
proles, SOPs, and Stokes phases are shown in Figures 6.4(b)(i-iv). In the spectrum
shown in Figure 6.4(a), there were ve distinctive modes, but locking to Mode 3 was not
possible because of its close proximity to the dominant Mode 4.

Two at-top intensity proles were observed in Modes 1 and 4, Figures 6.4(b)(i, iii)
respectively. The SOPs of these modes are markedly dierent to those for the Gaussian-
type modes in Figures 6.3(b)(i, ii), which have simple scalar SOPs. Modes 1 and 4
were inhomogeneously polarized ellipse elds, showing regions of left and right circular
polarizations divided by an L-line (Figures 6.4(b)(i, iii)). The center of these two modes
exhibited diagonal and anti-diagonal polarizations, respectively, i.e., the SOPs at the
center of the modes were orthogonal to each other. Going toward the edges of the modes,
the polarization changes from linear to circular, with opposite handedness either side of the
L-lines. Notice also in Figure 6.4(a) that Modes 1 and 4 are not well frequency separated
from neighboring modes. This suggests that the mode proles and SOPs of these modes
were not only aected by birefringence and degenerate modal interference (might not
be exactly degenerate, but not enough nesse to separate the resonance), but also some
non-degenerate modal interference with neighboring cavity modes [243]. Additionally, for
Mode 4, we identied two C-points (σ12 = −1), indicated by the pink dots in Figure
6.4(b)(iii), where the value of ϕ12 changed by 2π (see Table 2.2). Interference of HE11

with modes from the LP11 group can generate C-points in a FM ber [107], see Figure
2.10(d).

We performed basic simulations to determine if combinations of HE11 and some
mode(s) in the LP11 family could generate similar mode proles and SOP structures
as those in Figures 6.4(b)(i, iii). The simulated results are shown in Figures 6.4(c)(i, iii).
The HE11 and TM01 modes were selected as possible contributors and their amplitudes,
phase, and birefringence tting parameters were tuned to match the experimental results.
Modes 1 and 4, see Figures 6.4(b)(i, iii), could have been formed from dierent mode
combinations rather than our assumed HE11 and TM01; however, these modes were very
likely formed by interference between HE11 and some mode(s) of the LP11 group, resulting
in their inhomogeneous SOPs and at-top shapes.

We also observed two distorted lobe-shaped modes, Modes 2 and 5, see Figures
6.4(b)(ii, iv). The lobe-shaped pattern also arises from modal interference between modes
in the LP11 family [as an example, see Figure 2.10(c)). With reference to Table 2.2, Mode
2, Figure 6.4(b)(ii), showed all three types of Stokes singularities, indicated by pink dots
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Figure 6.4: (a) A typical spectrum for a cavity with a HOM-ONF as the laser is scanned
over 150 MHz. The spectrum over a single FSR is indicated by the red box. (b) Mode
intensity proles showing the SOP (top) and the corresponding Stokes phases (bottom)
for (i) Mode 1, (ii) Mode 2, (iii) Mode 4, and (iv) Mode 5. The red and blue SOPs
indicate right-handed and left-handed ellipticities, respectively. The scale bars show the
normalized intensity (from 0 to 1) and the Stokes phase (from 0 to 2π). Stokes singularity
points of σ12, σ23, and σ31 are indicated as pink, orange, and blue dots, respectively. L-
lines are indicated in green. (c) Corresponding simulated results. (d) Spatial eld proles
54 min after the measurements of (b) for (i) Mode 1, (ii) Mode 2, and (iii) Mode 4.
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for C-points (σ12 = +1) and orange/blue dots for Poincaré vortices (σ23 = −1 /σ31 = +1),
as presented in ϕ12, ϕ23, and ϕ31, respectively. A single mode containing all Stokes singu-
larities has been demonstrated using free-space interferometers [102, 103]; here, we gen-
erated them within a single mode using a ber cavity system. Mode 5, Figure 6.4(b)(iv),
also had two C-points (σ12 = +1) and a Poincaré vortex (σ23 = +1), as seen in ϕ12, and
ϕ23, respectively. Figure 6.4(a) shows that Modes 2 and 5 are not well frequency separated
from Modes 1 and 4, respectively. Therefore, there is a likely contribution from the HE11

mode resulting in distortion of the lobe shape.
To simulate Mode 2 in Figure 6.4(b)(ii), we combined TE01, HEe

21, and HE11, and to
simulate Mode 5 in Figure 6.4(b)(iv), we used TM01, HEe

21, and HE11. The amplitude
of each mode, phase shift, and birefringence parameters were adjusted to achieve a close
t. The simulated results are shown in Figures 6.4(c)(ii, iv). These plots are not exact
replications of the experimental results since the parameter space is large and the exact
initial conditions are not known; nevertheless, the match is reasonably close.

Interestingly, many of the cavity modes obtained in dierent sets of spectra, which
were generated using dierent IPC angles, exhibited Stokes singularities. Polarization sin-
gularities are known to propagate through a birefringent medium as C-lines and L-surfaces
and their evolution is aected by the homogeneity of the birefringence along the propaga-
tion path [97–99]. This phenomenon is due to the conservation of the topological charge
[86, 99, 101], and the Stokes index value, σij, remains constant [86]. However, our cavity
is an inhomogeneous birefringent medium as it contains a number of dierent birefringent
elements such as the FBG mirrors and the IPC, as such, the degree of birefringence varies
along the propagation direction. Therefore, the presence of Stokes singularities in the
imaged eld at the cavity output does not necessarily guarantee the existence of such
topological defects in the ONF region. Nonetheless, singularity points can enter, move,
and exit with a smooth and continuous variation of birefringence [100]. Therefore, the
SOP is expected to evolve along the length of the cavity, with singularity points shifting
and making numerous entries and exits in the cross-section prole of the modes. How-
ever, since the ONF waist is relatively straight and uniform, the birefringence variation at
the waist should be minimal [244] and topological features appearing at the start of the
waist should be preserved every 2π along the waist. It is also important to note that the
strong connement at the waist induces a large longitudinal electric eld component that
should perturb the local polarization and intensity patterns [4]. As a result, the spatial
mode proles that were observed in the experiments may not be identical to the spatial
mode proles at the waist. Indeed, this has already been experimentally demonstrated
for tightly focused free-space C-points as Möbius [114, 115] and ribbon strips [116], as
well as pure transverse spin [115]. To date, none of these unique non-paraxial phenomena
have been observed in the evanescent elds of ONFs. Our cavity has great potential to
experimentally uncover such phenomena in this regime.

Theoretically, the HOM-ONF can support a total of six eigenmodes as mentioned
earlier. Therefore, one might expect that the spectrum should show six distinct modes.
However, we typically observed three to ve distinct peaks in a single FSR depending on
the IPC paddle angles. This could be explained by the lack of sucient nesse to resolve
all modes, some of which are closely overlapped [243]. It may be feasible to increase
the mode nesses by increasing the mirror reectivity and using an ONF with lower
transmission loss than the one used (the estimated loss of Mode 4, the highest nesse in
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Figure 6.5: Spectra of the normalized transmitted intensity of an HOM-ONF-based
cavity at dierent times. The rst cavity spectrum was taken at 0 min, then spectra were
recorded at 4 min (red), 7 min (blue), 15 min (green), 19 min (purple), 27 min (beige),
32 min (cyan), 41 min (brown), 52 min (khaki), 60 min (orange), and 66 min (light blue).
The baseline of intensity was equally shifted upwards for each spectrum to better observe
the mode shapes.

Figure 6.4(a), was ∼20%). Nonetheless, the nesse values of our ∼2 m long cavity with
a HOM-ONF should be sucient for cQED experiments with narrow line-width emitters
such as cold atoms.

It is also important to investigate the mode stability over time for performing cQED
experiments or other potential applications using the HOM-ONF cavity modes. We mon-
itored cavity spectra over 66 min with an interval of 3-11 min. Figure 6.5 shows a total of
11 spectra over the 150 MHz laser scan frequency range. Slight changes in the frequency
positions and peak heights of cavity modes were observed at dierent times. However,
these changes in the frequency and the intensity are very likely due to the thermal eect.
The heating eect constantly shifted the absolute frequency in both directions (blue side
and red side). Such thermal eects could aect the cavity length change, which may
result in a change of FRS, thereby a change of mode frequency. The change in FSR due
to the thermal eect can also aect mode coupling, which may lead to a change in mode
intensity.

Interestingly, the mode shapes remained almost constant over 66 min of measure-
ments and, importantly, the polarization topology of these modes hardly changed. Fig-
ures 6.4(d)(i-iii) illustrate mode proles and polarization as well as Stokes phases of
Mode 1, Mode 2, and Mode 4 54 min after the measurements of Figures 6.4(b)(i-iii).
Mode 5 was not locked at this time due to the thermal cavity mode drift, relatively small
intensity, and close proximity to the next adjacent mode. As one can clearly see, intensity
proles, polarizations, and positions of Stokes singularity points/lines hardly dier from
the original measurements. These results imply that the mode coupling due to the thermal
eect is negligible. This indicates that the HOM cavity with an FM ber is stable enough
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for about one hour to perform experiments. One hour may be sucient for experiments
such as cQED involving cold atoms.

6.6 In Situ Cavity Mode Tuning
A key feature of this setup is the ability to tune the spectrum and SOP to create the
desired mode in the cavity. We aimed to observe modes with donut-shaped intensity
patterns and SOPs similar to the ber eigenmodes TE01 (Figure 2.10(a)), TM01, HEo

21,
and HEe

21 (Figure 2.10(b)). To achieve this, the laser was locked to a well-resolved lobe-
shaped mode. The paddle angles of the IPC were then adjusted, and the mode shape
was monitored with a CCD camera until a donut mode prole was observed. Unlocking
and scanning the laser revealed a new spectrum with each mode containing a new prole.
The IPC was adjusted again to maximize another mode and the laser was locked to this
new mode. The IPC paddle angles were tuned to once more convert the mode prole to a
donut shape. This procedure was repeated for four dierent modes, see Figures 6.6(a)(i-
iv), and these modes look similar to the true ber eigenmodes of HEe

11 (Figure 2.10(b)),
HEo

11, TE01 (Figure 2.10(a)), and TM01, respectively. There was a slight deformation
from a perfect donut shape and their SOPs were not vector elds, but rather ellipse elds
with alternating regions of opposite handiness. While the donut eigenmodes possessed a
V-point at the center as indicated by pink dots in Figures 2.10(a, b), the observed quasi-
donut modes in Figures 6.6(a)(i-iv) had some nominal intensity at the center. These
modes had two C-points of σ12 = −1 or +1 near the center (see pink dots in Figures 6.6
(a)(i-iv)), as opposed to a single point of σ12 = −2 or +2 in the true eigenmodes (Figures
2.10(a, b)). Indeed, perturbation of vector eld polarization singularities can occur when
scalar linearly polarized beams are interfered [104].

These donut-shaped cavity modes were also simulated, as shown in Figures 6.6(b)(i-
iv). To obtain a good t for the experimentally observed intensities, SOPs, and Stokes
phases in Figures 6.6(a)(i-iv), the simulated modes included a slight deformation of the
donut shape by adding some components of the HE11 mode to modes in the LP11 group.
Moreover, the simulated results show that the Stokes phases are very similar to those
obtained experimentally. The number of possible combinations of modal interference with
varying birefringence is large and this leads to discrepancies between the experiment and
simulation. However, these ndings indicate that the experimentally observed quasi-donut
modes are likely the result of residual interference between the HE11 mode and modes in
the LP11 group. Degeneracy of multiple modes may be avoided by increasing the cavity
mode nesses so that each mode can be well separated. The system demonstrated here
shows that, even in a complex system, the HOMs and their SOPs can be controlled to
create exotic topological states.
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Figure 6.6: (a) Mode intensity proles for quasi-donut-shaped cavity modes from the
cavity containing a HOM-ONF with their SOPs (top) and Stokes phases (bottom) similar
to the ber eigenmodes of (i) HEe

21, (ii) HEo
21, (iii) TE01, and (iv) TM01. The red and

blue SOPs indicate right-handed and left-handed ellipticities, respectively. Scale bars
show intensity (from 0 to 1) and Stokes phase (from 0 to 2π). Stokes singularities of
σ12, σ23, and σ31 are indicated as pink, orange, and blue dots, respectively. L-lines are
illustrated as green lines. (b) Corresponding simulated results.

6.7 Cavity with a HOM-OMF
We also investigated a cavity with a HOM-OMF, where the waist diameter was ∼1100 nm.
A typical cavity spectrum is presented in Figure 6.7(a). The IPC paddle was adjusted
to observe the maximum number of transverse cavity modes. Depending on the IPC
paddle angles, there were four to six modes in a single FSR region of a spectrum. The
waist diameter of ∼1100 nm indicates the total number of supported guided modes to
be 12: HEx

11, HE
y
11, TE01, TM01, HEo

21, HEe
21, EHo

11, EHe
11, HEo

31, HEe
31, HEo

12, and HEe
12.

However, modes in the LP21 and LP02 families ( EHo
11, EHe

11, HEo
31, HEe

31, HEo
12, and HEe

12)
were lossy due to the tapering angles, which were chosen to be adiabatic only for modes in
the LP01 and LP11 families (HEx

11, HE
y
11, TE01, TM01, HEo

21, HEe
21). The tapered angles

were more acute than the critical angles for these modes (see Figure D.4). Nevertheless,
we observe a maximum of six peaks, as shown in Figure 6.7(a), and this is more than
the maximum number of peaks observed in the spectra of the HOM-ONF-based cavity.
Note that Mode 4 is not well resolved due to the close frequency to the adjacent Mode 5.
The nesse values of Mode 1, Mode 2, Mode 3, Mode 5, and Mode 6 were 15, 17, 18, 20,
and 14, respectively. These values are similar to the nesse values of the cavities with a
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SM-ONF and a HOM-ONF. However, unlike these ONF-based cavities, the spectra of this
OMF-based cavity showed non-zero intensity at the dips of peaks. These ndings indicate
that some mode(s) with low nesse may overlap with the other well-resolved peaks. Non-
adiabatic eigenmodes may still exist as a lossy cavity resonance mode, therefore, modes
in the LP21 and LP02 families might have existed as modes with a broad linewidth.

Figure 6.7: (a) A typical spectrum for a cavity with an HOM-OMF as the laser is
scanned over 150 MHz. The spectrum over a single FSR is indicated by the red box.
(b) Mode intensity proles showing the SOP (top) and the corresponding Stokes phases
(bottom) for (i) Mode 1, (ii) Mode 2, (iii) Mode 3, (iv) Mode 5, and (v) Mode 6. The
red and blue SOPs indicate right-handed and left-handed ellipticities, respectively. The
scale bars show the normalized intensity (from 0 to 1) and the Stokes phase (from 0 to
2π). Stokes singularity points of σ12, σ23, and σ31 are indicated as pink, orange, and blue
dots, respectively. L-lines are indicated in green.

Spatial eld structures of the cavity output modes were ellipse elds with Stokes
singularities. Figure 6.7(b)(i-v) illustrates mode proles, SOPs, and Stokes phases of
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Mode 1, Mode 2, Mode 3, Mode 5, and Mode, respectively. As shown in Figure 6.7(a), the
baseline of the spectrum is a non-zero intensity, indicating that these modes all experienced
some interference eects. Mode 1 (Figure 6.7(b)(i)) had an intensity shape of a quasi-lobe
pattern with left-handed ellipse elds. There was a single Poincaré vortex (σ31 = +1) and
two L-lines. Mode 2 (Figure 6.7(b)(ii)) also had an intensity shape of a quasi-lobe pattern.
The SOPs of this mode were dominated by left-handed ellipse elds. We observed a star-
type C-point (σ12 = +1) around the center of the closed L-line loop, which contained
three Poincaré vortices (σ23 = −1, +1 and σ31 = +1). Mode 3 was a Gaussian-like shape
with an L-line (Figure 6.7(b)(iii)). This mode may have a signicant contribution from
a HE11 mode and slight contribution from some HOM(s), resulting in such an intensity
prole but also a nonscalar eld. Mode 5 and Mode 6 also had a at-top beam shape
but rather oval-shaped, see Figure 6.7(b)(iv, v). They both had horizontal polarization
overall in a beam, but Mode 5 excited more complex SOPs. Note that the spatial eld
prole of Mode 5 would have been inuenced by Mode 4, which was not locked in this
experiment due to its close frequency position, see Figure 6.7(a). There were one C-point
(σ12 = −1), two Poincaré vortices (σ23 = +1/σ31 = +1), and two L-lines in Mode 5, while
Mode 6 did not have a value change in its Stokes phases ϕ12, ϕ23, and ϕ31. However, even
for Mode 6, where the SOPs are relatively uniform across the entire beam cross-section,
this mode would have been generated by multiple guided modes as its mode shape and
the baseline of the spectrum imply.

6.8 Eects of the Incident Beam on Cavity Modes
For the sake of completeness, we also investigated the roles of incident beam angle and
polarization on the cavity modes. As shown in Section 6.6, birefringence is an impor-
tant physical phenomenon to control and excite desired cavity modes of the Fabry-Pérot
ber cavity with an HOM-ONF. However, guided modes of a FM ber and HOM-ONF
can be manipulated by changing the incident beam angle [107] or changing modes of
the incident beam [130, 134]. We originally tried to eciently couple the light into the
HOM cavity to excite a variety of modes by injecting a Laguerre-Gaussian LG11 beam
generated via a spatial light modulator, and vector beams via a Q-plate. It was expected
to observe ecient coupling to cavity HOMs from those incident beams; however, there
was no signicant dierence in the number of excited HOMs or the intensity of HOMs
between these donut-shaped beams and Gaussian-shaped fundamental modes. To better
understand the roles of the incident beam as a cavity mode generator or manipulator,
two sets of experiments using a straight ber cavity without an ONF were performed: (i)
changing the incident beam angle and (ii) changing the incident beam polarization. The
Gaussian-shaped fundamental mode was selected in this set of experiments to simplify
the system just to observe the eects of incident beams.

6.8.1 Changing incident beam angle
For the rst test, we changed the coupling angle into the ber cavity. Figure 6.8(a)
shows four spectra with varying incident beam angles to the HOM ber cavity over a
laser scanning range of 400 MHz. Within the range of frequencies, each spectrum has
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approximately four FSRs. Four dierent incident coupling angles with a varying coupling
eciency of MAX (black), HIGH (red), LOW (blue), to MIN (green) shared most modes
at the same or similar frequencies, and modes are numbered from Mode 1 to Mode 6 for
each coupling condition. Figure 6.8(b) shows a close-up of Figure 6.8(a), only showing one
FSR over ∼100 MHz. The MAX and MIN coupling conditions has a total of ve resolvable
peaks, namely Mode 1, Mode 2, Mode 3, Mode 5, and Mode 6, while the incident coupling
LOW had a total of ve distinct peaks of Mode 1, Mode 2, Mode 4, Mode 5, and Mode 6.
The HIGH incident beam coupling condition possesses four peaks: Mode 1, Mode 2,
Mode 5, and Mode 6. As the cavity input beam angle changes, the cavity spectrum shape
changes only in terms of the intensity of each mode, but surprisingly hardly any change
in frequency.

Figure 6.8: (a) Normalized transmitted intensity of a HOM ber cavity without an
ONF with dierent laser beam coupling by changing the incident beam angle into the
ber cavity. The coupling strength is MAX (black) > HIGH (red) > LOW (blue) > MIN
(green). Frequency positions of modes 1 through 6 are indicated as black dotted lines.
(b) Close-up spectra of (a).

Now, see the intensity proles and SOPs of Mode 1 for dierent couplings in Fig-
ure 6.9(a)(i-iv). Clearly, Mode 1 is always Gaussian-like shapes. These modes also have
horizontal polarization across the beams, and all Stokes phases, ϕ12, ϕ23, and ϕ31 are
relatively uniform, as observed in one of the cavity outputs from the cavity with an SM-
ONF (see Figure 6.3(a)). These modes are very likely to be generated by the H polarized
Gaussian incident beam and have no eect or very little eect of interference with HOMs.

Figures 6.9(b)(i-iii) show the intensity proles and SOPs of Mode 2 of the incident
beam coupling conditions for HIGH, LOW, and MIN, respectively. These three modes
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Figure 6.9: Mode intensity proles with their SOPs (top) and Stokes phases (bottom)
for (a) Mode 1 generated from coupling conditions (i) MAX, (ii) HIGH, (iii) LOW, and
(iv) MIN, (b) Mode 2 generated from (i) HIGH, (ii) LOW, and (iii) MIN, (c) Mode 5
generated from (i) MAX, (ii) HIGH, (iii) LOW, and (iv) MIN, and (d) Mode 6 generated
from (i) HIGH, (iii) LOW, and (iv) MIN. The red and blue SOPs indicate right-handed
and left-handed ellipticities, respectively. Scale bars show intensity (from 0 to 1) and
Stokes phase (from 0 to 2π).
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have a lobe-like intensity shape and the intensity proles are very similar to each other.
The lobe is split in the A direction in all these modes. In terms of SOPs, they also share
some of the features. For example, their major polarization direction is A polarized. The
ellipticity of these modes is also very similar, and SOPs at most cross-sectional positions
are close to linear but the SOPs show some elliptical polarization toward the center of
the beam. In addition, these three modes have only Poincaré vortices and L-line(s), but
C-point. One can also see similar Stokes phase patterns in ϕ12, ϕ23, and ϕ31, and they
only slightly change as the coupling conditions go from HIGH to LOW, and LOW to MIN.
The change of SOPs is smaller between HIGH and LOW, as seen in their Stokes phases.
The slight change in the SOPs among these modes may be associated with mode coupling
with Mode 3, which is very close in frequency as shown in Figure 6.8(b). The spectrum
from the MIN condition shows a very small peak at the relative frequency position of
Mode 3. Thus, the spatial mode prole of Mode 2 for MIN coupling might have some
interference eect from this adjacent mode.

For Mode 3 and Mode 4, it is only possible to analyze the coupling conditions MAX
and LOW, respectively (see Figure D.5(a, b)), so it is not possible to compare more
structures between dierent coupling conditions (details described in Section D.3).

Figures 6.9(c)(i-iv) are Mode 5 for the coupling conditions of MAX, HIGH, LOW, and
MIN, respectively. Interestingly, these modes have some similar features to Mode 4, see
Figure D.5(b). Mode 5 has a lobe intensity pattern with the intensity splitting line across
the D orientation. This is also the same in Mode 4. Moreover, these Stokes phases ϕ12,
ϕ23, and ϕ31 look also similar to the Stokes phases of Mode 4. However, the SOPs of
Mode 5 have a dominant D polarization, as opposed to the dominant polarization of the
ellipse eld found in Mode 4. Mode 5 shows all Stokes singularity types, σ12, σ23, and
σ31. All these modes exhibit two L-lines each. Even though there are some dierences
in the number of singularity points, Mode 5 with dierent input beam angles shows very
similar spatial eld structures. This means changing the incident coupling, which usually
changes excited guided modes of an FM ber, does not have a strong impact on the cavity
modes.

Mode 6 was only analyzed for the HIGH, LOW, andMIN coupling, see Figures 6.9(d)(i-
iii). Similar to other modes, these three observed modes at the same detuning frequency
also share many characteristics of their spatial mode structures. Mode intensity proles
of these modes are again lobe shape and the lobes have the splitting line at the A direc-
tion. The main SOPs of these modes were linearly polarized D, with slight right-handed
ellipticity. There are many Stokes singularities of all types, σ12, σ23, σ31 as well as L-lines,
in each mode. Even though the positions and the number of these singularity points dier
for each mode, their Stokes phases, ϕ12, ϕ23, and ϕ31, are very close to each other. These
outcomes also suggest the incident beam angle does not signicantly alter guided modes
in the cavity, thereby there is no signicant change in the mode spatial eld.

In the meantime, these cavity outputs only had Gaussian and lobe intensity patterns.
The Gaussian intensity shape is a signature of the fundamental mode (see Figure 1.5(a)(i-
iii)) while the lobe intensity shape is a signature of the LP11 mode (see Figure 2.10(c)).
However, the cavity should have guided not only these modes but also the LP21 and
LP02 modes. In fact, we observed a ower-shaped intensity pattern, which is a signature
of the LP21 mode (see Figure 1.5(c)(i)), in the images taken with a linear polarizer.
Figure 6.10(a-c) are images taken for Stokes polarimetry of Mode 6 at the incident coupling
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Figure 6.10: Images taken for Stokes polarimetry for Mode 6 for the incident coupling
conditions of (a) HIGH, (b) LOW, and (c) MIN with close-up images of ower-like inten-
sity pattern at the linear polarizer oriented at A.

HIGH, Low, and MIN, respectively. For the polarizer oriented in the A direction, there
was a small intensity of ower shape measured. This indicates that the HOM cavity
possessed the LP21 mode. However, the ower patterns were not observed as a cavity
output mode; this is very likely due to the eect of mode interference. Theoretically, a
total of 12 modes can be present in the HOM cavity without tapered ber. Nonetheless,
we only saw a maximum of six modes for any incident beam condition. Moreover, typical
intensity patterns of the LP02 mode were not observed. This may be because of low
guidance of the LP21 and LP02 modes for the ber with V -number = 4.35, where the
eective indices of these modes, particularly for the LP02 mode, are close to the cladding
index (see Figure 2.2(a)). In addition, the lack of nesse to distinguish the near degenerate
modes within the same LP family may have also been aected. The existence of many
Stokes singularities in those modes indicates both constructive and destructive interference
occurred in the cavity thereby reducing the number of cavity peaks and preventing direct
observation of the LP02 mode alone. Nonetheless, it is important to highlight that this
distinctive ower-shaped intensity pattern was not observed in the cavity with an SM-
ONF or an HOM-ONF. This observation suggests that the ONFs continue to serve as an
eective mode lter in the system.
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6.8.2 Changing incident beam polarizations
Next, we studied how incident beam polarization aects the spectra. Figure 6.11(a) il-
lustrates four spectra with dierent cavity incident beam polarizations to the HOM ber
cavity over a laser scanning range of 400 MHz. All spectra show approximately four
FSRs in this frequency range. Four dierent polarization states, H, D, V, and A at a con-
stant incident beam angle showed three or four modes each at almost the same frequency
positions. These modes are numbered from Mode 1 to Mode 4 for each polarization. Fig-
ure 6.8(b) shows a close-up gure of Figure 6.8(a), only showing one FSR over ∼100 MHz.
The incident beam polarization H has three resolvable peaks, namely Mode 1, Mode 3,
and Mode 4, while the incident polarization of V also has three distinct peaks of Mode 1,
Mode 2, and Mode 4. Both D and A beam polarizations possess four peaks: Mode 1,
Mode 2, Mode 3, and Mode 4. As the cavity input beam polarization changes, the cav-
ity spectrum shape only changes in intensity, but hardly any change in mode frequency
position (< 1 MHz).

Figure 6.11: (a) Normalized transmitted intensity of HOM ber cavity without ONF
with various incident beam polarization, H: horizontal, D: diagonal, V: vertical, A: an-
tidiagonal polarizations. Frequency positions of modes 1 through 4 are indicated as black
dotted lines. (b) Close-up spectra of (a).

Mode 1 for the incident beam polarizations H, D, V, and A are shown in Figure 6.12(a)(i-
iv). These modes have a Gaussian-like shape with horizontal SOPs and Stokes phases
ϕ12, ϕ23, and ϕ31, and are similar to Mode 1 of a straight HOM cavity without an ONF
(Figure 6.9(a)(i-iv)) and Mode 1 of a HOM cavity of an SM-ONF (Figure 6.3(b)(i)), all
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of which had a constant incident polarization H. On the other hand, it is interesting to
observe that D, V, and A give a similar type of spatial mode proles as for the H-polarized
Gaussian. These results imply that the incident polarization does not aect the spatial
mode structures.

Figure 6.12(b)(i-iii) show Mode 2 for the incident beam polarizations D, V, and A,
respectively. These modes also look similar in many ways. The mode intensity is a lobe
pattern and the intensity splitting line is located along the D orientation. The SOPs are
also very similar to each other as their cross-sectional beam mainly possessed elliptical
polarization, and half of the lobe is right-handed ellipses, while the other half of the
lobe is dominated by left-handed ellipses. Mode 2 generated by D polarized beam has
C-points and Poincaré vortices, whereas Mode 2 generated by V and A polarized light
showed only Poincaré vortices. These modes all have L-lines at similar positions. Despite
some dierences in the number of Stokes singularity points, the SOPs, and all Stokes
phases, ϕ12, ϕ23, and ϕ31, are very close to each other. These ndings also indicate that
the generation of cavity modes is independent of incident beam polarization.

Figure 6.12(c)(i-iii) are Mode 3 of the cavity input polarizations for D, V, and A,
respectively. One can clearly see that these modes are also similar despite the dierence
in polarization at the cavity input. As for many other modes, these modes also have a
lobe-shaped intensity. The lobe intensity splitting line was found along D. The SOPs
are mainly oriented in a D direction, but some ellipticity arises in the case of Mode 3
generated from the V polarized beam. They all have Poincaré vortices but none of these
modes had C-points. All these three modes had three L-lines. We also notice that all
three Stokes phases, ϕ12, ϕ23, and ϕ31, are almost identical. Thus, Mode 3 was also not
aected by dierent input polarizations.

Lastly, Mode 4 for the incident beam polarizations of H, D, V, and A are presented in
Figure 6.12(d)(i-iv), respectively. As with all other sets of modes, Mode 4 also has common
spatial features despite the dierent polarizations at the input to the ber cavity. The
shape of the intensity is Gaussian-like. In terms of SOPs, they all have left-handed ellipses
with A ellipse orientation. Stokes phases are relatively uniform everywhere apart from
beam ϕ23 of Mode 1 generated by a H-polarized input, which has an L-line (Figure 6.12(i)).
This indicates that Mode 4 of the incident beam with polarizations D, V, and A are highly
likely to be solely the HE11 mode or have a strong dominance of the HE11 mode. However,
Mode 4 of the incident beam with polarization H may have originated not only from the
HE11 mode but also from some HOMs. As depicted in Figure 6.11(b), the intensity of
Mode 4 in the incident beam with polarization H is considerably lower compared to the
other incidences of Mode 4. While there might have been some HOM components present
in this Mode 4, it appears that the HE11 mode was the predominant mode in the incident
beam with polarizations D, V, and A. From these ndings, we can clearly see that there is
hardly any eect of polarization of the cavity input beam on the generation of new cavity
modes.
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Figure 6.12: Mode intensity proles with their SOPs (top) and Stokes phases (bottom)
for (a) Mode 1 generated from dierent incident polarization (i) H, (ii) D, (iii) V, and (iv)
A, (b) Mode 2 generated from (i) D, (ii) V, and (iii) A, (c) Mode 3 generated from (i) H,
(ii) D, and (iii) A, and (d) Mode 4 generated from (i) H, (ii) D, (iii) V, and (iv) A. The
red and blue SOPs indicate right-handed and left-handed ellipticities, respectively. Scale
bars show intensity (from 0 to 1) and Stokes phase (from 0 to 2π).
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6.9 Conclusion
We have experimentally demonstrated a Fabry-Pérot ber cavity with a HOM-ONF and
performed cavity spectroscopy. The cavity mode proles and transverse polarization
topology were also determined by imaging and analyzing the individual cavity modes
at the output. These modes had inhomogeneous polarization distributions with a number
of Stokes singularities. We also simulated the ber modes which closely matched those ob-
served at the output of the cavity. Moreover, in situ intracavity manipulation of the modal
birefringence and interference to select a specic mode of interest was demonstrated.

The eects of the incident beam, both in angle and polarization, did not produce new
cavity modes in this study. Such results were not consistent with non-cavity FM ber,
where guided modes are often generated by the incident beam. This means that the eect
of intra-cavity birefringence is much more signicant than the incident beam condition in
the case of our cavity. This may be because of the cavity eect, where light is reected
between two mirrors so that modes experience birefringence in each path for many round
trips. In this study, we also found that the incident beam angle and polarization at the
input changed the relative intensity of the modes. This eect can be used to manipulate
the mode intensity after obtaining desired modes by controlling the IPC paddle angles.

Our HON-ONF-based cavity primarily diers from other reported ONF-based cavities
for its larger number of supported ber modes as well as cavity modes observed in a single
FSR. In this study, we aimed to fabricate a cavity which supported the LP01 and LP11

family modes. However, there exists signicant potential to engineer a HON-ONF-based
cavity with a greater number of HOMs. A multimode cavity can be used for multimode
sensing, based on the distinct responsiveness of various resonant modes within the cavity
spectrum to dierent parameters [245]. Alternatively, it may be even possible to fabricate
a HOM-ONF-based cavity with the exclusion of the fundamental mode and/or certain
lower-order modes by strategically controlling the taper shape. Our cavity stands apart
from other existing ONF-based cavities not only because of its capability to sustain HOMs
but also owing to its intracavity tunability for exciting cavity modes. Traditionally, bire-
fringence in bers has been perceived as an undesirable property, and the IPC paddles
were primarily employed to eliminate undesired cavity modes [246]. In contrast, we em-
braced birefringence as a favorable characteristic of the bers, successfully harnessing it
to produce the desired cavity output mode structures.

In this study, we only focused on the spatial characteristics of cavity output modes. In
order to utilize the evanescent eld of an HOM-ONF-based cavity, it is essential to obtain
modal structures at the ONF region. Such experimental investigation is challenging, as
one needs to measure the electric eld in 3D. Nevertheless, 3D polarization singularity
in free-space has been studied [114–116], and research into the interference of HOMs at
the waist of an ONF is an exciting opportunity to uncover the nature of light-matter
interactions in tightly conning geometries with topological singularities. Additionally,
the realization of a (de)multiplexing system using degenerate HOMs in an ONF-based
cavity may be possible by improving the tunability of the modal birefringence and inter-
ference. Such a system is attractive for future quantum information platforms as ecient
and secure storage.

The interference of higher-order cavity modes with xed ratios in the evanescent eld
of an ONF may also be used to trap and manipulate cold atoms. Adjusting the overlap
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and SOP of the HOMs should result in the movement of the trapping sites relative to
each other, enabling some trap dynamics to be studied [121, 123, 124]. This cavity could
be also used with quantum emitters to study multimode cQED eects using degenerate
HOMs. The HOM cavity studied here had moderate nesse to enter the strong coupling of
cQED regime with a cloud of cold atoms. In free-space optics, strong coupling of multiple
transverse HOMs with atoms has been achieved [12], whereas this has not been achieved
using an ONF-type cavity. Our work is a step toward this realization.

Moreover, the ability of our cavity to generate all three types of Stokes singularities
may be useful to realize not only a C-point laser but also an all-Stokes singularity laser
using a FM ber. The combinations of ber modes that we used in the simulations were
found via manual trial-and-error estimates to obtain a visual match with the experimen-
tally observed modes. More accurate control could be achieved by using machine learning
techniques to fully cover the parameter space of permitted modes in the cavity. This may
enable us to determine the correct combination of modes that lead to the observed cavity
outputs and facilitate feedback to optimize the input to the system to generate desired
modes in the cavity.



Chapter 7

Conclusion

The PhD work presented herein was dedicated to advancing ONF-based cavity systems
for exploring novel studies, particularly in ONF-based HOM complex polarization states
as well as cQED. This thesis highlights the following topics: (i) the development of in-
novative methods for ONF cavity fabrication using an FIB, resulting in highly reective
cavity mirrors with greater fabrication stability compared to earlier FIB work, (ii) the
demonstration of ONF cavities with suciently high nesses to be considered for cQED
experiments in the strong coupling regime, (iii) the further improvement of the optical
quality by laser annealing, and (iv) the realization and characterization of an HOM-ONF-
based cavity while enabling controlled excitation of the desired HOMs with polarization
topology.

Firstly, we devoted considerable eort to realizing novel Ga FIB methods for fabricat-
ing an ONF-cavity, specically tailored for cQED applications. This project required a
signicant amount of time, endurance, and patience, with countless failures, to match our
expectations to the fabrication outcomes. Nevertheless, this work had an impact on re-
search communities in ONF cavity [247], and nanofabrication [248, 249]. We believe that
the techniques developed during this PhD will be of practical importance for those in the
ONF community who wish to use FIB for nanofabrication on ONFs. Earlier FIB processes
for ONF cavity fabrication faced limitations attributed to the unique characteristics of
ONFs, including their fragility, curved surface, and minimal conductivity. Such a process
was used to mill FGB mirrors on an ONF and relied heavily on a trial-and-error approach,
leading to a distorted nanostructure of FBG mirrors due to defocused or destigmatized
beam alignment and an increased risk of breakage.

Instead of directly coating a conductive ITO layer onto an ONF sample, we imple-
mented an ITO substrate in contact with the ONF sample. This approach prevented
potential contamination loss during the ITO sputtering process and signicantly saved
time by eliminating the need for sputtering. Additionally, the Ga ion beam alignment was
successfully executed on the ITO substrate in contact with the ONF, eectively reducing
unwanted damage caused by the ion beam on the ONF. The nanostructures milled on
the ONF exhibited clear edges with dimension errors as small as a few to ten nanome-
ters, which is notably close to the FIB spot size. This level of precision was consistently
achieved in each fabrication process, demonstrating the high repeatability of our novel
technique.

Furthermore, the application of precise and meticulous care at each fabrication step
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played a crucial role in enhancing the survival rate of the ONF cavity. We emphasize
that the full eectiveness and validity of our FIB technique hinge on these steps. These
include the initial fabrication of the ONF, the preparation of a specialized ber mount
for the FIB, the careful placement of the ONF onto the designated ber mount, and
the delicate removal of the ITO substrate from the fabricated ONF cavity sample. It is
imperative to meticulously follow the details of each step to achieve the optimal fabrication
outcome and avoid any potential damage to the ONF cavity before conducting the optical
characterization. These small but essential steps ensure the success and reliability of the
entire fabrication process.

Secondly, we conducted optical characterization of internal ONF cavities fabricated by
FIB. In this set of studies, we successfully demonstrated the nesse and eective cavity
length of numerous samples that may be useful to enter the strong coupling regime of
ONF-based cQED with a single QD at cryogenic temperatures. These cavities featured
a 1D PhC nanostructure mirror shape, designed for ease of fabrication within a short
time frame. The highest nesse observed was 60 in a cavity with an eective length of
about 104 µm. This value was almost three times higher than the theoretical minimum
nesse required to achieve strong coupling. So far, ONF-based cavity strong light-matter
interactions have only been observed with cold atoms [10, 11]. Our proposed system, a
microscale cavity, in conjunction with a solid state emitter (such as a QD) presents a
potentially attractive option for miniaturizing the quantum system to a cost-eective and
ber network-ready device.

We further achieved signicant advancements in improving cavity mode nesse and
reducing scattering loss through laser annealing. This improvement is likely related to
the evaporation of Ga from the ONF surface during the annealing process. Interestingly,
we also observed shifts in the Bragg wavelength and cavity mode resonant wavelength
during this process. These phenomena are likely the result of a competition between Ga
desorption and the heating eect induced by the laser. It is worth noting that the heating
eect occurs solely due to the laser, but the Ga implantation can cause an additional
heating eect. As a consequence of these heating processes, the ONF sample began
to display signs of degradation, which is probably linked to overheating. It is of utmost
importance to halt the annealing process once the ideal nesse value is achieved to prevent
further degradation and avoid breaking the ONF cavity. Careful control of the annealing
process is critical to preserving the quality of the fabricated ONF cavities. Moreover, it
may be possible to reduce Ga contamination by employing gas-assisted etching during
the FIB milling. Combining this technique and laser annealing may further enhance the
optical quality of the structured devices.

Despite our successful fabrication of ONF cavities with optical qualities that allowed
us to approach the strong coupling regime, this PhD project was unable to advance into
cQED experiments. We faced numerous challenges in the development of ONF cavity
fabrication methods using a FIB. The additional work to proceed to cQED experiments
required building a confocal microscope, single photon counting setup, and a QD deposi-
tion system. In this list of tasks preceding cQED experiments, the deterministic deposition
of a single QD may be challenging, primarily because colloidal QDs tend to aggregate in
solution. Previously, deterministic deposition of a single QD on an ONF was achieved
using a subpicoliter needle dispenser (Applied Micro Systems, ND-2000), which was not
accessible in this PhD work. There are a number of other techniques to precisely deposit
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a single QD on photonic devices [250]. However, due to the fragility of ONF cavities,
many techniques, such as a wafer bonding method involving spin coating, are not reliable.
Perhaps, the most promising approach may be a pick-and-place method using an atomic
force microscope [251] or a tungsten tip and motorized stage [158, 165]. Such a method
seems to have a high yield of a single particle for a single NV nanodiamond [251], but it
is still challenging for a single QD due to its photobleaching characteristics. Nevertheless,
deterministic deposition of few QDs was realized [158] using this method, and there is a
possibility of achieving a single QD deposition. In future research endeavors, the adoption
of such deposition methods may play a pivotal role in facilitating the study of cQED.

Lastly, we successfully presented the rst experimental demonstration of an HOM-
ONF-based Fabry-Pérot ber cavity. In this demonstration, multiple distinctive cavity
modes were observed in a single spectrum, and the spatial eld structure of each mode
was thoroughly analyzed using Stokes polarimetry. Many of these cavity modes exhibited
lobe-shaped intensity patterns, which are characteristic intensity shapes indicating HOMs
in the LP11 family. The SOPs for these modes exhibited complex and non-uniform ellipse
elds with Stokes singularities. These complex polarization topologies emerged due to
interference and birefringence eects.

It is indeed fascinating that adjusting the intra-cavity birefringence allows us to gen-
erate desired modes. In our study, we successfully demonstrated the generation of cavity
output elds that resemble higher-order ber-guided modes from the LP11 family. This
observation represents a step toward achieving full control over the modes in the Fabry-
Pérot ber cavity. The role of birefringence in generating desired cavity modes was further
validated by investigating the eect of incident beam angle and polarization. Notably, we
found that changing the incident beam condition did not cause signicant alterations to
the cavity spectra, mode intensity proles, or SOPs. However, the incident beam did play
a role in manipulating the peak height of the cavity mode. This opens up exciting possibil-
ities for better controlling the cavity modes by strategically combining the cavity’s input
beam condition and the intra-cavity birefringence. This comprehensive understanding of
mode control has signicant implications for enhancing the versatility and performance of
Fabry-Pérot ber cavities, oering potential benets for various applications in quantum
technologies and beyond. The eect of birefringence on the mode coupling needs further
investigation. Birefringence increases mode coupling [243] and it may be used as a tool to
control the degree of coupling. Precise control of mode coupling may be useful to increase
polarization-sensitive Purcell enhancement.

The stability demonstrated during the cavity mode stability test, where the cavity
spectrum, mode intensity prole, and SOPs remained consistent for nearly one hour,
highlights the eectiveness and potential of these cavity modes for a wide range of ap-
plications. These applications include not only cQED but also cold atom trapping and
multimode sensing. The achievements presented in this work are a signicant milestone
in the eld of HOM-ONF-based Fabry-Pérot ber cavities. Cold atom trapping using
HOMs in an ONF has already been theoretically suggested [121, 123, 124], but none of
these studies considered the eect of birefringence in the HOM-ONF system. It is in-
teresting to see if the trapping potential can be lowered and more trapping sites can be
created by adding birefringence parameters. Moreover, as demonstrated in the free-space
HOM cavity system [12, 139], it may be possible to access the strong coupling regime of
cQED using a degenerate multiple transverse cavity mode and cold atoms. This is an



Conclusion 108

untouched research area in the ONF-based cQED community.
The results obtained in this project left many questions to be answered. What does the

cavity mode at the ONF region look like? Is there a unique polarization topology for the
evanescent elds, such as Möbius strips, pure transverse spins, and optical skyrmions? Are
such topological defects useful for applications such as manipulating small particles and
optical communication? Experimentally answering these questions may not be straight-
forward. Nonetheless, it may be feasible to break down the excited modes by analyzing
the output mode of the cavity. Studying four-dimensional (4D) polarization topology for
a long distance (a few mm to cm) is not possible in free-space, so the HOM-ONF is a great
candidate for investigating the dynamics of complex 4D elds. Additionally, the utiliza-
tion of emitters like cold atoms could oer valuable insights into the characteristics of the
mode excited in the HOM-ONF region. In fact, vector and ellipse elds are more stable
than scalar elds in nonlinear propagation of Rb atoms [252]. Investigating the eects
of cold atoms around a HOM-ONF on the SOP is intriguing to understand topologically
protected elds, which may be useful for applications that require high mode stability.

Furthermore, exploring phase singularities within HOM-ONF systems, a facet not ad-
dressed in this PhD research, oers an intriguing avenue. Engineering phase singularities
has been demonstrated in free-space beam [253]. Phase singularities serve as generators
of superoscillations, i.e., subwavelength spatial variations of the intensity and phase of
light [254]. It is a well-known fact that optical ber supports phase singularities in the
center (i.e., inside an ONF) of some beams, such as HEcirc

21 , but our curiosity extends to
investigate such singular points in the evanescent eld of a HOM-ONF. In fact, there is a
theoretical study reporting the generation of phase singularities within evanescent elds
[255]. Such singularities are not only interesting in the fundamental aspects but also have
numerous applications such as subwavelength microscopy [256], as there is no diraction
limit for dark light [80]. Structured light in a HOM-ONF is still unexplored territory.

In conclusion, these ONF-based cavities presented here open new questions and many
research possibilities, ranging from cQED to singular optics. Exploring the future work
listed above may lead us to a deeper, yet unimagined understanding of light. ONF-based
cavities may unlock new avenues for not only scientic exploration but also technological
innovation in the elds of quantum optics, structured light, and beyond.
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Appendix A

Fiber-Guided Modes

A.1 Exact Eigenmodes
The wave guiding behavior of ONFs is of utmost importance in the context of optical
and photonic applications. These properties have been subject to extensive investiga-
tion, both in theoretical and experimental studies, and understanding the mode behavior
plays a critical role in this PhD work. This section introduces a complete mathematical
description of ONF modes.

A.1.1 Eigenvalue equations
Here, we derive step-index ber eigenvalue equations from Maxwell’s equations by heavily
following lecture notes by Le Kien [181].

Maxwell’s equations in a homogeneous and lossless dielectric medium are formulated
in terms of the electric eld, E, and the magnetic eld, H, such that

×E = −µ
∂H

∂t
, (A.1a)

×H = −ϵ
∂E

∂t
, (A.1b)

 · (ϵE) = 0, (A.1c)
 ·H = 0, (A.1d)

where ϵ and µ stand for the permittivity and permeability of the medium, respectively.
These parameters are interconnected with their respective values in a vacuum, denoted
as ϵ0 and µ0, through the relationship ϵ = ϵ0n

2 and µ ≈ µ0 for silica, where n is the
refractive index. When we analyze an electromagnetic wave with an angular frequency ω
propagating along the ber axis (z-direction) characterized by a propagation constant, β,
with time t, E and H can be represented using the following expressions:


E(r, θ, z, t)
H(r, θ, z, t)


=

1

2


E(r, θ)
H(r, θ)


e−i(ωt−βz) + cc, (A.2)
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In cylindrical coordinates, the curl operator for an arbitrary dierentiable vector, A,
has the following forms:

(×A)r =
1

r

∂Az

∂θ
− ∂Aθ

∂z
,

(×A)θ =
∂Ar

∂z
− ∂Az

∂r
,

(×A)z =
1

r


∂(rAθ)

∂r
− ∂Ar

∂θ




(A.3)

where E and H are the complex amplitudes of the electric and magnetic components,
respectively. Substituting Equations A.3 into Equations A.1a and A.1b, the following
equations can be obtained in the cylindrical coordinates:

1

r

∂Ez
∂θ

+ iβEθ = −iωµ0Hr (A.4a)

−iβEr −
∂Ez
∂r

= −iωµ0Hθ (A.4b)

1

r

∂(rEθ)
∂r

− 1

r

∂Er
∂θ

= −iωµ0Hz (A.4c)

1

r

∂Hz

∂θ
+ iβHθ = iωϵEr (A.4d)

−iβHr −
∂Hz

∂r
= iωϵEθ (A.4e)

1

r

∂(rHθ)

∂r
− 1

r

∂Hr

∂θ
= iωϵEz (A.4f)

We can solve the pair of Equations A.4a and A.4e for Eθ and Hr, and the pair of Equa-
tions A.4d and A.4b for Er and Hθ, for example,
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iωϵEr =
1

r

∂Hz

∂θ
+ iβHθ

=
1

r

∂Hz

∂θ
+ iβ

1

−iωµ
(−iβEr −

∂Ez
∂r

)

=
1

r

∂Hz

∂θ
− β

ωµ


−iβEr −

∂Ez
∂r



=
1

r

∂Hz

∂θ
+

β

ωµ

∂Ez
∂r

+
iβ2Er
ωµ

iωϵEr −
iβ2Er
ωµ0

=
1

r

∂Hz

∂θ
+

β

ωµ

∂Ez
∂r

Er =
−i

ϵω − β2

ωµ0


1

r

∂Hz

∂θ
+

β

ωµ0

∂Ez
∂r



=
−i

ϵω2µ0 − β2


−µω

r

∂Hz

∂θ
+ β

∂Ez
∂r


,

and by taking k = ω
√
ϵ0µ0, we obtain transverse electromagnetic elds, such that

Er =
−i

k2n2 − β2


β
∂Ez
∂r

− µ0ω

r

∂Hz

∂θ


,

Eθ =
−i

k2n2 − β2


β

r

∂Ez
∂θ

− µ0ω

r

∂Hz

∂r


,

Hr =
−i

k2n2 − β2


β
∂Hz

∂r
− ϵ0ωn

2

r

∂Ez
∂θ


,

Hθ =
−i

k2n2 − β2


β

r

∂Hz

∂θ
− ϵ0ωn

2

r

∂Ez
∂r




(A.5)

Solving the complete modal equations is simplied to determining the elds in the longi-
tudinal direction, such that


∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
+ (k2n2 − β2)


E(r, θ)
H(r, θ)


= 0 (A.6)

The longitudinal components in Equation A.6 can be factorized as


Ez(r, θ)
Hz(r, θ)


=


ez(r, θ)
hz(r, θ)


eilθ (A.7)

The radial part, ez(r) and hz(r), can be determined by inserting Equation A.7 into Equa-
tion A.6, which gives the Bessel dierential equation, such that
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
∂2

∂r2
+

1

r

∂

∂r
+ (k2n2 − β2)− l2

r2


ez(r)
hz(r)


= 0 (A.8)

The wavenumber in the core is k1 = n1k and in the cladding is k2 = n2k. For modes
conned to the core, the axial propagation constant, β, must be

n2k ≤ β ≤ n1k, (A.9)

where n1 and n2 are the refractive index of the core and the cladding, respectively. The
general solution to Equation A.8 is dependent on the sign of k2n2−β2, with the following
forms:


ez(r)
hz(r)


=


c1Jl(hr) + c2Yl(hr), if k2n2

1 − β2 > 0,

c3Il(qr) + c4Kl(qr), if k2n2
2 − β2 < 0,

(A.10)

with

h =

k2n2

1 − β2,

q =

β2 − k2n2

2
(A.11)

Here, Jl is the Bessel function of the rst kind, Yl is the Bessel function of the second
kind, Il is the modied Bessel function of the rst kind, andKl is the modied Bessel func-
tion of the second kind. The coecients c1, c2, c3, and c4 are constants. Since lim

hr→0
Yl(hr)

= lim
hr→∞ I(qr) = ∞, we set c2 = c3 = 0 to make the solution physically reasonable. As a

result, Equations A.10 can be reduced to


ez(r)
hz(r)


=


c1Jl(hr), if k2n2 − β2 > 0,

c4Kl(qr), if k2n2 − β2 < 0,
(A.12)

Now, let us change the notation, such that


E
H


=


e
h


eilθ (A.13)

where e and h are the mode prole functions of the electric and magnetic elds, respec-
tively. From Equations A.12, we obtain the axial component of the electric eld and
magnetic eld components of the mode prole functions ez and hz, and apply them to
Equations A.5, we also have the transverse eld components, er, eθ, hr and hθ.

For r < a, we have
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er =
β

h


iAJ ′

l(hr)−
ωµ0l

β
B
Jl(hr)

hr


,

eθ = −β

h


AJl(hr) +

iωµ0

β
B
J ′
l(hr)

hr


,

ez = AJl(hr),

hr =
β

h


iBJ ′

l(hr) +
ωµ0l

β
A
Jl(hr)

hr


,

hθ = −β

h


BJl(hr)−

iωµ0

β
A
J ′
l(hr)

hr


,

hz = BJl(hr),

(A.14)

where A and B are normalized constants, and J ′
l(hr) and J ′

l(qr) represents the derivatives
of Jl(hr) and Jl(qr), respectively.

For r > a, we have

er = −β

q


iCK ′

l(qr)−
ωµ0l

β
D
Kl(qr)

qr


,

eθ =
β

q


CKl(qr) +

iωµ0

β
D
K ′

l(qr)

qr


,

ez = CKl(qr),

hr = −β

q


iDK ′

l(qr) +
ωµ0l

β
C
Kl(qr)

qr


,

hθ = −β

q


DKl(qr)−

iωµ0

β
C
K ′

l(qr)

qr


,

hz = DKl(qr),

(A.15)

where C and D are normalization constants, andK ′
l(hr) andK ′

l(qr) represents the deriva-
tives of Kl(hr) and Kl(qr), respectively.

The tangential components of the elds, eθ, ez, hθ, and hz, must be continuous at
the core-cladding interface, where r = a, where a is the ber radius, and the constants
A,B,C, and D can be obtained by equating each component, i.e.,

eθ, z(r = a)core = eθ, z(r = a)cladding,
hθ, z(r = a)core = hθ, z(r = a)cladding

(A.16)

Applying the boundary conditions, Equations A.16, to Equations A.14 and A.15 for
eθ(r = a), ez(r = a), hθ(r = a), and hz(r = a) yield
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eθ(a) = −β

q


CKl(qa) +

iωµ0

β
D
K ′

l(qr)

qa


=

β

q


CKl(qa) +

iωµ0

β
D
K ′

l(qa)

qa


(A.17a)

ez(a) = AJl(ha) = CKl(qa) (A.17b)

hθ(a) =
β

h


iBJ ′

l(ha) +
ωµ0l

β
A
Jl(ha)

ha


=

β

q


DKl(qa)−

iωµ0

β
C
K ′

l(qa)

qa


(A.17c)

hz(a) = BJl(ha) = DKl(qa) (A.17d)

Equations A.17b and A.17d can be rearranged to

C =
Jl(ha)

Kl(qa)
A,

D =
Jl(ha)

Kl(qa)
B,

(A.18)

and inserting Equations A.18 into Equations A.17a and A.17c, we nd

lA


1

h2a2
+

1

q2a2


= −iωµ0

B


J ′
l(ha)

haJl(ha)
+

K ′
l(qa)

qaKl(qa)


(A.19a)

lB


1

h2a2
+

1

q2a2


=

iωµ0
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Further solving Equations A.19a and A.19b, we arrive at the ber eigenmode equation,
such that
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Now, we introduce the following general Bessel function relation:

J ′
l(u) = −Jl+1(u) +

l

u
Jl(u)

= Jl−1(u)−
l

u
Jl(u)

(A.21)

where u is an arbitrary argument of J ′
l and Jl. Solving Equation A.20 in a quadratic form

for J ′
l(ha)haJl(ha) using Equation A.21 leads to two eigenvalue equations for hybrid

modes. One is for the HE modes (l ̸= 0) and the TE modes (l = 0), given by

Jl−1(ha)

haJl(ha)
= −n2

1 + n2
2

2n2
1

K ′
l(qa)

qaKl(qa)
+

l

h2a2
−R (A.22)

and the other is for the EH modes (l ̸= 0) and the TM modes (l = 0), given by
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where R is dened as
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In the case of l = 0 in Equation A.22, we obtain the eigenvalue equation for the TE modes
as

J1(ha)

haJ0(ha)
= − K1(qa)

qaK0(qa)
(A.25)

and for l = 0, Equation A.23 yields the eigenvalue equation for the TM modes as

J1(ha)

haJ0(ha)
= −n2

2

n2
1

K1(qa)

qaK0(qa)
 (A.26)

A.1.2 Mode prole functions
Here, each component of the mode prole functions is discussed. We follow the formalizm
outlined in Le Kien et al. [4] and the derivation methods described in Okamoto [180].

Hybrid modes

The electric and magnetic eld of each component in mode prole functions for hybrid
modes can be determined by inserting rearranged Equation A.19a into Equations A.14
and A.15. For convention, we now introduce the parameters

s = l


1
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+

1

q2a2
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J ′
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haJl(ha)
+
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−1

, (A.27)

s1 =
β2

k2n2
1

s, (A.28)

s1 =
β2

k2n2
2

s (A.29)

Then, for r < a, we have
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and for r > a, we have
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(A.31)

The constant A can be determined from the propagating power of the eld.

TE modes

As a denition, we have ez = 0 for TE modes. Let us introduce another Bessel function
formula [180]:

J ′
0(u) = −J1(u) (A.32)

Inserting ez = 0 into Equations A.14 and using Equation A.32, for r < a, we have



Fiber-Guided Modes 136
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and for r > a, Equations A.15 are reduced as
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where the constant B can be determined from the power carried by the mode.

TM modes

For TM modes, we have hz = 0 as its denition. Similar to the case of TE modes, we
insert hz = 0 into Equations A.14 and A.15, and then apply Equation A.32. We obtain
the following forms for r < a,

er =
iβ

h
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eθ = 0,

ez = AJ0(hr),

hr = 0,

hθ = −i
ωϵ0n

2
1

h
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(A.35)

and for r > a, we have
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A.2 LP Modes
Now we derive LP modes using the strict eigenvalue equations found in the previous
section by following Okamoto [180]. We directly adopt the solution for TE modes, Equa-
tion A.25, and also for the weakly-guided regime. For TM modes, we can apply the
denition of the weakly guiding approximation, n1n2 ≃ 1 into Equation A.26 and obtain

J1(ha)

haJ0(ha)
= −K1(qa)

K0(qa)
, (A.37)

which is the same as the eigenvalue equation for TE modes, Equation A.25. For the
hybrid modes, we also apply this approximation to the strict solution for the hybrid
modes. Let us rst introduce the following relation, which was obtained by multiplying a
with Equations A.11:
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By substituting Equation A.38 into Equation A.20, we can rewrite the eigenvalue equation
in the form


J ′
l(ha)

haJl(ha)
+

K ′
l(qa)

qrKl(qa)


J ′
l(ha)

haJl(ha)
+


n2

n1

2
K ′

l(qa)

qaKl(qa)



= l2


1

h2a2
+

1

q2a2

2


1

h2a2
+


n2

n1

2
1

q2a2




(A.39)

We now insert the weakly guiding approximation, n1n2 ≃ 1 into Equation A.39 and
obtain a pair of equations:

J ′
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+
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
1
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+

1

qr


, (A.40)

where l ≥ 1. Let us now introduce the recurrence relations for Bessel functions, such that
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J ′
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2
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By using Equations A.41b and A.41c, Equations A.40 can be rewritten as two forms, one
is for EH modes, such that

J ′
l+1(ha)

haJ ′
l(ha)

= −Kl+1(qa)

Kl(qa)
, (A.42)

and the other one is for HE modes, such that

J ′
l−1(ha)

haJ ′
l(ha)

=
Kl−1(qa)

Kl(qa)
 (A.43)

Now, notice that the approximation of n1 ≃ n2 means that Equations A.28 and A.29
can be expressed as s1 ≃ s and s2 ≃ s. From Equations A.27 and A.40, we know that
s ≃ 1, which also results in s1 ≃ s2 ≃ 1. Therefore, one can elucidate the electromagnetic
eld of the EH modes by inserting s ≃ s1 ≃ s2 ≃ 1 into Equations A.30 and A.31.
Similarly, s ≃ −1 for the HE modes using Equations A.27 and A.40, which gives us
s1 ≃ s2 ≃ 1. Then the electromagnetic eld of the HE modes can be obtained by
substituting s ≃ s1 ≃ s2 ≃ 1 into Equations A.30 and A.31.

The eigenvalue equation for HE modes with l ≥ 2 can be expressed as follows: reverse
Equation A.43 and apply Equations A.41b and A.41d to Jl(hr) and Kl(qr), which yield

J ′
l−1(ha)

haJ ′
l−2(ha)

= −Kl−1(qa)

Kl−2(qa)
 (A.44)

Let us now summarize the eigenvalue equations for LP modes in the unied form, such
that

Jℓ(ha)

haJℓ−1(ha)
= − Kℓ(qa)

Kℓ−1(qa)
(A.45)

where

ℓ =





1, for TE and TM modes,
l + 1, for EH modes,
l − 1, for HE modes

(A.46)

Here, Jℓ(ha), Jℓ−1(ha) represent the ℓth and ℓ− 1th order Bessel function of the rst kind
with respect to ha, and Kℓ(qa) and Kℓ−1(qa) represent the ℓth and ℓ− 1th order modied
Bessel functions of the second kind with respect to qa, respectively.



Appendix B

Supplementary Material:
Characterization of ONF Cavities

B.1 ONF Cavity Fabrication Results
Here, the SEM images of cavities, namely Cavity-4 to Cavity-9 are illustrated in Fig-
ures B.1, B.2, B.3, B.4, B.5 and B.6, respectively. Dimensions of these cavities are tabu-
lated in Table 4.1 and their spectra are shown in Figures 4.8(a-f), respectively. On some
occasions when the conductivity is not high enough due to some small gap between the
ber and the ITO substrate, FIB milling can occur on the ITO surface, instead of the
ber as shown in Figure B.4(a). One can also see a signature of the poor conductivity
in Figure B.4(b) where the ber has some shadows on its right-hand side. These spots
of shadow occur when the conductivity on the sample is low and appear in the SEM
scanning direction (x-axis).
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Figure B.1: SEM images of Mirror-1 in Cavity-4 in (a) wide-eld view and (b) close up,
as well as Mirror-2 in Cavity-4 in (c) wide-eld view and (d) close up.

Figure B.2: SEM images of Mirror-1 in Cavity-5 in (a) wide-eld view and (b) close up,
as well as Mirror-2 in Cavity-5 in (c) wide-eld view and (d) close up. The tapered ber
was fabricated by Dr. Kristoer Karlsson and mirror fabrication using FIB was performed
by Dr. Priscila Romagnoli.
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Figure B.3: SEM images of Mirror-1 in Cavity-6 ONF in (a) wide-eld view and (b)
close up, as well as Mirror-2 in Cavity-6 ONF in (c) wide-eld view and (d) close up. The
tapered ber was fabricated by Dr. Kristoer Karlsson and mirror fabrication using FIB
was performed by Mr. Metin Ozer.

Figure B.4: SEM images of Mirror-1 in Cavity-7 in (a) wide-eld view and (b) close up,
as well as Mirror-2 in Cavity-7 in (c) wide-eld view and (d) close up. The tapered ber
was fabricated by Dr. Kristoer Karlsson and mirror fabrication using FIB was performed
by Mr. Metin Ozer.
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Figure B.5: SEM images of Mirror-1 in Cavity-8 in (a) wide-eld view and (b) close up,
as well as Mirror-2 in Cavity-8 in (c) wide-eld view and (d) close up. The tapered ber
was fabricated by Dr. Kristoer Karlsson and mirror fabrication using FIB was performed
by Mr. Metin Ozer.

Figure B.6: SEM images of Mirror-1 in Cavity-9 in (a) wide-eld view and (b) close up,
as well as Mirror-2 in Cavity-9 in (c) wide-eld view and (d) close up. The tapered ber
was fabricated by Dr. Kristoer Karlsson and mirror fabrication using FIB was performed
by Mr. Metin Ozer.
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B.2 Simulation of ONF Reector
In order to better understand the supported modes and their behavior in FIB-fabricated
cavities, simulation by Lumerical FDTD method was performed. Due to the extremely
large calculation cost (both time and memory) to simulate the whole cavity, a reector,
i.e., only a single mirror set, was simulated using transverse symmetry conditions.

The ber material was chosen to be SiO2 glass in the material base of Lumerical FDTD
program, the ber diameter and the grating period were set as 710 nm and 320 nm,
respectively. The reector contained 50 periods of a nano-circular hole with a diameter
dc = 120 nm. See Figure 4.2(a) for reference.

Simulation time was 20,000 fs. Mesh accuracy was set as 2, and the number of perfectly
matched layers (PMLs) was chosen to be 8. Mesh size was 8 nm only at the section of
the nanostructural grating area. The simulation area of x, y, and z spans was 1.71 µm
× 1.71 µm × 25.32 µm. The polarization of the light source was either oriented along
the x or y direction (transverse to the ber axis z), and the source position was 2.825 µm
away from the edge of the nanostructure. The transmission and reection monitors were
placed 3.125 µm away from the edge of the nanostructure.

Figures B.7(a, b) are the simulated results of intensity transmission (black) and re-
ection (red) spectra, as well as the loss (blue) spectrum for linearly polarized x or y,
respectively. The intensity loss, L, was simply calculated by

L = 1− (T +R) (B.1)

where T and R are the intensity transmission and intensity reection, respectively.
It is clear that x-polarized light reects more than y-polarized light. The stopband

is wider and the transmission dip for an x-polarized input is more prominent compared
to a y-polarized input. This change comes from the nanoholes breaking the circular
symmetry of the ber cross-section, resulting in the polarization-dependent ne at the PhC
nanoholes. The FIB-milled circular hole modies the local ne . As shown in Figure 4.2(b),
SiO2-air modulation occurs along the x-direction at constant y and z positions. However,
the modulation of SiO2-air does not take place in the y-direction at constant x and z
positions. As a consequence, there is a stronger perturbation in ne for the x-polarized
eld compared to the y-polarized eld. Consequently, R increases for the x-polarized
modes, leading to an expanded bandwidth for these modes.
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Figure B.7: FDTD simulation of transmission (black), reection (red) and loss (blue)
of a single mirror of Cavity-3 with (a) x-polarized and (b) y-polarized input beam.

B.3 Error of Cavity Linewidths
Figure B.8 shows the percentage standard error of FWHM measured in the x- and y-
polarized modes of Cavity-1. There is a clear tendency to increase the error as the cavity
mode peak decreases. This is caused by the reduction of the signal-to-noise ratio.

Figure B.8: Relationship between the percentage error of FWHM and normalized cavity
mode peak height. The black dots are error values obtained from the standard error in
Lorentzian tting of cavity mode linewidths from experimental data, while the red line
indicates the exponential tting with R2 = 0.94.
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Supplementary Material: Laser
Annealing of ONF Cavities

C.1 Vacuum Pressure and Annealing Laser Power
See Figure C.1(a, b) for the relationship between vacuum chamber pressure and the
annealing laser power. The measurements were stopped overnight (∼ 13-18 h) and the
vacuum chamber was continued to pump down. We conrmed the spectrum did not
signicantly change during the night. Optical measurements and the annealing were
again conducted up to Pa = ∼207 µW for Cavity-4 and 544 µW for Cavity-8, respectively.
Cavity-4 broke at Pa = 253 µW, and Cavity-8 lost transmission at Pa = 544 µW, so the
experiments were terminated.

Figure C.1: Vacuum chamber pressure (black dots) and Pa (red dots) over time for (a)
Cavity-4 and (b) Cavity-8. Annealing was initiated after the vacuum chamber reached
10−4 mbar. Breaks in the time axis (top and bottom) indicate the overnight pumping
without measurements. The data were recorded by Dr. Priscila Romagnoli.
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C.2 Stopband Analysis Methods
The approximated cavity stopbands were extracted using a MATLAB code, which re-
turned an array of local λ mean values over a sliding window of 5 nm, see red lines in
Figures C.2(a, b) for Cavity-4 and Cavity-8, respectively. We set the blue stopband edge
for Cavity-4 at its normalized transmitted intensity of 0.2 for all Pa, while the red stop-
band edge was extracted at the normalized transmission of 0.5. In the case of Cavity-8,
we set both the blue and red stopband edges at a normalized transmission of 0.3 for all
Pa. These transmission values were selected by approximated averaged transmission val-
ues from the rst spectrum (at Pa = 0 µW) and the last spectrum (at a maximum Pa).
We estimated the error as an approximated averaged FSR (±1.25 nm for Cavity-4 and
±1.3 nm for Cavity-8).

Figure C.2: Stopband edge analysis methods for (a) Cavity-4. Blue and red band edges
were estimated from the normalized intensity of 0.3 and 0.5, respectively, as indicated
with arrows —(b) Cavity-8. Blue and red band edges were estimated from the normalized
intensity of 0.3 and 0.2, respectively, as indicated with arrows. As examples, the spectra
at Pa = 0 µW are shown. The MATLAB code was written with Dr. Jameesh Keloth.
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Supplementary Materials: HOM
Fabry-Pérot Fiber Cavity

D.1 Mirror Reectivity Measurements
The two FBG mirrors consisted of stacked dielectric mirrors coated on the end faces of
ber patchcords (SM1250 (9/80), Fibercore), and a reectivity of a mirror was measured
to be 97% at λ = 776 nm (Omega Optical). Before performing experiments with an
HOM cavity, the reectivity dierence between two ends of mirrors and their dependency
on reectivity to dierent polarizations were investigated. Figure D.1(a) is an optical
setup to measure the reectivity of a HOM cavity mirror, MCr. The laser wavelength was
set to the experimental working wavelength of λ = 776 nm, using a diode laser Toptica
DL100 pro. The HOM cavity was mounted on a 3D stage, which can move at µm scale
and controls the mirror position to maximize the coupling of the incident beam into the
ber cavity, i.e., the ber core was centered on the reection measurement. HWP angles
were manually rotated by 10◦ and the intensity was measured at each angle using an
oscilloscope. The measured intensity Ir can be described in the following form,

Ir = I HWP BSt MCr BSr Mr, (D.1)

where I is the initial intensity at the laser source, HWP is the transmission from a HWP
with a specic plate angle, BSt is the transmission from a beam splitter, BSr is the
reection from a beam splitter, and Mr is the reection from a mirror.

However, each optical component can cause errors in accurate measurements. The
measured intensity Ir includes not only the reection from a HOM cavity mirror. Beam
splitters and mirrors typically have varied transmittance and reectivity depending on
the incident polarization and angles. Therefore, we calibrated the measured reection
intensity Ir by the reference intensity Iref , such that

Iref = I HWP BSt Mr BSr (D.2)

Figure D.1(b) is an optical setup to measure the reference intensity Iref . All optical
components were identical as to in Figure D.1(a), and the intensity Iref was recorded with
an oscilloscope for manually rotated HWP angles every 10◦. Finally, we obtained the
reectivity of a HOM cavity mirror, MCr from these measured intensity values as
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Figure D.1: (a) Schematic of optical setup to measure the HOM ber cavity mirror
reectivity, Ir. (b) Schematic of optical setup used to measure reference intensity, Iref .
HWP: half-wave plate, BS: beam splitter, M: mirror, PD: photodiode, L: lens, MC: cavity
mirror.

MCr =
Ir
Iref

 (D.3)

Figure D.2(a) shows the change of normalized intensity over the dierent angles of an
HWP in the incident beam. Mirror-1 of the HOM cavity (black points) showed larger
uctuations depending on the HWP angles compared to Mirror-2 of the HOM cavity (red
points). The mean and standard deviation of the normalized reectivity of Mirror-1 and
Mirror-2 were 99.0±0.5% and 99.4±0.4%, respectively, indicating that the reectivity in
Mirror-1 and Mirror-2 did not have signicant deviation. Both Mirror-1 and Mirror-2 had
the maximum reection at the HWP angle of 360◦, while Mirror-2 also had the maximum
reection at the angle of 130◦, 310◦, 320◦, 340◦, and 350◦. However, both Mirror-1 and
Mirror-2 did not show maximum reectivity at the angle of 0◦, which is equivalent to
360◦. This may be due to an error associated with hand adjustment of the HWP angle.
Mirror-1 and Mirror-2 had minimum reectivity at the HPW angles 230◦ and 260◦, with
normalized values of 98.0% and 98.7%, respectively. Even for the same polarization state,
horizontal (H), diagonal (D), vertical (V), and antidiagonal (A) states, the measured
intensity varied at dierent angles in both Mirror-1 and Mirror-2. This may be attributed
to a very slight beam angle change by rotating the HWP which might have resulted in
the change of beam spot at the HOM cavity mirror.

To better understand the input beam polarization dependence of the HOM cavity
mirror reectivity, the normalized intensity values in Figure D.2(a) for each polarization
state, H, D, V, and A states, were examined. Figure D.2(b) illustrates the mean and
standard deviation of the normalized intensity measured at each polarization state for
Mirror-1 (orange), and Mirror-2 (green). The mean normalized reective intensity of
the horizontal beam in Mirror-1 was ∼99.5%, while the vertical beam in this mirror was
∼98.5%. This 1% was the maximum reectivity change in overall polarization states.
For Mirror-2, there was hardly any dierence, i.e., < 1% in normalized reectivity for all
incident beam polarization states. One can also see that the standard deviation errors were
relatively large, ranging ∼ ±0.2-0.5%. These errors are likely due to manual adjustment of
HWP angles. As mentioned, the change of beam paths due to HWP rotation might have
also aected the errors. Moreover, errors might be also induced by the eect of the lens
in front of the HOM cavity mirror (see Figure D.1(a)) when calculating the cavity mirror
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Figure D.2: (a) Change in mirror reectivity intensity of Mirror-1 (black points) and
Mirror-2 (red points) as a function of HWP angle. The reectivity was normalized to the
maximum measured reectivity. Vertical dotted lines are HWP angles where polarizations
are orientated at H: horizontal, D: diagonal, V: vertical, A: antidiagonal. (b) Mirror
reectivity of Mirror-1 (orange) and Mirror-2 (green) with dierent states of polarization.
The reectivity was normalized to the maximum measured reectivity. Error bars indicate
standard deviation.

reectivity in Equation D.1. Typically, polarization states do not signicantly aect the
transmission of optical lenses. However, small errors might have existed. Considering
these errors in experiments, the maximum reectivity change over dierent polarization
states was only 1%. These ndings indicate that the HOM cavity mirrors, Mirror-1 and
Mirror-2, did not have a signicant change in reectivity for all polarizations.

D.2 Adiabaticity of the HOM-ONF
The trilinear tapering angle was chosen according to previous unit members’ experimen-
tal studies using SM1250(9/80) ber (Fibercore) having n1 = 1.4586 and n2 = 1.4537
with λ = 780 nm [257, 258]. These studies followed a delineation curve of the LP11

mode calculated for bers with n1 = 1.4636 and n2 = 1.4559 at λ = 1064 nm [257], see
Figure D.3.

We noticed that we did not observe the cavity mode intensity prole that looks like
LP21 or LP02 when analyzing images taken from outputs of the cavity with a HOM-OMF,
see details in Section 6.7. We plotted delineation curves for all the possible modes in the
HOM-OMF, that is, LP01, LP11, LP21, and LP02, see Figure D.4. The local core taper
angles to follow the adiabatic criteria for the LP21 and LP02 modes were lower than the
LP01 and LP11 modes. We marked the local core taper angles at the specic normalized
diameter as a sold black line in Figure D.4. One can clearly see that the experimental
local core taper angles at the normalized radius of 0.8-0.96 were larger than the critical
angles for the LP21 and LP02 modes. This does not necessarily mean that these modes
did not exist at all in the ber, but these modes were lossy and very likely to be lost
as radiation, or as a cavity mode with a wide width, i.e., low F mode. As shown in
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Figure D.3: The delineation curves of LP11 modes as a function of normalized core
radius, calculated using n1 = 1.4636 and n2 = 1.4559 at λ = 1064 nm. The dierent
colors of plots indicate three dierent original ber cladding diameters, red: 50 µm, blue:
80 µm, and black: 125 µm. The solid bold black line indicates the tapering angle employed
in this experiment. Image is taken from [257] with permission from the author.

Figure 6.7(a), the baseline of the cavity transmitted intensity is not zero, implying that
some low F modes might have existed. If one chooses local core taper angles lower than
critical angles for the LP21 and LP02 modes, it may be possible to observe the signature of
these modes, such as the our intensity shape we measured in the cavity without tapered
ber (see Figure 6.10).

Figure D.4: The delineation curves of LP01 (red), LP11 (blue), LP21 (green), and LP02

(purple) as a function of normalized core radius. The local tapering angles employed in
this experiment were Ω1 = 2 mrad (a = 64-80 µm), Ω2 = 0.5 mrad (a = 40-64 µm) and
Ω3 = 1 mrad (a = d2-40 µm), marked as solid black line. The pink dotted line indicates
an ideal local core taper angle for a trilinear shape for adiabatic HOM-OMF to support
all of the LP01, LP11, LP21, and LP02 modes.
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D.3 Eects of the Incident Beam on Cavity Modes
Mode 3 was only resolved in the cavity spectrum taken with the incident coupling MAX,
see Figure D.5(a). Same as Mode 2, this mode also had a lobe-shaped intensity pattern,
but with the splitting line in the D direction. It had all types of Stokes singularities. The
SOPs varied across the beam with some circular and elliptical polarization in both left-
and right-handed directions, but the dominant polarization seemed A. This mode had the
frequency position very close to the frequency of Mode 2 of the incident beam coupling
HIGH, LOW, and MIN, see Figure 6.8(b). Even though the intensity of Mode 2 of the
incident beam coupling MAX was very small, the spatial eld prole of Mode 3 may have
been inuenced by some interference from Mode 2 components. There was a very slight
peak at the same relative frequency in the spectrum of the incident coupling MIN, but
the peak height was too LOW and could not be locked due to the close distance from the
adjacent Mode 2, which had higher intensity.

Figure D.5: Mode intensity proles with the SOPs (top) and Stokes phases (bottom)
for (a) Mode 3 generated from the coupling MAX and (b) Mode 4 generated from the
coupling LOW. The red and blue SOPs indicate right-handed and left-handed ellipticities,
respectively. Scale bars show intensity (from 0 to 1) and Stokes phase (from 0 to 2π).
Stokes singularities of σ12, σ23, and σ31 are indicated as pink, orange, and blue dots,
respectively. L-lines are illustrated as green lines.

Coupling condition LOW had a distinctive mode (Mode 4), while spectra recorded
with other incident beam couplings did not have a clear peak at the same frequency (see
Figure 6.8(b)). Mode intensity shape and the SOPs and Stokes phases are illustrated
in Figure D.5(b). This mode had a lobe-like shape intensity pattern with the split line
orientated at the D direction. SOPs at each point of the cavity output cross-section
were right-handed ellipses, but not with the uniform ellipse orientation. There are many
Stokes singularities in this mode as well. These ndings indicate that this cavity mode
was created from multiple modes. As Mode 4 also overlapped with Mode 5 for LOW
coupling, see Figure 6.8(b), the spatial eld structures of Mode 4 may also have some
eect from Mode 5.


