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26 Abstract. We analyze a suspénsion of deformable particles in a pressure-driven flow.
27 The suspension is composed of ‘meutrally buoyant initially spherical particles and a
28 Newtonian carrier fluid, and the flow\is solved by means of direct numerical simulations,
29 using a fully Eulerian methoed based on a one-continuum formulation. The solid phase
2(1) is modeled with an incompressible wviscous hyperelastic constitutive relation, and the
32 flow is characterized by three main dimensionless parameters, namely the solid volume
33 fraction, the Reynolds and capillarynumbers. The dependency of the effective viscosity
34 on these three quantities,is investigated to study the inertial effects on a suspension
35 of deformable particles. It'can be observed that the suspension has a shear-thinning
36 behavior, and the reduction iin effective viscosity for high shear rates is emphasized in
37 denser conﬁguratiorﬁ The separate analysis of the Reynolds and capillary numbers
38 reveal that the effective viscosity depends more on the capillary than on the Reynolds
39 number. An addition,/our simulations exhibit a consistent tendency for deformable
40 particles to. move towards the center of the channel, where the shear rate is low.
41 This phenomenonsis particularly marked for very dilute suspensions, where a whole
42 region near the wall is empty of particles. Furthermore, when the volume fraction is
Zi increased this near-wall region is gradually occupied, because of higher mutual particle
45 interactionss Deformability also plays an important role in the process. Indeed, at
46 high capillary numbers, particles are more sensitive to shear rate variations and can
47 modify their shape more easily to accommodate a greater number of particles in the
48 central region of the channel. Finally, the total stress budgets show that the relative
49 particle-induced stress contribution increases with the volume fraction and Reynolds
50 number, and decreases with the particle deformability.
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1. Introduction

Particles suspended in a carrier fluid can be encountered in several démains, sueh as
biology and geophysics, but also biomechanical, pharmaceutical and cement industries.
Pyroclastic flows from volcanoes, fluidized beds, the blood flow in veins and arteries,
sedimentation in sea beds and slurry flows are other examples of-flows, where the
knowledge of the particle dynamics is relevant. Currently, it is still hard to estimate the
pressure drop needed to drive particle laden flows, while it can be precisely forecasted
in single-phase flows as a function of the Reynolds number [35] and the properties of
the wall surface (e.g. porosity [9, 42, 41] and elasticity [38]).4The additional complexity
of multiphase flows is due to the presence of extra parameters such as the size, shape
and elasticity of particles which become relevant. The density difference with respect to
the carrier fluid and the solid volume fraction, denoted here with ®, are also crucial to
describe their dynamics. In the present work, we analyze moderate dense suspensions
where particles are deformable, fully resolving thesfluid-structure interactions thanks
to numerical simulations. In recent years, there has heew a growth in the number of
studies related to deformable objects, with the analysis of a single liquid droplet with
constant surface tension, red blood cells‘enclesed by a biological membrane, and cells
with stiff nuclei [27, 19, 18, 49, 3, 39]. Here, werexpand the literature of the field (in
particular the work in Ref. [39]) hy studying a full suspension of deformable particles
and by considering the effect of finitetinertia (although in the laminar regime), thus
studying the interaction of elasticity and imertia for the first time. Furthermore, we
study the problem in a Poiseuille flow, thus considering a non-uniform shear rate in the
domain with the consequent particle migration and accumulation documented below.

Already in 1911, Einstein [Q] showed that the suspension viscosity increases linearly
with the particle volume fraction ®, when focusing in the limit of vanishing inertia and
for dilute suspensions. ,Batichelor [5] and Batchelor and Green [6] added a second-order
correction in @, but for higher volume fractions, the viscosity increases faster than a
second-order polynomial {47]¢" In these cases, it is necessary to turn to empirical fits
such as the Eilers fit [16y 55, 45, 24|, which matches the rheology of rigid particle
suspensions at-small Reynolds numbers, for both low and high concentrations. When
inertia becomes finite, deviations from the behavior predicted by the different empirical
fits start to eecur [26, 24], an effect that can be related to an increase in the effective
volume fraction at intermediate values of ® [33]. Furthermore, at high volume fractions,
once frigtion forces become relevant, other interesting phenomena can also be observed
[30]¢

The comprehension of the rheology of deformable objects has been a challenging
task formany years [37]. In this case, the capillary number Ca (the ratio between viscous
and_ elastic forces) is the non-dimensional parameter governing particle deformability.
When Ca is low, particles easily recover the equilibrium shape, and deformations are
small. These configurations are dominated by elastic forces. In 1932, Taylor first
assumed small deformations and showed that, for small ®, the coefficient of the linear
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term in Einstein’s relation is a function of the ratio between the particle and fluid
viscosities. Using perturbative expansions, later analytical studies [12, 17, 10§32] tried
to extend the result to higher orders in ¢ and Ca, similarly to what done by Batchelor for
rigid particles. Only recently, different authors used high-fidelity numerieal simulations
to analyse such problem [20, 23, 31, 46, 28, 39].

The present work considers the inertial flow of viscous hyperelastic deformable
particles, generally used to describe rubber-like substances. This [class of{constitutive
relations can often show non-linear stress-strain curves and have@ constitutive equation
that is only a function of the current state of deformation. Moreover,} the work done
by the stresses during a deformation process is dependent enly on the initial and final
configurations, the behavior of the material is path independenty and a stored strain
energy function or elastic potential can be defined [8]. Mamy studies used this class of
constitutive relations to describe particles, capsules/vesicles and even red blood cells
[48, 21, 20, 54, 53].

The objective of this paper is twofold: on"one hand, we would like to have a
better understanding of the physics involved in suspensioﬁs of deformable particles by
considering the interactions of inertial and elasticleffegts, while on the other hand, we
want to implement a robust numerical tool that can be applied in many applications
involving elastic objects in inertial flows. Particlésresolved numerical simulations (full
DNS) are becoming increasingly impertantyfor analyzing multiscale physical phenomena
and providing detailed results, which can be exploited in modeling (i.e. turbulence or
interaction modeling). In thisscontext, werhope this work will open new pathways,
so that more accurate and reliable closure equations will be derived in the near
future. Another aspect to be highlighted is the intrinsic difficulty of the problem
under investigation. First of‘ally the problem is a 4-way coupling interaction, meaning
that every single object in thé simulation can interact with its neighbors and with the
surrounding fluid. Additionally,/the resolution required to simulate accurately dense
deformable particle suspensions is significantly higher than for rigid objects.

The obtaineddresults are very promising. We show that suspensions of deformable
particles exhibitha shear-thinning behavior that is much more sensitive to changes of
Ca rather than"wariations in Re. In particular, deformable particles appear to move
towards the centér of‘the channel, and this phenomenon is particularly marked in dilute
suspensions, Finally, our computations reveal that the more deformable particles tend
to accumulate more in the central region of the channel, as they can modify their shape
more_easily.

2. Formulation

2:te. Governing Equations

We consider the flow of a suspension of deformable viscous hyperelastic particles in an
incompressible Newtonian viscous fluid. The flow, as in the Poiseuille configuration,
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is driven by an imposed constant discharge, and the resulting pressure gradient in the
stream-wise direction is thus computed accordingly. The number of particles in the
domain is summarized by the total solid volume fraction ®, which is the ratio between
the volume occupied by the solid phase and the total volume. The solid ‘suspension
is neutrally buoyant, i.e. it has the same density of the carrier fluid % = p/ =, as
in many analyses for biological systems [51, 56]. The unstressed reférenceshape of a
particle is a sphere and no external body forces are applied on the/continua:

The fluid and solid phase motion is governed by the conservation of{momentum,

~
and the incompressibility constraint is enforced in each phase

ou! ou! u{ B 1(30{;

R et L (1)
?;{ 0 if v € QF, 2)
081:; ag;sz _ %Z‘Z if z € QF ) (3)
gf;; 0 if o € 0, (4)

where the superscripts 7 and * denote the fluid and solid phase fields. In the previous
balance equations, u; indicates thefi=thscomponent of the velocity vector, p is the mass
density and o;; is the Cauchy stress tensor. The latter has a different form in the two
phases and characterizes the selid and liquid, behavior.

The kinematic and dynamie interactions between the fluid and solid phases are
determined by enforcing the ¢ontinuity,of the velocity and traction force at the fluid-
structure interface, namely

N
ul = u o 00, (5)
afjnj =0;n; on 00, (6)

where n; denotes they-th coniponent of the normal vector at the interface.

To numerically solveithe fluid-structure interaction, it is useful to introduce the
so-called one-contimuum formulation [52], where only one set of equations is solved over
the whole domain € =€/ U Q*. This is achieved by introducing a monolithic velocity
vector field u valid everywhere. We also introduce a local solid volume fraction function
¢, applying the volume averaging procedure [50, 36]. The latter behaves as an indication
function:, it is zero in the fluid phase and equal to one in the solid phase. Due to the
finite representation of our discrete grid, we have 0 < ¢ < 1 close to the fluid-solid
interface. In this light, we could interpret ¢ as a smoothed Heaviside function at the
grid seales In particular, the isoline ¢ = 0.5 represents the interface. Moreover, if we
integrate ¢ over the entire volume, we obtain the global solid volume fraction in the
domain, ®. The one-fluid formulation then reduces to

0 = (1= ¢) o) + oy, (7)
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Figure 1. Zoomed view of the volume of fluid funetion ¢ at the grid level. The
interface is located at the isoline ¢ = 0.5, drawn in white in the picture. We can see
that the transition between ¢ = 0 (liquid phase, in blue) and ¢ = 1 (solid phase, in
red) is smooth. The resolution used, 48 grid{points Per particle diameter, is the same
for every simulation.

The fluid is assumed to be Newtonian, so that.the stress in the fluid phase can be written
as

of; = —pby; + 2/ Dij, (8)
where p is the pressure, p/ the fluid dynamic viscosity, d;; the Kronecker delta and D;;
the strain rate tensor, definedfas D;; =«(Qu;/0z; + Ou;/0x;) /2. The solid is modeled as
an incompressible viscous hype{elastic material, undergoing only the isochoric motion,

with constitutive equation
Ufj = —p5ij + QIUSDZ']' + GBij, (9)

where the last term.is.the hyperelastic contribution modeled as a neo-Hookean material,
thus satisfying the incompressible Mooney-Rivlin law. In equation 9, p° is the solid
dynamic viscosity, B;; the left Cauchy-Green deformation tensor, and G is the modulus
of transversefelasticity. In the following, we will assume that the solid and liquid phases
have the same dynamic viscosity, so that pu/ = p°.

The'set of equations for the solid material can be closed in a purely Eulerian manner
by introducing ‘a transport equation for the volume fraction ¢:

00 Oupo
— =0 10
ot "o, (10)
and updating the left Cauchy-Green deformation tensor with the following transport
equation
= Bjj—— + By, —~. 11
ot 0w Mom, | U'm, 1
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Figure 2. Intensity and stencil of the implemented interaetion force. (a) y-component
of the interaction force between two particles anda(b) z-compoenent of the interaction
between a particle and the lower wall. In the figures,sthe positive components of the
force are represented in orange, while the negative components are in blue. The forces
are to be thought as applied at the center of each eolored cell. Here, the volume
fraction ¢ obeys a linear green color map,.andithe isoline ¢ = 0.5, in white, locates

the interfaces. N

Combining all the previous equations we. finally ebtain

Ou; | Ousu;\  Op 0Dy IB;
oG oz, )= o 0z, O o, (12)
aui

where B;; is different from zero only in the presence of a solid particle. When ¢ = 0,
the governing equations reduce to these for Newtonian fluids.

The volume of fluid metth in general does not include any repulsive force for
particle-particle and particle-wall_interactions. Without any kind of repulsive force, if
two particles are close enough, they will eventually touch and merge. While this is
possible for certain fluids in eertain conditions (i.e. bubbles), we do not expect this
behavior from solid'pazticleswhere instead the solid stress will grow abrouptly. Thus,
in order to avoid these anomalies, we introduce a subgrid repulsive force, as previously
done in Ref. [7}s-The following expression for the force is used [11], both for particle-
particle and/particle-wall. interactions:

ap  az

fi= NbeT<E + ﬁ)nu (14)

where . is the fluid dynamic viscosity, Vj, the imposed bulk velocity, r the particle
radius, d the'distance between the two objects, n; the i-th component of the local
normal to the surface and a; = 550.0, a; = 35.0 are two model coefficients. This sub-
grid foree'is only applied when two objects are close enough, i.e. dr < d < 3dx, where
dw-is the uniform cell size used in the computations. The range and intensity of these
interactions are displayed in figure 2. The force is always computed in the middle of the
computational cells situated near the interface of two interacting particles, and directed
towards the nearest surface. It is worth noting that these forces are applied only in
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the fluid phase and appear in the momentum balance as localized volume forces. They
may also be interpreted as additional local pressure terms, which cannot be directly
computed because of the grid resolution, which inevitably becomes inadequate swhen
two particles are about to collide. The same approach has been used to prevent. droplet
coalescence in Refs. [13, 14].

2.2. Numerical implementation

In order to numerically simulate the flow, we follow the method for fluid-structure
interaction problems first developed in Ref. [48]. Here, the time integration used to
solve equations (10), (11), and (12) is based on an explicit fractionalsstep method [22].
At each time step the volume fraction ¢ and left Cauehy-Green deformation tensor
B;; are updated first, followed by the prediction steprof, the:momentum conservation
equations. All the terms are advanced in time with a low storage third-order Runge-
Kutta scheme, except for the solid hyperelastic contribution, which is advanced with
Crank-Nicolson, as previously done in [29]. The procedureyis the same used in [39, 40],
where suspensions of deformable particle are analyzed in a Couette configuration. For
further detail about the numerical implementation, the reader is referred to [38].

In order to implement the short-range interaction force, we need to be able to
compute both local distances between particles and local normal directions. The
continuous level set function is an amswer to both problems. The level set function
@ is a scalar field defined inevery point of the domain and its value is the (signed)
distance from the nearest interfage. According to this definition, the 0 contour surface
of o represents exactly the solid-fluid interface. As previously done in [1] among others,
we reconstruct the level set fumction 'starting from the distribution of the volume of
fluid function, at each time step. Once the level set function is computed, we are able
to extract local distances and normal directions and numerically evaluate equation 14.
More details on the réconstruetion of the level set function and the implementation of
the interaction forcesean be found in [13].

2.3. Numerical Setup

We consider the/flow’ of @Newtonian fluid laden with hyperelastic deformable spheres,
and we investigate the final statistical flow configuration for different values of ®, Re
and Cal

The eomputational domain is a box of dimensions 3k x 6h x 2h in the span-wise,
stream-wise and wall-normal directions, where h is the half-channel height, our reference
length. The initial shape of a particle is a sphere of radius r = h/10, as in [33]. The
domain‘is subdivided into an uniform Cartesian mesh, with 48 grid points per particle
diameter, resulting in a computational box of 720 x 1440 x 480 Eulerian grid points (for
a total of almost 500 million points), in order to properly solve the interaction between
the solid and fluid phases. No-slip boundary conditions are imposed on the solid upper
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Ca
0.009 0.075 0.15 0.3
7.5 X X
Re 3.75 X X X
0.45 X X

Table 1. Different combinations of non-dimensional parameters under investigation.
Three values of the Reynolds number are considered, together with four capillary
numbers. For each of the 7 combinations of Re (resp. Rep)and Cayunder examination
(indicated with an x in the table), four volume fractions are con\31dered, d = 0.025,
0.05, 0.1 and 0.15, resulting in a total of 28 numerical simulations. Thanks to this
layout we have multiple simulations at constant Re =3.75, constant Ca = 0.3, and
fixed Re/Ca ratio (diagonal).

and lower walls, while periodic boundary conditions are enforeed in the homogeneous x
and y directions.

In the following, three values of the channel bulk Reymolds number are considered,
Rey, = phV;/pu/ = 30, 250 and 500. For its definition we use the imposed bulk velocity
in the channel V,, while p and p/ are theidensity @nd the dynamic viscosity of the
fluid phase. At each bulk Reynolds number corresponds a particle Reynolds number
Re = pyr?/u/ = 0.45, 3.75 and Ty where,y is the profile-averaged shear rate in
the absence of particles, i.e. 4 = 3V/2h. The range of variation of Re was chosen
comparable to what done for zigid particlesiin Ref. [33], where significant differences in
the results had been observed.

The total solid volume fraction of the suspension ® is defined as the volume average
of the local volume fraction qﬁ,{e. ¢ = (¢)y. Hereafter, the double ((-)) indicates the
time and volume average{ (-)y/the volume average (function of time) and the single ()
the average in time, in the homogeneous = and y directions and in the lower and upper
halves of the channel. Four valies of total volume fraction ® = 0.025, 0.05, 0.1 and 0.15
are considered, corresponding’'to a number of particles equal to N = 215, 430, 859 and
1289.

As mentioned above, the capillary number Ca = u/4/G is the main parameter
governing the deformability of the suspension and represents the ratio between the
viscous and ‘elastic forces. ‘Other possible deformability parameters are the modulus of
transverse elasticity G' and the non-dimensional Weber number We = p32r?/G = Re Ca
(the ratio between the fluid inertia and the elastic forces). We study suspensions at four
different capillary numbers, Ca = 0.009, 0.075, 0.15 and 0.3, in order to investigate the
influence of the particle deformability on the suspension statistics. The smallest value
corresponds to an almost rigid particle behavior, while the highest refers to considerably
deformable particles.

We run a total of 28 simulations, 7 for each volume fraction. The various
combinations of parameters used are displayed in table 1. For all the cases, the solid
viscosity is set equal to the fluid viscosity, u* = p/, and the same holds true for the
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mass densities p* = p/ = p. All the simulations are started from the Poiseuille flowya
deterministic parabolic velocity profile along z with a linear pressure distribution along
the stream-wise direction y, together with a random distribution of the particles acress
the domain. Each simulation reaches a statistical steady state after about 4 time units
(i.e. t =4 h/V;). After a case reached its steady state, the calculations are continued
for an interval of at least two time units, during which 30 full flow fields are.stored for
further statistical analysis. To verify the convergence of the statistics, we computed
them using different numbers of samples and verified that the differences are negligible.
Each case was run for 7 days using 512 cores, for a total of approxizlately 10° CPU
hours per case.

The present work is the natural continuation of [39], where the rheology of visco-
elastic suspensions in a plane Couette flow is examined in‘the limit of vanishing inertia
(at fixed Re = 0.1). Here, the authors studied different configurations letting Ca and ®
vary, with the particle material having the same constitutive equation introduced earlier
in this paper. Also, it is worth noting that the démain size is chosen to be the same as
in a previous study [25], where inertial effects on rigid parficle suspensions are studied.
Similarly to the box dimensions, also the@eneral setup and most of the parameters used
in this study are chosen as in [25] to ease ¢omparisons.

3. Results

We first show in figure 3 a tridimensional wisualization of the suspension at ® = 0.15,
Re = 3.75 and Ca = 0.075. It can be noticed how dense the suspension appears already
at a volume fraction of 15%. As expeeted, the particle deformation is a function of the
vertical coordinate and it isqmore,evident near the walls where the local shear is higher.

The typical behavior of the particle distribution and deformation for the same case
can be observed logking ‘at{the upper panel of figure 4, where the solid hyperelastic
shear stress is shown in a stream-wise-wall-normal cut plane. The hyperelastic shear
stress, always null{(blue) outside the solid phase (red), appears high when two or more
particles interact.and are deformed from the unperturbed reference spherical shape. At
this capillary aumber, thé shear rate accounts for a modest deformation, which however
becomes considerable near the walls where the velocity gradient is maximum. In the
bottom panel of figure 4 the span-wise vorticity component is illustrated by contours
together with the velocity field (black arrows) in the same plane as in the top panel.
The veloeity field appears close to the parabolic Poiseuille solution, with the addition
of the perturbation induced locally by the particles. The vorticity appears intense near
the wall and in the gap regions between interacting particles.

Themean stream-wise velocity profiles are plotted in figure 5. They do not differ
significantly from the quadratic solution of the Navier-Stokes equation in the absence of
particles, and show a slight shear-thinning behavior with a reduction of the centerline
velocity and a slight increase near the walls.

We display the mean particle volume fraction (¢) (averaged over x, y and time)
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Figure 3. Instantaneous particle arrangement,in the 3k X 6h x 2h computational box,
for a suspension at ® = 0.15, Re = 3.75sand Ca,= 0.075. The interfaces (in green)
correspond to a ¢ = 0.5 contour. The figure'shows#he coordinate system adopted in
this manuscript, with y indicating the stream-wise direction.

Figure|4. Middle-plane stream-wise-wall-normal section of the suspension flow at
® = 0.15, Re = 3.75 and Ca = 0.075. The panels illustrate (upper) the instantaneous
stream-wise component of the hyperelastic shear stress and (lower) the span-wise
component of the vorticity vector. The black arrows represent the projection of the
velocity vector on the y — z plane.

versus the wall-normal direction z for Ca = 0.3 and different Reynolds numbers in
figure 6(a). It can be noted that for the smallest volume fraction considered here, e.g.
® = 0.025, particles avoid the near-wall region, which appears depleted. Indeed, single
deformable particles are known to migrate towards the pipe/channel center in Poiseuille
flows, away from high shear regions [2]. In dilute cases, particle mutual interactions are
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0.5} /
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0 , , , ,
0 0.2 0.4 0.6 0.8 1.0
z/h
(a)
Figure 5. Stream-wise time-averaged velocity profilesifor (a) different ® at Re = 3.75
and Ca = 0.009 and (b) different Ca at Re'=.3.75 and"® = 0.15. On the left panel
different colors represent different volume fractions: black, red, blue and green lines
correspond to ® = 0.15, 0.1, 0.05 and 0.025respectively. On the right panel, data at
Ca = 0.009, 0.075 and 0.3 is plotted in blue, dark green and light green. As it can be
seen, the velocity profiles are almost indistinguishable from each other and present a
blunt shape typical of shear-thinning fluids.
0.25 0.25
0.2 0.2
0.15 ¢ 0.15¢
S
0.1 0.1
0.05 ¢ 0.05¢+

(&)

Figure 6. Averaged particle distributions (¢) along the normalized wall-normal
direction, for different total volume fractions, Reynolds and capillary numbers. The
color scheme of both panels is the same of figure 5(a), with black, red, blue and green
lines indicating different volume fractions, i.e. ® = 0.15, 0.1, 0.05 and 0.025. (a) Solid
=, dashed ——, and dotted - -- lines represent data at Re = 0.45, 3.75 and 7.5, at a
fixed Ca = 0.3. (b) Data at different capillary numbers, Ca = 0.009 (—), 0.075 (——)
and 0.3 (---), at a fixed Re = 3.75.

rare and particles can migrate towards the channel center more freely, resulting in an

empty portion of the channel near the wall. On the contrary, the volume fraction profiles

of denser configurations, i.e. ® > 0.05, show that the particles are distributed through
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the whole channel, with a clear layer near the wall. This is due to the mutual intetactions
between particles, increasing in number as ® increases, forcing them to oéeupy the
whole channel. In the figure, it is also evident that the maximum of the volume fraction
profiles, denoting wall layering, moves closer to the wall as ® increases because of the
augmented mutual interaction between the particles. The particle distgibution appears
weakly affected by changes in the Reynolds number in the range considered here. A
near-wall region depleted of particles is noteworthy. Indeed, this result implies that, not
only the wall-region has to be properly modeled to account for particlelayering, but also
the bulk of the channel can have a non-uniform distribution of particTes, thus making
the problem fully dependent not only on the local shear-rateras for rigid particles, but
also on the local volume fraction.

Figure 6(b) illustrates the local mean volume fractiomat a/fixed Re = 3.75 and
different Ca. As Ca increases, it can be seen that the paxticles tend to show a peak
slightly further away from the wall. This is becausé the more deformable particles are
more sensitive to the shear rate variations (shear-indueed migration), and they can
modify their shape more easily to accommodate more pa?ticles in the channel center,
thus leaving empty a bigger portion of the.channel near the wall.

0.06 | | | | | g 0.06+

S 0.04 ¢ 1 i 0.04 ¢
0.02 ¢ 1 0.02 ¢
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1.0
z [l z/h

(a) (b)

Figure 7..(a) Stream-wise and (b) wall-normal root-mean-square velocity profiles of
a suspemsiomat Re = 3.75 and Ca = 0.009. Data for different ® is plotted with the
same color scheme of the previous figures: ® = 0.15 (black), 0.1 (red), 0.05 (blue) and
0:0257(green).

Stream-wise and wall-normal root-mean-square velocity profiles are plotted in
figure 7 fot different volume fractions at a fixed capillary number Ca = 0.009. It
can be observed that the former have higher intensities and present some peaks in
correspondence with the particle layers, while the latter are less intense and smoother.
Both 'the fluctuation components increase with the particle volume fractions, slightly
increase with Re and are only marginally affected by Ca (not shown here).

In order to investigate the rheology of the suspension, in figure 8 we select the
simulation parameters to mimic experiments in a fixed geometry and same particle
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Figure 8. Suspension effective viscosity ji/uf as a function of the shear rate. The
governing parameters are chosen so that the ' Re/Ca ratio is constant. The lower x-
axis shows the values of the non-dimensiofial sheat rate %, while the upper x-axis
displays the corresponding particle Reynolds numbers. The black, red, blue and green
lines represent data at different solid volume fraction, ® = 0.15, 0.1, 0.05 and 0.025,
respectively, and the error bars are,.computed based on the stationary distributions of
the effective viscosity for the various\cases.

material, while changing the bulk shear rate ¥ = 3V,/2h (i.e. varying the flow rate in
the channel). In terms of dimensionless parameters, this corresponds to consider cases at
constant Re/Ca ratio and varying themon-dimensional shear rate ; = v/We = vRe Ca.
The parameter :yJ can be thought of 'as the ratio between the convective time scale
in the flow and the materialﬁeformation time scale. In the figure we show the
suspension relative viscosity/p:/uf, computed as a cross-sectional average, versus the
non-dimensional shear rate ; The relative viscosity proves to be a decreasing function
of the shear rate, which eonfirms that the suspension has a shear-thinning behavior, as
expected for suspéensions of this type of deformable particles. The denser the suspension,
the more intense this behavior.

According to the definition of the Weber number We = Re Ca, both the capillary
and Reynolds. nimbers may contribute to this shear-thinning. We analyze therefore the
dependency of the'suspension relative viscosity on these two parameters by fixing one
and varying the other. In figure 9 we plot the relative viscosity versus Re at constant
Ca =0.3 imthe left panel, and versus Ca at constant Re = 3.75 in the right panel, for
different volume fractions ®. The particle Reynolds number varies between 0.45 and 7.5,
while the capillary number between 0.009 and 0.3. The data indicate that the relative
viscosity weakly depends on Re, while it appears a decreasing function of Ca. Hence,
for the range of parameters investigated in this study, the viscosity depends more on
the capillary than on the Reynolds number.

To gain further insight into the suspension behavior, we plot the same data as
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Figure 9. Effective viscosity p/p/ as a function of (left).the particle Reynolds number
Re, at fixed Ca = 0.3, and (right) the capillary number Ca, at fixed Re = 3.75. The
plots illustrate data for different total yolume fractions, ® = 0.15 (black), 0.1 (red),
0.05 (blue) and 0.025 (green). y
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Figure 10. Effective viscosity versus suspension volume fraction. The panels depict
the,same data of figure 9, this time plotted using the volume fraction as horizontal
coordinate., Cases for (a) different Reynolds and (b) different capillary numbers are
shown. In the left panel, violet, orange and pink represent simulations at Re = 0.45,
3.75.and 7.5, respectively. Likewise, in the right panel each color represents a different
capillary number, Ca = 0.009 (blue), 0.075 (dark green) and 0.3 (light green). Finally,
the black line in the figures represents the viscosity of rigid particle suspensions
predicted by the Eilers fit.

explicit functions of the volume fractions in figure 10. It can be noted that cases at
different Reynolds numbers (left panel) cluster together and do not show any significant
difference, while the effective viscosity curves vary as Ca changes (right panel). In
particular, the effective viscosity decreases as Ca increases and this effect is more
pronounced at high ®. In figure 10 we also plot the Eilers fit, which is valid for rigid
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spherical particles in the inertialess limit, both for dense and dilute suspensions:
0 o 2
— = |14+ Bg——+F— 15
i + bE 1—a/o, (15)

In the previous equation ®,, = 0.58 ~ 0.63 is the geometrical maximum’ packing, and
Br = 1.25 ~ 1.7 a fitting coefficient. ®,, = 0.58 and Bg = 1.7 appear to be good
values for our simulations. It can be remarked in figure 10(b) that the most rigid
case essentially follows the Eilers fit, especially at high volume fractions. However,
interestingly for small volume fraction, e.g. ® = 0.025, the Eilers fit does not provide
a good approximation and the suspension viscosity is closer to<that of the unladen
case. We explain this peculiar behavior by the shear-induced migration of deformable
particles. In particular, deformable particles tend to migeate towards the middle of the
channel, where the shear rate vanishes. In other words,.to avoid deformation, particles
tend to avoid the high shear rate region near the wall and stay near the centerline.
This is a direct consequence of what previously observed in figure 6, further showing
that simple correlations extracted from a Couette geomety may be not enough to fully
describe more complex flow configurations such as/he present one.

0.4 — : : : ‘ :
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Re Re
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Figure 11. (a) First and (b) second normal stress differences of a solution at Ca = 0.3,
plotted wversus Re. The different colors represent cases at different ®, with the usual
color scheme.

The elasticanature of the particles is evaluated here in terms of the first and second
normal stress differences, defined as:

) )
N = ({092 — 033)) = ((¢GBas + QMfa—Z — ¢G B33 — 2,ufa—7j

) )
Ny = (033 — o11)) = ((pGBss + 2“fa_f — $GBy — 2! a“

T

) (16)
))- (17)

These two quantities are a measure of the anisotropy of the flow and are important
when characterizing the non-Newtonian behaviour of fluids, since together with the
effective viscosity can provide information of the full stress tensor. Furthermore, when
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Figure 12. (a) First and (b) second normal stress differences of a solution at
Re = 3.75, plotted as functions of ®. The different colors represent data at Ca = 0.009

(blue), 0.075 (dark green) and 0.3 (lightgreen).
L

considering particle suspensions, they are usually ‘associated to the particle migration.
Ni and N, are reported in figure 11 as a function of the Reynolds number for different
volume fractions at the largest value of Ca'considered, and in figure 12 as a function
of the volume fraction for different values‘of,Ca. When the capillary number is fixed
and sufficiently large, N is positive, N5 hegative, and their ratio —N; /N5 larger than
unity. This is consistent with what found for other elastic fluids, such as polymeric
solution [44], capsule [28] andfiber guspensions [4]. We observe that, N; grows as the
Reynolds number increases, while N5 reduces, thus enhancing their difference. Very
different results are obseryed when-the capillary number is varied. Indeed, when Ca
is small (almost rigid particlés) Nj is actually negative and becomes positive only for
Ca = 0.1. This is consistent with what typically found when considering rigid particle
suspensions [24]. Also, Ng.assumes an opposite sign when the capillary number is small,
in the limit of rigid partieles. In general, a negative value for N can be interpreted as a
signature of the‘importance of particle interactions and contacts, which is dominant for
the rigid oneg'but negligible for the deformable ones, when N even changes sign. Also,
the increaselof the fizst normal stress difference with Re and ® for the deformable cases
indicateg@'strongertendency of the fluid to displace the particles towards the centerline
[4].

Theincrease of the relative viscosity is linked to an increase in the stress across the
channel. The total shear stress o935 can be decomposed into the sum of the fluid 053 and
partiele stress 035, as in equation 7. The mean fluid stress is the sum of the viscous and
Reynolds stresses, while the solid one is the sum of the viscous, Reynolds, hyperelastic
and collision stresses [39, 43, 34]

Page 16 of 23

(o23) = (1 — ¢) (uf% — pv’w’)> +§¢ (uf% — pv'w’ + G323> +/0 fdei-(lfﬁ)

.

vV vV
fluid stress solid stress



Page 17 of 23

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - FDR-101544.R1

17

If we consider the monolithic formulation independent of the actual phase, the total
shear stress can also be decomposed into the sum of the total viscous, total Reynolds;

/ fyd2)
elastlc stress

colhslon stress

hyperelastic and collision stresses in the following way

(023) = (Nf?> + (=p'w’) + GB23 (19)
Z N——

. Reynolds stress
viscous stress

In particular, the total shear stress (oa3) in a plane channel flow lis a linear function,
equal to the total wall shear stress at the wall and null in the ¢enterlinessAll the shear
stress contributions are averaged and displayed in figure 13 as. functions of the wall-
normal distance z for the cases at Re = 3.75, Ca = 0.3 and velume, fractions ¢ = 0.05,
0.1 and 0.15. The stresses are normalized by the total wall.value. Inithe figures, the light
gray, dark gray and black color represent the viscousReynelds{ and particle stresses
respectively. The collision stress contribution is negligibletin all the cases considered
here, thus not shown in the plots for greater clarity.

L
1.0 1.0 1.0
N N N
N N N
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3 N 3 N 3 N
S S € . N £ . S
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(a) (b) (c)
Figure 13. _Deécomposition of the total shear stress (oa3) in its contributions,

normalized by theltotal wall value 7, = (023)|,. The data refer to a suspension
at Re = 3.75,,Ca = 0.3 and (a) ® = 0.05, (b) 0.1 and (c) 0.15. In the plots, the
light gray, dark grayzand black solid lines represent the viscous, Reynolds and particle
hyperelastie stresses respectively, while the black dashed line represents the total shear
stress.

As expected; the. viscous stress is the only not vanishing component at the wall.
For all cases, since we are dealing with laminar suspension flows, the viscous stress is
the dominant ¢ontribution. It however decreases in correspondence of the location of
the maximum particle concentrations (see figure 6), where the particle stress reaches
its maximum. As the volume fraction is increased, the viscous stress becomes smaller,
which is compensated by an increase in the particle stress contribution, which eventually
accounts for up to 50% of the total shear stress in the central region of the channel at
® = 0.15" Concerning the Reynolds stresses, it can be observed that they are almost
negligible in every case shown here, rising slightly as ¢ and Ca are increased, with a
maximum located at around z = 0.3 h.

In figure 14 we summarize the stress budgets for fixed Re = 3.75 and Ca = 0.009
by showing the volume-averaged contributions of all the components of the total shear
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Figure 14. Total volume-averaged shear stress ({o23)) decomposed into viscous
(light gray), Reynolds (dark gray)-and particle hyperelastic (black) contribution. The
histograms give information about a suspension at fixed Re = 3.75 and Ca = 0.009,
for different volume fractionsy both in (a) percentages and (b) absolute values.

N

stress. Viscous (light gray),/Reymolds (dark gray), and particle stresses (black) are
plotted both as percentages of the total stress and as bulk values. Comparing the
budgets at different volume fractions, we observe that as the volume fraction increases,
the bulk value of/the wiscous stress remains essentially the same, while the particle-
induced stress inereases, becoming of the same order of magnitude as the viscous stress
at ® = 0.15. The Reynolds shear stress, although slightly increasing, remains secondary.

Finally, we display in. figure 15 the budgets for different Re at fixed Ca and vice
versa. At.fixed Cays when increasing Re we note that the particle stress increases in
importance with respect to the viscous stress when inertia becomes more relevant.
Concerning the increase of Ca at fixed Re, the total amount of the viscous stress is
essentially unchanged, but the particle stress amount reduces, so that, in relative terms,
the wiscous stress becomes more dominant.

4. Conclusion

We studied suspensions of deformable particles to characterize the effect of elasticity
in the presence of finite inertia and non-uniform shear rate. The flow is characterized
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47 by three non-dimensional parameters: the solid volume fraction, the Reynolds and the
jg capillary numbers. The suspensions proved to have a shear-thinning behavior as the
50 relative wiscosity happens to be a decreasing function of the shear rate even for finite
51 Reynolds numbers. The denser the suspension, the more this behavior is emphasized.
gg We started examining the averaged mean velocity, particle distribution, and velocity
54 fluctuation profiles along the wall-normal coordinate. To begin with, the mean velocity
55 iStwery close to the parabolic solution of the Navier-Stokes equations but exhibits a
g? blunt shape typical of shear-thinning fluids. It does not vary considerably in the cases
58 under investigation. The particle distribution profiles show some concentration peaks
59 at off-center locations, which point to a layered structure. These profiles depend mostly
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on the total volume fraction and the capillary number. On the other hand, thevelocity
fluctuations are more sensitive to changes of ® and Re rather than Ca.

A separate analysis of the dependency of the suspension relative Viscosity onnthe
Reynolds and capillary numbers was carried out by fixing one parameter and, varying
the other. The data indicate that the relative viscosity weakly dependsén the Reynolds
number, while it appears a decreasing function of the deformability parameter. Hence,
for the range of parameters investigated in this study, the visdosity is¢much more
dependent on the capillary than on the Reynolds number.

We showed that for small volume fraction the Eilers fit does not\provide a good
approximation of the suspension viscosity, which is closer to:that of the unladen case.
We explained this peculiar behavior by the fact that deformable particles tend to migrate
towards the middle of the channel, where the shear rate is'low. In/other words, to avoid
deformation, particles tend to stay away from the high shear rate region near the wall
and cluster towards the centerline of the channel4:Because ‘of the small value of the
shear rate in the core region, the suspended phagé does not contribute to the rise in the
effective viscosity as in the rigid case, where no migration’occurs. This phenomenon is
particularly marked for very dilute suspémsions, where a whole region near the wall is
empty of particles at stationarity. When the wolume fraction is increased, this near-wall
region is gradually occupied. This is due to the mutual interactions between particles,
increasing in number as the volume fragtion \increases, forcing them to occupy the
whole channel in dense configurations. s"Moreover, as the capillary number increases,
this deformation-driven migration is more mnoticeable. Indeed, the more deformable
particles are more sensitive to.shear rate variations, and they can modify their shape
more easily to accommodate @ greater number of particles in the channel center. This
behaviour makes the suspension, highly non-uniform across the domain, demonstrating
the difference with what/usually measured and observed in a more standard Couette
rheological configuration.

The analysis of‘the, first and second normal stress differences allowed to better
evaluate the elastie properties of the particles, and their dependency on the Reynolds
and capillary numbers was investigated. We showed that when the capillary number is
fixed and sufficiéntlyslarge, N, is positive, Ny negative, while when Ca is small NV is
actually negative'and'becomes positive only for Ca ~ 0.1. Also, N5 assumes an opposite
sign when-the capillary number is small, in the limit of rigid particles. The change of
sign of the normal stress differences marks the change of behaviour of the suspension,
from a rigid-like behaviour dominated by particle-particle interactions to the deformable
ong¢ dominated by the particle deformation and consequent tendency to migrate towards
the eenterline.

Finally, the total stress budgets revealed that the relative particle-induced stress
contribution grows with the volume fraction and Reynolds number, and reduces as a
function of the particle deformability. For all cases, since we are dealing with laminar
suspension flows, the viscous stress is the dominant contribution and, as expected, is the
only not vanishing component at the wall. It becomes smaller as the volume fraction is
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increased, but this is compensated by a larger particle stress contribution. Councerning
the Reynolds stresses, it can be noted that they are almost negligible in every ¢ase undern
investigation.

The present analysis demonstrated the importance of studyingassuspension of
deformable objects at finite inertia and for non-uniform shear ratés.. Indeed, we
show that results can be different from what observed in Couettedflows due to non-
uniformity of the shear which, coupled with particle defomation, brings to @ suspension

behaviour which is dependent not only on the shear rate, but also on the local particle
~
concentration. This should be carefully considered when proposingdamacroscopic models

for suspensions of deformable objects.
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