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ABSTRACT: The Cachazo-Strominger subleading soft graviton theorem for a positive helic-
ity soft graviton is equivalent to the Ward identities for SL(2,C) currents. This naturally
gives rise to a SL(2, C) current algebra living on the celestial sphere. The generators of the
SL(2,C) current algebra and the supertranslations, coming from a positive helicity leading
soft graviton, form a closed algebra. We find that the OPE of two graviton primaries in
the Celestial CFT, extracted from MHV amplitudes, is completely determined in terms
of this algebra. To be more precise, 1) The subleading terms in the OPE are determined
in terms of the leading OPE coefficient if we demand that both sides of the OPE trans-
form in the same way under this local symmetry algebra. 2) Positive helicity gravitons
have null states under this local algebra whose decoupling leads to differential equations
for MHV amplitudes. An n point MHV amplitude satisfies two systems of (n — 2) linear
first order PDEs corresponding to (n — 2) positive helicity gravitons. We have checked,
using Hodges’ formula, that one system of differential equations is satisfied by any MHV
amplitude, whereas the other system has been checked up to six graviton MHV amplitude.
3) One can determine the leading OPE coefficients from these differential equations.

This points to the existence of an autonomous sector of the Celestial CFT which holo-
graphically computes the MHV graviton scattering amplitudes and is completely defined
by this local symmetry algebra. The MHV-sector of the Celestial CFT is like a minimal

model of 2-D CFT.
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1 Introduction

The holographic dual of quantum theories of gravity in four dimensional (4-D) asymp-
totically flat spacetimes has been conjectured to be two dimensional (2-D) conformal field
theories (CFT) which live on the celestial sphere at null infinity [9-13, 17, 18, 26-39, 50, 51].
These are aptly referred to as Celestial CF'Ts. The equivalence between the action of the
4-D Lorentz group and global conformal transformations on the celestial sphere already
hints at the possible existence of such a duality. In fact S-matrix elements, which are the
primary observables of the bulk theory, can be expressed in a particular basis [26, 27] where
they manifestly transform as correlation functions of primary operators in 2-D CFT. For
example in the case of massless particles this change of basis from the traditionally em-
ployed basis of plane waves is implemented via a Mellin transform [4, 6, 26, 27, 30-39]. This
recasting of bulk scattering amplitudes, together with the remarkable connection between
soft theorems and the infinite dimensional asymptotic symmetries [14-18] of asymptoti-
cally Minkowski spacetimes [7, 8, 11, 19, 20] reveals that Celestial CFTs are endowed with
a much larger symmetry group in contrast with more conventional instances of CFTs. In
this paper our objective is to explore the implications of these symmetries for the operator
product expansion (OPE) in Celestial CFTs.

The celestial OPE between two primary operators can be obtained by considering
the limit where the momenta associated with the corresponding particles in the S-matrix
become collinear. At leading order in the collinear limit the scattering amplitude factorises
into a lower point amplitude times a prefactor referred to as the splitting function. The
OPE coefficient of the primary operator that contributes at leading order in the OPE can
then be extracted from the Mellin transform of this splitting function [3, 45]. Now, it is quite
remarkable that one can actually calculate the leading OPE coefficients by demanding that
both sides of the OPE transform in the same way under the (subleading) subsubleading
soft symmetry [3] for (gluons) gravitons. This is a holographic calculation of the leading
OPE coeffiicients and is the primary motivation behind our work in this paper.

Now depending on the helicities of the collinear particles it is possible to have different
channels into which the scattering amplitude can factorise. As we elaborate further in
section 2 of this paper, in the case of tree level graviton amplitudes in the MHV config-
uration in Einstein gravity, the only nontrivial factorisation channel is the one where the
lower point amplitude is again MHV. Then the above mentioned correspondence between
the collinear limit in the S-matrix and the OPE limit in the Celestial CFT tells us that
the Mellin transformed MHV graviton amplitudes are effectively closed under taking the
celestial OPE. One of the central results in this paper is that this “MHV-sector” of the
Celestial CFT is governed by an underlying infinite dimensional local symmetry algebra.
This symmetry algebra comprises of a current algebra which is encoded in the Cachazo-
Strominger subleading soft graviton theorem [1] and supertranslations associated to the
leading soft graviton theorem [2], for a positive helicity soft graviton. The consequences
of the existence of this symmetry, which we study in this paper, then suggest that the
Celestial CFT dual to Einstein gravity admits an autonomous sector which provides a
complete holographic description of tree level MHV graviton amplitudes. In the rest of
this introduction we present a summary of our main results and an outline of the paper.



In section 3 we use the subleading soft graviton theorem for a positive helicity soft
m € Z, of these
currents are shown to generate a level zero current algebra on the celestial sphere. The

graviton to define a set of three currents J* a = 1,0, —1. The modes J2,
zero modes of these currents are the global SL(2,C), i.e., antiholomorphic Lorentz trans-
formation generators. Throughout this paper, we refer to the algebra of the modes J%, as
the SL(2,C) current algebra. In section 4 we derive the OPE between the subleading soft
graviton operator and a generic conformal matter primary. This OPE allows us to define
descendants created by the current algebra generators and reveals that conformal primaries
are also primaries under the SL(2, C) current algebra. This also serves to provide an impor-
tant consistency check that we use in later sections of the paper. In sections 5 and 6 we use
the leading soft graviton theorem to define a set of two supertranslation currents Py, P_1.
Following that we compute the OPE between the leading soft graviton operator and a
“hard” conformal primary. Form this result we identify the supertranslation descendants
created by the modes {P, 0, P, —1} of Py and P_; respectively. As in the case of the sub-
leading soft graviton, this OPE also provides a consistency check for the OPEs of graviton
primaries that we extract from Mellin transform of MHV graviton amplitudes, subsequently
in this paper. Section 7 is devoted to showing that the SL(2,C) current algebra and above
mentioned supertranslation generators form a closed algebra. Section 8 contains a sum-
mary of all the relevant commutation relations, including those with the global SL(2,C),
i.e., holomorphic Lorentz generators {Lg, L+1}, and also the definition of a primary oper-
ator under the extended symmetry algebra generated by {J¢, Py 0, Pn,—1, Lo, L+1}, n € Z.

In section 9 we show that consistency of the first set of subleading terms in the celestial
OPE derived from the Mellin transform of the 4-point MHV graviton amplitude [5] requires
a particular combination of descendants to decouple from the 3-point Mellin amplitude.
This is analogous to null state relations familiar from 2-D CFTs and leads to a first order
linear partial differential equation that must be satisfied by the 3-point amplitude. But it
turns out that the due to kinematic constraints some modes of the local symmetry algebra
generators trivially annihilate the 3-point function. However this does not happen for
higher point amplitudes. Therefore in section 10 we consider the Mellin transform of the 6-
point MHV graviton amplitude and extract the celestial OPE for positive helicity outgoing
gravitons upto first few subleading orders. We find that this OPE can indeed be organised
according to representations of the extended symmetry algebra that we referred to above.
In this case we also encounter null state relations which give rise to differential equations
for the 5-point Mellin amplitude. These differential equations play a fundamental role in
the analysis which we undertake in the following sections of the paper. Our findings from
this section are summarised in section 11.1.

In section 12 we show that the local symmetry algebra under consideration admits null
states. We consider in particular two such null states which were independently found by
studying the OPE decomposition of the 6-point MHV amplitude in the previous section.
We then impose that these null states must also decouple from the Mellin transform of
n-point MHV amplitudes. In turn this gives rise to partial differential equations for these
n-point amplitudes. These differential equations can also be translated directly to the Fock
space MHV graviton amplitudes as we describe in section 13. We then turn to explore



some of the remarkable implications of the above mentioned differential equations and the
local symmetry algebra for the celestial OPE of graviton primary operators in the “MHV-
sector”. In sections 14, 15 and 16, we show that these equations can be used to completely
determine the structure the of leading OPE. We also illustrate via particular examples how
the subleading OPE coefficients can be systematically obtained by demanding both sides
of the OPE under the action of the extended local symmetry algebra generators.

We conclude the paper with several appendices in section A which collect some of the
results that have been used in various sections of this paper. Amongst these we would like
to highlight in particular section A.6 and section A.7 where we present a direct check of
one of the null state decoupling relations from section 12 for the Mellin transform of the
5-point MHV graviton amplitude and prove the other null state decoupling relation for the
Mellin transform of any n-point MHV graviton amplitude.

2 MHV-sector of the celestial CFT

In this paper we consider the mostly plus MHV graviton scattering amplitudes
(17273%4%...nT). In GR, at tree-level, the scattering amplitudes with only one or no
negative helicity gravitons vanish, i.e,

(172347 ...pt) =0, (1127374t ...nT) =0 (2.1)
This has the following consequences:

1. Consider the collinear limit of two gravitons. We write the factorisation channels
schematically as [55],

t+-4, -2 +H), ——-— (2.2)

This, together with (2.1), imply that the set of MHV amplitudes is closed under the
collinear limit. Now since the collinear limit corresponds to the OPE limit in the
Celestial CFT, the corresponding statement in the celestial CF'T is that the set of
MHYV amplitudes is closed under OPFE.

2. Now one can use the correspondence between soft theorems and Ward identities [7,
8, 11, 19, 20] to determine the symmetries of the set of all MHV amplitudes. So we
can make a positive helicity graviton soft and the lower point amplitude that we get
due to soft factorisation is again a MHV amplitude. On the contrary, if we make a
negative helicity graviton soft then, due to (2.1), the amplitude vanishes. This means
that there is no negative helicity soft graviton in the MHV sector. This simplifies the
structure of the symmetry algebra significantly. As we will see, the subleading soft
graviton theorem for a positive helicity soft graviton can be cast as the Ward identity
for SL(2,C) current algebra and we also have the supertranslations coming from
the positive helicity soft graviton. They together form a closed algebra and can be

thought of as the symmetry algebra in the MHV sector of the celestial CFT.



Now the graviton-graviton OPE extracted from MHV amplitudes, holds as operator
statements only in the MHV sector of the Celestial CFT. This is of course true by con-
struction. But, what is most surprising is that the OPE s completely determined by the
SL(2,C) current algebra together with the supertranslations coming from the positive he-
licity soft graviton. By completely we mean including the leading OPE coefficients. This
happens because this infinite dimensional symmetry algebra has null states whose decou-
pling forces the MHV amplitudes to satisfy certain linear first order partial differential
equations. One can get the leading OPE coefficients from these equations.

We believe that these facts should be interpreted in the following way: at tree-level, the
Celestial CFT has an autonomous sector which holographically computes the MHV graviton
scattering amplitudes and is governed by the SL(2,C) current algebra and supertranslation
symmetry coming from positive helicity soft gravitons. This sector is neither local nor
unitary. But, it is very likely that it is exactly solvable in the same way as minimal models
of 2-D CF'T are exactly solvable.

Before we end this section let us point out that the OPE is particularly simple in the
MHYV sector. Because of (2.1) the OPE in this sector is schematically given by,

tH~F, v —— 0 (2.3)

We will see that (2.3) also independently follows from the invariance of the OPE under
the infinite dimensional local symmetry algebra.

3 SL(2,C) current algebra from the subleading soft graviton theorem

Let us start with the subleading soft graviton theorem [1] for a positive helicity soft graviton

in Mellin space,’

i=1 k=1 T %k [Pk
where
SH(z,2) = limo AGX (2, %) (3.2)
—

is the subleading conformally soft [43-49] graviton and

= Ap—oyp

b= = (3.3)

We treat z and z as independent complex variables and follow a procedure similar to
what was applied to subsubleading soft graviton theorem in [3]. The only difference is that
we are also allowing the (singular) local transformations. The basic idea is the following.
The structure of the soft factor allows us to think of the soft operator as a generating
function of currents. For example, we can see that the r.h.s. of (3.1) is a polynomial in
the coordinate z of the subleading soft operator Sfr (z,2). So it makes sense to expand

'For a brief review of Mellin amplitudes for massless particles and notation used in the paper, please see
the appendix (A.1). We are also setting k = v/327Gn = 2.



the soft operator Si (2, Z) in powers of z and then from (3.1) it follows that the expansion
coeflicients are conserved currents whose correlation functions with a collection of primary
operators are already contained in the soft theorem. We will also apply the same procedure
to the leading soft operator.

So we start by expanding the r.h.s. of (3.1) in powers of 2z

<Sf—(zv Z) ﬁ ¢h¢,l_1i(ziv 21)>

29, + 2.z B hy + 20
_ ZM H¢h i Zl,,zi))JerZ:M H<Z>h n (s 2i))  (3.4)

=1 Z — Zk =1 Z — 2k

_722

Hﬁbh“h szzz»

Z— zy 8zk

Using this we define three currents J(z) where a = 0,+1 whose correlation functions

are given by,

z 6k+2hkzk _
R H D, i (Zis %)

I
M:

Y@ [ on,m (200 20))
=1

=1 . Z — Zk
=5 L8 T 6, oo 50) (3.5)
k=1 ’f “k i=1
(J°(2) II Op, i (205 Zi)) = > W 1 P, 1, (205 Zi))
=1 k=1 - =1
B iy PR (3.
P )
G [ e 2) = 3 5 Lo, (202)
i=1 k=1 - =1
=5 L) 16, (i 20) (3.7)
=1~ T *Fk i

where we have defined the differential operators,

El(k) = Eiék + 2hy. 2, (3.8)

L()(k:) = l_lk + Ekék

and
(3.10)

which are the generators of SL(2,C) or the antiholomorphic Lorentz transformations and
J%(z) are the corresponding currents. In terms of the currents we can write the soft graviton
operator Si (2, 2) as,

SH(z,2) = —J'(2) +22J°%(2) — 22T (2) (3.11)



Therefore the soft operator is a generating function for the SL(2, C) currents J*(z), a =
0,+£1.

The modes of the currents J%(z), which generate local SL(2,C) transformations, are
defined in the standard way and their (classical) commutator is given by,

mr¥n m

s Ih] = (a = byt (3.12)

The zero-modes or the global symmetry generators are given by J} = L, J) = Lo and
Jy 1 — I_, which are the generators of the antiholomorphic Lorentz transformations. We
will be working with this level zero SL(2,C) current algebra.

The commutator of a primary and the current is given by,

8, b5, 2)] = 2" (220 + 2h2) 6, (2, %)
[0, 65 (.2)] = 2" (20 + h) ¢, (2, 2) (3.13)
[J,;l, (2 z)] = "9, 5 (2, %)

Now note that here for simplicity we have expanded the soft operator around z = 0
but we could have expanded around an arbitrary point in the z plane. The effect of this
is nothing but to translate the current J%(z) from the point z = 0 to the point in the z
plane around which we are expanding the soft operator. In fact for the purpose of operator
product expansion we will expand it around points other than z = 0. In the general case
the expansion around a fixed point z = 2’ gives,

SH(z,2) = —J 2, 2)+2(2 - 2)J%2,2) — (2 - 2)2T (2, 7) (3.14)

The new and the old currents are related by conjugation by the translation operator
exp(—2z'L_1) and so none of the operator relations change. Similarly, the modes of the
current J%(z, z') can be defined with respect to some fixed point z = 2’ other than z = 0 and
so in general we should denote the modes by J¢(2/, z’). They satisfy the same commutation
relation

[J2 (2,2, J2 (2, 2] = (a — b)JSEE (2, 2)) (3.15)

m+n

because commutation relations do not change under conjugation. The generators J2 defined
in (3.12) or (3.13) is given by J» = J2(2' = 0,2z’ = 0).

3.1 Interpretation as diffeomorphism

Here we want to give a geometric interpretation to this algebra because it may be useful in
order to interpret this as an asymptotic symmetry [21-24]. So let us consider infinitesimal
diffeomorphisms of the form,

2=z, Z—Z4+A(2)+ B(2)Z+C(2)7? (3.16)

where A, B, C' are meromorphic functions. We can do a mode expansion of the functions
and define the following vector fields which form a basis,

d d
Jl=—r—, J0= 27—, Jl=_2"72

3.17
dz’ " daz’ " (3:.17)



The commutator of these vector fields is given by,

[J2,J% = (a —b)J2TE | a,b=—1,0,1 (3.18)

m—+n>

which is again the level zero SL(2, C) current algebra. So this is a subalgebra of the algebra
of diffeomorphisms on the plane, with analytic singularities.

4 OPE between the subleading soft graviton and a conformal primary

In order to construct the OPE between two hard gravitons it is very useful to know the
OPE between a soft graviton and a hard graviton. Since a hard graviton can be converted
into a soft graviton by taking conformal soft limit [43-49], the OPE between soft and hard
acts as a boundary condition which always needs to be satisfied [5]. Secondly, the OPE
between the soft operator and a hard operator also clarifies the definition of the primary
state with respect to the extended symmetry algebra.

This OPE can be constructed from the subleading soft theorem by bringing the soft
graviton close to the hard operator. So we start from the subleading soft theorem (3.1)

n n 7. — 3 2 7 7 3. — 3 n
(552 [] b (o) = — S G2 O b2 G = 2) oy ()
=1

k=1 S i=1

and suppose we want to know the OPE between S; (2, %) and Gy 1y (21, 21). So we simply
have to expand the subleading soft factor in powers of (z — z1) and (z — z1) and there will
be both singular and non-singular terms. Doing this expansion we get,

<Sfr(zv 2) H Qbhi,ﬁi(ziv 21)>
=1

z— 21

—_ ( 0 + i(z — zl)p—lj_lp(zl,zl)) (T én,. (05 2)

(4.2)

p=1

+2(z — (Z_Zl +Z Pt go (z1,Z1)) <f[ bp, i (205 Zi))

<>< ah e | ([ )

z— 2 821 ey

where the differential operators jfp(zl, z1) are defined as,

Tz, 20 i, (200 20)) = <(J1p¢hh,-“) (21,71) H S i (22 50))
=1

—_Z k—Zl) 3k+2hk(k—21 H¢hh (2i,2)) (4.3)

kA1 (2 = 21)" i=1

Tz, 2] b, 5, (205 20)) = <(J9p¢h1,ﬁl) (21, 21) H b, 1, (25 21))
=1 3

=S hi + (z — 21 ak<H b (200 5)) (4.4)

k£l (Zk - 21




and

Tz, 20 [ b, (200 21)) = ((J:;%l,ﬁl) (21,21) [ @m0, (20 20))
=1

=2

iz (Zk — Zl)p 0z =1

' (4.5)
== (Z o ) H‘bhl,h (2, Zi))

Here the notation is standard. We have defined the current algebra descendant
(prthlﬁl) (z21,21), p > 0, whose correlation function with a collection of primary op-
erators is given by the above equations. The residues of the single pole terms in (z — z1),
appearing in (4.2), has the following explanation. The residues are just the operators
6Py 1y (21, 21). Now

J&(Zl,zl) = El(fl), Jg(zl,il) = Eo(il), JO_I(Zl,El) = L_l(gl) (4.6)
and so

Jobn, i, (71,21) = 0, J0bn, 7, (21,721) = by, 5 (21, 21),

0 (4.7)
Jo ¢h1 hl(zl,zl) 071 ¢h1 hl(zlazl)

This is exactly what we have obtained as the residue of the pole term in (z — 27)
n (4.2). Now (4.2) can be written in the form of OPE as,

Sfr(Z, 5)¢h17/’11(21751)
= — Z(z — 2’1)1”71 (Jipqshl,ﬁl) (21,21)
p=1

+2(z—2) (hl(bhl By (z1,21) + f: (z—z1)P~ ! (‘]—p¢h1 h1> (2’1,21)) (48)

zZ—Z —1

1 0 =
— —\2 1 _
—(z—2) (z—zlaz bpy iy (21, 21) Z z—z1)P (J_p%lj“) (21,21))

If we compute the OPE between a positive helicity graviton G{(z,%) and a matter
field ¢y, ,(21,21), which can be another graviton, then in the subleading conformal soft
limit we must have,

iiglo AGK (2, 2)pp, hy (21, 21) = (4.8) (4.9)

This is an important constraint which needs to be satisfied by any (tree-level) OPE
involving a positive helicity graviton.

Another thing we want to point out is that the OPE (4.8) implies that for any conformal
primary ¢, 5 (2, z) we have,

(Jednn) (2:2) =0, ¥n>0, a=0+1 (4.10)



For a = 1 we also have the additional condition
(Jobnn) (z.2) =0 (4.11)

which is nothing but El(é)gbh’;l(z, z) =0.

This means that the conformal primaries are also primaries of the SL(2,C) current
algebra in the standard sense. We want to emphasise the word “standard sense” because
the generators J are not quite standard because they are not purely holomorphic. The
antiholomorphic scaling dimension of J! is —1 and that of J, ! is +1. The generator J2
has antiholomorphic scaling dimension 0.

Before we end this section let us mention that in the intermediate stages of our cal-
culation we take the conformal primaries to be functions of time [30-32] also and denote
them by qﬁh,,—l(u, z,z). With the introduction of time, the new formulas for the differential
operators (4.3) and (4.4) are obtained by making the following replacement

0
8ui

This can be obtained from the subleading soft graviton theorem written in Mellin space

— — 1
h; — h; + 5(’1% — ul)

(4.12)

in the presence of the time coordinate and is discussed in the appendix (A.2).

4.1 Commutator with SL(2,C) generators
The generators of SL(2,C) are given by {Lg, L1+1} with the commutator algebra,

[Lim, Ln) = (m —n) Ly tn, m,n =0,+1 (4.13)

Note that {Lg, L4+1} which generate Lorentz transformations, do not belong to the
SL(2,C) current algebra and so we need to specify their action and commutator separately.
These generators act on a primary field ¢hi,hi(zi7 z;) according to,

(L b 1y (200 20)| = (277105 + (n+ Daz?) 6,5, (20, 7) (4.14)

where

The commutator between the SL(2,C) generators {Lg, L+1} and the generators J¢ of

the SL(2,C) current algebra is given by,
[Lin, J3] = —nJg

m—+n> m = 07 +1 (416)
5 Leading soft theorem and supertranslation generators

The leading soft theorem [2] can be written as [31],

(Sg (2, 2) [T &, 5, (wir 2, 7)) = — <Z £, O ) (I1 én, 5, (i, 2i, Z)) (5.1)

i
i=1 =1~ T~k u i=1

*In (5.1) we keep the time coordinate because it is more convenient. If we do not want to keep it then
we just have to replace the i0/0ur by exPr where Prdy, 1. (2, 2i) = Oki®p, 11/2,5,41/2(%i; zi) and e = £1
for an outgoing (incoming) particle.
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where SJ (z,z) is the leading soft graviton which we take to be outgoing. The following
discussion is essentially identical to that in the case of subleading soft graviton and so we
discuss only the essential formulas which will be used in the paper.

We start by expanding the r.h.s. of (5.1) in powers of Zz,

(S5 (2,2) Hqﬁhi,ﬁi(ui,zi,%» (5.2)
=1

(= & "1

- (lgzl 2 — 2k aUk> ﬂ¢h h u’LaZZ7zZ)> —Z (lczl 2 — 2 8Uk> z]TII(bh h uZ7ZZ7Z’L)>

This leads us to define two currents Py(z) and P_1(z2), i.e,
Sq(2,2) = Po(z) — 2P-1(2) (5.3)

whose correlation functions or Ward identities are given by,

<P0(Z)H¢hi,ﬁi(uiazi7zi)> = (Z * ) H¢h h u“z’wzl» (5.4)

and

<P—1(Z) H¢hi,ﬁi(uivzi75i)> = (Z L 0 ) H(z)h i ulvzhzl» (5'5)

z— i 8uk

k
We can see from the Ward identities (5.4) and (5.5) that Py(z) and P_;(z) generate
the infinitesimal global symmetries

Oy, (u; 2, 2) = 52’1 ¢hh(“zz) (5.6)

and
55¢h7,;(u,z,z) §z ¢hh(u z,Z) (5.7)

These are the transformation laws of the ﬁelds under the global space-time translations
given by u — u + £z and u — u + &, respectively.

Now we can define the modes of the currents as P, o and P, _1 which are the generators
of the supertranslation and they commute among themselves. Their actions on a primary
operator are given by [30, 31],

[Pn,0,¢h7,:b(u,z,2)] = z"“ézaggbhh(u z,Z) (5.8)
and 9
{Pn,flathﬁ(uaz’i)} = Zn+1i%¢h7ﬁ(uaz72) (59)

If we take the conformal primaries to be time-independent then the action of the time
derivative is given by,

0 € = € = € >
Z%(bhﬁ(uv 2 Z) - €¢h+%ﬁ+%('zu Z) - 6P¢hﬁ<27 Z) (510)
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where € = +1 for an outgoing (incoming) particle and P¢; ;(z,2) = gsz/Q }—L+1/2(Z, Z). In
other words, the above commutators should be written as,

[Pn70,¢27ﬁ(z,5)} = ez"+15¢2+%ﬁ+ 1(2,2) = ez”“quﬁ (2, 2) (5.11)
and

P18, 7(2,2)| = 1 (202) = TP (2, 2) (5.12)

Note that every primary carries the additional index € whose value tells us whether it is
incoming or outgoing. In this paper we have mostly kept it implicit unless its specification
is absolutely necessary for our purpose.

6 OPE between the leading soft graviton and a conformal primary

Proceeding in the same way as in the case of subleading soft theorem we get the following
OPE between the leading soft operator and a conformal primary field,

So (2, 2)p, 1, (un, 21, 21)

=Y (z—z)"? (P—a,0¢hh;31) (u1,21,21) (6.1)
a=2

—(z—%) ( L ;9 ——Opy iy (1,21, 21) + Z z—2)* 2 (P—(z 19y, h1> (u1721721)>

Z— 21 au =

where the correlation functions of the supertranslation descendants are given by,

<( a0¢h1 h1> (ulazlazl H¢h h (UZ,ZZ,Zz > — P,ao(Uh,Zl,Zl H¢h h (ulvzl7'zl)>

=1

=— Z I S H P, i (Wi 2, Z))  (6.2)

_ a 1
P (zr — 21) Ouk e

and [5]
<(Pfa,71¢h17;31) (ur, 21, 21) [ [ &, 5, (wis 205 20)) = Pea—1(u, 21, 20 [ @, 5, (> 21, 2i))
i—2 i=1

= — Z H¢h By Uuzzuzl)> (63)

_ a 1
P (zr — 21) 8uk e

In the absence of the time coordinate the time derivatives are replaced by the substi-
tution (5.10).

Now if we compute the OPE between a positive helicity outgoing graviton G} (2, z) and
a conformal primary then the following constraint serves as a boundary condition which
always needs to be satisfied,

iiir}l(A ~1D)GX(22)8p, 5, (21,71) = (6.1) (6.4)

Here we have taken the leading conformal soft limit [43-49] on the graviton operator.
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Now the OPE (6.1) unambiguously implies that the following relations hold,
(Pmo@f’h,ﬁ) (2,2)=0, ¥n>-1 (6.5)

and
(Pa1tn) (2:2) =0, ¥n>-1 (6.6)

We can see that although the supertranslation generator P, has negative antiholo-
%
operator. Rather, acting on a primary operator, P, o creates a descendant whose correla-

morphic scaling dimension given by —35, P, o, for n < —2, does not annihilate a primary

tion function with a collection of other primaries is given by (6.2). We will see that the
generators P_o and J!; play a central role in the later part of the paper.

7 Commutator between supertranslation and SL(2,C) current algebra
generators

Let us start with the supertranslation generators P, , which acts on a conformal primary
field as [30, 31],
[Pm,m Qbhﬁ(u, Z, 2)] = izm+12n+lau¢hﬁ(ua 2, 2) (71)

The supertranslation generators commute
[(Prn, Py ] =0 (7.2)

The subset of generators given by P, _1 and P, g, coming from the positive helicity
soft graviton, form a closed algebra with the generators of the SL(2,C) current algebra,

1 _
[J%w Pn,fl] = Pern,Oa [ng Pn,fl] = §Pm+n,71> [Jmla Pn,fl] =0 (7'3)
1 _
[‘]7’1)7,7 Pn,O} = O> [J;)m Pn,O} = _§Pm+n,0’ [Jm17 Pn,O] = —I'm+n,—1 (7'4)
Note that the global space-time translation generators, given by

{P_1,-1,FPo,—1,P-10, Poo}, are part of the algebra generated by {P, _1, Pn o, J3}.
Now the commutator of the supertranslations {P, _1, P, 0} with the SL(2,C) genera-
tors, which are not part of the algebra generated by the positive helicity soft graviton, is

given by

m—1
L, Pra] = (2 - n) Poimas a=0,—1 (7.5)

where m = 0, £1.

8 Summary: extended symmetry algebra

For the sake of convenience of the reader, in this section we summarise the commutation
relations and the definition of primary under the extended algebra coming from the positive
helicity soft graviton.
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8.1 SL(2,C) current algebra

s Ih] = (a = b)Ig a,b=0,+1, m,n €7 (8.1)
J3 = L, JY = Lo, Jot=L4 (8.2)
8.2 Global SL(2,C)
[Lym, Ln] = (m —n)Lymgn, m,n=0,%1 (8.3)
8.3 Supertranslation

[Pm,m Pm’,n’} =0, n,n’ =0,-1 (8.4)

8.4 Mixed commutators

1 _
s Pret] = P, [ Po 1) =5 Pt [t Pa 1] =0 (8.5)
1 _
|:Jr1mPn,O:| 207 [J%,Pn,o] :_5 m—+n,0, [Jmlvpn,O]:_ m~+n,—1 (86)
Ly, Ji|=—nJd} ., m=0,%1, nez 8.7
+
—1
(L, Pop] = ("2—a> Painss n=0,41, b=0,—1 (8.8)

8.5 Definition of primary (under extended algebra)

(J;;qshﬁ) (2,2) =0, Yn > 0, a=0,+1 (8.9)
(Jonz) (2:2) = 0 = L1(2)6y, 5(2, %) (8.10)
Li(2) ¢y 1(2,2) = 0 (8.11)
(Prodnp) (2:2) =0, n>-—1 (8.12)
(Pa16n) (2:2) =0, n>0 (8.13)
LO(Z)¢h7ﬁ(za z) = h¢h7}_1(z7 z), E0(2)¢h7ﬁ(za z) = B¢hﬁ('z7 z) (8.14)

8.6 Scaling dimensions of generators
Jy — (—n,—a), a=0,%1 (8.15)
Pus— (L) et

1 1

L, — (—n,0), n=0,+1 (8.18)
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9 Differential equation for three graviton scattering amplitude

In this section we obtain a differential equation for the three graviton scattering amplitude
in Mellin space [26, 27, 30, 32|, denoted by (Ggl(l)Gg2(2)Gz4(4)>.3 This is obtained
in the following way. We start with the four graviton scattering amplitude denoted by
(GA, (DGR, (2)GX3 (3)GZ4 (4)) and perform the following operations:

1. We first take the OPE limit 37 — 4% and then make the graviton 3% conformally
soft [43-49].

2. Reverse the sequence, i.e, we first make the graviton 3% conformally soft and then
take the OPE limit 37 — 4. The result of this is described by the soft theorems as
discussed in sections 4 and 6.

Finally, we demand that these two operations, performed on the four graviton scat-
tering amplitude, should yield the same result order by order in z34 and z34. As we
will see now this gives rise to non-trivial differential equation for the three graviton
scattering amplitude.

So let us start with the four graviton scattering amplitude in Mellin space
M(17273%47) = (G}, (1)G,,(2)GX,(3)GR, (4)) (9.1)

where both the gravitons 3™ and 4* are outgoing. In the OPE limit 3" — 4%, the amplitude
My(1727374") factories as [5],

My(17273147)

- _B(¢A3,¢A4)%7>_1,_1(4)M3(1—2—4+) (9.2)
34
~ B(idg,iM)z (M Poo 1)+ —23 £ (4P (4)) Ma(1-2-47) +
1) Za 3 o, T e ting ! —1,—1 3
where we have defined
Ms(172°47) = (G3, (1G5, )05, 14, 1(4) (93)
Now we take the subleading conformal soft limit on the graviton 3% and using (9.2),
we get
lim AgMy(1727374T) (9.4)
A3—>0

= Z34 22::79_1’_1(4) + {(1 + Z'/\4)'P_2,_1(4) — ,C_1(4)'P_1,_1(4)} Mé(17274+) + -

SHere GE (i) denotes either GZ(2;,%) or G%(us,2:,%) depending on how we choose to regulate the
graviton Mellin amplitude in GR. But the following arguments do not depend on the choice of regulator
as long as it respects all the symmetries of the problem. As we will see, these differential equations are
ultimately determined by the underlying symmetry algebra. The only thing that depends on the choice of
regulator is the explicit form of the differential operators which we have already explained in (4.12).
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where

M;(172747) = (G5, (1G4, (2)GA, 1 (4) (9-5)

But we also know from the discussion of the subleading soft graviton theorem in sec-
tion 4 that (9.4) must be equal to (4.2), i.e,

lim AsMy(17273%47) = 234
A3~>0

QZZ‘ + 2391(4)] (GR, (DGR, (2)GK, () +--- (9.6)

So by equating (9.4) to (9.6) we get,

(AgP-a-1(4) = Loy ()P 1(4)) My = 2T° (4) (G5, (1)G 4, (2)GX,(4)) (9.7)
= 2‘791(4)77_17_1(4)«3;1(1)G22(2)GL_1(4)>

Now by shifting the dimension Ay — A4 + 1 we can write (9.7) as

LA(A)P1,1(4) +2T% A P-11(4) — (As+ 1D)P_g 1(4)| (G4, (1)G4,(2)GL, (4)) = 0

(9.8)

This is a first-order linear partial differential equation for the three graviton scattering
amplitude where the positive helicity graviton is outgoing. One can check using the explicit
expression for the differential operators, given in sections 4 and 6 and the three graviton
scattering amplitude in Mellin space, that this equation is indeed satisfied. Note that the
leading conformal soft limit does not produce anything new because the supertranslation
generator P_s _; already appears in the OPE (9.2) and so it trivially satisfies the condition
in equation (6.4).

Now (9.8) is a decoupling equation which tells us that a certain linear combination of
descendants of the graviton 4% vanish. The vanishing condition must be a tensor equation
so that it does not violate any of the symmetries of the theory. This means that the linear
combination, which vanishes, must also be a primary of the symmetry algebra. Since the
descendants generated by the (singular) local transformations appear in (9.8), we should
look for null states or primary descendants of the extended symmetry algebra.

The relevance of null states of (conformally) soft operators in the context of Celestial
CFT were studied in [40, 41]. The null states studied there were null states of the global
conformal group. The null states that we will study in this paper are null states of hard
operators under the local infinite dimensional symmetry algebra. So they are supposed to
be much more powerful, as we will see.

9.1 Limitations of the three point function

Let us now point out some of the limitations of the three point function which follows from
energy-momentum conservation. We know that

<G£1(1)GZ2(2)GZ4 (4)) x 0(214)0(224) (9.9)

Now let us consider a subset of supertranslation generators of the form P_,0,a > 2
or the SL(2,C) current algebra generators J1,,,n > 1. Their actions on the three point
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function, following from (6.2) and (4.3), are given by

P-a0(4)(G3,(1)GR,(2)GA,(4))
2 — Z 0
o 1; (2 k— z4)i_1i3uk (Ga, (1G5, (2)GE,(4) =0 (9.10)
JL,(M)(Gx,()GR,(2)G, (4))
o B 2)? O + 2k (B — Za)
N ,;1 (2k — 24)"

(Gx,(DGA,(2)GK,(4) =0 (9.11)

So they annihilate the three point function because of the delta function coming from
the energy-momentum conservation. This means that one cannot get all possible terms
in the OPE, consistent with the extended symmetry algebra, just by studying the four
graviton scattering amplitude. In higher point amplitudes this does not happen and all the
symmetry generators are nontrivial. In this paper we will study the OPE and null states
both from the (extended) symmetry point of view and also explicitly by starting from the
six graviton MHV amplitude.

10 OPE from 6-point MHV amplitude

In this section we analyse the modified Mellin transform of the 6-point tree level MHV
graviton amplitude in Einstein gravity with the goal of extracting the leading as well first
few subleading order terms in the celestial OPE of outgoing positive helicity gravitons.
The subleading terms in the OPE that we obtain can potentially be related to the sub-
leading terms in the collinear expansion of the momentum space amplitude which has been
investigated in [56]. But we will not pursue that direction in this paper.

10.1 6-point MHYV graviton amplitude

The elegant representation of tree level MHV graviton amplitudes due to Hodges [52, 53]
turns out to be the most useful for our purposes of studying the celestial OPE. According
to Hodges’ formula, the tree level MHV n-point stripped amplitude is given by
det(®UF)

pgr

(ig)(ik)(3k)(pq)(pr)(qr)

where (1,2) label the negative helicity gravitons. @;J'qlfn is a (n —3) x (n — 3) matrix

obtained by deleting the set of rows {i, 7, k} and columns {p,q,r} from a n x n matrix

A,(17,27,3% ... nT) = (12)8 (10.1)

whose elements are defined as follows

% i #
Pij =4 _ g Hekeh (10.2)
PR CLEDILTD)

where z,y denote reference spinors. As shown in [52], the representation (10.1) makes
the S, permutation symmetry of the amplitude manifest. Consequently there is no a
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priori preferred choice for the set of rows and columns to be removed in order to obtain
@%ﬁ. Another salient feature of Hodges’ formula is that it elucidates the behaviour of the
amplitude under soft limits.

Now let us consider the n = 6-point amplitude. In this case a convenient choice for
the rows and columns to be removed from ® is {i,7,k} = {1,2,3} and {p,q,r} = {4,5,6}

respectively. Then the 6-point MHV graviton amplitude takes the form
(12)° det (®457)

As(17,27, 87,47, 57,67) = rov o 53 45)(46) (56) (10.3)
where ®}22 is a 3 x 3 matrix and it’s determinant is given by
123\ _ [14] ([25] [36]  [26] [35]\ _ [24] ([15] [36] _ [16] [35]
det (¥48) = (<25> (36) (26) <35>> (24) <<15> (36)  (16) <35>> (10.4)
. [34] <[26] [15]  [25] [16]) ’
(34) \ (26) (15)  (25) (16)
Now using the following parametrisation of null momenta
P =ewg'(z,2), ¢“(z,2)=0+z2z,z+2,—i(z — 2),1 — 22) (10.5)

the spinor helicity brackets can be written as

<Z]> = —26i€j. /wiwj Zij, [Zj] = 2, /wiwj Zij (10.6)
where ¢; = +1 for outgoing (incoming) particles. Then the amplitude in (10.3) becomes

A6(177 277 3+7 4+7 5+7 6+)

_ _4< wiwd ) [514 (525536 _ 526535> 2 (515536 B 516535>
Wawawswe | 214 \225236 226235 224 \ 215236 216235 (10.7)
Z34 (515526 _ 516525>] 2t s .
%34 \Z15%26 216225/ | Z12713223%245%46756 ;| '

10.2 5-point MHYV graviton amplitude

In order to obtain the celestial OPE from the 6-point amplitude, we will also require the
expression of the 5-point MHV graviton amplitude. Using Hodge’s formula this is given by

(12)° det (9335)

As(17,27,3%,47,57) = (12)(13)(23)(34)(35) (45)

(10.8)

Here we have chosen to remove the set of rows {i,j,k} = {1,2,3} and columns
{p,q,r} = {3,4,5} from ®. In this case the minor ®i} is a 2 x 2 matrix and its de-

B [14] [25] [15] [24]
e (o4) = (1135 o5 ~ 119 1)) (109)

Then using the parametrisation of null momentum in (10.5), the 5-point amplitude

terminant is

can be expressed as

3,3 8 > = 5.3
A wiw z 214225 215224
As(17,27,3%,4%,5%) = 4 ererenes — 2 12 ( — > (10.10)
W3w4w5 212R13%23234%235%245 214225 215224
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10.3 6-point Mellin amplitude

The modified Mellin transform of the 6-point MHV graviton amplitude in (10.7) is given
by [30, 32]

Ms = (Ga,(DG3,(2)GE, (3)GE,(4)GK, ()G, (6)) (10.11)

6
o 6 A —i Y €wiu; 6
= / H dw; w; i=1 e =1 Aﬁ(wi, Zi, 51) 5(4) Z eiwiqf(zi, Ez) , Ay =141\
0 =1

i=1

where Gii (1) = Gii (ug, 2i, ;) is the primary operator dual to the i-th external graviton
in the S-matrix. The superscript denotes the spin s; = +2. Throughout the rest of this
section we will take the gravitons (5, 6) in the amplitude Ag to be outgoing, i.e., €5 = €g = 1,
but the g;’s for the remaining particles will be left unspecified.

Now let us choose the pair of primary operators corresponding to gravitons (5,6) in the
amplitude for performing the celestial OPE. The OPE can then be obtained by expanding
the Mellin amplitude around z56 = 0, 256 = 0, u56 = 0. In order to carry out this analysis

it is first useful to perform the following change of integration variables
Wy = wpt, Wwe = wp(l - t) (10.12)

where wp > 0 and ¢ € [0,1]. Then we get,

1 . . S . . oo 4 —1 E €W U5
Mg = /0 dt tz)‘5(1 — t)”‘ﬁ/o dwp w}3)‘5+’>‘6/0 H dw; wiAifl e =1
i=1 (10.13)

6
x Ag(wi, 2i, 7;) 64 <Z GiwiQf(Zi,Ei)>
-1

Now as shown in section A.3 of the appendix, the delta function in the above integral

can be written as

6 :
s (;61'001'6]#(2@,2@')) = i(

where

1 4

712,34 — T12,34) 213213224224 =1

d(w; — wy) (10.14)

(]

(;J;k = €;wWp [0'1'71 +1 (ZSGUi,Q + Z56 04,3 + 2565560'1',4)] , 1€1,2,3,4. (10.15)

and o; j are functions of z;;, z;; with (4,7) € (1,2,3,4,6). Their explicit forms are given
in equations (A.38)—(A.42) . Now this representation of the delta function can be used to
localise the integrals with respect to w;,i € (1,2,3,4). We are then left with integrals with
respect to the variables wp and ¢t. Using the expression of the MHV amplitude in (10.7),
the integral over wp is given by

oo . .
/ dwp w?_—,—i_ZA exp [—iwp (U + z56tUs + ZsetUs + 256256t UL + tuse)]
0

PA+iA) [ (onoths + Zoalla + 250 Zoalla + ) —4-iA (10.16)
= — |2 z Z56% u
(i) i 1, \o6H2 T #6 s T 256256 4 56
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where A = 3% | \; and

4 4 4 1
Uy = oigwie, Us = oipuie, Us=Y oigue, Us= Y 0iati (10.17)
=1 i=1 i

i=1

Then using (10.16) in (10.13), the Mellin amplitude takes the form

1 ) ) 4
Mg = ./\/]:/ dt tMS_l(l — t)MG_l H (C] (EZ' (O‘i,l + z56t042 + Z56t0; 3 + 256556t0i,4)) I(t)
0

i=1
(10.18)
In the above expression, the integrand Z(¢) is given by
2 3+iA
of) _ 0 . 0;
=11 (1 a6t B2 Fpet 2D 4 gt ”4)
i1 01 0i1 01
iNi—1
o o
x H 14 256t 22 4 256t 23 4 ogszsqt 2t (10.19)
=3 0i1 i1 i1
" —4—iA
X |:1 + 2/71 (2562/[2 + ZseUs + z56256Us + U56):|
The prefactors N and F are given by
4 2 4
H H ¢joj1) )3+i%s
4 8 .
i —1 212 I'(4+A)
X €L0k, 1 Lk . - 10.20
,};[3( ) 212213214216723 224226 234236 246 (1U1) A ( )
1 256 -138 _ 256 256 -1
F= 1- 220 > zuzigoin (1-22) (1- == (10.21)
246256 Z46 P Zi6 Zi6
The theta functions
S (Ei (O'i,l -+ Z56t0'i,2 + 256750'1',3 + 256256750'1',4)) , 1=1,2,3,4 (10.22)

simply ensure that the delta function in (10.14) localises the integration variables wj,i €
(1,2,3,4) in (10.13) to only positive semi-definite values.

Note that we have written the various terms in the r.h.s. of (10.18) in a form which is
particularly convenient for expanding the Mellin amplitude around zs6 = 0, z56 = 0, usg = 0
for the purposes of extracting the celestial OPE.

10.4 5-point Mellin amplitude

In order to study the factorisation behaviour of the 6-point Mellin amplitude in the OPE
limit, we need to know the 5-point Mellin amplitude. This is given by [30, 32]

Ms = (G, (1)G4,(2)G4, (3)GL,()GK, (5))
5 . —1i Z €,WiU; 5
= / [T dwi wie = As(wi, 2, Z) 6 (Z eiwid) (zi, Zi)
i=1

=1

> (10.23)
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where Aj is the 5-point MHV graviton amplitude given by (10.10). Now as shown in the ap-
pendix, section A.3, the delta function involved in the above integral can be represented as

1 4

Y E e;wia (2, Z; _ S — 1024
G \%ir 2 = = - Wi — w .
<i=1 i Z)> 4 (r12,34 — T12,34) 213213224224 z:Hl i =) ( )

where?
w;‘ = €€5W504 1, 1€1,2,3,4. (10.25)

Due to (10.24), the integrals with respect to w;,i € (1,2,3,4) in (10.23) can again be
localised. Then plugging in the expression of As into (10.23), the remaining integral over
ws gives

o0 - 1 (3 +1A)
2+iA 3 o
/0 dws ws exp <—’L€5Ld5 2221 02,1uz5> = liesUy )5+ (10.26)

where A’ = 322 1 N, Uy = S} 05 1u5. Thus, the 5-point Mellin amplitude can be written
as

8
z
Ms=1i]]e €;051) 3+’)‘ (ex0k1) ”\’“ 1 O (go1) 12
Z]TII Z]]TII I H H Z12R13%14215%23224225234235%245
I'(3+4iA) 10.27
(ies Uy )30 (10.27)

Now let us note that the prefactor N in (10.18) is related to the 5-point Mellin am-
plitude. In order to see this let us set e5 = 1 and perform the following change of labels
n (10.27)

z5 — 26, 25 — 2, U5 — Ug, A5 —> IA5+1iAg (10.28)

Then the 5-point Mellin amplitude takes the form
5= (Ga,(1)G,,(2)GK <3>Gz4 (WGE, a, 1<6>>
8

Al
4 2
H H 630], 3+m H Ewm z/\k 1H@ 61011) 212

3 —1 Z12213%14%16°23224226234236%46

(3 + zA)

—_— 10.2
x (ildy)3+iA (10-29)

where A = 3%, \; and the 0;;’s are now given by (A.38) to (A.41). Then from (10.20)
and (10.29) it is evident that

4
—N ] ©(ao11) = i0us Ms = P—1,_1 M5 (10.30)
=1

In all subsequent references to the 5-point Mellin amplitude in the rest of this section
we will take it to be given by (10.29).

4Note that 05,1 in (10.25) are identical to the ;1 in (10.15) upto the change of labels z6 — 25,26 — 25.
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10.5 OPE decomposition of 6-point Mellin amplitude

We will now consider the celestial OPE decomposition of the 6-point Mellin amplitude by
expanding it around zs6 = 0, 256 = 0, u56 = 0 while keeping the remaining z;;, z;;, u;; with
(1,7) € (1,2,3,4,6) fixed and non-zero. Here we will ignore the delta function contributions
that come from differentiating the theta functions in (10.18) w.r.t. 256, 256. The arguments
of these delta functions involve z;;, Z;; with (¢,7) € (1,2,3,4,6). Such contact terms can
be neglected in the OPE regime where all operator insertions, except the pair whose OPE
is being considered, are taken to be at separated points.

Now the prefactor A in (10.18) is independent of zs6,256. Thus for extracting the
OPE we only need to keep track of terms coming from expanding the other prefactor F
and the integrand Z(t).

10.5.1 Leading term

It can be easily seen from (10.19) and (10.21) that the leading term in the Mellin amplitude
in the OPE limit is of O (%) The 5562561 term comes entirely from® F and is given by

= 3
F=_0N (10.31)
256 ;7 46

where the dots denote terms which are regular as zs6 — 0. Then applying the identi-
ties (A.45) and (A.46) given in section A.3 of the appendix, (10.31) simply becomes

Fo 26, (10.32)
256

Note that Z(t) is regular around z56 = 0, Z56 = 0 and at leading order we have Z(t) ~ 1.
Thus the leading term in the Mellin amplitude in the OPE limit takes the form

Z T . 4
Mg = 226 /\// dt #7511 — 1)L [ © (i) + -
%6 0 i=1 (10.33)

Z . .
= =% B(iXs,iM6) P11 M5+ ---
256
where we have used the relation (10.30) and B(x,y) is the Euler Beta function. Now this
result implies that the leading term in the celestial OPE is given by

_ _ 256 0y _
GX5 (Z5a Z5>GX6 (267 26) = _2’756 B(ZA{,, Z/\6) P—L—lGXH-AG—I(ZG? 26) + - (10.34)

This term exactly matches with [3].

®In (10.21) there is also apparently a term of O(z3;'). Using the identities (A.47) and (A.48), it can be
straightforwardly checked that this term actually vanishes.

- 29 —



10.5.2 Subleading terms: O(24z%

Now let us study the first few subleading terms in the OPE decomposition. We first
consider the terms of O(1), which turn out to be non-trivial here in contrast to the case of
the 4-point Mellin amplitude. The relevant contribution from F at this order is

1 ZZ(;
]:’O(l) 45 § 214 01+ —5 g Zi4Zi6 03,1
Zi6 46
1 1
= = (10.35)
zzﬁ
= - § 0i1+ —5 § 216226011
i=1 %i6 46 i=1

Using the identities (A.47) and (A.48) this can be simplified to give

Floo=- Z % (10.36)
o)

At this order we again have Z(t) ~ 1. Then after doing the t-integral we find the O(1)
term from the Mellin amplitude to be given by

4 ~.
—B(iXs, i) 3. 22 011 P1 145 = B(ids, iA) P-ooMs (10.37)

Mﬁ‘ou) g

where in obtaining the last equality above we have used (A.62) from section A.5 of the
appendix.
Now let us take the subleading conformal soft limit iAs — —1 in (10.37). This gives

lim (1—|—i)\5)./\/16

iAs——1

—(iXe — 1)P_g o M5 (10.38)
o(1)

. But from the discussion in section 4, we know that the subleading

where M§ = M5
iA

conformal soft theorem (4.2) requires

lim (1 4+ i) Mg

’i>\5—>—1

=—JNP_1 1M (10.39)
o)

Then consistency of (10.38) with the (10.39) implies
TN P_1, My = (ide — 1)P_g g M} (10.40)
Shifting iA¢ — 1+1iA5 +i)g in the above, we obtain the following differential equation
[~7—1177—1,—1 — (iXs + i/\ﬁ)P—Q,O} M5 =0 (10.41)
Equivalently this equation implies that the following descendant
O = [JL Py 1 — (A= 1)Pgo| Gf (10.42)

is a null state. In section 12 we will determine the null-state ®* using the extended
symmetry algebra. We will also subsequently study in this paper the implications of the
decoupling relation (10.41) for the structure of the leading celestial OPE of gravitons.
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10.5.3 Subleading terms: O(zs56)

Next let us consider the terms of O(z56). In this case we have

A 1 1 1
F = 256 Y ZiZi6 Oil | 53— + —— + 5
O(256) = 2i6~46 26246 226 (10 43)
1 & 3 s 4 %6 ‘
— (] (A
= %56 Tzzzﬁam - 5 0i1 | = —256270i,1
246 i=1 i=1 Zi6 i=1 Zi6

where in arriving at the last equality above we have used (A.47). Now at this order we
have a non-trivial contribution from Z(¢) and this is given by

02,2

4+iA

I(t)‘ = 256t ((3+M1)01’2 F(3id) 224 (iNg— 1) D22 4 (i 1) 242 - T >u2>
O(zs6) 01,1 021 03,1 04,1 U

EZSGtII,O (1044)

where the notation Z g has been introduced for convenience. The subscripts (1,0) can be
regarded as keeping track of the associated orders of z5g, Z56 respectively. Thus we have

1 . .
Mel = e / dtt”\5‘1(1—t)”\6‘1[f‘ Z(0) ()|
0

]77—1,—1/\45

+ 7|
O(z56) O(zs6) o(1) o) (z56)

4 _ . 4 _
. . Zi A Z

= 236 B(i)s, i) [E 0 i 52 5 611,0§ :7"‘2 am] P_i_1Ms (10.45)
; i=1 0

Then using (A.62) and (A.70) given in section A.5 of the appendix, the above can be

written as
. . iAg — IA5 )5 ]
= B(iAs, i) | ————— P- — X L P_ 10.46
M o 256 B(iAs,1)6) [i)\s Ting |30 + i 1P-2,0| M5 ( )
Now the subleading conformal soft theorem (4.2) requires that at this order we must
have
Clim (14 ixs) M = —z56 T 9P 1ML (10.47)
iAg——1 O(z56)
But from (10.46) we get
‘,\hgl 1(1 +i)\5) Mg = 256 [~ (1 + iXg)P-3.0 + L_1P—20] M} (10.48)
iA5——

O(z56)
Therefore in order for our result (10.46) to be consistent with the subleading conformal
soft theorem, we should have

£_177_2,0Mg =(1+ i)\G)P_g,oMg — j,1277_1,_1M15 (10.49)
Replacing iAg — 1 + iA5 + i\g in the above we can re-write it as
(LaPosg+ TP 1 — (24025 +iX6)P-30) M5 =0 (10.50)

We have thus obtained another decoupling relation. Using this we can also ex-
press (10.46) as follows

)
Mﬁl = Z56 B(i)\5, i)\ﬁ) (1 + Z')\5)’P_370 - A5

1
— 2 JLP M 10.51
O(zs6) iXs 4 idg J=2P-1, 1] 5 (10.51)
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10.5.4 Subleading terms: O(Zs56)

At O(zs6), we have the following contribution from F

3
_ 1 03,1
F =—Z 2i4 O ( > =z 10.52
B - 56; L it 562 p” (10.52)
where again we have applied the identity (A.46). Then from Z(¢) we have

- 2013 N 2023 . 033 | . 04,3

Z(t = Zset| (3 + 1A =+ (34 =+ (A3 — 1) ==+ (1Ag — 1)—

( )‘0(556) 50 (( 1)01,1 ( 2)02,1 (i3 )03,1 (ih )04,1
_ (4+“\)u3) (10.53)

U

= 556t1071

Besides the above we also need to include the relevant terms form the preceding orders,
whose products can generate contributions at O(zs6). Taking such terms into account we
finally get

Z)\ Zl() - 0;1
i —T =Py
Z>\5+M6( 012 01 170)4_1‘2:122'617) 1,-1Ms5
(10.54)
Now using the results in (A.64), (A.74) and (A.61) from the appendix, we can express

M — 56 B(ids, i\
oz — 2 (iX5,1N6)

the above as
i\s

) A5 — i)g
A5 + 1A

Mol =z Bl ) | (£aP2o = £aPorn) + 230

0(256)

77—2,—1} M

(10.55)
Once again let us consider the subleading conformal soft limit ¢A5 — —1 in the above
result. This yields

lim (1 + i/\5)M6

i>\5—>—1

= Zr56 [2_177_2,0 —L_1P_11+ (1+ iAG)P_27_1} ./\/lir, (10.56)
0(256)

But according to the subleading conformal soft theorem (4.2), we should get

lim (14 ihs) M

7)\5—>—1

= 2756 T P-1,1 M} (10.57)
0(256)

Comparing (10.56) and (10.57) and shifting iA\¢ — 1 + i\5 + i\ we then get
([:_177_17_1 + 2._79177_17_1 — (2 +iA5 + i/\6)77_27_1 — /3_17)_270) Ms =0 (10.58)

We will discuss the role of this decoupling relation in determining the celestial OPE
coefficients of gravitons using the extended symmetry algebra in forthcoming sections of
this paper. Let us also note that using this relation we can write (10.55) as follows

Mes = Z56 B(iXs5,1)6)

O(Zs6) Z)\5 + Z)\ﬁ

TPy~ (1+iXs)P s, 1] Ms  (10.59)

— 95—



10.5.5 Subleading terms: O(z56256)

Finally let us consider the O(z56256) terms in the OPE decomposition of the 6-point am-
plitude. Here we have from F

3
_ 1 1 1

‘ = —256%56 ) 2400 | 5 + ——5 + —3 | = 256256 Z (10.60)

O(z56%56) A 246 i=1 16

i=1 Zi6 246 Zi6%46

The O(z56256) contribution from Z(t) is given by

()| = (1T + 227 (10.61)
O(z56256 ’ ’
where
4 4 iA
70— 340 T (34 idg) 2 1 (i — 1) T3 4 (i — )28~ B 069
' 01,1 02,1 03,1 04,1 Uy
and
T = TioTo1 — |3+ id) 22782 4 (34 idg) 22728 4 (ing — 1) 22788
1 1 0'2,1 031
s (10.63)
o4 2043 i
+ (idg — 1) Us U3
‘74 1 Z/{12

T1.0,Zo1 were defined in (10.44) and (10.53). Now we also need to include the O(z%;)
term from Z(t) since this can combine with the leading 0(25625?) term from F and generate
an O(z5¢) contribution. So, we have

Z(t = 22.t*T 10.64
O] gz, = 6t T2 (10.64)
where

1 o2, o3 03, o} 4+ iA

Too=—5|(B+iM) 32 + (3 +ide) 22 + (ig — 1) 9% + (iha — )7 — Ut g
‘71 1 ‘72 1 ‘73,1 011 Uj
1
+ 3 1'1270 (10.65)

Thus after accounting for all the relevant contributions from F and Z(t), we get

_ o % )
M - B(ids,ide) |~ \Zoa P30~ TroP-21+711 1 P- 10.66
5| o (eso7s0) 256256 B(iAs5,1 6)[ ot )\6( 01P-30—L1,0P-2-1+1y1 20) ( )
i)\5 (Z)\5 + 1) 2) }
TP Ty 0Py 1) —Poa
(i>\5+i>\6)(z’>\5—|—i)\6+1)( 11 P-20—Z20P-1, 1) P_3,—1|Ms

Now we want to express the above completely in terms of symmetry generators acting
on the 5-point Mellin amplitude. To that end, using (A.66), (A.74) and (A.77) from the
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appendix, section A.5, it can be shown that

(Io,1 P-30—T10P-2-1+ Ifll) 73—2,0) M

=L P2 1Ms—L 1P_30A5+ L 1L 1P_290Ms — Iﬁ) P_ooMs

4
0i2

4 4
1 i
— L (Z — 77—1,—1/\/15) -3 276 oi3 PoiaMs — > ~ P_1,-1Ms

i=1 "~ i=1 “i6 i=1 <6

(10.67)

11
+ Z — Py 1 Ms

=] %6
The last three terms in (10.67) can be simplified using the following identity

L Zis L oo LV (A1) &1
DI EED Dl DBl D D bniat=l D Dbl B D s (10.68)
i=1 “16 i=1 476

i—1 ~i6 i—1 76 i—1 ~i6 j=1 Zj6

Let us also take note of the following relation

4
1
2Z50P-1,-1 M5 = £2_1'P_17_1M5 —-2L_4 (Z — 73_1,_1./\/15)

i=1 ~i6

. . ) (10.69)

1 1

IRERIEED) "
i=1 “i6 i=1 %6
Then using the last two equations (10.68) and (10.69) we get
(IO,l P-30—T10P-2,-1 + 11(11) 73—2,0) M
- - 1

= <£173271 — ,C717373,o + £71£71'P72,0 — 2£2_1731’1> Ms (10.70)

+ (Iz,o P_1,-1— Iﬁ) 7372,0) M

Now in order to express the last set of terms in (10.70) in terms of the action of
symmetry generators on the 5-point amplitude, it is convenient to appeal to the subleading

conformal soft theorem according to which we must have

Clim (14 i)\s5) Mg = 256756 2T 9 P11 M5 (10.71)

iAs——1 ’O(Z56256)

This implies that upon using (10.70) in (10.66) we ought to get

(11(21) P_20—120 7371,—1) M;
_ _ 1
= (L_177_27_1 —L_4P_30+L 1L 1P_2p— §C%1P—1,—1 (10.72)

+ (i/\ﬁ — 1)7)_3’_1./\/[{5 — 2j_0273—1,—1>M%
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Then assembling the above results and shifting i\g — iA5 +iX\¢+ 1 in (10.72) we finally
obtain

M 10.73
6‘0(Z56256) ( )
) o 2idgidg . ( iAsidg )
- B(iXs.i) (14 N
256256 B(iXs,16) (i)\5+z‘/\6)(i>\5+i)\6+1)‘7_2p o\ et ) T
iXs(1+i)s)

_ _ 1 9
(ot ire) (Net+idot 1) <£_1'P_27_1 —L_4P_30+L 1L _1P_2p— 2£—1,P—11_1> ] M

11 Summary: celestial OPE from MHYV Mellin amplitude

Using the results obtained in (10.34), (10.37), (10.51), (10.59) and (10.73), we can now
extract the celestial OPE for outgoing positive helicity gravitons. This takes the following
form

st (2’5, 55)GZ6 (26, ZG)}

- MHV .
— B(ids,ie) [— :2P_17_1+P_2,o+z56{(1+i)\5)P_370— M;j\_i,)\e)JlQP_L_l}
H“{M:Zj;)% JOP, 1—(1 +i)\5)P_27_1}
+Z56Z56{ (i/\5+i)i§?i5)\i5/\—61—i/\6+1) JOP_y 1 — <1+m>P3,1
iXs(1+iXs)

: A : 2L 1P o 1 —2L 1P 30+2L 1L 1P 9o—L*> P4 _ )}
2(1)\5+z>\6)(z)\5+z)\6—|—1)< 14—2,-1 147-30 1L—1£—-20 14—1,-1

+"‘]GX(26756) (11.1)
where A = As + Ag — 1 and the dots denote higher order terms in the OPE which we
have not considered here. The subscript MHV in (11.1) denotes that this particular
representation of the celestial OPE in terms of the extended symmetry algebra discussed

in this paper, holds as an operator statement only within MHV graviton amplitudes.
Now the other main result from this section involves the following differential equations

[TL6)P-1,-1(6) = (A = 1)Ps,0(6)| (G, (1G4, ()G, (3)GE,()GA(6)) =0 (11.2)
[£1(6)P—2,0(6) + T25(6)P_1,-1(6) — (A +1)P_30(6)]
x(G3,(1)G3,(2)GL,(3)GK,(GL(6)) =0 (11.3)
and
[£1(6)P—1,1(6) + 2721 (6)P-1,-1(6) — (A + 1)P_s 1(6) — L_1(6)P—2,0(6)] -
x (G, (1GR,(2)GE,(3)GE,(GE©B))y =0

where A = 1 4+ i\5 + iAg. These differential equations, which are equivalent to null state
relations, played a crucial role in arriving at the above structure of the celestial OPE
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in (11.1). In subsequent sections of this paper we will illustrate how the leading as well
as subleading OPE coefficients can be obtained using these differential equations for MHV
amplitudes and the extended symmetry algebra. The results of this section will then serve
as an important check of the symmetry based analysis.

12 Null states and differential equations for MHV amplitudes

Let us consider the graviton primary G4 (2, Z) where o = %2 is the helicity. This is a confor-
mal primary as well as a primary under the SL(2, C) current algebra and supertranslations,
obtained from positive helicity soft graviton. Using the commutation relations and defini-
tion of a primary state one can check that this is also true for the operator P_; _1G4 (%, 2).

12.1 &®°
We now consider the following descendants of G4 (z, Z) given by
¢ =JL P 1GA(2,2), 2= P_50GA(z,2) (12.1)

They have the scaling dimensions (h +3/2,h—1/ 2). One can easily check that these

are the only possible descendants with the scaling dimensions (h +3/2,h—1/ 2).
Now ¢1 and ¢ are primaries of the Poincare group, i.e,

Li¢; = L1y = Py _1¢i = P_10¢; =0, i=1,2 (12.2)

but not of the extended symmetry algebra. So we take a linear combination of them and
construct the state,

D7 = ¢y + cpo (12.3)

Now we impose the conditions
JiP? =0, n>1 (12.4)
Using the commutators and the fact that G4 is a primary we get,
Jo7 = J%7 =0, n>1 (12.5)
Similarly, applying J; L we get,
JT07 = 0= [c+ (2h+1)| P11 1G4 (2,2) =0 = c= — (2h +1) (12.6)
So the primary descendant ®7 is given by,
7(2,2) = [JL P11 = (2h+ 1)P o] GA (2, %) (12.7)

The other generators J2 for n > 2 automatically annihilate the state. Also we have
not imposed the vanishing of the supertranslation generators of the form P, _1,n > 1 and
P, 0,n > 0, because the commutators

1 1
[T Po, 1] = 5 fm,—1, {J%,P—l,o} =5 m-10 (12.8)
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together with P_1o®7 = Py 197 = JJ),-;®% = 0, imply this. ®7(z,2) is the most inter-
esting null-state because its existence solely requires the local current algebra symmetry.
Finally, we set (12.7) to zero inside a MHV amplitude,

<[J£1P_17_1 — (2iL + 1)P_2’0} GZ(Z, 5) H GZZ(Z“ ZZ)> = O, =32 (12.9)
i MHV

Now using the fact that the correlation functions of the descendants can be written in
terms of correlation functions of primaries only, we get the following equation

[53177_1,—1 — (2h + 1)77_270} <G"A(z, 2) [1GX (2. Zl)> =0, o=+2 (12.10)
i MHV
where
2}_11‘(22‘ - Z) + (Ei - 5)251‘ Zi—Z
1 = — = — . .
Jh = }; P . Poap 2;}%__Zq¢% (12.11)

where ¢; = £1 for an outgoing (incoming) particle and PiGUAjj (2,2) = (5Z-jGij+1(zj, Zj).
For an explicit check of the equation (12.10) for n point MHV scattering amplitude we
refer the reader to the appendix (A.7).

12.2 ¥

Let us consider the following descendants of G (z, z)°

L_1P_1,_1GZ(Z,2), J91P_17_1GUA(Z,§), P_27_1GZ(Z,Z), L_1P_270GZ(Z,§) (12.12)

They all have the same scaling dimensions given by (h 4 3/2,h + 1/2). In the above
list we could have added one more term given by L_1J1,P_1 _1G%(2,Z), but note that
this term is proportional to L_1P_20G% (2, Z) because of the vanishing condition (12.9).
Now we construct a state ¥ which is a linear combination of the above four states and also
a primary under the extended symmetry algebra. So we write

U = (Lflpfl’,l + ClJEIP,L,l + CQP,27,1 + CgI/,lP,Q’Q) GZ(Z’, 5) (1213)
where ¢, ¢2, c3 are constants to be determined. We fist impose the conditions,
LV =010 =P _1W=P_ 1,0 =0 (12.14)

These conditions, together with the vanishing condition (12.9),” give the following
result

Cc1 — 2, Cy — —(A + 1), C3 = —1, o=+2 (12.15)

5To be precise, we should write Jy ! instead of L_;. But for the sake of clarity we use the more familiar
notation L_1.

"We need to use the vanishing of the primary descendant ®° because L; acting on ¥ produces a state
proportional to J1; P_1,_1G% (2, 2). We then replace the this state with (2h+1)P_2 0G4 (2, Z) using (12.9).
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Here 0 = 42 means that the primary descendant WU can exist only for positive helicity

gravitons Gz(z, Z). Now, it turns out that for the above values of ¢, c2,c3 and 0 = +2,
the operator W is also annihilated by J2

n>0s Pn207_1 and Pn2_170. Therefore
U = (L—IP—I,—I -+ 2J91P_1’_1 — (A + 1)P_2’_1 — E_lp_g,g) GX(Z, E) (1216)

is a primary descendant of the extended symmetry algebra.
Finally we can set the state ¥ to zero inside a MHV amplitude

<(L_1P_1,_1+2J91P_17_1—(A+1)P_2,_1—E_lP_ZO) (2,2 HG (21, % > —0
MHV

(12.17)
In terms of differential operators the vanishing condition (12.17) can be written as,

(5—177—1,—1 +27% P 1 —(A+1)P_o —/:'_177_2,0) < (2,2) HG (2, %) > =0
MHV
(12.18)
where 9 9
Lor= 0z’ ) Lor= 0z
hz + (21/ Z)az ]_
Jo = _Zi: o Pei=- > po L (12.19)
Zi z
7)—20 = _Z % — Zezpz

(2

Here ¢; = £1 for an outgoing (incoming) particle and PiGij (2,2) = 5ijGUAjj+l(zj, Zj).
For a direct check of the equation (12.18) for 5 graviton MHV amplitude we refer the refer to
appendix (A.6). We have also checked (12.18) numerically for 6 graviton MHV amplitude.

Equation (12.18) is a linear first order partial differential equation. For an (n-+2) point
MHYV amplitude with n positive and two negative helicity gravitons, there are n such equa-
tions. Now due to conformal invariance the (n+2) point amplitude depends on (n—1) vari-
ables because we can take three points to be fixed at (1,0, 00). So it appears that one may be
able to solve (12.10) and (12.18) together and get the MHV amplitudes, at least in principle.

We can also see that if we take the three point function (— — 4) then the equa-
tion (12.18) reduces to (9.8) which we obtained earlier by requiring consistency with the
subleading soft theorem. This happens because P_s o annihilates the three point function
as shown in (A.100).

Let us now make few comments about the nature of these equations. First of all,
note that both the holomorphic and the antiholomorphic derivatives of Gz(z, Z) appear
n (12.18). This is reflection of the fact that the underlying infinite-dimensional symmetry
algebra is not homomorphically factorizable.

Secondly, the two sets of equations

(5_177_1,_1 +27° P11 — (A+1)P_g —2—177—2,0) <GZ(275) HGZZ (i, 52)> =0
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and

TP — (A - 1)77_270} <Gg(z, 2 [[G% (2, 2,~)> =0 (12.21)
i MHV
are not independent. Here we have substituted 2h + 1 = A — 1 for a positive helicity
graviton. The first set (12.20) implies the second set (12.21) due to special conformal
invariance. In order to see this let us note that

Li,L 1Py 1+2J° Py 1—(A+1)P o 1~ E,IP,Z,O} =2 (J11P71,71 —(A- 1)P72,0)

(12.22)

This, together with (12.20) and special conformal invariance, implies (12.21). In any

case we will now see that these two equations can be used to obtain all the informations
about the leading term in the OPE in the holomorphic collinear limit.

13 Differential equations for Fock space MHV amplitudes

As expected, the differential equations we have obtained for the Mellin space amplitudes
can be transformed back to Fock space by making the following replacements,
A, — —wii, Pi = wi, P_1-1— €ew (13.1)
&ui ’
So let us transform the equation (12.18) to Fock space. We write the Fock space MHV
amplitude as,
(a(ew, z, 2,0 = +2) H a(€wi, zi, Ziy 03)) MHV (13.2)

K3
where ¢, = =41 for an outgoing (incoming) particle. For an outgoing parti-
cle ag(wk, 2k, 2k, 0f) is an annihilation operator whereas for an incoming particle
ax(—wk, 2k, Zk, 0k ) 1S a creation operator. With this notation we can write the differen-
tial equation (12.18) as,

(ﬁfﬂ’fl,ﬂ +2J% P11~ (A+1)P_g_1 — 5717372,0)

13.3
X<a(6w7 2,2,0 = +2) Ha(e,wi, 23, Ei,ai)> =0 ( )
7 MHV
where
L_P = ewg
—1P-1,1 = ewo-
3 Wi oi )+ (z — 2)67,
\7917)_]_7_1 = — (Z 2 ( Iw; ) w
i Z; — X%
o (13.4)
€;W;
A VP 1= —[ —-w— 1 Wi
(A+1)P-2 1 <w8w+><zi:%_z>
~ 0 Zi—Zz
ﬁ—lP—Q,O - _£ (; WQCL)Z)

For an (n 4 2) point MHV amplitude with two negative helicity gravitons there are n
such equations corresponding to n positive helicity gravitons. Using the same prescription
we can also transfer the differential equation (12.10) to Fock space.
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14 General comments on the structure of the OPE

Consider two primaries ¢1 and ¢3. We write the contribution of a single primary ¢3 to the
¢1¢2 OPE as,

61(2,2)$2(0) = Y CppeP 2P Opp(0) = M=M= gha=ha=ha 050 (0) +Zzpzp%0§ap 0)
D,p
(14.1)

where the prime over the summation means that the contribution of the primary operator
¢3 has been subtracted. So O - is a sum of descendants. For our purpose it is convenient
to normalise the operator O;ﬁ in such a way that the coefficient C” is either 0 or 1.

The descendants are created by the operators J;_q, Pr<—20, Pné—l,—l and L_; with
scaling dimensions given by,

J%:(=n,—a), Pag:(—n—1/2,—-1/2), Pu_1:(-n—1/2,1/2), L_1:(1,0) (14.2)

n

We can see that they all have positive holomorphic scaling dimension and so the sum
over p is bounded from below. The lowest value of p corresponds to the primary operator
and is given by,

Pmin = hg — h1 — ho (14.3)

where hj3 is the scaling dimension of the primary.

Now, a priori, there is no reason for the sum over p to be bounded from below because
the generators J71L<0 and P,<_20 have negative antiholomorphic scaling dimension. So
starting from a pr_imary one can create states with arbitrarily negative antiholomorphic
scaling dimension. This in particular will require poles of arbitrarily high order in z. This
is of course not what we find if we start from the MHV amplitude. So we need to prove
a stronger statement that the sum over p is not only bounded from below but pmin > 0.
We will now provide strong evidence that this in fact is true if we assume that both sides
of the OPFE transform in the same way under the local symmetry algebra.

We start with the generator J; ' with scaling dimensions (—1,1), which acts on a
primary as

(I 6(2,2)| = 200(2,2) = [J7,6(0)] =0 (14.4)

Note that the second equation in (14.4) follows from the definition of a primary operator.
Now applying J; ' to both sides of (14.1) we get,

20¢1(2,2)$2(0) = 3 §CppP 1P 10,5(0) = S CppaP 2P [J;l,opﬁ(O)} (14.5)

pp pp

Comparing powers of zPzP on both sides we get the following recursion relation,
Cop [ J71,0pp(0)| = (0 + 1)Cp15110p1,541(0) (14.6)

In general equation (14.6) is a system of equations because O, is a sum of descendants.
In this paper we will not try to give a general proof that no poles in z arise, but merely
satisfy ourselves by studying a concrete example.
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So consider ¢1 and ¢2 to be outgoing gravitons with ¢; being of positive helicity. In
this case we can write,

®1 (Za 2)9252(0) = 50123P,17,1¢)3(0) 4
+ Co,0P-2003(0) + -+ (14.7)
+201,401,4(0) 4+

We want to show that C7 _; = 0. Now one can easily check that the only candidate
for O1,-1(0) is

01,-1(0) = JL, P_5 0¢5(0) (14.8)
We can now use (14.6) with p =1 and p = —1 and get,
C17_1 [Jl_l,OL_l(O)} =0 (14.9)

So C1—1 =0if [Jl_l, 01,_1(0)} # 0. Now using the commutation relations we get,

[Jl_l, 01,_1(0)} = —2(A3 — 2)P_2,0¢3(0) 7& 0= 017_1 =0 (14.10)

Therefore the unwanted term in the OPE with a pole in Z is ruled out by the local
symmetry algebra. It is very likely that this method of proof can be generalised to arbitrary
order but we leave that to future work. An all order proof will also imply that the sum
over p is bounded from below.

With a more refined understanding of the representation theory of this infinite dimen-
sional symmetry algebra one should be able to derive this result from wunitarity, which is
not at all clear at present.

14.1 More examples

In the above example the operator multiplying z/z was a descendant. But now let us con-
sider cases where the operator multiplying z/Z is a primary. So consider the following OPEs

_ z
G4, (:)G3,(0) ~ 201G, 4, (0) (14.11)

and ;
Gzl(z)GZ2 (0) ~ ECQG£1+A2(O> (14.12)

According to equation (2.3), in the MHV sector of the Celestial CFT we should have
Ci = Cy = 0. It is simple to see by again applying J; ! to both sides of the OPE that
C1 = Cy = 0. For example, applying this to (14.11) we get,

2
— 155G aa, =0+ (14.13)
where we have used (14.4) and the fact that in the OPE (14.11) double or higher order
poles in z do not appear. So we have C; = 0 and similarly Cy = 0.

So we can see that any term with a pole in Z cannot appear in the OPE if it is to
be invariant under the SL(2,C) current algebra. This is what we expect if we extract the
OPE from the MHV amplitudes. This is consistent with the fact that the MHV sector
of the Celestial CFT can be abstractly defined by declaring SL(2,C) current algebra and
supertranslations as the underlying symmetry.
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15 Leading OPE coefficients from differential equations

15.1 Two outgoing (incoming) gravitons

In this section we want to determine the leading OPE coefficients starting from the dif-
ferential equations for the MHV amplitudes. We start with two outgoing gravitons one
of which is positive helicity, denoted by G£(z,z), and the other one is GA (21,21). The
general OPE can be written as,

GA(2,2)GR (21, 71) = Cpg(A, Ay, 01)(2 — 21)P (2 — 21)1GR, (21, 21)

a(m,n) , (15.1)
+ Z Z Z — 21 Z - 51)"021”0;1”(7:1, 51)

mmn =1

where C's are the OPE coefficients. The index ¢ distinguishes between different descendants
of GX and a(m,n) is the number of descendants which is a function of m and n. Here we
have kept only the contribution of the primary GZQQ to the OPE.

According to the discussion in the last section p should be the smallest power of
(z — z1) occurring in the OPE (15.1) because the generators, which create descendants, all
have positive holomorphic scaling dimension. Now there are an infinite number of terms
n (15.1) with coefficients of the form (2 — 21)P(z — z1)" but, since G, (21, 21) is a primary
operator, r starts from ¢. In other words, ¢ is the smallest power of (Z— z1) occurring in the
sum (z —z1)P >, Z?Lpl’r)(i —21)"C},.Opr(21,71). Note that ¢ is not necessarily the smallest
power of (z — z1) occurring in the OPE (15.1). Let us now write down the differential
equations explicitly.

We have two differential equations

(/3—173—1,—1 +27%P 1 1~ (A+1)Pg 1 — 2—173—2,0)

15.2
><<GX( GA (=21,21) HG (2, Zi > =0 (15.2)
i#£1 MHV
and
(J_1177—1,—1 — (A - 1)73—2,0) <GX( (z1,21) [ GX (21, 2 > =0 (15.3)
i#1 MHV
where the differential operators are given by,
70 = i+ (21 — 2)04 _ Z hi + (z; — 2)0; (15.4)
21 — % i1 2y — %
1

Po_ 1= — 261771 - Z e ZEiPz' (15.5)

1#1

 Bm-i . —E—E

P_op = —aP Z P (15.6)

i#1

2h1(Z1 — 2) + (z1 — 2)°0 2hi(z; — 2) + (z; — 2)°0
7 1(z1—2) + (21 — 2) Loy ( )A ( ) (15.7)
21— 2 ot Z— 2
0 - 0
] = — -1 = == 1 .

£ =g L= (158)
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Here € = &1 for an outgoing (incoming) particle and P;G¥" (2,2) = 6;GX | (%, 2).
Let us start with the second differential equation (15.3). We can write this equation as,

T4( G526, (1,20 [T 65, (202 )
i#1 MHV
(15.9)

— (&= )P-20{ 61 2)GF, (21,20 [T 65 (205
i#1 MHV

where we have used the fact that G£(z, z) is outgoing and so P_; _1G£ (2, 2) = GZH(,Z, zZ).

Now we take the holomorphic OPE limit z — z; and in this limit we can keep only the
singular terms in the differential operators (15.6) and (15.7). We also have to substitute
the OPE (15.1) inside the correlator. We can keep only the leading term of the OPE. Now
by matching the coefficients of (2 — 21)P~1(z — z1)9™! on both sides of (15.9), we get the
following recursion relation,

(A — 1)Cpq(A, A+ 1, 0’1) = (Al — 01+ q)Cpq(A +1,Aq, 01) (1510)
We can follow identical procedure for the other equation (15.2) and obtain the equation,
(A - q)Cpq(A, Ay +1, 0'1) = (Al — 01+ 2q +p)C'pq(A +1,Aq, 0'1) (1511)

The equations (15.10) and (15.11) have non-trivial solutions iff,

A-1  Aj—o1+gq

— 15.12
A—q Ai—o1+2¢+p ( )

Now note that the null-states exist for arbitrary values of dimension A and we can
vary A and A; independently. So the only nontrivial solution of (15.12) can be,

¢g=1, p=—qg=-1 (15.13)

Therefore, the leading term in the OPE must have the structure,

zZ—2 _
G%2 (2, 15.14
P ~, (21, 21) (15.14)

GZ(Z, E)GoA-ll (Zl, 21) ~ C,Ll(A, Al, 0'1)

This also immediately tells us that,

Ay =A+A, o09=01 (15.15)
So finally we have,
o B Z—Z _
GZ(Z, Z)GAll (Zl, 21) ~ C—I,I(A7 AI?UI)Z—izl Al-l—Al (2’1, 2’1) (15.16)

which is the expected answer [3]. This in particular means that the bulk theory which is
dual to the MHV sector of the Celestial CFT must be a two derivative theory of gravity [3].
This is a consistency check. Let us now find out the OPE coefficient.
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From (15.10) or (15.11) we get,
(A=1)Cq1(A A1+ 1,01) =(A1—o1 +1)C1 1 (A+1,Aq,01) (15.17)
We also have the following recursion from global time translation invariance,
Co11(A A 01) = Coa(A+1,A1,01) + Co11(A A + 1, 01) (15.18)

Combining (15.17) and (15.18) we get

A—-1
C-Ll(A + 17 Al,O'l) = mc_Ll(A, Al, Ul) (1519)
and A 1
Ay —o0
0_171(A, A1+ 1,0’1) = 7A T A — o 0_171(A,A1,0'1) (15.20)

The solution to the recursion relations (15.19) and (15.20) are given by [3],
Co11(A, Ay, 01) =aB(A—1,A1 —01 +1) (15.21)

where B(z,y) is the Euler Beta function and « is a constant. Now matching with the
leading conformal soft limit A — 1 we get &« = —1. So the leading term of the OPE comes
out to be,

o _ Z= 21 g _
GX(Z,Z)GAll(Zl,Zl) ~—B(A—-1,A1 —01 + 1)2_721GA1+A1(21,21) (15.22)

This is precisely the answer obtained in [3]. Now we can start with two incoming
gravitons. The differential equations (15.2) and (15.3) do not change because they are
determined by symmetry algebra. The only thing that changes is that now we have

P1 1GL(2,2) = G4, (%,2) (15.23)

instead of P_1 _1G{(2,2) = G5 4(2,%). This, together with the fact that GR (z1,21) is
also incoming, lead to identical recursion relations. So for two incoming gravitons also we
get the same leading OPE (15.22).

15.2 OQOutgoing-incoming OPE

In this section, to distinguish between incoming and outgoing graviton primaries, we denote
them by G\(z, z) where € = %1 for an outgoing (incoming) particle.

Let us consider GX (2, 2) to be outgoing and G (21, 71) to be incoming. In this case
two different primaries can appear on the r.h.s. of the OPE [3],

GZ’E(Z, E)Gzll’_e(zl, Z1) ~ C’;q(A, Ay, 01)(z —21)P (2 — El)qGUAQ;(zl, Z1) (15.24)
and

Gz’e(z, E)G‘El’_€(zl, z1) ~ Cpf (A Ay, 01) (2 — 21)P(2 — El)qG‘XQ’_e(zl, Z1) (15.25)
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where € = 1 because we are taking Gi(z, Z) to be outgoing. Proceeding in the same way
as in the case of two outgoing gravitons we get the following recursion relations from the
differential equations (15.2) and (15.3),

(A1 =01 +p+29)Co (A +1,A1,01) + (A — q)Cof (A, Ay + 1,01) = 0 (15.26)
(A1 =01+ q)CE (A +1,A1,01) + (A = DCE(A, A1 +1,01) =0 (15.27)

Now (15.26) and (15.27) together imply that,
g=1, p=-1 = o9=01, Ao=A+1 (15.28)
So we can write a single recursion relation as follows,
(A1 — 01+ 1)CE(A+1,A1,01) + (A = 1)CE (A, A1+ 1,01) =0 (15.29)
Now the recursion relation following from global time translation invariance is given by,
CE(A+1,A1,01) — CE (A, A1+ 1,01) = £C5.(A, Ay, 01) (15.30)

Then (15.29) and (15.30) can be combined to give,

A—-1

and A )
€ —o1+ €
Ci,l(A, Ay +1,00) = q:AlTll—glCiEl’l(A’ Aq,01) (15.32)

For concreteness let us start with o1 = 2. In this case the relations (15.31) and (15.32)
give,
(A + A7 — 2)051’1(A, Al+1,01 = 2) = —(Al — I)Cil,l(A7 Aq,01 = 2) (1534)

and

(A+A;-2)C

1A+, A0 =2)=—(A— 1)0:51(A, Ay,01=2) (15.35)
(A+A—-2)CF

(A AL+ 101 =2) = (A —1)C (A, A 01 = 2) (15.36)

)

)

The solutions of these recursion relations are given by,

Cii1(A AL 01 =2)=aB(A1 - 1,3 - A - Ay) (15.37)
CZi1(A A, 01 =2) =BB(A - 1,3 - A - Ay) (15.38)
where « and 3 are constants to be determined. So we can write,
zZ—21

GZ’e(Z, E)GX’I_E(Zl, 21) ~ OzB(Al — 1, 3—A— Al)iGZiAl (2’1, 51) (1539)

zZ—2
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and

GX’E(Z,E)GX’;E(ZD 51) ~ 53( — 1 3—A— Al) e GX’_;E (21,2’1) (1540)

where € = 1. The constants a and 8 can be obtained by taking the leading conformal soft
limit. To determine o we can make Gz’;e(zl, z1) conformally soft by taking A; — 1. This
gives &« = 1. Similarly to determine 5 we can make Gz’e(z, Z) conformally soft by taking
A — 1 and this gives § = 1. So the final answer becomes,

Gz’e(z,Z)Gz’;e(zl,Zl) B(A; —1,3—A— Al) —, GX;A (21,71) (15.41)
and

GN(2.2)GN (21,51) ~B(A - 1,3 - A - Al) Gz A, (21, 71) (15.42)

zZ— 21

These answers also match with those obtained in [3].
In a similar way we can find out the OPE coefficients C;EqE(A, Ay,01 = —2) starting
from the recursion relations (15.31) and (15.32).

16 Subleading OPE coefficients from symmetry

Having determined the leading celestial OPE coefficients, we now turn to the subleading
OPE coefficients. These can be obtained by solving recursion relations that follow from
demanding the invariance of the OPE under the extended symmetry algebra. We will
illustrate this here by considering the O(2°z°) and O(z) terms in the OPE for outgoing
gravitons. The OPE coefficients at other subleading orders as well as the case of incoming-
outgoing gravitons can be worked out in the same fashion.

16.1 Recursion relation for O(z°z°) term

We have seen that in both the (++) and (+—) OPEs the leading term is
G (2, )GE,(0,0) ~ gcip_l,_lc:i:% (0,0, As—=A+Ay—1 (16.1)
where C1 are given by (15.22)
Cy=-B(A —1,Ay—1), C_=—-B(A;—1,As+3) (16.2)
Now at O(z"z") there are only two possible descendants
P_50G3,(0), JL Py 2GR, (0) (16.3)

Due to the null state decoupling relation (12.9) these two states are not independent
and we can keep only P_Q,OGXS(O). This allows us to write the OPE as,

_ z
G}, (2,2)G3,(0,0) = ;CiP_L_lGig(o, 0) + C4LP_20G%,(0,0) + - -- (16.4)
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To determine C’, we apply the generator J; ! to both sides of (16.4). We have to use
the relations,

T (2. 2)| = 200,5.(2,2) = [T, @,1(0)] = 0 (16.5)
and
(I Poog| = —Po1 (16.6)

where ¢, ;,(z,2) is a primary. Note that the second condition in (16.5) is essentially the
definition of a primary operator as stated earlier. Now using these relations and equating
the coefficient of the O(2°z") term on both sides we get,

Cl,=-Cy (16.7)

This precisely matches with the coefficient of the P_270Gi3 (0) term obtained from the
MHYV amplitudes. See for example (11.1). Therefore (16.4) becomes

_ z
G}, (2,2)G%,(0,0) = ;cip,l,,lc:ig(o,o) —CiP 350G, (0,0) 4+, Ag=A;+Ay—1
(16.8)
where C'1 are given by (16.2).
16.2 Recursion relations for O(Zz) terms in (+,+) OPE

Let us consider two outgoing graviton primary operators GL (z,z) and GXQ (0,0). At O(2)
the operators that can appear in their celestial OPE are

JO Py 1GL, P 1Gf, L_1P1_1GL, L_1P2oGL, L_1J' P_1_1G} (16.9)

where A = Aj+Ay—1 = 14iA;+iXg. But using the decoupling relations (12.9) and (12.18)
we can eliminate the descendants L_1P_17_1GX and L_; JllP_L_lGZ from the above list.
Then the general form of the OPE at O(Z) can be written as

G, (21,21)GA,(0,0)

_ (16.10)
Dz B(i)\l, i)\g) [al J91P_17_1 + ao P_27_1 + as L_1P_2,o} GZ(O, 0)

Using the result from the previous section that the leading OPE coefficient is given by
the Euler Beta function, we have chosen to include in (16.10) an overall factor of B(iA1,i)2).

Now let us impose that both sides of (16.10) transform in the same way under the action
of the extended symmetry algebra generators. In particular let us first take the commutator
of both sides w.r.t. JY. Using the following commutation relation for primary operators

[J, G (2, 2)] = 2(20: + h)GX(2,2), o= =+2 (16.11)

we get
[J7,GX, (21, 21)G%,(0,0)] = 2(20z + )G (2,2)G4_(0,0) (16.12)

Now to match with the order on the r.h.s. of (16.10) we insert the leading OPE in the
above. This gives,

[0, GX, (21, 21)GE,(0,0)] D —Z B(iA1,iX2) (El + 1) P_1,_1G£(0,0) (16.13)
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Then using the commutation relations for the generators of the extended symmetry
algebra given in section 8, we get from the r.h.s. of (16.10)

[JY,GX, (21, 21)GA, (22, 22)]

o (16.14)

Dz B(i)\l,’i)\g) <2 — ag) Pfl’flGZ(O, 0)
In obtaining the above we have also used the fact that P_; ¢G4 (0,0) = Py, —1GX(0,0) =
0. Then comparing (16.13) and (16.14) we get the following equation

g — 2a3 = —(2hy +2) (16.15)

Next let us consider the commutator of both sides of the OPE (16.10) with L;. This
will generate the operator J!;P_; _1G£(0,0) on the r.h.s. We can use the decoupling
relation to write it then in terms of P_3(GA(0,0). Then following the same procedure as
before we find

(2h 4 1)y + ag + (2h — 1)az = 2hy (16.16)

Similarly demanding that both sides of the OPE transform in the same fashion under
the action of L; we get

(2h + 1)ay + 4ag = —2(2hy — 1) (16.17)
Simultaneously solving the above set of equations (16.15), (16.16), (16.17), we get
2i\
631 TNy Q2 (I+iA1), a3 ( )

These coefficients match precisely with the ones obtained from the OPE decomposition
of the 6-point Mellin amplitude in section 10.3.

16.3 Recursion relations for O(z) terms in (4, —) OPE
Now let us deal with the mixed helicity OPE. In this case the general form of the OPE
between graviton primaries Gzl(z, z) and G, (0,0) can be written as
G, (21,71)GR,(0,0) (16.19)
Dz B(iA1,iA2 + 4) [51 JUP 1+ By P14+ B3 L1P1_1+ B4 E—1P—2,0} G'A(0,0)
Here also we have used the decoupling relation (12.9) to eliminate the operator
E,lJllp,L,ng which would otherwise be allowed simply on grounds of dimensional
analysis. But unlike the previous case the null state relation (12.18) does not exist for a
graviton primary with spin ¢ = —2. Thus we have to keep all 4 operators in the above OPE.
Now we can obtain recursion relations for the OPE coefficients in (16.19) by following
exactly the same procedure as in the case of the (+,+) OPE. The commutator with J{ in

this case leads to
Ba + (4 +iA + i)\g)ﬂg — 284 = —(1 + i)\l) (16.20)

Then invariance of the OPE under the action of L; requires

(44 iX1 +iX2)B1 + B2+ (2+ 1A +iX2) s = iXy — 1 (16.21)
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Under the action of L; both sides of the OPE (16.19) transform identically iff
(4+ A1 +iX2)P1 + 452 + (i)q + i)\g),@g = —2(2 +iA1) (16.22)

Now to be able to determine all the 4 coefficients in (16.19) we need another equation.
For this let us take the commutator of (16.19) with Py_;. In this case both sides of the
OPE transform in the same manner provided the following equation holds

2iM\
— 23 = ——7— 16.2
B1+ 203 i d (16.23)
Solving the above set of equations (16.20), (16.21) and (16.22) we get
241 .
_ (14 —0 —0 16.24
A1 e Bo=—(1+i\), B3=0, B (16.24)

We have checked that these coefficients also precisely match with the corresponding
results from the Mellin amplitude. This calculation can be done in exactly the same fashion
as performed for the (4, +) OPE in section 10.5.
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A Details of some calculations

A.1 Brief review of celestial or Mellin amplitudes for massless particles

The Celestial or Mellin amplitude for massless particles in four dimensions is defined as
the Mellin transformation of the S-matrix element, given by [26, 27]

M, ({zi, Ziy his hi}) = H/o dw; WS, ({wi, 2, Zi, 04 )) (A.1)
i1

where o; denotes the helicity of the i-th particle and the on-shell momenta are parametrized
as,
i :wi(l +ziéi,zi+ii,—i(zi —22'),1 —Zi§i>, p? =0 (A?)

The scaling dimensions (h;, h;) are defined as,

_ A% B, = 20 (A.3)

h;
2
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The Lorentz group SL(2, C) acts on the celestial sphere as the group of global conformal
transformations and the Mellin amplitude M,, transforms as,

1 (azl—i—b azﬁ-b

2 z»huh = =7 — hz,h A4

This is the familiar transformation law for the correlation function of primary operators
of weight (h;, h;) in a 2-D CFT under the global conformal group SL(2, C).

In Einstein gravity, the Mellin amplitude as defined in (A.1) usually diverges. This
divergence can be regulated by defining a modified Mellin amplitude as [30, 32],

({uuzzvzuhuh} H/ dwz i ZZ EZWiuiSn({wiazhziaai}) <A5)

where u can be thought of as a time coordinate and ¢; = +1 for an outgoing (incoming)
particle. Under (Lorentz) conformal tranansformation the modified Mellin amplitude M,,
transforms as,

- L 1 1 U; azi+b az+b
n({Wwis 2i, Zis his hi}) = : == Jhiyh
Ma (s 203 hid) = T oo ame o Mo <‘czz+d|2 it )
(A.6)

Under global space-time translation, v — u + A + Bz + Bz + CzZz, the modified
amplitude is invariant, i.e,

My, ({u; + A+ Bz + Bz + C2i%;, i, Ziy hiy hi}) = My, ({ui, 21, Ziy hiy hi}) (A.7)

Now in order to make manifest the conformal nature of the dual theory living on the
celestial sphere it is useful to write the (modified) Mellin amplitude as a correlation function
of conformal primary operators. So let us define a generic conformal primary operator as,

¢y 5.(2,2) = /Ooo dw w? la(ew, 2, 2, 0) (A.8)

where € = £1 for an annihilation (creation) operator of a massless particle of helicity o.
Under (Lorentz) conformal transformation the conformal primary transforms like a primary
operator of scaling dimension (h, h)

_ 1 1 az+b az+b
e ’ — € A9
¢h’h(z ) (cz 4+ d)? (¢z + d)2h "0 (cz +d’ ez + d) (4.9)
Similarly in the presence of the time coordinate u we have,
¢y, (U, 2,2) = / dw wAfle*ie“’“a(ew,z,E, o) (A.10)
’ 0
Under (Lorentz) conformal transformations
, _ 1 1 ( u az+b az+ 6)
€ = — ¢S - - A1l
qﬁhﬁ(u,z,z) (cz + d)?h (¢z + d)?h b\ ez +d|?2 cz+d’ éz+d ( )
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In terms of (A.8), the Mellin amplitude can be written as the correlation function of
conformal primary operators

M, = <H & L (e zi)> (A.12)
i=1
Similarly using (A.10), the modified Mellin amplitude can be written as,
M, = <H 8 (i zi)> (A.13)
i=1

A.1.1 Comments on notation in the paper

Note that conformal primaries carry an extra index e which distinguishes between an
incoming and an outgoing particle. In the paper, for notational simplicity, we omit this
additional index unless this plays an important role. So in most places we simply write the
(modified) Mellin amplitude as,

M, = <]f[1 O . (20 z,-)> (A.14)

or

M, = <f[1 ¢hi,hi(uiazi75i)> (A.15)

Similarly in many places in the paper we denote a graviton primary of weight A = h+h
by GX where o = %2 is the helicity (= h — B). Since we are considering pure gravity, we
can further simplify the notation to Gi by omitting the 2.

A.2 Subleading conformal soft limit
Let us consider a correlation function of the form
n
(GL(u,z,2) H O, 1y (Wis Ziy Zi)) (A.16)
i=1

where Gz is a positive helicity graviton primary with weight A and ¢, ;. is a generic
conformal primary with weight (h;, ;). Now let us consider the subleading conformal soft
limit given by,

EI_I}OA<GX<“7 2,%) H O, 7y (Uis Ziy %)) = (5] (u, 2, 2) H G, i, (Wi Zi Zi)) (A.17)
i=1 i=1

where 5’? (u, z, z) is the subleading conformally soft graviton operator which, in the pres-
ence of the time coordinate u, is different from the subleading energetically soft graviton
operator Si (2, %), defined as [11, 25],

w—0 w

S (z,2) = lim (1 + wdd) Gt (w,z2,2) (A.18)
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Here G (w, z, 2) is the (creation) annihilation operator for a positive helicity graviton.
Now we want to compute the r.h.s. of (A.17) and along the way we will also obtain an
expression for S’fr (u, 2z, z) in terms of leading and subleading energetically soft gravitons.

In order to do this, we start from the definition of the modified Mellin amplitude in
terms of the S-matrix element [30, 32],

n
<GJAr(uv 2, 2) H ¢hi,ﬁi (ui’ Zis Zl)>
=1 (A.19)
= / dww®~Temwn / H dwz e Wit 1 (w, 2, 2,0 = +2;{w;, i, Zi, 07 })
Here € = %1 for an outgoing (incoming) particle and we have assumed that the graviton

G’X is outgoing. Now to take the subleading conformal soft limit given in (A.17) we use
the following identity [49],

a®720(a) ~ Aé(f)l — 6’(Aa) ;iﬁfi +... (A.20)

where ~ means that only pole terms in A are shown on the r.h.s. of (A.20). Now,

S8 .
iimOA dwwAfleﬂ““Sn_H (w, 2, 2,0 = +2;{wi, 2, Zi, 03 })
- 0

= ilmoA dw O(w )wA_ze_i‘“”anH (w, z,2z,0 = +2;{wi, zi, Zi, 0i }) (A.21)
— _

/ dw &' (w e WS, 1 (w,z,2,0 = +2;{wi, 2, Zi, 0: })

Because of the delta function the integrand in (A.21) is supported near w = 0 and so
we can do a soft expansion of the S-matrix element in w,

S
Snt1 (%37570 =+2; {wi,ziaiz’,fﬂ;}) = (cf + 51 +wsg + .. ) Sn ({wivziaziao—i}) (A-22)

where sg and s; are the leading and subleading soft factors, respectively. Now substituting
this (A.21) and doing integration by parts we get,

o
li A d A—1_ —iwu = = 49 NPV~ .
A11}1(10 ; ww e i1 (W, 2,2, 0 = +2;{wi, 2, Zi, 05 }) (4.23)

= —iusoSn ({wi, 2i, Zi, 0i}) + 8150 ({wi, 2i, Zi, 0i})
Therefore we can write (A.17) as
(Sf(u,z,2 H(bh n, Uiy 2i, Zi)) = hm A<G (u,2,2) H¢hi,}_’zi(ui7zi"§i)>

i=1

— —iu / Hdwz pilemawitisg S, ({wi, 21, 51, 01})
(A.24)

+A Hdwl A~ EzwﬂlelS ({UJZ',ZZ‘,Zi,O'i})

= _iu<SS_(Z7 2) H (bhi,ﬁi(uiv 2 2Z)> + <Sf(z, 5) H ¢hi,ﬁi (uiv Zis 21)>
=1

=1
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where S (z,%) and S7f (2, z) are the leading and subleading (energentically) soft graviton
operators. From (A.24) we can write,

Eino AGK (u, 2,2) = ST (u, 2, 2) = —iuSF (2,2) + 57 (2, 2) (A.25)
We can see that in the presence of the time coordinate u, the subleading conformally
soft graviton operator S'fr (u, z,z) does not coincide with the energetically soft graviton
operator Sfr (z,Z). The additional piece proportional to the leading soft operator S{f (2,2)
can be projected out, say by setting u = 0, but this turns out to be inconvenient because
this breaks manifest time translation invariance. So in the presence of the time coordinate
it is natural to work with the conformally soft subleading operator S; (u, z, 2).
Now one can check that [5, 31, 54],

B n B n 2 _ 2 ) a n B
(8¢ (2,2) H O,y (Uis 2is Zi)) = — <Z o zzlauk> <H Op, iy (Wi 2y Z0)) (A.26)
i=1 k=1 i=1
and
e " (z—z)% | 2 - L _
CHER | N AT RANED Y ( - k) [ - 34 (11 on,.5, (wis 21, 7)) (A.27)
i=1 =1 T Fk |FT %k i=1
where 3

i=1 k=1 < T Fk [FT %k i=1
(A.29)
where A . 5
7 _Bg—op 1 oy 9
hy = 5 + 5 (ug, — u) D (A.30)

This is precisely the result quoted in (4.12).

A.3 Delta function representation for n = 6 particles

In this appendix we derive the representation of the delta function, used in section 10.5,
which imposes overall energy-momentum conservation for n = 6 massless particles. Sup-
pose we want to take the celestial OPE between the primary operators corresponding to
gravitons labelled by (5,6) in the S-matrix. Then it is convenient to parametrise their
energies ws, Wwg as

ws =wpt, ws=wp(l —e€5€64t) (A.31)

where €5, €g = +1 for outgoing (incoming) particles. Now for n = 6 particles, the constraints
of energy-momentum conservation in 4-dimensions yield 4 equations for the 6 energy vari-
ables. Thus we can solve for 4 of the energy variables w;,i € (1,2,3,4) in terms of ws,wg
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or equivalently wy, and ¢ after using (A.31). A convenient way of doing this is to use the
spinor helicity variables in terms of which overall energy-momentum conservation implies

6
> {qi)]ik] =0 (A.32)
i=1
where ¢, k denote reference spinors. The spinor helicity brackets can be written as
(i) = —2€i€5/0iwj zij, 1] = 2y/wi; 2 (A.33)
where we have used the following parametrisation of null momenta
P =ewg'(z,2), ¢ (z,2)=04z2z,2+2z,—i(z — 2),1 — 22) (A.34)
Now let us choose ¢ = 3,k =4 in (A.32) . Then we get
€1W1213214 + €2W2223724 = —€6Wp (236246 — €5€6L (236256 + 256246 — 256256)) (A.35)
Similarly for ¢ = 4,k = 3 we get from (A.32)
€1W1214213 + €2wa224%03 = —€WP (246736 — €566t (256236 + 246256 — 256256)) (A.36)

Now we can simultaneously solve the above equations (A.35) and (A.36) and obtain
w1,we in terms of wp,t and the z;;, z;;’s. Implementing this procedure for other choices of
the reference spinors, we can easily solve for ws and wy as well. Finally we get

w;‘ = €;€gwWp [0’2‘71 + €566t (256 0i2 + Z56 04,3 + 256256 0'1‘74)] , 1€1,2,3,4. (A.37)
where
2362 r —-r
it = 36236 (123,46 _23,46) (A.38)
213213 (r12,34 — T12,34)
2142142362 r -r
gy — 14714736786 (r13,46 _13,46) (A.39)
213213224724 (712,34 — T12,34)
2142142262 r —-r
031 = 14714226226 (r12,46 _12,46) (A.40)
213213224724 (112,34 — T12,34)
o1 = _226fi26 (12,36 — 7:12,36) (A.41)
294724 (T12,34 — T12,34)
and
0o 0oy 0?01

052 = 826 s 0;3 = 626 5 0i4 = 826826’ Vi = 1, 2, 3,4 (A42)
In the above expressions, r;j ki, Tijk denote holomorphic and antiholomorphic cross

ratios and are given by o

ZijZkl7 f‘j _ »iijzikl (A.43)

ZikZjl Zik 25l

%],

Tijkl =

Using the above results, the delta function for n = 6 particles can now be expressed as

6 . 4

= 4 (r12,34 — T2,34)213213224224
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where w} are defined in (A.37). The prefactor in (A.44) is simply the Jacobian for the
change of variables that we have performed here. Now it is easy to verify that (A.44) is
equivalent to the representation of the delta function given in [45] on the locus of energy-
momentum conservation. However, the form that we have presented here is better suited
for our purposes of performing the OPE decomposition of the Mellin amplitude in the (5, 6)
channel. Representations which are convenient for doing the OPE in other channels can
be easily worked out from (A.44) by appropriate change of labels.

Let us also note the following identities which are useful for simplifying intermediate
stages in computations that lead to some of the results obtained in section 10.5.

4
Z oi1+1=0 (A.45)
3
> zigoin =0 (A.46)
4
Z 21'6 051 = 0 (A47)
i=1
4
Z Zi6Zi6 03,1 = 0 (A.48)

Before ending this section let us also note that the limit ¢ — 0 in (A.37) and (A.44),
yields a representation of the delta function that imposes energy-momentum conservation
for n = 5 particles. Changing labels as €5 — €5,wp — w5, 26 — 25, 26 — 25 we then have

1 4
54 cw : O (w; — Wy A.49
(Z Wi > 4 (r12,34 — T12,34) 213213224 224 Z:r[l (i =) ( )
where
w; = €esws 051, ©€1,2,3,4. (A.50)

Here the ;1 are identical to (A.38)—(A.41), upto the change of labels zg — 25, 26 — 5.

A.4 Delta function representation for n(> 5) particles

In this section we note down the representation of the delta function that imposes overall
energy-momentum conservation for n > 5 massless particles which was obtained in [45].
This will turn out to be useful for the analysis in subsection A.7.

Let us define the cross-ratio ¢, as

t), = A2Z3k (A.51)
21322k

Then, following [45], the momentum-conserving delta function, for n > 5, can be

written as
n . _ 4
4) gt 3 :3(1*754)(1_*754) (s — o
(; €;W;q (257,7 Zl)) 4 th— 14 214714293723 Zq Wj W jZ:]‘—[l (wz wz)
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where

(1 —t4)(1 — t4) 1

~.

J =- = — — A .53
4 ty — 14 214214223223 ( )
n
wi =Y fijwj, i=1,2,3,4,  j=56,...,n (A.54)
j=5
and
zoa |2 (1= ta)(1 — &) tj — 1t |2
=1t _ — — €€t | A.55
flj 4| 219 ty — 14 €1€5 (1 _ tj)(l tj) €165 219 ( )
1—tq] 234 > (1 — tg)(1 — Ty) €1€; tj —t; e1€; 1 —t;] 235 2
foj = — == _ = o (A.56)
ty |z23 ty — 1ty ere2 (1 —t;)(1—t;)  eea tj 223
Z94 (1 — t4)(1 — 7?4) 616j tj — t_j 616j Zgj 2
=(1-—t — — — 1—t;)|— A.5T
fsj ( ) 2923 t4 — t4 €1€3 (1 — tj)(l — tj) 6163( ]) 2923 ( )
1—t)(1 —ty) erej  tj—1; |2
fuy = CA-t)A—t)eae G-t |2y (A.58)
ta—ts  eea (1—t;)(1—t;)|214

A.5 Descendant correlation functions

Here we note down the action of some of the extended symmetry algebra generators on
the 5-point Mellin amplitude that we have used in section 10.5 of this paper. The 5-point
Mellin amplitude was evaluated in section 10.4 and is given by

Ms = (G5, ()G, (2G4 <3>Gz4<4>c+<6>>

4 2 8
S—H)\ z/\k 1 @ 212
1;[ 1;[ 9% 1 kl_[g K. 1 ll_ll (a0t 1) 212713714°16223224226234236%46
I'(3 +iA) (A.59)

X (iU )3+ik

where GX (i) = GX (ui, 2i, Zi), si = £2; 0 € (1,2,3,4), A =1+1iX5 +idg and A = SO
The 0;1’s are defined in equations (A.38) to (A.41). We have also taken here G (6) to
correspond to an outgoing graviton.

A-5o1 P_n7_1M5

First let us consider the following correlation function involving the insertion of the de-

scendant P—n,—1GZ71(6) with n > 2

Pp 1 Ms = <G;1<1)G‘ <2>G+ LB)GE, ()P 1GL_,)(6))

:_Z nl’L

k=1 “k6

(A.60)

5
6uk

Using the expression of the 5-point function in (A.59), the above correlator becomes

4
P My =—3 ZEL D My (A.61)
k=1 Zk6
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A5.2 P_,oMs

Now let us consider the 5-point correlation function with the insertion of P—n,OGz_1(6) for
n > 2. This is given by

PonoMs = (Gx, ()G}, 2)GE, B)GE, () (P-20G_,)(6))

4 4 A.62)
Zre . O z (
= k61 17M5 = — Z 1161 Ok,1 7371771./\/(5

n n

k=1 k6 k=1 “k6
A.5.3 L',_l’P_l,_lMs

The action of £L_1P_1,_1 on the 5-point Mellin amplitude is given by the following corre-

lation function

L AP 1Ms= <G;1(1)G;2(2)GZS (3)G%, (4)(L_1P_1,_1Gz71)(6)>

(A.63)
= 826 (i6U6M5)
Then using the explicit form of M5 and also (A.42) we get
L 4P-1, 1 Ms
. . . ) 4+1A
3 T2 4 (34000) 22 4 (idg— 1) T2 4 (i1, — 1) T4z _ (A4 UQ] P11 M;
01,1 02,1 03,1 04,1 U
11
+Z; P-1,-1Ms (A.64)
=176

We refer the reader to (10.17) for the definition of ¢; and Us. Now it is important to
note that in deriving the above result we have not applied the zg-derivative to the theta
function in (A.59). This is because doing so yields contact terms and here will be only
considering correlation functions where all operator insertions shall be kept at separated
points. Also note that the term inside the square brackets in the above has been denoted
by 71,0 in section 10.5. We will also use this convenient notation in relevant expressions
throughout the rest of this section of the appendix.

A54 L 4P _1Ms

Here the correlation function of interest is given by
LoPoo aMs = (G5, (1)G3,(2)GE, (B)GK, (L1 P s 1GL,)(6)  (A65)

Using (A.61) for n = 2 and the Ward identity for global z-translations in the above
we obtain the following result

4 4
i 1
L 4P_og _1Ms=P_3 _1Ms5— Z 0"72 P_1,-1 M5+ Z P P_o _1Ms+11ogP_o_1Ms5
(A.66)

i=1 <6 i=1 <16
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A5.5 L_1P_30Ms

Now let us evaluate the action of £_1P_5 on the 5-point Mellin amplitude. This is given
by the following correlation function

LoPosaMs = (G4, ()G, (GE, B)GE, (L1 PooCh_)6)) (A6
Applying (A.62) for n = 2 in the above we get
4 _
Zq
L_1P_30Ms =T1 gP-20Ms5+P_3oMs5—> ;2 gi2 P-1 —1M5+Z *6 P_20Ms5 (A.68)
i=1"" =1 Zi

Then let us take note of the following identity

4 4
SETE T ENES o 28 (69)

=1 1126

This identity can be easily proved using the set of relations given in (A.45) to (A.48).
Using this we can write (A.68) as

L 1P _20Ms5 =11 0P_20Ms5+2P_39M;5 (A.70)
A.5.6 E,_l'P_L_lMs
Next we want to consider the following descendant correlation function

LaPo1 M = (G, (1)G3,()GE, B)GE, (L1 P, 1GL_,)(6))

(A.71)
= 03z, (10us M)
Again using the expression of M3 given in (A.59) it can be easily shown that
/3_177_17_1./\/15 (A.72)
‘ 44iA
— | B3+ir) 22 4 (34 Az)—+( M= 1) 23 4 (y, —1yZas _ (AFIA) u;;] P11 Ms
01,1 03,1 04,1 U

Note that the term inside the square brackets above has been assigned the notation
Zp,1 in section 10.5. We will employ this notation here as well in some of the expressions
to be considered next.

A.5.7 i_l'P_z,oMs,
The action E_,lp,z,o on the 5-point Mellin amplitude is given by the correlator
LoiPoaphs = (G5, ()03, ()0F, (36K, (4) (L1 P2oGh_)(6)) (A.73)
Using (A.62) in the above we get

4
_ Zi
L_1P—_20Ms5 = 0z (Z 72 oin P, 1M5> (A.74)
i=1 """
45 4z
= P2 aMs —Zi oi3 P- 171/\45—2#6 oig LaP_1,1 M5
i=1 """ i=1
4 s )
= —2P_o9 M5+ Z *6 P_1,-1Ms — Z L i1 LaP_1,-1 M5
=1 Zi i=1 "~
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where in obtaining the last line above we used the identity

4 - 4 4
I S (A7)

i=1 7 i=1 ~i6 i=1 “i6

This identity can also be easily checked using (A.45) to (A.48).

A.5.8 E_1P_3,0M5

In order to evaluate the action of 2_173_3,0 on Mg we consider the correlation function
L P s oMs = (G5, (1)G3,(2)G, (3)GK, (L1 P50GE,)(6)) (A.76)
Applying (A.62) we find the above to be given by
— Z’L
L_4P_30Ms=—-P_3 1 M5 — Z 226 i3 P-1,-1 M5 +Zo1 P-30Ms5 (A.77)
i=1 ~ib

A5.9 J°P_1_1Ms
Finally let us compute the action of .7_0177_1,_1 on Ms. This is given by

TPy A M; = <Ggl<1>G— (2G5, (30K, (41 PapGh_)(6))

_ Z 2hk + ukﬁauk + 2zk682k P Ms (A'78)

22k6

Evaluating the action of the differential operators in the above we get

T2 P11 M;
1 <3+i)\1 NEESZ I S i>\4—1> 4—|—zA iazlulﬁ Py ids
2 216 226 236 246 = ’
L Zie -
— Z — 041 LAP_1, 1 M5 (A.79)
i=1 %i6

We can express the above result in an equivalent form using (A.74) as follows

j_ollp_l,_l./\/lf)
3+ 34X A3 — 1 A — 1 (4+1A) i1
_ 1 (—H L +22+13 +Z4 ) —H ZU1U6 Py 1A
2 216 %26 236 246 = ’
—27 P_11A5 + L1 P_20As +2P_o 145 (A.80)
i—1 16

This representation of j_01P_1,_1M5 will be useful in the next section where we ex-
plicitly verify the decoupling relation (12.18) for the 5-point Mellin amplitude.
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A.6 Direct check of decoupling relation (12.18) for 5-point MHV amplitude

In this section of the appendix, we prove that the 5-point Mellin amplitude in (10.27)
satisfies the following differential equation

(5_717372,0 + (24 iXs +iXe)P-2,—1 — L1 P-1,-1 — 2‘7817371,71> Ms5=0 (A.81)

where M is the Mellin transform of the 5-point MHV amplitude. In order to prove (A.81)
let us first consider the following combination of differential operators acting on Mj

(Z—17’—2,0 +2P_2 1 —LaP-1-1— 2j9177—1,—1> Ms (A.82)

Using (A.61), (A.64), (A.72), (A.74), and (A.80) we find that (A.82) evaluates to

3+i\) [o11 1 Zi 3+iXe) [o21 4z
(7) —= 4013 ZLUz‘,l —01,2 +(7) ——+023 Zigi,l —022
01,1 216 i—1 ~i6 02,1 226 i1 ~i6
ix3—1) [o31 L Zig ixg—1) [oas L Zig
—l—g +033 ZLUM — 03,2 —I-! — +043 Ziﬂi,l — 04,2
03,1 236 i—1 ~i6 04,1 246 i—1 ~i6
. 4 _
(4+ZA) 4 01 Z56
— ——+0;3 —— 0j1 | —0i2| we | P-1,-1Ms5 A .83
ul ; 216 7 jz:leG J 7 (A ( )

Now let us note the following identity

4 _ 4
Ji,1 + 0i3 <Z 27:2 U’ﬁl) — 042 = —041 (Z 0—371) ) Vi = 1a 2a 35 4 (A84)

“i6 k=1 j=1 ~i6

Applying the above identity in (A.83) we end up with

<£_71,P72,0 +2P 9 1—L AP _1— 2\7917371,71) M; (A.85)
1 , 4 1
: . : : ' 44iA '
=—|(4+iN +Z>\2+2)\3+M4)Z%+w = oiaug Z% P-1,-1Ms5
j=1 <6 U i=1 j=1 ~i6

Using A = 3%, \; and the definition of ¢4; given in (10.17), we then obtain

(E—IP—Q,O +2P_9 -1 —LaP1,-1— 239177—1,—1) M

. . 1 Jj1 . . (A86)
= (X5 + 1)¢) Z 2'76 P_1,-1Ms = —(iXs +iXg)P—2, 1 M5
J

j=1
From the above result it then follows that
([’_717772,0 +(2+iXs +iXg)Po 1 — L P11 — 27_017371,71) M5 =0 (A.87)

This is the result that we wanted to prove.
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A.7 Proof of null state decoupling relation (12.10) from Hodges’ formula

We start with the Hodges’ formula [52, 53] for the n - graviton MHV scattering amplitude
given by,
det(®U*)

pgr
(i) (k) (3k){pq) (pr){qr)
7 k . . . . .
Here ®F is a (n — 3) x (n — 3) matrix obtained by deleting the set of rows {i, j, k}
and columns {p, ¢, 7} from a n x n matrix ® whose elements are defined as follows

o i#]
D MR
&, @i 1=

A,(17,27,3% ... nT) = (12)8 (A.88)

Q;; = (A.89)
where x,y denote reference spinors.

At first we want to study the leading and subleading conformal soft limits of the MHV
amplitude (A.88) in Mellin space when the outgoing graviton (n — 1) becomes soft. After
that we take the OPE limit where the soft graviton (n — 1)" is brought close to the hard
+

graviton nT. For simplicity we also assume that the graviton n* is outgoing.

In order to do this let us make the following choices
{i,j5,k} ={1,2,3}, {p,q,r}={n—-2,n—1,n}, z=n—-1, y=n (A.90)

We also have to express the angle and square brackets in terms of (w, z,z) by using
the formulas,
(i) = —2eiej/wiwjzij,  [ij] = 2y/wiw;Zi (A.91)
where ¢; = +1 for an outgoing (incoming) particle. Since the gravitons (n — 1)* and n*
are assumed to be outgoing, €,-1 =€, = 1.
Now using these various definitions, the Hodges’ formula (A.88) for the MHV amplitude
can be written as,

An(17,27,3%,...,n")

— <12>8 det ((I)}LQSZ n—1 n)
(12)(13)(23)(n —2 n — 1)(n — 2 n)(n — 1 n) (A.92)
4w%w§ z%

_ 123
- det(q)n—Z n—1 n)
W1WoW3Wn—2Wn—1Wn 2122132232n—2 n—14n—2 nin—1 n

Let us now go to the Mellin space. The Mellin transformation of the scattering ampli-
tude A, is given by,

M, = (G} (1)GR,(2) H G}.(1))

:H/ dw; w; '_1./4 NS (iezwzq zl,zl>
=1

4 -2
= 212 H dwz / dwy, — 1/ dwp, w Wh_1 ﬁ"iQ

212%213%23%n—2 n—1%n—2 n ;4

4.4 det n
wiwy et(Pn n_1 n) 5@ (Z Eiwz'q“(zi,zi)> (A.93)

W1WoW3Wn—2 Zn—1n
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Now we make a change of variable
Wp—1 =tw, wp=1—-tw, dw,_1dw, =wdwdt (A.94)

and also note that the delta function can be written as [45],

n 4
s (Z eiwig" (2, 5i)> =J[]6(wi —w)) (A.95)
i=1 i=1

where

n
wi = fawk, i=1,2,34 (A.96)
k=5

and J is a Jacobian factor which depends only on (2j—123.4, Zi=1,234). Neither J nor f,

depend on {wj—1,. n}. Please see appendix (A.4) for explicit expressions for f;; and J.

Now in terms of w and ¢t we can write,

n—2

wi = fiwr + finw +wt (fi no1— fin) (A.97)
k=5

In terms of the new variables and the representation of the delta function the Mellin
amplitude M, can be written as,

8
4279

Mn:j

Z12213%223”2n—2 n—12n—2 n

n—2 ,oco 4 0 1
A~ * n— n— n—1— n=
X | I /0 dww ™t | | G(wk)/o dw whn-1+4 3/1dt O(t) tAn=172 (1 — )An=2
i=5 k=1 -

A14+2, xAg+2, xA3—2, «xAy—1 123
w; ! w; ? w§ ’ WZ * det(q)n—Q n—1 n)

X (A.98)

Wn—2 Zn—1n wp=w},k=1,2,3,4

Here we have used the fact that J does not depend on w;—1 ..., and have also inserted
the step function ©(t).

Since each wj=s5,... n independently runs from 0 to oo, (A.96) together with the theta
function constraint [f_; ©(w}), requires (fi, > 0)i=1234:k=5... n- We will assume that we
are working in a region of parameter space where this condition is satisfied and will no
longer write them explicitly in the rest of the formulas.

Now we take the conformal soft limit using the formula,
da)  V(a) 18(a)

A—-2 _ _
a” 7 0(w) A1 A + SAT1 + (A.99)
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A.7.1 Leading conformal soft limit

In the leading conformal soft limit A,_1 — 1 we get,

Im (A, —1) M, (A.100)
An,1—>1
428
=7 12 /dwZ /dww"z/ dt 6(t) (1 —t)An2
Z12713%223%n—2 n—1%n—2n ;¢
<w1A1+2w2A2+QW3A3_2w4A4_1 det(®,2, ,,_; n)>
X
wn_Q Zn—l n wk:wz7k:1,273,4
-2
428 3
-7 12 X H/ dwiw? / dw w?
212213%23%n—2 n—1%n—2n ;¢
<W1A1+2w2A2+2w3A3 2"‘J4A4 ! det(q)n 2 n—1 n))
X
Wn—2 Zn—1n wk:wz(t:O),k}:l,2,3,4
where
n—2
7j=5

which is obtained from (A.97).

A.7.2 Subleading conformal soft limit

In the subleading conformal soft limit A,_1 — 0, we get

lim A, 1M, (A.102)
An 1—0
428 _
=7 12 / dwl / dw w?n 3/ dt [—d0'(t)] (1— t)An
Z12%213%23%n—2 n—1%n—2 n [ g
o _ 123
o wy AT 2y A2 2gBa =2 A=l det (9%, )
Wn—2 Zn—1n wp=wy,k=1,2,3,4
428
=7 12 / dwz / dw w?
Z12%213%234n—2 n—1%n—2n
A +2 Ao+2 «A3—2 xAs—1 123
x<d> (1—t)An—2 wi T W T P T W M det (9,7 4 )
dt ) i—o Wn—2 Zn—1n wy=w,k=1,2,3,4

Now let us define the function,

*A1+2, «Ao+2, xA3—2, xAyg—1 123
Wi wy ws wy det(®,= 1 ,,)

F(wTaw;’wngZ) = (A103)

wr=wj,k=1,2,3,4

Wn—2 Zn—1n

F also depends on other variables which do not depend on ¢ implicitly. Also note that
due to our choice of reference spinors, det(®.23, , _; ,,) does not depend on w,_1 and w,.

So all the dependence of F' on t is through its dependence on (w;“:1727374>.
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Now

d — * ok ok K
(&), [0=0>7" Flui.wgugon)

== (An - 2) F(w;w;w;’w:;)

Wy (t=0),k=1,2,3,4 (A.104)
L9
+ZWF(WT7W§,W§,WZ) X W (fi n—1— fin)
i—1 %Y Wi (t=0),k=1,2,3,4
where we have used (A.97) to write
d ., .
pr =w(fin-1—fin), 1=1,2,3,4 (A.105)

A.7.3 OPE limit (n — 1)T — nT after taking the leading soft limit

Now we want to take the OPE limit (n—1)* — n* of (A.100). This is of course completely
determined by the leading soft theorem and should be given by (6.1). In particular, we

want to focus on the unique O(20_; , 2% | ) term. This can be extracted by the following
procedure,

li li li AN, —1
Sim o tm o Jim (Bamr = DM
4 8 n—2 . _ o)
= lim _ lim J “12 X H/ dwiw?’_l dw whn—2
Zn-1n=0 Zno1 n=0 0 212213223202 n—12n-2n ;5 JO 0
X <WIA1+2w2A2+QW3A32w4A41 det(®}%, n)>
Wn—2 “n—1n wy=w} (t=0),k=1,2,3,4
n—2
— P_yo(n)(G5, ()G, @) [T G%,()GE, (n) (A.106)
i=3

Here the order of limit should be strictly maintained.

A.7.4 OPE limit (n — 1)T — nT after taking the subleading soft limit

In this case also we want to focus on the unique O(z0_; 2% | ) term which is also
determined by the subleading soft theorem given in (4.2). According to (4.2) we should
have,

li li li JAV
i, lim A My
4 8 n—2 . _ fe'e)
= lim _ lim J “12 X H/ dwiwf’_l/ dw whn—3
-1 n=0 Zn-1n—=0 0 212213223202 n—12n-2n ;5 JO 0
« (d> (1 _ t)An—Q WTA1+2W§A2+2M§A3_2CUZA4_1 det(q>71’b2—32 n—1 n)
dt /) 4—o Wn—2 Zn—1n wp=w? k=1,2,3,4
n—2
1 — — .
= —JL(n)(Gy,(1)GA,(2) [ G, ()GL, (n)) (A.107)
i=3
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Let us now use (A.104) and (A.106) to further simplify the second line of (A.107).
In (A.104) there are two terms. The first one gives,

lim lim lim A,_1M,

Zn—-1 n—0 Zpn—1 n—0 A,_1—0

428, e A=t [ An—3
O lim  lim J X H/ dw;w;™" ™ / dw w=n"
Zn-1n=0 Zn—1 n—=0  2122132932n-2 n—12n—2n ;5 JO 0

X l_ (An—Q)F(wfawnggawi)

w (tO),k172,3,4]

. . 425,
=—(A,—2) lim  lim J /dwl /dww

Zn—1 n=0 Zn—1 n=0 = 2122132232n—2 n—12n—-2 n

A1+42 Ag+2 Az—2 Ayg—1 d 123

w w w w. et(d~2,

X( 1 2 3 4 ( n—2n ln) (5108)
Wn—2 “n—1n wy=w] (t=0),k=1,2,3,4

where we have used the definition (A.103) of F(w],w3,ws,w}) in the last line. Now com-
paring (A.108) and (A.106) we can write,

. . 428
lim _lim T 12 X H / dwZ / dw w?
Zn-1n=0 Zn—12—=0  2122132232n—2 n—12n—2n

wi M S gt S det (9,0, )

X

(A.109)

Wp—2 Zn—1n wp=w} (t=0),k=1,2,3,4

n—2
=P_20(n)(Gx,(1)G4,(2) [] GX, (DG, 1 (n))
=3

Note that the last line of (A.106) and (A.109) differ by A,, — A,, — 1. This is due to
the fact that the power of w in (A.106) and (A.109) are related by A,, — A, — 1. So finally
the contribution of the first term in (A.104) to the O(z9_; ,,z%_, ,,) term in the subleading
soft limit can be written as,

lim lim lim A,_1 M,

Zn-1 n—0 Zn—1 n—0 Ap_1—0

n—2 (AllO)
D —(An = 2)P-ap(n)(G3,(1)GR, (@) [T GX,()GX, 1 (1)
i=3
Now we have to consider the contribution of the second term in (A.104). We will show
that it does not contribute to the O(z0_, .29 | ) term in the subleading soft limit.
The contribution of the second term is given by,

lim lim lim A,_iM,
Zn—1 n—0 Zp_1 n—0 An 1—0
-2
. . 478 n o0 oo B
O lim  lim J 12 X H/ dwiwf’ ! dw whn=3
#n-1n=0 Zn-1n—=0 0 212213223202 n—12n-2n ;5 JO 0
Za * (w17w2aw37w4) Xw(fi nfl_fi n) ( . )
i1 YW Wi (t=0),k=1,2,3,4
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where

*A1+2, xAo+2 xA3—2 xAs—1 123
R A det(®, 1 ,,)

F(wf,wy,wsy, wj) = (A.112)

Wn—2 Zn—1n wy=w] k=1,2,3,4
Let us now enumerate various properties of the integrand in (A.111):

1. (fi n—1 — fi n) is a polynomial in z,_; ,, and Z,_; ,, which goes to zero as z,_1 , and

Zn—1 n g0 tO zero.

2. det(®L?%, ;) is non-singular as z, 1, Or Z, 1, goes to zero and it does not

depend on w,_1 and wy,.

3. Let us consider the last two rows of the matrix ®123, =, given by
Dp11Pp—12 - Py e
(I)nl (I)n2 to (pn n—3

Now the off-diagonal entries are given by (A.89),

[i] Zij
v <U> L} Zij ( )
So _ _
Zn—1 i Zni
By 1=t P= T i=1,2,- ,n—3 (A.115)
Zn—11i Zni
where we have used ¢,-1 = ¢, = 1. Therefore if 2,1, = Zn—1n = 0 then
the two rows are equal and as a result det(®.%,, ;) = 0. So we can expand
det(®12, | .)around 2z, 1 = Zy_1 » = 0 and write
det(q)}f_?b n_1l n) =Azp1n+BzZn-1n+Cru1nZn-1n-+-- (A116)

where the coefficients are functions only of (wij—1,2,... n—2, %ij, Zin, Zij, Zin). This tells

us that 193
d t (b 7n7 n _
Zn—1n Zn—1n
and 123
det(P
lim  lim (P2 n-1 1) =A< (A.118)
Zn—1 n—0 Zn—1 n—0 Zn—1n
4. We have from (A.97),
n—2
wi(t=0)=> fiuwp + finw, i=12,34 (A.119)
k=5

By inspection one can see that f;; and fi, do not depend on z,_; , and z,_1 , for
k=5 ,n—2andi=1,23,4.
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We can use these facts to conclude that,

4
a * * * *

Za *F(w17w27w37w4) Xw(fi n—l_fi n) (A.120)

i—1 9% Wi (t=0),k=1,2,3,4

Zn— _ _ _
= (A/ + B/% + C,zn—l nt-: ) (A//Zn—l nt B”Zn—l nt O//Zn—l nén—1n+-- )
n—1n

for some coeflicient functions independent of z,,_1 ,, and z,_1 ,,. This leads to

li li li AV
P L
48 n—2 .c0 - 00
O lim _ lim J 12 X H / dwiwiA’ 1/ dw whn—3
-1 n=0 Zno1 020 212213223202 n—12n—-2n ;5 JO 0
L9
X ZWF(WTN");?W;?WZ) Xw(fi n—1—fi n)‘| =0 (A'121)
i=1 9% Wi (t=0),k=1,2,3,4
So the contribution of the second term in (A.104) to the O(2%_; .z, ,) term in the

subleading soft limit is 0 and it is solely given by

lim lim lim A,_iM,
Zn—-1 n—0 Zn—1 n—0 A,_1—0
ne2 (A.122)
= —(An = 2)P90(n)(Gy, ()G, (2) [] GX,()GE, _1(n))
=3
Now comparing (A.107) and (A.122) we get
n—2
(An = 2)P-20(n){Gr, (1)G4,(2) H GX,(1))GA, _(n))
=3 (A.123)

n—2
= T4 (n)(Gx, (DGR, () [T GA,()GR,, (n))
=3

Shifting the dimension A, — A, + 1 and taking into account that fact that n™ is
outgoing we can write (A.123) as,

n—2
(T () Po11(n) — (A — 1YP2(m)] (G3,(1)C5,2) [] G ()G, () =0 (A124)
=3

This is the null-state decoupling relation (12.10) we wanted to prove.

Before we end the proof we would like to mention that the Mellin transformation of the
graviton scattering amplitude in GR is generically UV divergent. One way of curing this is
by modifying the Mellin transformation by the introduction of e~ 2ok K9k which acts as a
damping factor. This is particularly useful because u, thought of as a regulator, preserves
all the symmetries of the problem. Since the null-states are completely determined by
symmetries, as we have shown, (A.124) still holds in the regulated theory as we have
explicitly checked for 5 graviton MHV amplitude in section 10. With some more notation
the above proof can be readily generalized to the regulated theory. In fact, it should not
depend on what regulator one uses, as long as all the symmetries are preserved.
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