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Abstract
Wediscuss the conditions for the classicality of quantum states with a very large number of identical
particles. By defining the center ofmass from a large set of Bohmian particles, we show that it follows a
classical trajectory when the distribution of the Bohmian particle positions in a single experiment is
always equal to themarginal distribution of the quantum state in physical space. This result can also be
interpreted as a single experiment generalization of thewell-knownEhrenfest theorem.We also
demonstrate that the classical trajectory of the center ofmass is fully compatible with a quantum
(conditional)wave function solution of a classical non-linear Schrödinger equation.Ourwork shows
clear evidence for a quantum–classical inter-theory unification, and opens newpossibilities for
practical quantum computations with decoherence.

1. Introduction

Since the beginning of quantum theory a century ago, the study of the frontier between classical and quantum
mechanics has been a constant topic of debate [1–8]. Despite great efforts, the quantum-to-classical transition
still remains blurry and certainlymuchmore puzzling and intriguing than, for example, the frontier between
classicalmechanics and relativity. The relativistic equations ofmotion just tend to the classical oneswhen the
velocities aremuch slower than the speed of light [3].

The difficulties infinding a simple explanation for the classical-to-quantum transition have their roots in the
so-calledmeasurement problem that requires getting rid of quantum superpositions [8–10]. Possible quantum
states of a particle are represented by vectors in aHilbert space, and linear combinations of them (such as
superpositions ofmacroscopically distinguishable states) also correspond to valid states of theHilbert space.
However, such a superposition of states is not always compatible withmeasurements [10, 11]. Themeasurement
problem can be formulated as the impossibility for a physical quantum theory (in empirical agreementwith
experiments) to satisfy simultaneously the following three assumptions [9]. First, thewave function always
evolves deterministically according to the linear and unitary Schrödinger equation. Second, ameasurement
alwaysfinds the physical system in a localized state, not in a superposition ofmacroscopically distinguishable
states. Third, thewave function is a complete description of a quantum system.Different quantum theories
(interpretations) appear depending onwhich assumption is ignored [3].

Thefirst type of solution argues that the unitary and linear evolution of the Schrödinger equation is not
always valid. For instance, in the instantaneous collapse theories [12] (like theGRW interpretation [13]), a new
stochastic equation is used that breaks the superposition principle at amacroscopic level, while still keeping it at
amicroscopic one. Another possibility is substituting the linear Schrödinger equation by a non-linear collapse
law onlywhen ameasurement is performed [1, 14]. This is thewell-known orthodox (orCopenhagen) solution,
andmost of the attempts to reach a quantum-to-classical transition have been developed under this last
approach [4–8, 15–17].

A second type of solution ignores the assumption that ameasurement alwaysfind the physical system in a
localized state.One then assumes that there are different worldswhere different states of the superposition are
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found. This is themanyworlds solution [18–20], inwhich the famous Schrödinger’s cat is found alive in one
world and dead in another. Explanations of the quantum-to-classical transition have also been attemptedwithin
this interpretation [20].

There is afinal kind of solution that assumes that thewave function alone does not provide a complete
description of the quantum state, i.e. additional elements (hidden variables) are needed. Themostwidespread of
these approaches is Bohmianmechanics [10, 23–28], where, in addition to thewave function, well-defined
trajectories are needed to define a complete (Bohmian) quantum state. In a spatial superposition of two disjoint
states, only the onewhose support contains the position of the particle becomes relevant for the dynamics.
Previous attempts to study the quantum-to-classical transitionwith Bohmianmechanicsmainly focused on
single-particle problems [28–31]. In this paper, we generalize suchworks by analyzing underwhich conditions
the center ofmass of amany-particle quantum system follows a classical trajectory.

Theuse of the center ofmass for establishing the classicality of a quantumstate has somepromising advantages.
Thefirst one is related to thedescriptionof the initial conditions. Fixing the initial positionandvelocity of a classical
particle seemsunproblematic,while it is forbidden for a quantumparticle due to theuncertaintyprinciple [1, 14]. The
use of the center ofmass relaxes this contradiction: it is reasonable to expect that two experimentswith the same
preparation for thewave functionwill give quite similar values for the initial position andvelocity of the center of
masswhen a largenumber of particles is considered, although themicroscopic distributionof thepositions and
velocities for all (Bohmian)particleswill be quite different in each experiment.

The secondadvantage is that it provides anatural coarse-graineddefinitionof a classical trajectory that coexists
with theunderlyingmicroscopic quantumreality.One can reasonably expect that theBohmian trajectoryof the
center ofmass of a largenumberof particles can followa classical trajectory,without implying that each individual
particle becomes classical. Therefore, theuse of the center ofmass allows adefinitionof thequantum-to-classical
transition,while keeping apurequantumbehavior for each individual particle.

This article is structured as follows.We begin by studying the conditions underwhich the center ofmass of a
quantum state behaves classically.We then present a type of wave function that always fulfills these conditions,
and show the equation that guides thewave function of the center ofmass. Next, we discuss examples of
quantum states whose center ofmass does not behave classically. Tofinish, we summarize themain results,
contextualize themwithin previous approaches and comment on further extensions of this work.

2. Conditions for a classical center ofmass

2.1. Evolution of the center ofmass in an ensemble of identical experiments
Throughout the article, wewill consider a quantum system composed ofN particles ofmassm governed by the
wave function r r t, , ,N1Y ¼

 ( ) solution of themany-particle non-relativistic Schrödinger equation,
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In particular, we are interested in the evolution of one specific degree of freedom, the center ofmass, defined as
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Our aim in this paper is to analyze underwhich circumstances the observable associatedwith the operator rcm


follows a classical trajectory in a single experiment.
Wefirst consider an ensemble of experiments realizedwith the same (prepared)wave function, whose

average ensemble value of the center ofmass is given by
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Wecan follow the same procedure for the time derivative of themomentumof the center ofmass,
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When the spatial extent of themany-particle wave function ismuch smaller than the variation length-scale of the
potential, we can assume V r V ri iext ext cmá ñ =  á ñ

 ( ) ( ), andwrite
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This classical behavior of the average rcmá ñ


is a verywell-known result [1, 2, 32]. The types ofVext that satisfy the
condition V r V ri iext ext cmá ñ =  á ñ

 ( ) ( )will be discussed further later.

2.2. Evolution of the center ofmass in a single experiment
In order to satisfy our classical intuition, we need to certify that the observable associatedwith rcm


follows a

classical trajectory in each experiment (not in an average over several experiments). This problem could be
analyzedwithin the orthodox formalism [4, 5, 7, 15–17, 33]. The typical approachwould be to construct a
reduced densitymatrix of the center ofmass by tracing out the rest of the degrees of freedom interpreted as the
environment. The effect of decoherence, i.e. the entanglement between the environment and the system, then
leads to a diagonal (or nearly diagonal) densitymatrix. Finally, after invoking the collapse law, one obtains the
observable result for the operator rcm


by selecting one element of the diagonal at eachmeasuring time. In this

work, however, wewill approach the problemusing Bohmianmechanics [23, 25–28]. This alternative formalism
will allow us to reach the quantum-to-classical transitionswithout dealingwith the reduced densitymatrix and
without specifying the collapse law (this law is not needed in the Bohmian postulates [25, 26, 28]).

As indicated in the introduction, in Bohmianmechanics, a quantum state is completely described by two
elements: themany-particle wave function r r t, , ,N1Y ¼

 ( ), solution of the usual Schrödinger equation, and the
trajectory r ti

j{ ( )}of each i N1= ¼ particle. Hereafter, each Bohmian quantum state will refer to awave
function and to a particular set of trajectories labeled by the superindex j that correspond to a single experiment.
The velocity of each particle is given by
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where J mImi i*= Y Y


( ) . Thus, the configuration of particles reproduces all quantum features while
evolving ‘choreographed’ by thewave function [26–28, 34, 35].

By construction, Bohmian predictions are as uncertain as the orthodox ones [36]: it is not possible to know
the initial positions in a particular experiment (unless thewave function is a position eigenstate). The best we can
know about the particle positions in the j-experiment, r ti

j{ ( )}, is that they are found in locationswhere thewave
function has a reasonable presence probability. In particular, the set of positions inM different experiments
(preparedwith the samewave function) are distributed according to
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If the set ofN positions follows this distribution at some time t=0, it is easy to demonstrate that (9)will also be
satisfied at any other time t, provided that themany-particle wave function evolves according to (1) and that the
particlesmove according to (8). This property is known as equivariance [39] and it is key for the empirical
equivalence between Bohmianmechanics and other quantum theories. Equation (9) says that Born’s law is
always satisfied by counting particles [23, 25, 27, 28] and that the quantum results are unpredictable [36]. Several
authors assume that, as a postulate of the Bohmian theory, the initial configuration of the particles satisfies (9),
while others argue that it is just a consequence of being in a ‘typical’Universe [21, 39] 3.

3
In principle, one could postulate (9) (at some initial time) in the Bohmian theory in the sameway that Born’s law is a postulate in the

orthodox theory.However, some authors argue that this is not necessary [21]. Probably themost accepted view against taking (9) as a
postulate comes from the seminal work byDürr et al [39], where the equivariance in any system is discussed from the initial configurations of
(Bohmian) particles in theUniverse. Using Bohmianmechanics to describe thewave function of thewholeUniverse, then thewave function
associatedwith any (sub)system is an effective (conditional)wave function of the universal one.Using typicality arguments, Dürr et al
showed that the overwhelmingmajority of the possible selections of initial positions of particles in theUniverse will satisfy condition (9) in a
subsystem [39]. Other authors [22] have attempted to dismiss (9) as a postulate by showing that any initial configuration of Bohmian
particles will relax, after some time, to a distribution very close to (9) for a subsystem.

3
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After selecting one initial position of the particles from (9) in a single j-experiment, we can then define the
trajectory for the center ofmass of the Bohmian quantum state as
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i
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å=
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 ( ) ( ) ( )

As discussed above, in general r t r tj h
cm cm¹
 ( ) ( ) for any two different experiments j and h because the Bohmian

positions have an intrinsic uncertainty coming from (9).

2.3. Classical center ofmass in a single experiment
A classical trajectory for the center ofmass r tj

cm
 ( ) of a quantum state in a single experiment is obtainedwhen the

following two conditions are satisfied:

• Condition 1—For the overwhelmingmajority of experiments associatedwith the samewave function, the
same trajectory for the center ofmass is obtained. That is to say, for (almost) any twodifferent experiments,
j and h, we obtain r t r tj h

cm cm=
 ( ) ( ).

• Condition 2—The spatial extent of the (many-particle)wave function in each direction ismuch smaller than
the variation length-scale of the external potentialVext.

According to condition1, since r t r tj j
cm cm

0=
 ( ) ( ) for allM experiments, the empirical evaluationof rcmá ñ


(thatwe

know is classical if condition2 is also satisfied)will be equal to the trajectoryof the center ofmass r tj
cm

0 ( ) in a single
experiment:

r t
M

r t r tlim
1

. 11
M j

M
j j

cm
1

cm cm
0åá ñ = =

¥ =

  ( ) ( ) ( ) ( )

Moreover, we notice that r tj
cm
 ( ) in such a quantum state has the samewell-defined initial conditions (position

and velocity) as in the overwhelmingmajority of experiments.While condition 1might seem very restrictive, we
will show, inwhat follows, that quantum states that satisfy it aremore natural than expectedwhen the number of
particles is very large.

Abetter understandingof condition2 canbe found fromaTaylor expansionof the external potentialV riext
( ) in

(6).One can easily realize that the condition V r V ri iext extá ñ =  á ñ
 ( ) ( ) is directly satisfiedby constant, linear or

quadratic potentials.WhereVext canbe approximatedbypotentialswith suchdependence requires adiscussionof its
physicalmeaning.V riext

( ) in (2)describes the interactionofparticle iwith somedistant ‘source’particles located
elsewhere.Moreover, the fact that this potential is felt identically by allN systemparticles (i.e.V riext

( ) is a single particle
potential) is due to the largedistancebetweenour systemand thepotential sources.Wecan thenassume thatVext is
generatedby somekindof long-range force, suchas an electromagnetic or gravitational one. Suchexternal long-range
potentialswill usually have a small spatial variation along the support of r r t, , ,N1Y ¼

 ( ), and a linearorquadratic
approximation forVext would seemenough inmostmacroscopic scenarios. In any case, scenarioswherehigherorders
of the series expansionofVext are relevant arepossible in the laboratory.Then, if condition1 is applicable, itwill

guarantee aunique trajectory r t r t
j

cm cm
0á ñ =

 ( ) ( ) in all experimentswithwell-defined initial conditions; however, its
accelerationwill not onlybegivenby the gradientofVext, but itwill alsodependon thewave function.

3.Quantum stateswith a classical center ofmass

3.1. A quantum state full of identical particles
Wedefine here a type of quantum state with a very large number of indistinguishable particles (either fermions
or bosons) that we name quantum state full of identical particles.Wewill show that the center ofmass of these
states always follows a classical trajectory. Our definitionwill revolve around the concept ofmarginal probability
distribution, i.e. the spatial distribution for the ith particle independently of the position of the rest of the
particles,
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Empirically, this distribution can be calculated from a very large numberM of experiments as
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Since our definition of a quantum state full of identical particles always involves indistinguishable particles, the
subindex i is superfluous, and all particles will have the samemarginal distribution.Wenotice that, while all
Bohmian particles r ti

 ( ) are ontologically distinguishable (through the index i), the Bohmian dynamical laws,
equations (1) and (8), ensure that they are empirically indistinguishable4.

We define a quantum state full of identical particles as a statewhose distribution of the positions of theN
particles in a single experiment is always equal to themarginal distribution of a single variable obtained from
averaging over different experiments,

D r t
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For the practical application of this definition in systemswith a finite (but very large)number of particles, one
can impose that the condition in (14) has to be satisfied for the overwhelmingmajority of experiments (see
appendix A).

The selection of the initial position of the particles, r r r0 , 0 0
j j

N
j

1 2
0 0 0¼
  ( ) ( ) ( ), in a single experiment (labeled

here j0) can be done from (9). Onewould start by first selecting r 0
j

1
0
 ( ) (independently of the rest of the positions).

Then, selecting r 0
j

2
0
 ( ) conditioned to the fact the r 0

j
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last position is chosen, r tN
j0 ( ), conditioned to all previous selected positions. The probability distribution for

selecting r 0i
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i
j

1 1
0¼ -

 ( ) ( ) are already chosen, can be defined from a
combination of conditional andmarginal probabilities as:
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By construction, the probability distribution function in (14) has a total probability equal to unity. On the
contrary, a normalization constant is explicitly included in the definition of (15) to ensure that it is a probability
distribution function properly normalized to unity. In particular, for any j0-experiment, we get

D r D r, 0 , 0j ,1
1 10 º
 ( ) ( ) and D r r r r r t, 0 0 , , 0 , , 0 , ,j N

N
j

i
j

N
j

N
,
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20 0 0º Y ¼ ¼ -

    ( ) ∣ ( ( ) ( ) ( ) )∣ . Therefore, a quantum state
full of identical particles can be alternatively defined as thewave function satisfying the global distribution of the
i= 1,K,N particles in a single j0-experiment constructed from (15) and (16), and is equal to D r , 0

( ) in (12) for
the overwhelmingmajority of experiments. A trivial example of a quantum state full of identical particles is one
where the corresponding distribution for selecting the i= 1,K,N particles in the overwhelmingmajority of
experiments satisfies D r D r, 0 , 0j i

i i
,0 =
 ( ) ( ).

The equivalence between both expressions in (14) implies the equivalence between two sets of positions:

first, the positions of particle i0 inM different experiments, r ti
j
0

{ ( )} for j= 1,K,M, and, second, the positions of

theN particles in the same j0-experiment, r ti
j0{ ( )} for i= 1,K,N. Because of this equivalence, a position in the

first set, say r ti
j0 ( ), is equal to another position in the second set, r ti

j
0

 ( ). Any position of one set has another
identical position in the other set. Therefore, since the exchange of positions of identical particles does not

exchange their velocity [37], we obtain that v vi
j

i
j0

0
=

 
, which implies that r t r ti

j
i
j0

0
=

 ( ) ( ) at any time. Therefore,

we conclude that if (14) is satisfied at a particular time, such as t=0, then the quantum state will be full of
identical particles at any other time.

At this point, using (14) for any time t, we can certify that the trajectory of the center ofmass of a quantum
state full of identical particles satisfies

4
The empirical indistinguishability of the Bohmian trajectoriesmeans that the r2


-observable computed from r tj

2
 ( ) is identical to the

r1

-observable computed from r tj

1
 ( ). This property can be easily understood from the symmetry of the wave function (see also [25, 28, 37]).
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N
h

1 2 ¼
  { ( ) ( ) ( )}whose initials conditions are r r0 0h j
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h
i
j=

 ( ) ( ) for i= 3,K,N. Due to the
symmetry of thewave function (and of velocity (8)), r t r th j
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Any observable related to r1

(or r2


) is evaluated over an ensemble of different experiments. For each j-element of the ensemble, we can

construct its corresponding h-set of trajectories and evaluate the r2

-observable using r th

2
 ( ) instead of r tj

2
 ( ). By construction, since

r t r th j
2 1=
 ( ) ( ), the r2


-observable is identical to the r1


-observable.
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wherewe have used

r t r D r t r, d 18
j

cm
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   ( ) ( ) ( )

with D r t,
( ) given by any of the two expressions in (14). In summary, a quantum state full of identical particles

satisfies condition 1, and, if condition 2 also holds, its center ofmasswill be a classical trajectory.
The arguments we have presented here are for a systemof indistinguishable particles. For amacroscopic

object composed of several types of particles, we can apply the same reasoning and obtain a classical center of
mass for each type of particle subsystem, such that the global center ofmass is also classical.

3.2. Example 1: a quantum statewith all particles sharing the same single-particle wave function
Herewe show the simplest example of a quantum state full of identical particles.We consider anN-particle wave
function given by

r r t r t, , , , . 19N
j

N

j1
1

 yY ¼ =
=

  ( ) ( ) ( )

It corresponds, for example, to a systemof non-interacting bosons, all with the same single-particle wave
function r t,y

( ) solution of a single-particle Schrödinger equation under the external potentialV rext
( ).

The quantum state in the j-experiment is completedwith the set of trajectories r ti
j{ ( )} for i= 1,K,N

selected according to 2Y∣ ∣ . Since (19) corresponds to a separable system, each position r 0i
j ( ) has to be selected

according to its own probability distribution in (15) and (16)with D r r, 0 , 0j i
i i

, 20 y=
 ( ) ∣ ( )∣ . Themarginal

distribution in (12) satisfies D r r, 0 , 0i i
2y=

 ( ) ∣ ( )∣ , which is exactly the same distributionmentioned above for
selecting the particles. Therefore, this quantum state trivially satisfies (14)when N  ¥, i.e.
D r D r, 0 , 0j i,0 =

 ( ) ( ). As a result, the (Bohmian) trajectory of the center ofmasswill follow a classical trajectory
when condition 2 aboutVext is also satisfied.

Numerical example
For simplicity, we consider a 1Dphysical space to numerically test the properties of the above state. As the initial
single-particle wave functionwe select awave packet of the form

x
x x

k x, 0
1

exp
2

exp i , 200
2

2 0y
s p s

= -
-⎛

⎝⎜
⎞
⎠⎟( ) ( ) ( ) ( )

withσ the dispersion of thewave-packet, x0 the initial position and k0 the initialmomentum. Then, since the
particles are independently selected, the central limit theorem [38] ensures that the center ofmass of the
quantum state will be normally distributedwith a dispersion N 0cms s=  , confirming that the center of
mass has the samewell-defined position in all the experiments (see appendix A).

In thefirst example infigure 1we use a linear potentialV x x2ext =( ) emulating a particle in free fall under a
gravity force. The quantumwave packet increases its width over time and its center follows a typical parabolic
movement. The second example infigure 2 corresponds to a harmonic potential V x x 2ext

2=( ) . In this case,
because thewave function corresponds to the ground state of the quantumharmonic oscillator, it does not show
any dynamics and the trajectories remain static at their initial positions. In any case, the center ofmass (dashed
black line infigure 2) corresponds to the classical trajectory at the position of theminimumof the harmonic
potential with zero velocity.

Now,we confirm the classicality of the center ofmass of a quantum state defined by (19) using simpler
arguments. Since there is no correlation between different trajectories x ti

j ( ), the Bohmian trajectories plotted in
figures 1 and 2 can be interpreted in two different ways. Thefirst interpretation is the one explained abovewhere
they correspond to different i= 1,K,N trajectories in the same experiment described by themany-particle wave
function given by (19). In this case, the average value of the trajectories (dashed black lines infigures 1(b) and
2(b)) is understood as the trajectory for the center ofmass in that particular experiment. The second
interpretation is that the trajectories correspond to different experiments of a single particle systemdefined by
thewave function x t,y ( ). In this interpretation, xcmá ñcorresponds to a classical trajectory (for large enoughN
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andVext satisfying condition 2), as shownby Ehrenfest’s theorem [32] discussed in section 2.1. Since the
trajectories in both interpretations aremathematically identical, we conclude that the (Bohmian) trajectory of
the center ofmass in a single experiment follows a classical trajectory x t xj

cm cm= á ñ( ) , as anticipated in the
discussion above on how these quantum states satisfy the condition in (14) , i.e. D x D x, 0 , 0j i, =( ) ( ).

3.3. Example 2: amany-particle quantum statewith exchange and inter-particle interactions
In the following, we consider amore general example of a quantum state full of identical particles with exchange
and inter-particle interactions.We consider here a quantumwave functionΨwhich, at time t=0, is built from
permutations ofN single-particle wave functions, r , 0iy

( ).We define r r, , , 0N1Y ¼
 ( ) as

r r r s, , , 0 , 0 , 21N
p S i

N

p i p1
1N

iå  yY ¼ =
Î =

  


( ) ( ) ( )

where p p p p, , , N1 2= ¼


{ } is an element of the set SN of N!permutations ofN elements. The term s 1p =  is
the sign of the permutation for fermions, while s 1p = is for bosons. A global normalization constant has been
omitted because it will be irrelevant. In particular, we consider that the single-particle wave functions r , 0iy

( )
and r , 0jy

( ) are either identical or without spatial overlapping. For any r

and r , 0fy

( ), we have:

r r f N

r r f N

, 0 , 0 ,

, 0 , 0 0 , 22

f i i

f i i

y y
y y

= " Î
" Ï

 
  

( ) ( )
( ) ( ) ( )

whereNi is the subset of wave functions identical to r , 0iy
( ).We now check if the quantum state defined by

equations (21) and (22) is a quantum state full of identical particles. The initialmodulus squared of thewave

Figure 1. (a)Evolution of a quantumwave packet with a potential V x x2ext =( ) . The initial wave function is aGaussianwave packet of
width 1s = , centered around x 150 = - , and an initial positive velocity k 100 = . (b)Quantum trajectories corresponding to the
dynamics in (a), with the average shown as the dashed black line. Units are m 1= = .

Figure 2. Same asfigure 1 but for the evolution of an initial Gaussianwave packet with x 00 = , 1s = and k 00 = , in a potential
V x x 2ext

2=( ) .
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function in (21) can bewritten as

r r s s, 0 , 0 , 23
p p S i

N

p i p i p p
2

, 1N

i i

*å  y yY =
¢Î =

¢ ¢
 

 
 ∣ ∣ ( ) ( ) ( )

and themarginal distribution for each particle is then given from (12) as

D r r r d s s, 0 , 0 , 0 , 24
p p S

p p
i

N

p p p p
, 2

,

N

i i1 1

*å y y=
¢Î

¢
=

¢ ¢
  

 
 ( ) ( ) ( ) ( )

with thematrix element di f, defined as

d r r r, 0 , 0 d . 25i f i f,
3*ò y y=

  ( ) ( ) ( )

Because of (22), d 1i f, = for all f NiÎ and d 0i f,  for f NiÏ . Then, only the summands in (24)with all the
terms d 1i f, = are different from zero, andwe can rewrite D r , 0

( ) as

D r r, 0 , 0 . 26
i

N

i
1

2åa y=
=

 ( ) ∣ ( )∣ ( )

whereα is the product of the number of permutations of eachNi to provide a properly normalized distribution
in (14).

On the other hand, the selection of theNpositions in a single experiment r 0i
j{ ( )}has to satisfy (9). The

selection of the first particle r 0j
1
 ( ) (independently of all other particles) is given by (26). To select the second

particle r 0j
2
 ( ), one needs to take into account the already selected r 0j

1
 ( ). In general, according to definitions (15)

and (16) and using (23)–(25),the selection of the position r 0m
j ( ) as a function of the previous m 1- positions

r r0 , , 0j
m
j

1 1¼ -
 ( ) ( ) is given by the distribution

D r w r r d s s, 0 , 0 , 0 , 27j m

p p S k

m

k p p
j

p p
i m

N

p p p p
,

, 1

1

, ,
1

,

N
k k

m m i i
*å  y y=

¢Î =

-

¢ ¢
= +

¢ ¢
  

 
 

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( ) ( )

with thematrix element w
k p p
j
, ,k k

¢ defined as

w r r0 , 0 0 , 0 . 28k p p
j

p k
j

p k
j

, ,k k k k

*y y=¢ ¢
 ( ( ) ) ( ( ) ) ( )

For each position r 0k
j ( ), because of (22), there is aNi set of wave functionswhose value is

w r 0 , 0k i f
j

i k
j

, ,
2y=

∣ ( ( ) )∣ for any f NiÎ , and w 0k i f
j
, ,  for any f NiÏ . Again, we can assume that only the

summandswith the products w r 0 , 0k i f
j

i k
j

, ,
2y=

∣ ( ( ) )∣ and d 1i f, = will remain different from zero in (27) giving

r r r, 0 , 0 , 0i f i
2*y y y=

  ( ) ( ) ∣ ( )∣ .We can then rewrite D r , 0j m, ( ) as

D r r, 0 , 0 , 29j m
m

i

N

i
,

1

2åb y=
=

 ⎛
⎝⎜

⎞
⎠⎟( ) ∣ ( )∣ ( )

r 0 , 0 . 30m
p S k

m

p k
j

1

1
2

M

k

1

å b a y=
Î =

-

-




∣ ( ( ) )∣ ( )

Again, the parameter mb is irrelevant because the selection of the particles can be done through an expression of
D r , 0j m, ( ) properly normalized to unity, where only the dependence on r


matters.

In summary, for the quantum state defined by equations (21) and (22)plus a set of trajectories r 0i
j{ ( )}, we

conclude that the (normalized versions of the) distributions D r , 0
( ) in (26) and D r , 0j m, ( ) in (29) for anym are

identical. Thereforewe are dealingwith a quantum state full of identical particles whose center ofmass follows a
classical trajectory.

Aswe have demonstrated in section 3.1, whether r r t, , ,N1Y ¼
 ( ) fulfills the condition in (14) or not has to be

tested at a single time. Sincewe have shown that (21) is a quantum state full of identical particles at t=0, we
conclude that any quantum statewith thewave function r r t, , ,N1Y ¼

 ( ) solution of themany-particle
Schrödinger equation in (1), with orwithout externalVext or inter-particleVint potentials, andwith the initial
state defined by equations (21) and (22), is a quantum state full of identical particles when N  ¥.

Numerical example
Inwhat follows, we investigate numerically this system.Wewill show that the center ofmass of the quantum
state effectively tends to a classical result, even for quite a small number of particles. The evolution of the initial
wave function in (21) in the limit of N  ¥ is numerically intractable.Wewill consider here afinite number of
non-interacting bosons in a 1D space and test if the center ofmass tends to a classical trajectorywhenN
increases. Each single-particle wave function x t,i iy ( ) is a solution of a single-particle Schrödinger equation
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under the potentialVext. Therefore, the bosonicmany-particle wave function can bewritten at any time t as

x x t x t, , , , . 31N
p S i

N

p i1
1N

iå  yY ¼ =
Î =


( ) ( ) ( )

For comparison, we also consider the same state in (31), but without exchange interaction

x x t x t, , , , . 32N
i

N

i i1
1

 yY ¼ =
=

( ) ( ) ( )

In particular, wewill consider each of the iy in equations (31) and (32) as a sumof two initially separated
Gaussianwave packets, butwith opposite centralmomenta to ensure that they impinge at a later time

x
k x x x k x x x

, 0
exp i

2
exp

2

exp i

2
exp

2
, 33i j

iL j j iL iR j j iR

2 1 4

2

2 2 1 4

2

2
y

ps s ps s
= -

-
+ -

-⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( )

( )
( )

( ) ( )
( )

( )
( )

The xiL and xiR are the centers of two (non-overlapping)Gaussianwave packets, with respectivemomenta kiL
and kiR, and spatial dispersion 15 nms = . Each of thewave functions have different randomvalues for xiL, xiR,
kiL, and kiR. Thesewave functions evolve using the Schrödinger equationwith an external potentialVext implying
a constant electric field of 3.3 10 V5´ m−1.

We show infigures 3(a) and (b), for the cases with andwithout exchange interaction, the evolution of the
quantum trajectories (thin lines).We plot their quantum center ofmass (dashed black line) computed from (10)
forN=20.We also plot the classical center ofmass (solid orange line), computed fromaNewtonian trajectory
with the same initial position and velocity as the previous quantum center ofmass.We notice that the Bohmian
trajectories for states with exchange interaction do not cross in the physical space. This is a well-known property
[37] that obviously remains valid, even if the center ofmass becomes classical.

Figure 3. (a) SimulationwithN=20 distinguishable particles: particle trajectories (thin lines), quantum center ofmass trajectory
(dashed black line), classical center ofmass trajectory (solid orange line). (b) Same as (a) but for indistinguishable particles. (c)Relative
error between the classical and quantum center ofmass trajectories for one particle (black solid line) orN distinguishable (light
orange) or indistinguishable (dark blue) particles. From thin to thick lines:N=4, 8, 12, 16, and 20 particles.
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Moreover, infigure 3(c)we show the difference between the quantum and classical centers ofmass for
different values ofN, with andwithout exchange interaction. (See appendix A for a discussion of the error of a
quantum state full of identical particles when a large, butfinite, number of particles is considered.)We see that
the quantum center ofmass x tcm( ) becomesmore andmore classical asN grows, and the indistinguishable case
reduces the quantumnon-classical effects faster than the case without exchange interaction. These results can be
interpreted in a simpleway: a single experiment withN distinguishable particles represents effectively only one
experiment, while a single experiment withN indistinguishable particles represents, in fact, N!different
experiments, each onewith the initial (Bohmian) positions interchanged. This explains why the latter center of
mass becomemore similar to that given by the Ehrenfest theoremwhich involves an infinite number of
experiments.

3.4.Wave equation for the center ofmass
While the description of a classical state requires only a trajectory, a complete Bohmian quantum state requires a
wave function plus trajectories.Moreover, because of its exponential complexity, solutions to the Schrödinger
equation in thewholemany-particle configuration space are not accessible. However, an equation describing the
evolution of awave function associatedwith the center ofmass of a quantum state full of identical particles will
help to certify that a classical center ofmass behavior is fully compatible with a pure quantum state. In addition,
such an equationwill provide an accessible numerical framework to analyze practical quantum systems under
decoherence. One route towards this equation could be obtained from the reduced densitymatrix of the center
ofmass, and assuming some kind of collapse. Alternatively, asmentioned throughout the paper, wewill follow a
Bohmian procedure which allows the construction of such awave equation for the center ofmass through the
use of the (Bohmian) conditional wave function [39–41].

To simplify the derivations, in the followingwe restrict ourselves to a 1Dphysical space.We define the center
ofmass of ourN-particle state, xcm, and a set of relative coordinates, y y y, , N2= ¼

 { }, as

x
N

x
1

, 34
i

N

icm
1

å=
=

( )

y x
N x x

N 1
. 35j j

cm 1= -
+

+
( )

With these substitutions, the 1D version of the Schrödinger equation (see equation (1)) can be rewritten as

t M x m y
Vi

2 2
, 36

i

N

i

2

cm

2

cm
2

2

2

2

2
   å¶Y

¶
= -

¶
¶

-
¶
¶

+ Y
=

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )

where M Nmcm º and x y t, ,cmY º Y
( ) is themany-particle wave functionwith the new coordinates. The

coordinates y

in (34) are chosen such that no crossed terms appear in the Laplacian of (36) (see appendix B).

Notice that themany-particle Schrödinger equation in (36) is, in general, non separable because of the potential
V defined in (2), see also (B.11).

Hereafter, we derive thewave equation associatedwith the conditional wave function for the center ofmass
[39–41] defined as x t x y t t, , ,j

cd cm cmy º Y
( ) ( ( ) ) associatedwith the j-experiment. By construction, the

velocity (and therefore the trajectory) of the center ofmass only depends on the spatial derivatives along xcm

[39, 41]. Therefore, x tj
cm( ) can be equivalently computed from either cdy orΨ. Following [40], (36) can be

written in the conditional form as

t M x m

x y t

y

v t
x y t

y
V x

i
2 2

, ,

i
, ,

, 37

i

N

i y t

i

N

i
j

i y t

cd
2

cm

2
cd

cm
2

2

2

2
cm

2

2

cm
cm cm cd

j

j

  



å

å

y y

y

¶
¶

= -
¶
¶

-
¶ Y

¶

-
¶Y

¶
+

=

=








( )

( ) ( ) ( ) ( )

( )

( )

whereV x NV xcm cm ext cm=( ) ( ). See appendix B to see how the termV in themany-particle Schrödinger
equation (36) is translated into the termVcm in the equation ofmotion of the conditional wave function (37). By
inserting the polar decomposition of the full and conditional wave functions, R Sexp i Y º ( ) and

R Sexp icd cd cd y º ( ), into (37), one can then derive a continuity-like equation,

R

t x
R

S

x M
J0

1
, 38y t

cd
2

cm
cd
2 cd

cm cm

j=
¶
¶

+
¶

¶
¶
¶

+ 
⎛
⎝⎜

⎞
⎠⎟ ∣ ( )( )
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J
R

y
v t

y m
r

S

y

1
, 39

i

N

i
i
j

i i2

2
2å=

¶
¶

-
¶
¶

¶
¶=

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥( ) ( )

plus a quantumHamilton–Jacobi-like equation

S

t M

S

x
V G0

1

2
, 40y y t

cd

cm

cd

cm

2

cm j=
¶
¶

+
¶
¶

+ + =
 

⎛
⎝⎜

⎞
⎠⎟ ∣ ( )( )

G Q
m

S

y
Q v t

S

y

1

2
. 41

i

N

i

i i
j

i

cm
2

2

å= +
¶
¶

+ -
¶
¶=

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟( ) ( )

They include the definition of the quantumpotentials

Q Q x y t
M R

R

x
, ,

2
, 42cm cm cm

2

cm

2

cm
2


= = -

¶
¶

( ) ( )

Q Q x y t
mR

R

y
, ,

2
, 43i i

i

cm

2 2

2


= = -

¶
¶

( ) ( )

and the (non-local) velocity fields

v v x y t
M

S

x
, ,

1
, 44cm cm cm

cm cm

= =
¶
¶

( ) ( )

v v x y t
m

S

y
, ,

1
. 45i i

i

cm= =
¶
¶

( ) ( )

The behavior of the quantumHamilton–Jacobi equation (40)would be classical if the effect of the ‘potential’
G could be ignored. Therefore, the key point in our demonstration is to show thatG in (41) fulfills

G

x
0, 46

y y tcm j

¶
¶

=
=
 

( )
( )

for a quantum state full of identical particles. Thefirst part of this proof shows that

x m

S

y
v t

S

y m

S

y

S

x y
v t

S

x y

1

2

1
0, 47

i

N

i
i
j

i
y t

i i
i
j

i y t
cm 2

2 2

cm

2

cm
j j

å¶
¶

¶
¶

-
¶
¶

=
¶
¶

¶
¶

-
¶

¶
=

=  

⎛
⎝
⎜⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠
⎟⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( )

( ) ( )

wherewe have used S yi¶ ¶ that depends on xcm, but v ti
j ( ) does not. The second part of the proof shows that

x
Q Q 0. 48

i

N

i

y tcm
cm

2 j

å¶
¶

+ =
= 

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )

( )

Up to here all equations have involved only the j-experiment. Sincewe know from section 2.2 that any other
trajectory of the center ofmass associatedwith the k-experiment will satisfy x t x t x tk j

cm cm cm= º( ) ( ) ( ), the
shape of the potential term in (48) for the j-experimentmust also be equal to that of any other k-experiment.
Therefore, we substitute (48) by an average over an ensemble of experiments,

x
Q Q

M x
Q Q

1
. 49

i

N

i

y t k

M

i

N

i

x t y tcm
cm

2 1 cm
cm

2 ,j k k
cm

å å å¶
¶

+ =
¶

¶
+

= = = 

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥

⎡
⎣
⎢⎢

⎛
⎝⎜

⎞
⎠⎟

⎤
⎦
⎥⎥ ( )

( ) ( ) ( )

Since the trajectories x tk
cm( ) and y tk ( ) in the rhs are selected according to (9), we can substitute the sum in (49)

by an integral weighted byR2,

M x
Q Q R

x
Q Q x y y

1
d d d . 50

k

M

i

N

i

x t y t
x y y i

N

i N
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2 ,

2
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cm

2
cm 2
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ò ò òå å å¶
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⎞
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⎦
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⎞
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For each termQiwehave that

R x y
Q x y

x
x

m

R

x

R

y
x R
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x,
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d

2
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i
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i
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2
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cm
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2
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2
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ò ò ò
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¶
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⎣
⎢⎢

⎤
⎦
⎥⎥( ) ( ) ( )

It can be easily seen that these two terms are equal (butwith opposite signs) by integrating by parts the first term
(assuming thatR is zero for x  ¥). Therefore (51) is equal to 0. A similar argument can bemade to show
that the termwith Qcm in (50) is also zero. The fact that (50) vanishes can be anticipated by knowing that this type
of integral on thewhole configuration space also appears (and is zero) in the derivation of Ehrenfest’s theorem if
the polar formof thewave function is used.
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Wehave just demonstrated that the (conditional)wave equation of a center ofmass associatedwith a
quantum state full of identical particles implies (46). In this case, theHamilton–Jacobi equation in (40) has no
dependence on Rcd, and only on Scd. Therefore, the velocity of the center ofmass,

v
M

S

x

1
, 52cm

cm

cd

cm

=
¶
¶

( )

and its trajectory can be computed from (40) independently of (38).Moreover, (40), ignoring the ‘potential’G, is
analogous to the (classical)Hamilton–Jacobi equation, fromwhich one can derive a Schrödinger-like equation

t M x
V Qi

2
. 53cd

2

cm

2

cm
2 cm cm cd y

y
¶
¶

= -
¶
¶

+ -
⎛
⎝⎜

⎞
⎠⎟ ( )

In the derivationof thiswave equation,wehave also used (38). The exact shape of the term J in (38) is irrelevant for
computing the velocity of the center ofmass (which only depends on (40)), andwehave assumed the term J=0 to
deal with a conditionalwave functionwithnormequal to one.This equation is also knownas the (non-linear)
classical Schrödingerwave equation [11, 26, 42]. A studyof thedynamics associatedwith this equation can be
found in [43].We emphasize that the correlations among xcm and the rest of yipresent in (36) are included through
thenon-linear term Qcm- in the conditional equationofmotion (53).

Numerical examples
In order to illustrate the previous derivation, inwhat followswewill solve the (non-linear) classical Schrödinger
wave equation in (53).We show infigure 4 the case of the evolution of awave packet under a potential
V x x2cm =( ) . One can see that the classical wave packet preserves its shape, and its corresponding trajectories are
the expected classical parabolic ones. This contrasts with the simulation of the same initial quantumwave packet
infigure 1, which expanded over time. Another simulation is shown infigure 5, in this case for a harmonic
potential with a narrow initial wave packet displaced from the origin. As expected from the classical behavior,
the trajectories oscillate around the origin, while thewave packetmaintains its narrow shape.We emphasize that
the initial wave packet has to reflect that the probability distribution of the center ofmass is very sharp [43].

4.Quantum stateswithout a classical center ofmass

There are certainlymany examples of quantum states whose center ofmass do not behave classically
[5, 7, 44, 45]. In the followingwe discuss two paradigmatic examples.

4.1. Single-particle states
For a single particle state, the center ofmass in a single experiment is the Bohmian position of the particle itself.
Moreover, it cannot satisfy condition 1 because different experiments will provide different results. Therefore,
the center ofmass of a quantum systemwith one particle (or few particles) cannot follow our classical intuition.

Let us analyze the problems that appear whenBohmianmechanics is used to study the quantum-to-classical
transition for a single-particle state. By inserting R Sexp i y = ( ) into the single-particle Schrödinger
equation one arrives at a quantum continuity equation

Figure 4. (a)Evolution of a classical wave packet subjected to a potential V x x2cm =( ) . The initial wave function is aGaussianwave
packet of width 1s = , centered around x 150 = - , and an initial positive velocity k 100 = . (b)Trajectories corresponding to these
dynamics. Units are M 1cm = = .
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plus a quantumHamilton–Jacobi equation [23] given by
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It can be easily demonstrated that (54) and (55) give aNewton-like equation for the (Bohmian) trajectories
[23, 26]
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It has been argued [46] that a classical (Newtonian) trajectory could be obtained from (56) by just adding a
new condition

Q

x
0. 57

¶
¶

= ( )

The problemwith this statement is that the classical state given by x tj ( ) is not compatible with a quantum state
given by the same trajectory x tj ( ) and awave functionψ. The reason for such incompatibility is thatψ does not
exist in general. Thewave functionψwould have to satisfy, in each position, three equations, equations (54), (55)
and (57), but with only two unknowns,R and S.

Another single-particle approach to reach classical dynamics is to interpret the potentialVext as an additional
unknown that allows us to define some (exotic) systemswhere the trajectory and thewave function belong to a
state which is simultaneously classical and quantum [47]. The simplest example is a planewavewith a constant
R=1, givingQ=0.However, even these particular solutions have some unphysical features that disagree with
our classical intuition. The initial positions of the Bohmian trajectories x tj ( ) associatedwith these systems
obviously have to be selected according to the distribution 2y∣ ∣ obtained from (9). Thismeans that different
initial positions are obtained in different experiments. For the planewave, the particle can depart from anywhere
at an initial time, contradicting our classical intuition of havingwell defined initial positions.

On the contrary, we have shown in section 3 that a quantum state full of identical particles is compatible with
a center ofmass following a classical trajectory. The reasonwhy both classical and quantum states are compatible
in our case is because the condition in (46) is satisfied in a naturalway by a quantum state full of identical
particles (without imposing very restrictive conditions onVext). In addition, the classical trajectory of the center
ofmass of such states directly implies that its initial position and velocity do not changewhen the experiment is
repeated.

4.2.Many-particle states
Ourdefinition of a quantumstate full of identical particles discussed in section3.1 is quitenaturalwhen the
number of particles tends to be very large.However,wedefine here a quantum statewith a large numberNof
particleswith strong correlations that donot satisfy our requirements for a quantum state full of identical particles.

One can think of wave functions of identical particles whichmake it impossible for a single experiment tofill
thewhole support of themarginal distribution.Macroscopic quantummany-particle superpositions [44, 45, 48]
will not satisfy the condition in (14) and therefore we do not expect a classical behavior for their center ofmass,

Figure 5. Same asfigure 4 but in a potential V x x 2cm
2=( ) . The initial Gaussianwave function has x 20 = - , 0.2s = , and k 00 = .
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evenwhen N  ¥. An extreme examplewould be the superposition of two separatedwave packets (a
Schrödinger cat-like state) such as

x x x x x x, ,
1

2
. 58N

i

N

i L
i

N

i R1
1 1

 f fY ¼ = - + -
= =

⎛
⎝⎜

⎞
⎠⎟( ) ( ) ( ) ( )

Weassume that xf ( ) is a (properly normalized)wave packet centered around x=0, whose support ismuch
smaller than the distance between the twowave packets (x xR L- ) so that the overlap between x xi Lf -( ) and

x xi Rf -( ) is zero. Thewave function in (58) only allows for two kinds of quantum states. Thefirst one
corresponds to thewave function above plus all particles around xL. The second one corresponds to the same
wave function plus all particles around xR.

In order to see these two types of quantum states from the point of view of the probability distributions, we
calculate themarginal probability distribution of this state, using (12),

D x x x x x, 0
1

2
. 59i L i R

2 2f f= - + -( ) (∣ ( )∣ ∣ ( )∣ ) ( )

Therefore, the first particle position in the j-experiment has equal probability to be in either x x0j
L1 »( ) or

x x0j
R1 »( ) . If, for instance, it is x x0j

L1 »( ) , then, using (15) and (16), the second particle is selected according
to D x x x, 0j

i L
,2 2f= -( ) ∣ ( )∣ , and it will also be x x0j

L2 »( ) . In fact, all subsequent particles are located around
xL because (15) and (16) show that D x x x, 0j i

i i L
, 2f= -( ) ∣ ( )∣ for i 1> . Similarly, if in another experiment the

first particle is x x0j
R1 »( ) , then, all particles will be around x x0i

j
R»( ) . It is obvious then that in this case

D x D x, 0 , 0j i,¹( ) ( ) in all experiments. This is because themarginal distribution for this state has a non-zero
support around both xL and xR, while the quantum state in any experiment involves only particles on the left or
only particles on the right, but never particles at both sides.

We discuss herewhy the center ofmass of a quantum state like the one in (58) can showquantum
interference. Although themarginal distribution has support on both sides of the physical space, in a particular
experiment, the Bohmian trajectories associatedwith this state will be present on only one side, say the left
support. Thus, the dynamics of the center ofmass is associated onlywith the particles on the left support of the
wave function.However, (classically unexpected) interferences could appear later if the left wave function
overlaps and interferes with the right one (empty of particles), thusmodifying the velocities of the particles. On
the contrary, in the numerical example of section 3.3where themarginal distribution also has two separated
supports, such (classically unexpected) interferences will not appear because it is a quantum state full of identical
particles. Bohmian trajectories will alwaysfill up both left and right supports and the center ofmass will always
be an average over all (left and right) particles. If the left and right supports are large enough to be
macroscopically distinguishable, wewill see two classical particles, described by the center ofmass of the left and
right Bohmian particles, respectively. The trajectories of these centers ofmasswill correspond to the elastic
collision between classical particles.We conclude that quantum states whose supports are partially empty of
particles are required to observe effects against our classical intuition.

5. Conclusions

In summary, by using the peculiar properties of the center ofmass of a large set of a Bohmian particles, we have
provided a natural route to explain the quantum-to-classical transition.We have defined a quantum state full of
identical particles as the state whose distribution of the Bohmian positions in a single experiment is always equal
to themarginal distribution. The center ofmass of such states satisfies our classical intuition in the sense that,
first, its initial position and velocity are perfectly fixedwhen experiments are repeated (preparedwith the same
wave function) and, second, it follows a classical trajectory.We emphasize that only the center ofmass behaves
classically, while the rest of themicroscopic degrees of freedom can andwill showquantumdynamics. In this
sense, the quantum-to-classical transition appears due to the natural coarse-graining description of the center
ofmass.

Due to the compatibility between Bohmian and orthodox results [23, 25–27], the Bohmian explanation of
the quantum-to-classical transition in this paper can be equivalently derived using orthodox arguments. The
Bohmian route explored here avoids dealingwith the reduced densitymatrix and the collapse law. There is a
commonly acceptedwisdom in the orthodox attempts that decoherence plays a relevant role in the quantum-to-
classical transition, and this work does not contradict this. One can see that the center ofmass (our open system)
is strongly entangledwith the rest of the degrees of freedomof themacroscopic object (the environment).
Notice, from the definition of the potential in (B.12), that themany-particle Schrödinger equation in (36) is, in
general, non separable.Without this entanglement, wewill not arrive at the classical (dispersionless)wave
equation in section 3.4, but to a single-particle Schrödinger equationwith the typical spreading of wave packets.
Notice that the original Schrödinger equation is linear, while the classical version is non-linear, breaking the
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superposition principle. A paradigmatic example of the role of decoherence in destroying superposition (and
avoidingwave packet spreading)was initially presented by Zurek using the example ofHyperion, a chaotically
tumblingmoon of Saturn [49–52]. He estimated that, without decoherence, within 20 years the quantum state of
Hyperionwould evolve into a highly nonlocal coherent superposition ofmacroscopically distinguishable
orientations. It is important to emphasize that, in ourwork, the environment of the center ofmass ofHyperion
would consist of N 1044» particles, whichwould be responsible for the decoherence of the center ofmass.

The conclusions in this paper for a quantum state full of identical particles, derived for an infinite number of
particles, can be translated into amacroscopic systemwith a very large butfinite number of particles when the
error defined in appendix A remains smaller than some predeterminedmeasuring accuracy. In particular, for
the twonumerical examples of this paper, the central limit theorem [38] ensures that the center ofmass of a
quantum state full of identical particles with afinite number of particles tends to the exact classical value asN
grows.However, further research on quantum states full of identical particles where the selection of the initial
positions are dependent on each other is still needed.

Finally, an explanation as towhywe have ignored themeasurement apparatus in this article is in order. It is
well-known that the Bohmian formalismdoes not include any collapse law but, instead, one has to include the
interaction between the system and ameasuring apparatus.We have ignored this interaction because we are only
dealingwith a classical objectmeasured by a classical apparatus. Both the classical object and the classical
measuring apparatus are in a quantum state full of identical particles whose centers ofmass follow a classical
trajectory r ts,cm

 ( ) and r ta,cm
 ( ), respectively. Then, the interaction between the system and the apparatus, i.e.

between r ts,cm
 ( ) and r ta,cm

 ( ), is unproblematic and it can be ignored if the type of classicalmeasurement is
assumed to not perturb the classicalmacroscopic object. On the contrary, the present work cannot be directly
applied to themeasurement of a quantum system in general. Obviously, quantum systems cannot be directly
described by a quantum state full of identical particles when different experiments (with identical wave function
preparation) provide differentmeasured results. Nevertheless, a straightforward generalization of the present
work can explainwhy themeasuring apparatus (entangledwith the quantum system) presents a classical
behaviorwith itsmacroscopic pointer (in fact, its center ofmass) following a classical trajectory.
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AppendixA. Evolution of the error of the center ofmass for a quantum state full of
identical particles with afinite number of particles

Adefinition of a quantum state full of identical particles in (14) of the text, in principle, requires N  ¥. Let us
now study the properties of a quantum state with afinite number,NF, of particles that becomes a quantum state
full of identical particles when NF  ¥.We use the subscript F inNF as a reminder that the number of particles
isfinite. In particular, the selection of the initial position of the trajectories associatedwith these new quantum
states with onlyNF particles also follows (15) and (16). Once theNF particles are selected, we can distribute them
following

C r t
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r r t,
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0 0å d= -
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and define their center ofmass as
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Notice again that r t r tj F j
cm

,
cm0 0¹

 ( ) ( ) becausewe are dealing herewith afinite number of particlesNF, while we

know that r t r t
j

cm cm
0 = á ñ
 ( ) ( ). The error resulting from comparing this center ofmass r tj F

cm
,0

 ( )with the one
obtained for NF  ¥, can be estimated as

t r t r tErr . A.3j F
cm cm

,0= á ñ -
 ( ) ∣ ( ) ( )∣ ( )

As indicated in (17), r tcmá ñ
 ( ) is independent of the experiment, but r tj F

cm
,0

 ( ) in (A.2) varies between experiments
due to quantum randomness.
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To further develop expression (A.3), let us assume now that the selections of all r ti
j0 ( ) are independent, i.e.

we select each r ti
j0 ( ) according to D r t,i

( ). This is exactly the case in the two numerical examples explained in
sections 3.2 and 3.3. The center ofmass in (A.2) corresponds to a sequence of independent and identically
distributed randomvariables ri


drawn from a distribution D r t,i

( )with amean value given by
r t r D r t r, dcm òá ñ =
   ( ) ( ) andwith a finite variance given by

t r r t D r t r, d . A.42
cm

2òs = - á ñ
   ( ) ( ( )) ( ) ( )

Weknow from the central limit theorem [38] that the distribution of r tj F
cm

, ( ) in different experiments given by
(A.2) follows a normal distributionwhenNF growswithmean value and variance
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These results are valid for any initial distribution D r t,i
( ) as far asNF is large enough.

The error in expression (A.3) can nowbe rewritten in terms of the probability of obtaining a difference
between r tcmá ñ

 ( ) and r tj F
cm

,0
 ( ) smaller than a given error, Err,
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where xNF ( ) is the cumulative distribution function of the standard normal distribution,
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andwe have used its property x x 1N NF + F - =( ) ( ) . If we require, for example, the difference r r j F
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to
be smaller than Err 0.005s= with a probability of r r 0.005 0.98j F
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 (∣ ∣ ) , thenwe get that the
number of particlesNF has to be equal or larger than:
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In summary, if we consider 0.005s an acceptable error for r j F
cm

, , thenwe are sure than 98%of the experiments
with our quantum state with a number of particles N 2 10F

5 ´ satisfy thefixed error.
As amore realistic example, let us consider amacroscopic systemwith the number of particles equal to amol

of thematter, i.e. N 6 10F
23= ´ particles. In addition, we require that the value of r j F

cm
, always gives the classical

value, i.e. that only once in M 2 10F
12= ´ experiments, the value of r j F

cm
, overcomes afixed value of the Err.

Then, we can compute the required error by solving the relation M1 1 F = - in (A.7) as:

N

Err 1 10
9 10 . A.10N

1 12

F

12

s
=

F -
´

- -
-( ) ( )

In summary, for a quantum state with a number of particles typical of amacroscopic system, i.e. N 6 10F
23= ´ ,

the error of r j F
cm

, is always smaller than Err 10 11s» - (except in one experiment every M 2 10F
12= ´ ).

The time evolution of the error in (A.3) can be obtained oncewe know the particular time-dependence of the
variance of D x t,( ). For example, in the case of D x t,( ) given by themodulus square of aGaussianwave packet
in free space, then the standard deviation is given (for larger times) by

t
t

m

t

m
1

2 2
. A.110

0
2

2

0

 
s s

s s
= + »

⎛
⎝⎜

⎞
⎠⎟( ) ( )

For example, assuming an initial spatial dispersion 100 nm0s = , amol of carbon atoms (m 2 10 26= ´ - kg),
after t= 1 year of classical evolution, the absolute error in (A.10) is given by t tErr 10 812s- ( ) ( ) μm. In
summary, in the overwhelmingmajority of experiments (all M 2 10F

12= ´ experiments except one), the error
in the center ofmass after 1 year of evolution, between the exact value (with N  ¥) and the approximate
center ofmass (with N 6 10F

23= ´ ) for the described quantum state is smaller than 10μm.
Certainly, in this example tErr( ) growswith time due to the intrinsic expansion of a free wave packet.

However, wewant to emphasize that our classical intuition is based on crystallinematerials where particles have
an ordered structure due to their attractive interactions. Thus, classical objects (i.e. their particles)will tend to
remainmuchmore localized than in the above example. These interactionswill also introduce correlations

among the different particles and, in principle, the assumption that the selection of all r ti
j0 ( ) are independent

might not seem fully rigorous. However, one can argue that in a realistic classical system, with N 6 10F
23´

interacting particles, the accurate selection of the first, say N 100F , particles with the procedure in (15) and (16)
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will be roughly independent. This is due to the selection of points in a huge (and basically empty) configuration
space of N3 10F

24~ dimensions. Only the selection of the particles whose positions are very close to previous
oneswill be influenced by the non-negligible correlations.

Appendix B.Wave equation for the center ofmass coordinates

Our aimhere is tofind a change of coordinates in the 1Dmany-particle Schrödinger equation (see the 1D
version of equation (1))with the usual definition of the center ofmass,
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Substituting equations (B.1) and (B.2) into the lhs. of (B.3), one obtains
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Comparing this with (B.3)we see that the conditions for our change of variables are
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Wepropose a change of variables with the following structure (using x1 separately aswe only need N 1-
variables besides the center ofmass):
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We impose conditions (B.5) in order to get the following system
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This can be solved to yield the variable changes in equation (34) and thefinalmany-particle Schrödinger
equation in (36).

Now, in order to see how the termV in themany-particle Schrödinger equation (36) is translated into the
termVcm in the conditional wave function (37), we invert (34) to obtain
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Wecan now rewrite the potential (2) as:
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The termsVint have no dependence on xcm. Therefore, when considering the conditional wave function of the
center ofmasswith y y t=

  ( ) in (B.11), theywill just become a purely time-dependent potential. Their only
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effect will then be a pure time-dependent phase in thewave function, which can be neglected in the computation
of the conditional equation ofmotion of the center ofmass.

Each of the other two termsVext in (B.11)have a dependence on xcm plus a dependence on yi
N

i2å = .We
provide a Taylor expansion around xcm

V x x V x
V x

x
x

V x

x
x

1

2
. B.12

x x x x
ext cm ext cm

ext
2

ext
2

2

cm cm

+ D = +
¶

¶
D +

¶
¶

D + ¼
= =

( ) ( ) ( ) ( ) ( )

Wedefine, in order to simplify, the expressions,
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This allows us to rewrite the part of the potential that depends on xcm as
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The xcmg ( ) in the second term and higher orders still have, in principle, some xcm spatial dependence.We now
invoke condition 2 (see section 2.2) that assumes a quadratic approximation for the (long range) external
potential, with a negligible dependence of γ on xcm. Thismeans that xcmg g=( ) and the rest of the higher order
derivatives of the Taylor expansion become zero. Under such conditions, when calculating the conditional wave
function of the center ofmass at y t

 ( ), the term y ti
N

i2
2gå = ( ) can be neglected as a purely time-dependent term

(as occurred for the previously discussedVint terms). Therefore, wefinally get the external potential of the
equation ofmotion of the conditional wave function of the center ofmass

V x N V x V x . B.16
j

N

j y y t
1

ext ext cm cm cmå = º
=

=
 ( )∣ ( ) ( ) ( )( )

The same simple potential can be exactly recovered for a quadratic external potential
V x x xext

2a b g= + +( ) with constantα,β, and γ. Notice that our derivation above demands amore relaxed
condition onVext, as it only requires that this shape (constant γ) occurs along the extension of the object in
physical space.
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