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1. Introduction
1.1. Korn-Mazwell-type inequalities

Coercive or KORN-type inequalities are the key ingredient for the treatment of a variety of problems from
elasticity or fluid mechanics [8,9,20]. In its most basic form, the classical Korn inequality asserts that for
each 1 < p < oo there exists a constant ¢ = ¢(p) > 0 such that for all u € C2°(R?; R?) there holds

[ DullLers) < clle(uw)||e rs)s (1.1)

where e(u) := 1(Du+ Du') is the symmetric gradient of u. As £(u) is in general a weaker quantity than
the full gradient Du, inequalities such as (1.1) are non-trivial and usually arise as a consequence of singular
integral estimates. The latter necessitates the exponent restriction 1 < p < oo as (1.1) fails to hold for p =1
by a celebrated counterexample due to ORNSTEIN [24].
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There are several ways to generalise inequalities of the form (1.1). One possibility to do so are the so-called
Korn-Mazwell inequalities that arise, for example, in the mathematical theory of elasticity or plasticity,
respectively. Such inequalities have been considered and studied extensively by NEFF and coauthors, cf.
[18,19,22,23]; one form thereof is given by

1Fllr ) < clF™||Le() + [l curl(F)l|Le (o)) for F € C(Q;R**?) (1.2)

for open and bounded sets @ C R*. Here, F*™ := 1(F + FT) is the symmetric part of the R**3-valued
map F and curl(F) denotes its row-wise curl. Let us note that if F € C2°(Q;R3%3) with curl(F) = 0,
then F' is a gradient, and so (1.2) yields (1.1). Based on the zero boundary values of the admissible maps,
we refer to (1.2) as Korn-Mazwell inequality of the first kind. Another relevant variant of (1.2) is given
by replacing the symmetric part of F' on the right-hand side of (1.2) by its trace-free or deviatoric part
Fdev .= Fsym — 3tr(F)13, where 13 denotes the (3 x 3)-identity matrix. As established in [19], the analogue
of (1.2) reads

[F o) < c(IF*|lLe @) + [l curl(F)||e o)) for F € C°(Q;R3*?) (1.3)

for open and bounded sets Q C R3. The aim of this paper is to provide a common gateway to inequalities
of the form (1.2) and their natural modifications, the Korn-Maxwell-Sobolev inequalities. This particularly
motivates a framework that is both applicable to more general operators than the symmetric or trace-free
gradient and to the borderline case p = 1, a theme that shall now be described in detail.

1.2. Korn-Mazwell-Sobolev-type inequalities

We start our discussion by noting that both (1.2) and (1.3) cannot hold for p = 1. This can be seen by
taking F' to be gradients, F' = Vu, and recalling that e.g. (1.1) does not extend to p = 1 by ORNSTEIN’s
Non-Inequality [24,17]. On the other hand, both inequalities (1.2) and (1.3) do not involve the requisite
exponents that admit suitable scaling. For 1 < p < 3 instead, we consider the following inequality:

1F Nl ) < el F¥™ | 0y + | carl(F)[[oey) for F € CZ(QR¥), (1.4)

3p
3-p
by the BMO- or corresponding CO1=3/P_Holder (semi)norms, respectively. Postponing the incorporation of

where p* := is the Sobolev conjugate of p. Clearly, if p = 3 or p > 3, the L? "_norms should be replaced
other function spaces, we now set up the framework for the main results of the paper. To this end, let A be
a linear, homogeneous differential operator of order one on R? from R? to some RY. By this we understand
that A has a representation

Au:= Y A;ou,  u:R®5R® (1.5)
j€{1,2,3}

with fixed linear maps A;: R* — RY. Following HORMANDER and SPENCER [13,30], we call A elliptic
provided for each ¢ € R3\ {0} the symbol map

Algl== > GA;:R* RN (1.6)
j€{1,2,3}

is injective. Adopting the viewpoint of [10,26], Au = A[Vu] for some linear map A € Z(R**3;RY), and we
call A the matriz representative of A; equally, every A € Z(R3*3; R™) induces an operator A by means of
Aw := A[Vu]. Our main theorem then is this:
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Theorem 1.1 (Korn-Mazwell-Sobolev I). Let 1 < p < 3 and N € N. Then the following are equivalent for
A€ ZL(R3>3;RN):

(1) A induces an elliptic operator A of the form (1.5).
(2) There exists a constant ¢ = c¢(p, A) > 0 such that

[E e 0y < (IALF] Lo (@) + [T eurl(F)[[Lr (o)) (1.7)

holds for all open sets @ C R™ and F € CX°(Q; R3*3).

In the case where 1 < p < oo and 2 C R? is bounded, the same method underlying the proof of the
previous theorem yields that the estimate

1P l[Le o) < el ALF]llLr ) + | ewrl(F)[[ee))  for F € CZ(R™) (1.8)

is equivalent to A inducing an elliptic operator A of the form (1.5), see the discussion at the end of Section 2.1.
By smooth approximation, this gives us back the corresponding inequalities considered in [18,19].

The proof of Theorem 1.1 together with various extensions is provided in Section 2. The paper then is
concluded by discussing Korn-Maxwell-Sobolev-type variants of (1.2) and (1.3) on cubes in the situation of
non-zero boundary values in Section 3 for the particularly important case of the symmetric and trace-free
symmetric gradient operators. Lastly, the appendix provides an extension theorem for divergence-free vector
fields.

Let us note that, when preparing the final version of the manuscript, we became aware of the recent
preprint [4] of CONTI & GARRONI which also uses the Bourgain-Brezis estimate for solenoidal vector fields
to arrive at a special case of Theorems 1.1 and 3.1 for the symmetric gradient operator A = %(D +DT), cf.
[4, Thm. 1.2]. Whereas [4] focuses on the symmetric gradient and a SO(n)-rigidity result [4, Thm. 1.1], our
paper rather concentrates on a characterisation of operators A to yield such inequalities (Section 2), leading
to a unifying theory for all 1 < p < 3; also note that Section 3 proceeds slightly differently and covers the
trace-free symmetric gradient as well.

Notation

For a vector field F': R?® — R3*3, we denote F7 the j-th row of F', j € {1,2,3}. For vectors a,b € R",
we denote (a,b) the euclidean inner product on R", and for matrices A = (a;;), B = (b;j) € R™*", we use
the notation (4, B) = >,
measure will be denoted £", and the symbol .% represents the Fourier transform as usual.

a;;b;;; the meaning will be clear from the context. The n-dimensional Lebesgue

2. Proof of Theorem 1.1
2.1. Korn-Mazwell inequality of the first kind

In this section we establish Theorem 1.1. As a vital ingredient, we require

Lemma 2.1 (of Mihlin-Hormander type [6, Thm. 4.13]). Let m € C(R™ \ {0}) be a function that is
homogeneous of degree zero and T, the operator given by (T, f) = mf, then there exist a € R and © €
C™°(S™~1) with zero average over St such that for any f € C°(R™) there holds (with p.v. denoting the

Cauchy principal value)

o)
B

T’H’L.f = a’f + pV' * f’
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and hence is an LP-bounded operator for any 1 < p < co.

Moreover, we recall that for 0 < s < n and f € Li,.(R™), the Riesz potential of order s is defined by

1 fy) n
Liw) = [ oy TeRY
Rn
where
() = ="

Proof. We may suppose that Q = R3, otherwise we extend F' by zero to the entire R3. Ad (1) = (2). Let
1 < p< 3. Writing F = (F', F2, F3)T with F7 € C2°(R3; R?), for each j € {1,2,3}, we apply the Helmholtz
decomposition to F7 to obtain F7 = Fj, + F’

Y s where FJ,_ is the divergence-free and F7_, the curl-free

cur
part of F7. As FV € C2°(R3;R3), one can check by vector-calculus identities (or Fourier transform) that

ngv and Fgurl can be obtained from F' by means of

; 1 curl(F7(y))
F. = —curl, | ————~dy,
d1v<‘r) A cur / |l‘ . y| Y
3
1 ’ div(F7 21)
ia 1(x> - ——VI/Mdy.
cur 4ﬂ' ‘x . y|
We put Fyiy := (FL , F2,, F3 )" and Feyy = (FL,, F2,,, F2,,) " With the Helmholtz decomposition and
the representation (2.1), we have with p* = ?;‘i—pp
[F L~ sy < [[FaivllLe sy + [[FeurtllLo= sy =2 T+ 11, (2:2)

and depending on p, the single terms are treated differently as follows.

Ad 1, Case 1l < p < 3. By the fractional integration theorem (see, e.g. [32, Theorem 1 on p. 119]) we have
that if p > 1 and s > 0 satisfy 1 < sp < n, then I,: LP(R") — L7~ (R"™) boundedly. Therefore, by (2.1),
and the fractional integration theorem with s = 1 and n = 3, we consequently have with ¢ = ¢(p) >0

1
I<ZE

V(ﬁ * curl(Fj))

je{1,2,3} LP" (R3?)
1 )
<c Z ‘2 * curl(F7) (2.3)
jetam il 7" (R?)
<c Z I Curl(Fj)HLp(Rs) < ¢l curl(F)||Le (rs) -
je{1,2,3}

Ad 1, Case p = 1. It is well-known that the fractional integration theorem does not extend to p = 1 for
general functions. However, the case we treat has the additional information that

divcurl(F7) = 0 (2.4)

in the sense of distributions for j € {1,2,3}. Therefore we may use the Bourgain-Brezis estimate
[T\l psr2 sy < el curl T|| L msy for divergence-free T' € LL.(R3R3) (¢f. [I, Thm. 2]) or the inequality
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(1.3) on p. 294 of [28], respectively, in place of the classical theorem on fractional integration to conclude
the desired result with the rest of the argument unchanged.

We now come to the estimation of II. By ellipticity of A, ¢f. (1.6), for ¢ € {1, 2, 3} the Fourier multiplication
operator

Th: v = FG(AT[EALD) T A% [€9(E)] (2.5)

satisfies T (Ay) = 9;p for ¢ € CP(R3R?). The symbol map R®\ {0} 3> & — &(A*[EJA[E])TA*[¢] €
Z(RN:R3) is of class C*(R3\ {0}; . Z(R¥;R?)) and homogeneous of degree zero. Lemma 2.1 thus implies
that Tlg extends to an L%bounded operator for all 1 < ¢ < co. Applying this result componentwise, for
each 1 < g < oo there exists ¢ = ¢(g, A) > 0 such that

(2.1),
HFcurllqu(R?’) < C

<CZ

1=1,2,3

v(ﬁ x div(Fl))

L4(R3)

A ), )

ie{1,2,3} La(R3)
1 2.6
<ela((Fravr) ) 20
|- 1=1,2,37 |[La(R3)
1
<clla [v(— * div(Fl)) }
|- 1=12,3] |[La(Rs)
Sc ||A[Fcur1H|Lt1(R3) Sc HA[F]HM(RS) J
since the entries of A[F°"!] are linear combinations of the entries of A[F], and (2) follows with ¢ = %.

Ad ‘(2) = (1)’ This is a standard construction which we review only briefly: Suppose that (2) holds.
Applying (1.7) to F = Vu for u € C°(R?*;R?), (1.7) implies ||Vl gs) < cl|Aul|yp+ gs)- Then a classical
construction® (see [5, Prop. 4.1] for the precise argument in a more general context) implies that A must
be elliptic. The proof is complete. O

If © € R? is open and bounded, Hélder’s inequality implies that ||11 f[|La(q) < (g, diam ()| fllLeq) for
f e Cr(Q) for any 1 < g < co. With this estimate instead of (2.3), (1.8) follows; however, note that this
estimate does not scale conveniently.

2.2. Variations on Korn-Mazwell-Sobolev-type inequalities

We conclude this section by discussing several other embeddings. The underlying approach is the same
as for Theorem 1.1, now invoking boundedness properties of fractional and singular integral operators on
different function spaces. Suppose that item (1) of Theorem 1.1 holds.

Limiting Korn-Mazwell-Sobolev. If p = 3 in Theorem 1.1, we let F' € C2°(R3; R3*3) and proceed exactly
as up to (2.2), where L?" (R3; R3*3) is now replaced by the space BMO(R?; R3*3). Since

I: L"(R™) - BMO(R"™) boundedly, (2.7)

! Namely, there exist v € R®\ {0} and ¢ € R®\ {0} such that A[¢]v = 0. Then put ¥(z) = p(z)nk({z,£))v for some
p € CZ(B(0,1);[0,1]) with 1p(,1) < p < 1p(o,2) and nr € CZ(R) with supy, [[7&|lLr(r) < 00 and limg_ oo |7, ||Lr(r) = 00. Then
supy, [[Adyg|lLr(rsy < oo but supy, [ Dy |lLe(rsy = oco.
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the analogue of (2.3) yields (upon redefining I in the obvious way) I < ¢|| curl(F)||srs). On the other hand,
the singular integral operators underlying (2.5) map BMO(R?; RY) — BMO(R?; R?) boundedly (see, e.g.
[25, Theorem 1.1 on p. 296] or [31, Chpt. IV.6.3(b)]). Thus we obtain

[ Fllemore) < c(|A[F]|Bmocre) + || curl(F)]|1s®s)) (2.8)

for all F' € C2°(R3; R3*3), where ¢ > 0 is a constant. Here, we have set

|ullBMo R = sup 7[ u— ][udy da.

@ non-degenerate cube
Q

Korn-Mazwell-Morrey. Now suppose that 3 < p < co. Then it is well-known that there exists a constant
¢ = ¢(p) > 0 such that

11 flleoe sy <l flomsy — for all f € CZ(R?),

where o = 1 — % and || - ||¢o.a sy is the corresponding a-Hélder seminorm. The singular integral operator
underlying (2.5) is bounded as a map C%%(R3; RY) — C%*(R3; R?); this can be seen by the same argument
as in (2.11)ff. below, realising the Holder spaces as Besov spaces (as 0 < o < 1) and appealing to [11,
Cor. 6.7.2]. We thus obtain the estimate

1] 0.1

< c(IAFN o=z o + Il eurl(F) e rs)) (2.9)

7 (R3) ? (R3)

for all F € C2°(R?;R3*3), where ¢ > 0 is a constant.
Korn-Mazwell-Lorentz. Let 1 < p < oo and 1 < ¢ < oo. Recall that for u € Li,.(R") its (p, g)-Lorentz
norm is given for 1 < ¢ < oo by

oo

1 n adty s
Julluragey =% ([ 1127l > )2 F)

0

whereas |[u|gp.oc®rn) = supso L7 ({|u] = }) Then the operator defined in (2.5) maps L” — L" bound-
edly for each 1 < r < o0, and L' — L' boundedly. Hence, by interpolation (see [14]) the operator defined
in (2.5) extends to a bounded linear operator on Lorentz spaces LP*Y(R™) for 1 < p < co and all 1 < ¢ < 0.
Now, given 1 < p < 3, put p* := 3p/(3 — p). Then O’NEIL’s classical convolution inequality implies that
I: LP9(R3) — LP9(R3) boundedly for any ¢ € [1,00]. Then we obtain as above

[ FllLo*ars) < c<||A[F]||Lp*,q(R3) + || curl(F)||Lp,q(]R3)> for all ' € C°(R3;R3*3).

This estimate equally persists for p = 1 but must be approached differently. Namely, taking into account
(2.4), by an estimate of HERNANDEZ and the second named author [12, Theorem 1.1] one has the inequality

[y curl(F)[[ a0 sy < Ol curl(F)|[L1 rs)-

This completes the argument for the endpoint case ¢ = 1, while the remaining cases 1 < ¢ < +o0o then
follow from a classical inequality due to CALDERON,

lgllLs/2.arsy < CllgliLs/za ms)
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for all g € L3/ 2’1(R3). One could alternatively argue these cases via VAN SCHAFTINGEN’s duality estimate
(35, Prop. 8.7].

Fractional Korn-Mazwell. Let 8 € (0,1) and p € [1,00). The WYP-Sobolev seminorm of a compactly
supported function u € L, (R™) then is given by

Ju(z) —uly)” v
il gy = // |x ) \"*"P drdy)”.
R"XR"
Given 6 € (0,1) and 1 < p < 3, the desired inequality now takes the form
1F o0 @) sy < c(IALF o0 @ gy + | curl(F)[[Le me)) (2.10)
for F € C°(R3;R3%3), where p*(0) := 3p/(3—(1—60)p) denotes the associated Sobolev embedding exponent.

Toward (2.10), we adopt a slightly more general viewpoint since multiplier theorems are most conveniently
stated in terms of homogeneous Besov spaces. Consider the kernel from Lemma 2.1

e erny g0,

™

K(z) :=

for © € C>°(S™1) with zero mean over S?~!. This kernel satisfies the three Calderén-Zygmund-Hérmander

conditions
1
swp o [ K)ol do < Ay, (211)
0<R<0o0
B(z,R)
sup |K(z —y) — K(z)|dy < Az, (2.12)
yeR™\{0}
{o: |z|=220y[}
sup / K(z)dz| < A3 (2.13)
0<Ri1<R2<00

z: Ri<|z|<R2}

for three finite constants Ay, Ay, A3 > 0. Here, (2.11) and (2.13) straightforwardly follow by passing to polar
coordinates, where we moreover use for (2.13) that K has vanishing mean over S"~!. By [6, Prop. 5.2] this
follows from |VK (z)| < Clz|™! for all x € R™\ {0} and a constant C' > 0, here being a consequence
of ©® € C(R™ \ {0}). In conclusion, since (2.11)—(2.13) are satisfied, [11, Cor. 6.7.2] implies that T, from
Lemma 2.1 is a bounded linear operator on the homogeneous Besov space B;(I(R”) for all 1 < p < o0,
0 < ¢ < oo and s € R. By a component-wise application, this carries over to T} given by (2.5) as well.

Given1l < p < 3and @ € (0,1), put p := p*(0) for brevity. Then, e.g., [33, Chpt. 5.2.3, Thm. 1, Chpt. 2.7.1,
Thm. 1(ii)] and [15, Thm. 2.1] imply that for any 1 < ¢ < oo there holds

LP(R") > FO,(R") «— FO_L(R?) 15 B9 (R?), (2.14)

and F%Q(R?’) — B% q(]R3) boundedly provided g > p with the corresponding homogeneous Triebel-Lizorkin
spaces F;yq. For such 6, p, ¢ we then obtain with the above multiplier estimate

1Fls, ) < c(IAIFNlgs oy + llcanl(F)los) ), F € CF(R%ROXS). (2.15)
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For p = 1, the requisite modification of (2.14) merely yields (2.15) with the homogeneous Hardy-H!-norm
of curl(F) instead of || curl(F)|;1(rsy. Yet, validity of (2.15) for p = 1 can be seen as follows: By VAN
SCHAFTINGEN’s duality estimate [35, Prop. 8.7] we have for ¢ € (0,1) and 1 < p2, g2 < 0o with Ips = n

1@ ds <clluaolivlsy, , @ (216)
R'n,

for all ® € L*(R™;R") with div(®) = 0 in 2'(R") and all ¢ € C°(R™;R™). In consequence, a row-wise
application of (2.16) with 9 =1 — 6 and ps = T yields

V(ﬁ * curl(F))

"
£ 1V||1'3gq(11§3) Sc .
* B9 (R9)

<ec ||curl(F)||Bg;1(R3) <c chrl(F)H(B;g,(Rg))/ < cf| curl(F)|| L1 (ra).-

Now (2.10) follows upon realising that W/P(R3) ~ B%ﬁ(RB); other variants of (2.10) involving other Besov
spaces can be obtained similarly.

Remark 2.2. For an open set with Lipschitz boundary and 1 < p < oo, the space W™ (Q; R3%3) may be
introduced as the completion of CZ°(Q; R**?) for the norm [ulcurp = ([[ullf s ) + I cwrl(w)f, g )7. Such
fields can be characterised as those u € LP(£; R**3) such that curl(u) € LP(£; R**3) and the componentwise
tangential traces u’ x vpn vanish in B;;/%E)Q;RS), i € {1,2,3} (see, e.g., [18, Sec. 3]). By density, all of
the previous inequalities on open and bounded Lipschitz domains {2 persist for such maps.

3. Korn-Maxwell-Sobolev inequality of the second kind

We conclude the paper by addressing a variant of the Korn-Maxwell-Sobolev type inequality on domains
that allows for non-zero boundary values. Here our focus is on the specific operators € or € as alluded to
in the introduction, ¢f. (1.2) and (1.3); the case of general elliptic operators is addressed below in Open
Question 3.4.

To keep our exposition at a reasonable length, we work with the unit cube @ := (0,1)3 in R? throughout;
see Open Question 3.4 for more general domains. We note that inequalities (1.2) and (1.3) do not extend
to maps F' € C®(Q; R3*3). In fact, should (1.2) hold for all F' € C*°(Q;R3*3), we necessarily have

(F¥" =0and curl(F)=0) = F=0in Q.

To see this, curl(F) = 0 implies by virtue of Q being simply connected that F = Vu for some u € C*°(Q;R?),
and F™ = ( yields F™ = ¢(u) = 0. By connectedness of @, u must be of the form u(z) = Az + b for
some A € Rg’lfef’v and some b € R3; maps of this form are called rigid deformations and denoted R(R?). But
then F' = Vu = A which, in general, does not equal zero. A similar argument also applies to inequalities of
the form (1.3), where we must now use the fact that the nullspace of e (u) := e(u) — L div(u)1,, for n >3
is given by the conformal Killing vectors
K(R™) :={p: x + 2{a, )z — |z|?a+ Qz +pr +b: a,beR", peR, Q € RIX"},

see [27]. Here we use where 1,, to denote the (n x n)-identity matrix. In light of these considerations, the
inequality of interest consequently is given by the following

Theorem 3.1 (Korn-Mazwell-Sobolev IT). Let 1 < p < 3. Then there exists a constant ¢ = c¢(p) > 0 such that
the following hold:
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(1) For all F € C>(Q;R3*3) with

/ (F,)de =0  for allTl € R3® = VR(R?) (3.1)
Q

there holds
IIFHL%(Q) < c(||FSym||L%(Q) + [ ewrl(F)[|re ) - (32)

(2) For all F € C>(Q;R3*3) with

/<F, M)ydz =0  for allll € VI(R?) (3.3)
Q

there holds
dev
120, g, ) < UF™ e o+ eurl(Pooe) (3.4

Here, we have set A% := A™ — Ltr(A)13 for A € R3*3.

Condition (3.1) is particularly transparent, being equivalent to F*¢V having integral zero over ). Coming
back to our initial discussion, in the framework of (3.2) F¥™ = 0 and curl(F) = 0 imply that F'=Vu = A
for some A € Rz’lfe‘:’v However, in this situation, the orthogonality condition (3.1) with II = A implies II = 0
and so F' = 0, too. A similar consideration equally yields consistency of inequality (3.4) subject to (3.3).

The strategy to arrive at Theorem 3.1 is similar to that of Theorem 1.1, where now the global singular
integral or Fourier multiplier estimate underlying (2.6) is replaced by the Necas-Lions lemma. This strategy
has also been pursued in [18,19], where we now employ a duality estimate as in [1,34] to deal with the
corresponding negative normes.

In [34] (also see [1,2]) the following fundamental inequality is established, which moreover can be used
to derive the Bourgain-Brezis-estimate for solenoidal fields: There exists a constant ¢ = ¢(n) > 0 such that
for all ® € L*(R"™; R") with div(®) € L'(R") there holds

/(Q@ dz < e[|l ) [IVellLn @y + 1 div(®) || wn) l@llm ®n)) (3.5)
Rﬂ,

for all ¢ € CS°(R™;R™). The importance of (3.5) is based on the fact that W™ (R™) £ L>°(R™) for n > 2.
To utilise (3.5) in view of Theorem 3.1, we require a localised version as follows:

Proposition 3.2. There exists a constant ¢ = ¢(n) > 0 such that we have

/ (@) de < |0 Vel (om (3.6)

(0,1
for all ® € C((0,1)™;R™) N C*((0,1)™;R™) with div(®) = 0 and all ¢ € C((0,1)";R™).

Note that (3.6) differs from (3.5) (for solenoidal fields) merely by the domain of integration and that of
the corresponding Lebesgue norms on the right-hand side.
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Proof of Proposition 3.2. Let ® be as in the proposition. By Lemma 3.5 in the Appendix there exists
& ¢ L'((~1,2)";R") such that ®|g 1y = @, div(®) = 0 in 2'((—1,2)";R") and [|®|L1((_1.2m) <
3"|®|L1((0,1)n)- We pick a smooth cut-off function p € C°((—1,2)") with L 1)» < p < L(—1,2)». Then
we have, using div(p®) = pdiv(®) + (P, V),

| @orde= [ b0

(0.1)n R~
3.5) ~ L
< Clp@lr o) IVl @ny + [|div(e®) || ®e l@llLm ®n))
< C(I12llLr—1.2m IVellLe o1y + [div(®) Ly ((=1,2m) [ l|Lm ®ey

+ [{®, Vo)l me)ll@llLr (R 7))

Properties of &

< Cll®llLr 0,1y (lellLe 0,y + [IVellLn(®rn))
< Ol 0,0 IVellLa 0,17

the ultimate inequality being a consequence of Poincaré’s inequality. This finishes the proof. 0O

Proof of Theorem 3.1. Ad (1). Let 1 < ¢ < oo and pick L*(Q;R3*3)-orthonormal bases {ei,...,em, },
{f1,...,fm,} of VR(R3) or VIE(R?), respectively. We then record from [18, Eq. (42)] and [19, Eq. (3.24)]
that there exists a constant ¢ = ¢(g) > 0 such that”

HFHLQ(Q)<C(||Fsym||Lq(Q)+HCUﬂ( Mlw- La(Q) Z /ee, , (3.7)
=11g
1Pl < e(1F oy + | eunl(F)llg-saiey + 3 [ F (3:8)
=1
Q

hold for all F' € C*(Q;R3*3). It is precisely these estimates which are a consequence of the Necas-Lions

lemma. We now distinguish two cases:

Case 1 < p < 3. We note that (;’_—pp)' = 4]93_1; and, since 1 < p < 3, € (1,3). Thus, by the usual
30

Sobolev embedding theorem and denoting 6* = 35,

Wl’% (R3; R¥¥3) s L(4353)*(R3;R3X3) _ Lp/(RS;RSXS) (3.9)

Therefore, by Holder’s inequality,

curl(F 3 = su / curl(F dx
leurlEly .2 g peC (Q RS v
Vel sp <19
L4p— 3 (Q;R3X%3)

< sup [ eurl(F)[Lr @ llellLe () (3.10)
PECT (QR>*?)

HV‘P” _3p

<1
LTp—3 (Q;R3X3)

2 In the argument underlying [18, Eq. (42)] (and similarly for [19, Eq. (3.24)]), the authors deal with functionals I;: VR(R?®) — R
or I;: VK(R®) — R which satisfy li(ej) = 0;; and extend them to WewrhP(Q; R3%3) by Hahn-Banach. The choices F +— (e;, F)2
or F+— (f;, F)12 can, since e;, f; € L°°, directly be defined on wewbP(Q: R3%3) without appealing to Hahn-Banach.
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< o curl(F)||Leq)-

Now, combining (3.7) and (3.10) with ¢ = 33_—pp, we obtain Theorem 3.1 (1) for 1 < p < 3 by virtue of (3.1).
To arrive at Theorem 3.1 (2) for 1 < p < 3, we argue analogously but now using (3.8).

Case p = 1. We only have to establish (3.10) for p = 1. We apply Proposition 3.2 to ®' := curl(F?) so
that div(®%) = 0 for i € {1,2,3}. Therefore,

lewl(F)|| . 13 . = sup /(curl(F),(p> dz
W@ peoromrr)
IVells gmsxs) <1 @

< Z sup /(curl(Fi)7<pi> dz
ic{1,2,3) PECT(QRM?)
Vol s g rsxs)<l

<e s (0 fewlE) ) IVelis@
PEC (Q;R7?) ic{1,2,3
HV@HL3(Q;R3X3)<1 et }

< o curl(F) |l )
The proof is hereby complete. 0O

Remark 3.3. If 1 < p < 3, then the above proof shows that we may replace the unit cube @ by any open
and bounded, simply connected domain 2 with Lipschitz boundary.

We conclude the paper by addressing possible generalisations of Theorem 3.1:

Open Question 3.4 (On more general operators and domains). (a) Following the argument of [18,19] (in
particular [18, Cor. 2.3]), if A is an operator of the form (1.5) with RY = R? =2 R3*3, the Necas-Lions lemma
(cf. [21, Thm. 1]) can be utilised to derive the respective variant of (3.2) or (3.4) provided dim(ker(A)) < oo
and there exists m € N>; and a linear map £: @™~ ! (R%;R3*3) — @™ (R3; R3*3) such that

D™F = L(D™ ! curl(F)) for all F € C™(Q; (Id — A)(R**?)). (%)

This suggests that Theorem 3.1 should be generalisable to the class of C-elliptic differential operators
(cf. [29,16,3]) as the finite dimensionality of the nullspace is the characterising feature of such differential
operators, but it is not clear to us how to establish (x) for this class of operators.

(b) If Q C R3 is an open, bounded, simply connected Lipschitz domain, then estimates (3.7) and (3.8) persist.
To obtain Theorem 3.1, the above approach works analogously provided one can establish an extension
operator £: C(;R™) N CHQ;R™) — L' (U;R™), where U C R™ is open with Q € U, such that

(ED)|q = D,
div(®) = 0 in Q@ = div(£®) = 0 in 2'(U), ()
€@ 1wy < el L)

for some ¢ > 0 and all ® € C(Q;R"™) N C'(Q;R™). Note that the usual extension techniques hinging on
localisation by means of partitions of unity (¢f. [7, Chpt. 4.4]) destroy the solenoidality of the extensions. In
consequence, it would be of interest to know whether any open, bounded and simply connected Lipschitz
domain Q C R? admits an extension operator £ satisfying () for some open set U with Q € U.
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Appendix

Although the following extension result underlying the proof of Proposition 3.2 should be well-known to
the experts, it is hard to be traced back in the literature and so we state and give the quick proof here:

Lemma 3.5. There exists a linear extension opemtor E: C((O D™ R*)NCH(0,1)*; R™) — LY ((~1,2)™; R™)
such that the following hold for all ® € C((0,1)™;R™) N C*((0,1)™; R™):

(ED)|0)n = @,
div(<I>) = 0 m( )" = div(EP) = 0in 2'((—1,2)"), (3.11)
IEP]Lr((—1,2)7) < 3" [[@|Lr((0,0)m)-

Proof. We proceed by induction over the first k elements of {1,...,n — 1}. Suppose that ¥ is defined on

(—=1,2)*71 x (0,1)"F*1. We claim that there exists an operator & with &W: (—1,2)F x (0,1)"~% — R"
such that

(5k\1’)|(71,2)k‘*1><(0,1)”*’“+1 = \I/,
div(¥) = 0in (—1,2)F1 x (0,1)7F+1 (3.12)
—— diV(gk\If) =0in .@/((07 l)k X (07 1)n7k)7 .

€6 ILr((—1,2)8 % (0,0)m—*) < 3[[W[[L1((—1,2)6-1x(0,1)n—F+1),

where we adopt the convention (—1,2)° x (0,1)” = (0,1)™. Then, by construction, £ := &, 0&,_10...0&
satisfies (3.11). For k € {1,...,n — 1}, define for ¥: (—1,2)*~1 x (0, 1)"~*+!1 - R

EMV(z) ifx e (—1,2)"1 x (1,2) x (0,1)"F

Ep¥(z) := ¢ U(x) if r € (—=1,2)*1 x (0,1) x (0,1)"F
E U(z) ifze(—1,2)F1 x (=1,0) x (0,1)"*,

where EEU = ((EFV)4, ..., (EFW),,) with

(Eljlll)j(xl, &) = =W (2, o Th—1, 2 — T, Tt 1s oo, 1, Ep) G FE K,
(5,;"\11)k(x1, vy @) = Wp(X1, oy 1,2 — Ty Tt 1y +vvy Ty ifj==k

for z € (1,2)F71 x (1,2) x (0,1)"*
(51:\Il)j($17 7xn) = 7\IJj(x1a vy Th—1) =Tk Lh+1, "'amn—lv'rn) lf.] # kv
(ErWp(xr, s @p) = V(1 ooy The1, —Th, Tt 1, s Tp) ifj=k
for z € (1,2)* 71 x (=1,0) x (0,1)"*
By construction, (3.12); and (3.12), follow. Let ¢ € C°((—1,2)% x (0,1)"*). Since diV(E,ét\Il) 0 on
)

(1,2)%=1 x (1,2) x (0,1)" % or (1,2)k¥=1 x (=1,0) x (0,1)"%, respectively, we have with v = (v;); =
(,...,0,-1,0,...,0) and ¥ = (v;); = (0,...,0,1,0,...,0) (the non-zero entry sitting at the k-th position)

/ &V, Ve)dz =— Y / (& W)jepv; !
(—1,2)k % (0,1)n—k JE{L o INKE (g 9yk—15 {0} % (0,1)n*
— / Vv, d:%””fl)

(—1,2)k=1x{0}x(0,1)n—*
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- / (5w A
JE{LnIMEY (g gyk—15 {1} x(0,1)n—F

- / Wiy A" )
(—1,2)k=1x{1}x(0,1)"—*
F ( / \I/kgﬁl/k d%n_l
(—1,2)k—1x{0}x(0,1)»—*
n / Uy o, déf”_l) =0

(=1,2)k=1x{1}x(0,1)"—*

as only those summands with j = k are potentially non-zero, and for j = k the corresponding integrals
cancel out. Hence div(&,¥) = 0 in 2'((—1,2)¥ x (0,1)"~%). This finishes the proof. O
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