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Abstract

We continue the study of the fractional variation following the distributional approach
developed in the previous works Brue et al. (2021), Comi and Stefani (2019), Comi and
Stefani (2019). We provide a general analysis of the distributional space BV ?(R")
of L? functions, with p € [1, 400], possessing finite fractional variation of order
a € (0, 1). Our two main results deal with the absolute continuity property of the
fractional variation with respect to the Hausdorff measure and the existence of the
precise representative of a BV*? function.
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1 Introduction
1.1 The fractional variation

For a parameter o € (0, 1) and an exponent p € [1, +00], the space of LP functions
with bounded fractional variation is

BV®P(R") = {f e LP(R™) : |D* fI(R") < +oo}, (1.1)
where

|D¥ fI(R") = sup {/R fdiviedx 19 € CORMRY), llgllremnrn <1

(1.2)
is the (total) fractional variation of the function f € L?(R"). Here and in the follow-
ing, for sufficiently smooth functions and vector-fields, we let

— DG = f)

ly — x|rtet!

V“f(x)zun,afR 8l dy, xeR",

and
O —2x) - () — @x)) J
|y — x|rtet!

div¥e(x) = fn.« y, xeR",

Rll
be the fractional gradient and the fractional divergence operators respectively, where
Mn.o 1S a suitable renormalizing constant depending on n and « only. The above
fractional operators are dual, in the sense that

fdiv“wdx:—/ - V*fdx. (1.3)
Rn Rn

The fractional variation was considered by the first and the third authors in the
work [7] in the geometric framework p = 1, also in relation with the naturally asso-
ciated notion of fractional Caccioppoli perimeter. The fractional variation of an L”
function for an arbitrary exponent p € [1, +o00] was then studied by the same authors
in the subsequent paper [8], in connection with some embedding-type results arising
from some optimal inequalities proved by the second author [31, 32].

Since the first appearance of the fractional gradient [16], the literature around V¢
and div® has been rapidly growing in various directions, such as the study of PDEs
[25, 26, 28, 29] and of functionals [4, 5, 17] involving these fractional operators, the
discovery of new optimal embedding estimates [27, 31, 32] and the development of a
distributional and asymptotic analysis in this fractional framework [6-8, 30]. We also
refer the reader to the survey [33] and to the monograph [24].

At the present stage of the theory, the fine properties of functions having finite
fractional variation are not completely understood and, to our knowledge, only some
results [7] in the geometric regime p = 1 are available in the literature.

Besides providing a general treatment of the space BV “? (IR™), in the present paper
we aim to develop the existing theory in this direction. On the one side, we study the
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522 G.E.Comietal.

relation between the fractional variation and the Hausdorff measure. On the other side,
we establish the existence of the precise representative of a BV*? function.

1.2 The Hausdorff dimension of the fractional variation

The natural idea behind the definition of the space BV*”(R") is that a function
f € LP(R™) belongs to BV*P(R") if and only if there exists a finite vector-valued
Radon measure D f € . (R"; R") such that

fdiviedx = —/ ¢-dD*f
R® Rz

for all ¢ € C2°(R"; R"), generalizing the integration-by-parts formula (1.3).
In the classical integer case @« = 1, the variation of a function f € BV (R") is
known to satisfy
IDfI < 2", (1.4)

where S is the s-dimensional Hausdorff measure. If f = yg for some measurable
set E C R”, then it actually holds that

|Dxg| =" 'LZE, (1.5)

where .# E is the De Giorgi reduced boundary of E, see the monographs [3, 20].

Roughly speaking, formulas (1.4) and (1.5) mean that the variation measure of a
BV function in R" lives on sets with Hausdorff dimension n — 1 at least. By the
analogy between the integer and the fractional settings, one may expect that a similar
phenomenon should occur also for the fractional variation of order @ € (0, 1) on a
set of Hausdorff dimension n — « at least. In [7,Corollary 5.4], the first and the third
authors confirmed this parallelism by showing that, for a measurable set £ C R" such
that xg € BVY(R") (or, more generally, for any measurable set having locally finite
fractional Caccioppoli perimeter, see [7,Definition 4.1]), it holds that

|DaXE| Scn,ac%ﬂnial—faEv (1.6)
where ¢, o > 0 depends on n and « only and .F#“E is the fractional analogue of the
De Giorgi reduced boundary (1.5), the so-called fractional reduced boundary of E,
see [7,Definition 4.7]. However, as shown in [7,Lemma 3.28] by the same authors, if
f € BV¥(R") then the function u = I}, f (where I is the Riesz potential of order
s € (0, n), see below for the precise definition) does satisfy | Du|(R") < 400, with

Du=D%f in .#R";R"). (1.7
In particular, by combining (1.4) with the above (1.7), we immediately get that

|D* f| « 7" (1.8)
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forall f € BV*(R"),thusruling out the existence of a coarea formula in this fractional
setting, see [7,Corollary 5.6].

Equations (1.6) and (1.8) illustrate the richness arising from the innocent-looking
definition (1.2) and lead to the idea that the behavior of the fractional variation of a
function f € LP(R") may depend on its integrability exponent p € [1, +o0]. Our
first main result provides a rigorous formulation of this intuitive idea and can be stated
as follows.

Theorem 1 (Absolute continuity properties of the fractional variation) Ler o €
0, 1), p € [1, +oc] and assume that f € BV*P(R"). We have the following cases:

(i) if pe |1 25), then | D% f < 7"
(ii) if p € [ n +oo], then |D® f| « A" %,

l—a’

As shown by Theorem 1, the fractional variation in the subcritical regime p < =
is comparable with the Hausdorff measure of dimension n— 1, in accordance with (1.8).
In fact, we can actually prove a deeper property, in analogy with the relation (1.7).

Precisely, the Riesz potential operator

np
I)_q: BV*P(R") — BV == (R")
is continuous whenever p < “ (see Proposition 4(i) below for the detailed state-
ment), from which item (i) in Theorem 1 immediately follows. Here and in the
following, for any p € [1, +00], we let

BV'"P(R") = {f € L"(R") : DfI(R") < +o0}

be the space of L? functions having finite variation, extending the definition in (1.1)
to the integer case o = 1.

In the supercritical regime p > - instead, the fractional variation is comparable
with the Hausdorff measure of dimension n —«a — 2, thus recovering (1.6) in the case
p = +o00. The proof of item (ii) of Theorem 1 is more delicate and requires a finer
analysis. The overall idea is to adapt the strategy developed in [7,Section 5] for sets
with (locally) finite fractional Caccioppoli perimeter to the present more general L?
framework. The key role in this approach is played by the following decay estimate

for the fractional variation of a function f € BV*?(R") with p > ",

|Daf|(Br(x)) =< Cn,a,p”f”LP(R”) rnioti;, (1.9)
valid for [D® f]-a.e. x € R" and all r > O sufficiently small, where ¢, 4, > 0 is
a constant depending on n, «, and p only (see Theorem 10 below for the precise
statement). The validity of (1.9) is suggested by the following heuristic argument,
valid for all f € BV*P(R") such that

(D*f); =0 forall j e{l,...,n}. (1.10)
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If ¢ € C°(B,) is such that ¢ > 0 and ¢ = 1 on By, then

(D% f); (B, (x)) < fR K (¥> d(D ()

= —r_"‘/ ) (V%) ; <u> dy,
Rn r

thanks to (1.3) and the a-homogeneity of the fractional gradient ([30,Theorem 4.3]),
so that

(DY f)j(Br(x)) = I fllLr@n (/R IV |r=Tr" dy) re®

n
= fllLe@n IVl o rT
f ®R") ¢ LP*I(R”;]R")

which gives (1.9). Without (1.10), the decay estimate (1.9) is a consequence of some
new integrability properties in Lorentz spaces of the fractional gradient and of an
integration-by-parts formula of BV%? functions on balls which may be of some
independent interest (see Theorems 8 and 9, respectively).

We note that Theorem 1 still holds even in the limit as « — 17. Indeed, for all
p € [l,+oc] and f € BVIP(R") we get that |Df| <« "', since point (i) now
appliestoall p € [1, +00), while point (ii) refers only to p = +o0, for which we have
n—1—2 =n—1. This is in fact a well-known result for functions in B V. (R"), see
[3,Lemma 3.76] for instance. On the contrary, Theorem 1 is not optimal in the limit
as @ — 0%, Indeed, in virtue of [6,Theorem 3.3 and Remark A.3], if p € [1, +00)
and f € BVOP(R"), then | D f| « £" (where the space BV P (R") is defined as
in (1.1) with ¢ = 0, see [6] for a more detailed presentation).

1.3 The precise representative of a BV?P function

Formulas (1.4) and (1.5) suggest that the set of discontinuity points (in the measure-
theoretical sense) of a BV function should have Hausdorff dimension n — 1. In more
precise terms, if f € BV (R"), then the limit

= tim ffody (1.11)
r—0"JB, (x)
exists for " 1-a.e. x € R". In fact, the limit in (1.11) can be strengthened as

lim ) If () — f*0)]7Tdy =0

r=07Jp,(

for " 1ae. x e R" \ Jr, see [11,Section 5.9] for example, where J; C R" is the
so-called jump set of the function f € BV(R") (if f € WII(R"), then J is empty).
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The function f* defined by (1.11) is the so-called precise representative of the
function f (by convention, we set f*(x) = 0 if the limit in (1.11) does not exist).
The well-posedness of the precise representative (1.11) of a BV*? function is not
known at the present moment. Our second main result moves in this direction and
can be briefly stated as follows (for a more precise statement, we refer the reader to
Corollary 5 below).

Theorem 2 (The precise representative of a BV“? function) Let ¢ € (0, 1), p €
[1, +oocland e > 0. If f € BV*P(R"), then the limit {*(x) exists for "~ t_q.e.
x € R. Moreover, for any such point x € R", it holds that

lim )If(y)—f*(X)quy=0

r—0%tJpB.(

forany q € [1, g, where g, € [1, nfg) is such that EE)I{)lJr de = ;25
The idea behind the proof of Theorem 2 is very simple and relies on three ingredients

naturally arising from our general investigation of the BV % ? (R") space. First, we show
that C2° functions are dense in energy in BV*7(R") provided that p € [1, #),

extending the approximation [7,Theorem 3.8] already proved by the first and the
third author in the geometric regime p = 1. Second, by combining this approx-
imation with an optimal embedding inequality [32] due to the second author, we
establish a fractional analogue of the Gagliardo—Nirenberg—Sobolev inequality, that
is, BV*P(R") C L= (R™) with continuous inclusion. Third, we exploit this frac-
tional embedding inequality to prove the continuous inclusion of BV*?(R") into
some Bessel potential space of suitable fractional order. At this point, the existence of
the precise representative of a BV*? function for p < -~ can be inferred from the
known theory of Bessel potential spaces, see [1,Section 6.1] for example. The remain-
ing exponents p > - can be recovered from the previous analysis by a simple
cut-off argument that may be of some separate interest (see Lemma 1 for the detailed

statement).

1.4 Future developments

Generally speaking, the precise representative of a function turns out to be the correct
object when dealing with the product between the function itself and a sufficiently
well-behaved measure.

For example, the precise representative allows to state the general Leibniz rule
for the product of two BV functions. Precisely, if f, g € BV (R") N L*°(R"), then
fg € BV(R") with

D(fg)=¢"Df + f*Dg in .#R";R"). (1.12)
Note that the two products appearing in right-hand side of (1.12) are well posed thanks

to the combination of the absolute continuity property of the variation (1.4) and the
existence of the precise representative (1.11).
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With Theorems 1 and 2 at hand, the analysis developed in the present work naturally
leads to study the interactions between the fractional variation measure and the precise
representative of BV *? functions, aiming at a more general formulation of the Leibniz
rule and of the Gauss—Green formula in this fractional setting. These results are the
main topic of the subsequent paper [9].

1.5 Organization of the paper

The paper is organized as follows.

In Sect. 2, we quickly set up the notation used throughout the entire work and recall
the elementary features of the fractional operators involved.

In Sect. 3, we carry out the general analysis of the BV* 7 (R") space. On the one
side, we deal with the approximation in energy by smooth functions and the consequent
embedding theorems in Lebesgue and Bessel potential spaces, preparing the ground
for the proof of Theorem 2. On the other side, we treat some integration-by-parts
formulas of BV %? functions against rough test vector-fields and on balls, developing
the tools needed for the proof of the decay estimate (1.9) and thus of Theorem 1.

In Sect. 4, we prove our first main result Theorem 1. We divide the proof into two
parts, dealing with the subcritical regime (i) and the supercritical regime (ii) separately,
see Proposition 4(i) and Corollary 3 respectively. At the end of this section, we provide
two examples to show the sharpness of our result in the one-dimensional case n = 1.

In Sect. 5, after having recalled some known properties of the fractional capacity in
Bessel potential spaces and having proved a localization lemma for BV *? functions,
we end our paper with the proof of our second main result Theorem 2.

2 Preliminaries
2.1 General notation

We start with a brief description of the main notation used in this paper. In order to
keep the exposition the most reader-friendly as possible, we retain the same notation
adopted in the previous works [6-8].

Given an open set £2 C R”, we say that a set E is compactly contained in £2, and
we write E € £2, if the E is compact and contained in £2. We let £" and J#* be
the n-dimensional Lebesgue measure and the o-dimensional Hausdorff measure on
R”, respectively, with « € [0, n]. Unless otherwise stated, a measurable set is a .£"-
measurable set. We also use the notation |E| = Z"(E). All functions we consider in
this paper are Lebesgue measurable, unless otherwise stated. We denote by B, (x) the
standard open Euclidean ball with center x € R" andradius r > 0. Welet B, = B, (0).

For all B > 0, we set wg = ng /T (#), where I is Euler’s Gamma function, and
we recall that |B|| = w, and "~ (dB)) = nw,.

Fork € NoU{+o00} andm € N, we let Cf(.Q; R™) and Lip,(§2; R™) be the spaces
of C*-regular and, respectively, Lipschitz-regular, m-vector-valued functions defined
on R” with compact support in the open set £2 C R”.
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For m € N, the total variation on §2 of the m-vector-valued Radon measure & is
defined as

Il ($2) = Sup{/gw-du tp € CE2R™), ol rmy < 1}-

We thus let .7 (£2; R™) be the space of m-vector-valued Radon measure with finite
total variation on £2. We say that (ug)ren C A4 (§2; R™) weakly converges to . €
A ($2; R™), and we write ug—u in .# (£2; R™) as k — 400, if

lim go-dusz @-du 2.1
2 Q

k— 400

for all ¢ € C?(.Q; R™). Note that we make a little abuse of terminology, since the
limit in (2.1) actually defines the weak*-convergence in . (£2; R™).

For any exponent p € [1, +o00], welet L?(§2; R™) be the space of m-vector-valued
Lebesgue p-integrable functions on £2.

We let

WhP(2;R™) = {u e LP(2;R™) : lwip(a. gmy = IVullLp (@, mrim) < 400}

be the space of m-vector-valued Sobolev functions on §2, see for instance [ 18,Chapter 11]
for its precise definition and main properties. We also let

whP(2;R™) = {u € LY (2:R™) : [uly1.p (. gmy < +00} .
We let
BV(2:R") = {u e L'(2:R™) : [ulpy @ mm) = |Dul(2) < +oo]

be the space of m-vector-valued functions of bounded variation on 2, see for
instance [3,Chapter 3] or [11,Chapter 5] for its precise definition and main properties.
We also let

bu(2: R™) = {u e LL (2:R™) : [ulpy (o pm < +oo} .
Fora € (0, 1) and p € [1, +00), we let

WEP(2;R™) = {u € LP(2;R™) : [ulwer(@; rm) < +00},

1
_ lu(x) —u(y)|? Q
[ulwer(@;rmy = (/Q o k= dxdy |

where
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be the space of m-vector-valued fractional Sobolev functions on 2, see [10] for its
precise definition and main properties. We also let

w*P(2; R") = {u elL?

loc

(82; R™) : [ulwer(o;rm) < +OO}.
For o € (0, 1) and p = +o00, we simply let

we (@ kM = Ju e Lo Ry sup OO b
X,yER, x#y |x - y|“

so that W**°(2; R™) = Cg’a(ﬂ; R™), the space of m-vector-valued bounded «-
Holder continuous functions on £2.
In order to avoid heavy notation, if the elements of a function space F(£2; R™) are
real-valued (i.e., m = 1), then we will drop the target space and simply write F (£2).
Given a € (0, n), we let

Iaf(X)=2_O‘JT_%F( g )/ f(y)_ dy, xeR", (2.2)
F(j) R [x =y

be the Riesz potential of order « of f € C°(R"; R™). We recall that, if o, 8 € (0, n)
satisfy @ 4+ 8 < n, then we have the following semigroup property

Io(g f) = lospf (2.3)
forall f € C°(R"; R™). In addition, if 1 < p < ¢ < 400 satisfy 7 = - — &, then
there exists a constant C;, o, , > 0 such that the operator in (2.2) satisfies

1o fllLa@n; Rmy < Coa,pll fllLp @e; Rm) (2.4)

forall f € C°(R"; R™). As a consequence, the operator in (2.2) extends to a linear
continuous operator from L? (R"; R™) to LY (R"; R™), for which we retain the same
notation. For a proof of (2.3) and (2.4), we refer the reader to [34,Chapter V, Section 1]
and to [14,Section 1.2.1].

Given a € (0, 1), we also let

faty - f)

NS y, xeR", 2.5)

(=MD f(X) = Vg

Rﬂ

be the fractional Laplacian (of order «) of f € Lip,(R"; R™), where

ae(0,1).

_n
Vo =272
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Finally, we let

yfx+y)

— o +1) s
Rf(x) =n""2 F(”T) lim N

dy, xeR", (2.6)

e=0% J{jy|>e)
be the (vector-valued) Riesz transform of a (sufficiently regular) function f.
We refer the reader to [14,Sections 2.1 and 2.4.4], [34,Chapter III, Section 1]
and [35,Chapter III] for a more detailed exposition. We warn the reader that the def-
inition in (2.6) agrees with the one in [35] and differs from the one in [14, 34] for a
minus sign, so that R = VI; on CZ°(R") in particular. The Riesz transform (2.6) is a
singular integral of convolution type, thus in particular it defines a continuous operator
R: LP(R") — LP(R"; R") for any given p € (1, +00), see [13,Corollary 5.2.8]. We
also recall that its components R; satisfy

n
Z R?>=—1d on L*(R"),
i=1

see [13,Proposition 5.1.16].

2.2 The operators V? and div?®

We briefly recall the definitions and the essential features of the non-local operators V¢
and div?®, see [6-8, 31] and [24,Section 15.2].
Leta € (0, 1) and set

We let

. yfx+y)
Vifx) = lim ————="dy, xeR",
f(xX) = na e /{y|>€} |y rrat] y

be the fractional a-gradient of f € Lip.(R") and, similarly, we let

y-ox+y)

n
et dy, x eR",

div¥e(x) = .o lim+
e=>07 J{ly|>e)

be the fractional a-divergence of ¢ € Lip.(R"; R"). The non-local operators V¢
and div® are well defined in the sense that the involved integrals converge and the
limits exist. Moreover, since

Z
/{|Z|>s} WdZ = 07 Ve > O’
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it is immediate to check that V¥c = O for all ¢ € R and

- x)(f(y) = fx))

n
|y_x|n+o¢+1 dy, xeR%,

Vaf(x) = Mn,a/ O
RYI

for all f € Lip,(R"). Analogously, we have

—x) - (p(y) —px)) d

n
|y—x|”+°‘+1 Y XGR’

. (
lea(p(x) = Mn,a/R Y

for all ¢ € Lip.(R"). From the above expressions, it is not difficult to recognize that,
given f € Lip.(R") and ¢ € Lip.(R"; R"), it holds that

Vef e LP(R";R") and div¥g € LP(R")

for all p € [1, 4o00], see [7,Corollary 2.3]. Finally, the fractional operators V* and
div® are dual, in the sense that

fdiv"godx:—/ - V¥fdx

R? R*

for all f € Lip.(R") and ¢ € Lip.(R"*;R"), as proved in [30,Section 6]
and [7,Lemma 2.5].

With a slight abuse of notation, in the following we let V! and div' be the usual
(local) gradient and divergence. Note that this notation is coherent with the asymptotic
behavior of the fractional operators V* and div® when o — 1~ for sufficiently regular
functions, see the analysis made in [8].

3 The BV®P(R") space

In this section we study the main properties of the BV*? functions, following the
strategy adopted in [7,Section 3].

3.1 Definition of BV®-P (R")

Leta € (0, 1] and p € [1, +00]. We say that a function f € L?(R") belongs to the
space BV%PR") if |D* f|(R") < 400, where

D f1(R") = sup {fR fdivipdx g € CER R, 9l rn < 1},

3.1
see [7,Section 3] for the case p = 1 and the discussion in [8,Section 3.3] for the case
p € (1,+00]. In the case p = 1, we simply write BVeL(R") = BVY(R"). The
resulting linear space

BVEP(R") = {f € LP(R") : [D* f|(R") < +o0)
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endowed with the norm

I fllpver®ny = | fllLe®ny + DY fIR"), f e BV"P(R"),

is a Banach space and that the fractional variation defined in (3.1) is lower semicon-
tinuous with respect to the L”-convergence. Similarly as it was proved in the case
p = lin[7,Theorem 3.2], it is possible to show the following result relating non-local
distributional gradients of BV %7 functions to vector valued Radon measures.

Theorem 3 (Structure Theorem for BV*? functions) Let « € (0, 1), p € [1, +00]
and f € LP(R"). Then, f € BV*PR") if and only if there exists a finite vector
valued Radon measure D* f € .4 (R"; R") such that

fdiviedx = —/ ¢-dD*f (3.2)
Rn R)l

forall p € C(R"; R"). In addition, for any open set U C R" it holds
|ID* fI(U) = Sup{/R fdiviedx ¢ e COWURY), |l@llLewrny < 1}.

3.2 Approximation by smooth functions

Here and in the rest of the paper, we let (0,) C CZ°(R") be a family of standard
mollifiers as in [7,Section 3.3]. The following approximation theorem is the extension
to BV®P? functions of [7,Lemma 3.5 and Theorem 3.7]. We leave its proof to the
interested reader.

Theorem 4 (Approximation by C>* N BV*? functions) Let « € (0, 1] and p €
[1, 400]. Let f € BV“P(R") and define f; = f * 0 forall ¢ > 0. Then (f¢)s~0 C
BV®P(R™) N C®R") with D f, = (0¢ * D* f).L" for all ¢ > 0. Moreover, the
following properties hold.

(i) If p < 400, then fo — fin LP(R") as e — 0%, if p = 400, then f, — f in
Ll (R") as e — 0T forall g € [1, +00);
(ii) D¥ fo—D* f in A4 (R"; R") and |D® f;|(R") — |D* f|(R") as ¢ — 0.

The following result extends the approximation by test functions given in [7,Theorem 3.8]

to functions in BV*?(R") for« € (0, 1) and all exponents p € [1, z ) In the proof

n—a )*
below and in the following, we let

D“f(x):/ fe+m = FOl g, (3.3)
Rn

|h|n+ot

forany f € Lip, (R"; R™),m € N.Note that |[V® f (x)| < .o D* f(x) forallx € R”
and that D* f € LP(R") for all p € [1, 400].
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Theorem 5 (Approximation by C2° functions) Let o € (0, 1) and p € [ s a) If
f € BV®P(R"), then there exists ( fi)ken C C°(R") such that

(i) fx = fin LP(R") as k — +o0;
(ii) |D“ fx|(R™) — |D* f|(R") as k — +o0.

Proof Let (ng)r>0 C C2°(R") be a family of cut-off functions such that

_ , 2
0<ng =<1, ngp=1onBg, supp(nr) C Bar, Lip(ng) < z

We can also assume that ng(x) = 1 (%) for all x € R" and R > 0. The proof now
goes as the one of [7,Theorem 3.8] with minor modifications. We simply have to check

that
lim [ 1fGe )|/ —|"R(y) RO 1y dx = 0. (3.4)
R—+00 R? |n+a

Indeed, by Holder’s inequality, we have

Inr(y) — nr(x)|
f | f(x )|/ Wdydx < I fllLr@®yID*nrllLa ®")s
where % + % = 1, and a simple change of variables shows that

ID*nr(X)|lLa®ny = R4 D1l La mer)

for all R > 0. The claim in (3.4) thus follows provided that % — a < 0, which is

equivalent to p € [1, #), and the proof is complete. O

For the sake of completeness, we also treat the case @ = 1 of the previous result.
Proposition1 Let n € N and p € [1,+00) be such that p <
f € BVLP(RM), then there exists (fi)ren C C(R") such that

(i) fx > fin LP(R") as k — +o0;
(it) |Dfi|(R") — |DfI(R") as k — +o0.

forn = 2. If

nl

Proof Thanks to Theorem 4, we can assume f € C*®(R") N BV P (R") without loss
of generality. Now let (ng)r>0 C CS°(R") be a family of cut-off functions as in the
proof of Theorem 5. Clearly, ng f — f in L?(R") as R — +00. Moreover, since
V(nrf) =nrV f+ fVng, we thus just need to check that || f Vg L1 ge, gny — 0F
as R — —+oo0. Indeed, by Holder’s inequality, we can estimate

2
1 Snelpeen = [ ApVmiar s 5 [ ipias
BzR\BR BZR\BR

IA

1
= |Bor \ BRI ? | fllLr(Byg\Br)

-1 '
<2|By\ Bil 7| fllLr@n\ey R"™ 7
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and the conclusion immediately follows. O

3.3 Gagliardo-Nirenberg-Sobolev inequality

Thanks to the approximation by test functions given by Theorem 5, we can
extend [7,Theorem 3.9] and prove the analogue of the Gagliardo—Nirenberg—Sobolev

inequality for the space BV*?(R") whenever p € [1 i )

’n—o

Theorem 6 (Gagliardo-Nirenberg—Sobolev inequality) Lef o € (0, 1) and let p €

[1, nfq). There exists a constant ¢, o, > 0, depending on n and o only, such that

A1l Cn.al D* fIRY)

n_ <
Lnfoc'r(]R”) -
forall f € BV*P(R"), wherer = +ooifn = landr = 1ifn > 2. As a
consequence, BV P (R") ¢ L1(R") continuously for all q € [p, . ) with also

—
q= ;25 in>2

Proof Assume that f € C°(IR") to start. Arguing as in the proof of [8,Theorem 3.8],
we can estimate | f| < ¢,.o 14|V f| for some constant ¢, o > 0 depending only on n
and o (possibly varying from line to line). Thanks to the Hardy-Littlewood—Sobolev
inequality, we immediately deduce that

170, 2 o ny = e IV F L1 e

forall f € C°(R"). Moreover, if n > 2, then we can apply [32,Theorem 1.1] to the
vector field F = V¢ f in order to get that

||Iavaf||Lﬁ.1 Cn,a ||Vaf||Ll(Rn;Rn)

<
®RY) =

forall f € C°(R"). Since I,V* f = Rf forall f € C°(R") and
R: Lo ! (R") —» L' (R"; R")

strongly (recall the definition in (2.6) and the properties of the Riesz transform), we
immediately deduce that

10, 2t gy < IV F L e

forall f € C°(R"), withn > 2. The conclusion then follows by combining a standard
approximation argument exploiting Theorem 5 with Fatou’s Lemma. O

For o = 1, the previous result can be stated as follows.
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Proposition 2 (Alvino’s inequality) Letr n € N and p € [1,+400). If n > 2 and
p =< n"Tl, then there exists a dimensional constant ¢,, > 0 such that

(WAl cn | DfI(RY)

_n_ <
Lin=T"(R")
forall f € BVEP(RY). Ifn = 1, then || f || =@ < |DfI(R) forall f € BVIP(R).

Proof While the case n = 1 is a well-known property of functions having bounded
variation, the case n > 2 follows from Alvino’s inequality [2] for functions in BV (R")
(also see [33,Section 5]) in combination with Proposition 1. We leave the details to
the interested reader. O

3.4 The space S%P(R") and the embedding BV?:P c P-4

Let e € (0,1) and p € [I, +oc]. We define the weak fractional «-gradient of a
function f € L?(R™) as the function V¥ f € LllOc (R™; R™) satisfying

fdiv¥edx = —/ Vf - @pdx
Ry Rr
for all ¢ € C2°(R"; R™). We hence let the linear space
SYP@R") ={f e LP(R"):3V*f e LP(R"; R")}
endowed with the norm

I fllser@ny = I fllLe@wny + IVY fllLr@e,myy,  f € S¥PRY),

be the distributional fractional Sobolev space.

As shown in [7,Proposition 3.20], (S%”(R"),|| - ||s«r®n)) is a Banach space for
all p € [1, +o0o]. Thanks to [7,Theorem 3.23] for p = 1 and to [6,Theorem A.1]
for p € (1, +00) (we refer the reader also to [17,Theorem 2.7] for a simpler proof),
the set CZ°(R") is dense in S*P(R"). As a consequence, for p € (1, 400) it is
possible to identify S*7(R") with the fractional Bessel potential space L* P (R"),
see [6,Corollary 2.1] and the discussion therein.

We now want to provide a rigorous formulation of the naive intuition that

if the order of differentiability decreases,

then the order of integrability increases,

that is to say, if V¢ f € LP(R"; R") for some « € (0, 1) and p € [1, +00), then
VP f e L4(R"; R") for some lower fractional differentiation order 8 < « and some
higher integrability exponent ¢ > p (depending on ).

For p > 1, the above principle is a simple consequence of the known embedding
theorems between the fractional Bessel potential spaces, thanks to the aforementioned
identification S 7 (R") = L* P (R").
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The more delicate case p = 1 is covered in Theorem 7 below. We refer the reader
also to [7,Theorem 3.32] and to [8,Propositions 3.2(i), 3.3 and 3.12] for similar results
in this direction.

Theorem7 (BV*P? c §P4 for p < %) Let o, 8 € (0,1], with B < «, and
let p,q € [1,400] be such that p < q < n+g_a. Then BVEP(R") C SP4(R")
continuously.

Proof Assume that f € CS°(R") and let R > 0. Arguing as in the proof
of [8,Proposition 3.12], we can estimate

vh B (/ |V“f|(x+h) '/ V(Xf(x‘Fh) dh‘)
VP fl(x) < _n—}-,B—Ol h|<R |h|n+ﬁ o hi=R |h|n+ﬂ o

for all x € R”. On the one side, we can write

IV fl(x + h) ( XBe . )
——dh=| ——— x|V
-/|h<R |h|n+B—a |- B * VRS (x)

for all x € R", so that

Ve h
Hf | f|ix + )dl’l — H XﬁR7 * |V0lf|
hj<r  |R|"HE La@®R") |- rthe L1 (R")
- nwy, 1a IV fllLr @ rr
n—(n+p—aq R

by Young’s inequality. On the other side, arguing as in the proof of [8,Proposition 3.12],
we can write

DaXBl (}’)
/*"" fx + ry)
o) -

A% h R
/ f(x-i-)dh: flx+ y)d
=R |h|"HE R7 RP

—(n+p - drdD®xg, (y)

for all x € R”, so that

”/ Ve vere+nm
|h|>R

h [P < cnap R7P I fllLe@n)

L4 (Rm; R

by Minkowski’s integral inequality, for some constant ¢, o, > 0 depending only on 7,
o and B. Hence we get that

IVP fllLa@n my < cnapug (Rr"‘ﬁ*“ IV Fll 1 ey + R™P ||f||Lq<Rn>)
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whenever R > 0, for some constant ¢, ¢ g, > 0 depending only on 7, o, 8 and q.

[

. _ I f1lLa @m) q
Choosing R = <—”Vaf”L1(Rn:Rn> , we get that
s i) D
n—o n n—o
IVZ fllLa@e; ey < Cnapog ||f||Lq(]R£’ IV SN 1 ey

for all f € C2°(R"). The conclusion thus follows from Theorems 5 and 6 (Proposi-

tions 1 and 2 in the case « = 1) via a routine approximation argument, since clearly

n
P <=5 O

3.5 Generalized integration-by-parts formula for BV?? functions

The following result is a generalization of the fractional integration-by-parts formula
(3.2) (the case p = 1 was actually already analyzed in [8,Proposition 2.7]). This result
will be useful for integrating by parts BV ? functions on balls, see Theorem 9 below.

Proposmon 3 (Wl 4 N Cp-regular test) Ler € (0, 1) and let p,q € [1,+00] be
such that £ + - =11Iff € BV©PR"), then

fdivipdx = —/ ¢-dD" f 3.5)
R7 R®

for all € WH (R, RY) N Cp(R™; R if g > 1, and for all ¢ € BV (R"; R") N
Ch(R™ RY) if g = 1.

Proof We divide the proofinto two steps and adopt the same strategy of [7,Theorem 3.8]
and [8,Proposition 2.7] with minor modifications.

Step 1. Assume ¢ € WDL4(R"; R") N Lip,(R"; R") N C®°(R"; R") and let
(MrR)R=0 C C°(R™) be a family of cut-off functions as in [7,Section 3.3]. On the
one hand, since

' /R Frrdiviodx - /R Fdivigdx| < [diviel Lo £ (1 = n0)lLrn)

for all R > 0, by Lebesgue’s Dominated Convergence Theorem we have

lim / faniv"dex=/ fdiv¥edx.
n R)‘l

R—+00 JRi

On the other hand, by [8,Lemmas 2.2 and 2.5] we can write

/ For diviedx = / £ dive (e dx — / fo-Vengds
R» Rn Rn

—A{ fdiviy (g, @) dx
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for all R > 0. Since png € C°(R"; R"), (3.5) implies that
[ raviamprar =~ [ nag-ants
R” R”
for all R > 0. Since

‘/ nR<p~dD°‘f—/ ¢ dD"f
R7 Rn

< ||go||Loo<Rn;Rn>/R (1—nr)d|D"f|

for all R > 0, by Lebesgue’s Dominated Convergence Theorem (with respect to the
finite measure |D* f|) we have

lim nre-dD%f = ¢-dD*f.
R— 400 Rn Rn

Finally, on the one side we can estimate

e Y e

|Vl+0(

‘/ fo-Virdx

for all R > 0, while, on the other side,

lo(y) — @(x)]

Sun,a/ If(X)I/ IR(Y) = nR(X)|———— 75— dydx
R R ly — x|

‘ /R £ dive, (0. @) dx

for all R > 0. We claim that

lim / |f(x)||<ﬂ(x)|/ Mdydxzo. (3.6)

|n+a

Indeed, f¢ € L'(R"; R") and (3.6) follows by Lebesgue’s Dominated Convergence
Theorem. We also claim that

lp(y) — @(x)|

lim / If(x)I/ InrR(Y) = nr(x)| ———— ——dydx =0. (3.7
R—+o00 Jgn Rn ly — x|

Indeed, since ¢ € Lip,(R"; R") and [|ngllzeo®n) < 1 forall R > 0, by Lebesgue’s
Dominated Convergence Theorem we get that

. lp(y) — o(x)]
1 - ———dy = .
Lim [ ine) = neol EE—E 2 ay o (3:8)
for all x € R". Moreover, for a.e. x € R" we have
lp(y) — (x)]
fR 1RO = nr()] —lyy_ a4y 20000, (3.9)

@ Springer



538 G.E.Comietal.

Therefore, combining (3.8) and (3.9), again by Lebesgue’s Dominated Conver-
gence Theorem we get (3.7). Thus (3.5) is proved whenever ¢ € WH4(R"; R") N
Lip,(R"; R") N C*°(R"; R").

Step 2. Now assume ¢ € W14 (R"; R")NC,(R"; R") (ifg = 1, then we instead take
¢ € BV(R"; R") N Cp(R"; R™)) and let (0¢)e>0 C C°(R") be a family of standard
mollifiers as in [7,Section 3.3]. Then ¢, = 0s x ¢ € WH4(R"; R") N Lip, (R*; R") N
C°°(R"; R") and so, by Step 1, we can write

fdiv¥e, dx = —/ Qe -dD* f
Rﬂ Rn

for all ¢ > 0. On the one hand, it is not difficult to see that div¥¢, = g, * div¥¢ for
all ¢ > 0, so that

lim fdivie. dx = / fdiv¥edx.
R}’l

E~>0+ R”

On the other hand, since ¢ € C;(R"; R"), we get

lim lge — @ d|D*f| =0

e—0T JRrn

by Lebesgue’s Dominated Convergence Theorem (with respect to the finite measure
| D% f1). This concludes the proof of (3.5). m]

3.6 Integrability of D? in Lorentz space for BV'-P functions

We now need to focus on the weak integrability properties of the operator D defined
in (3.3) when applied to functions belonging to BV 7 (R"). This analysis will be useful
for studying the integrability properties of the fractional gradient of the characteristic
function of a ball, see Corollary 1 below. This result, in turn, will be useful in the proof
of the integration-by-parts formula of BV *? functions on balls in Theorem 9.

Theorem 8 (Weak integrability of D%) Let o € (0, 1), p € [1, +00] and define

D = Ty fpell +00),
L if p = +o0.
The operator D*: BV 1P (R") — LPx®(R") is well defined and satisfies

D% fllLra-co®ny < Cpap ||f||£;f‘Rn)|Df|(R")“ (3.10)

forall f € BVLP(R"), where Cn,a,p > 0 is a constant depending on n, o and p only.

Proof The case p = 1 is easy, since (3.10) holds in the following stronger form
1—
ID* Fll gy < Cn 1 F 15 | DF IR
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for all f € BV (R"), whose simple proof is left to the reader (for instance, one can
follow the strategy of the proof of [10,Proposition 2.2]). In the following, we thus
assume that p > 1. We now divide the proof into three steps.

Step 1. Assume f € WHI(R™) N C*®°(R") N Lip, (R™). By [32,Lemma 3.2], there
exists a constant C,, , > 0 such that

D f(x) < Cpa(Mf ()™ (M|V f](x))"
for all x € R". Since f € LP(R"), by Holder’s inequality in Lorentz spaces

(see [23,Theorem 3.4] and [33,Theorem 5.1]) and the well-known continuity proper-
ties of the maximal function, we get that

Coo I(MP) ™ (MIV £ Lrecoo gy
MH(Mf)l_“‘HL p )||(M|Vf|)a||

1D £l 1raco ey

IA

IA

pa—1 T-a (R”

< Cnap 15 {n) IDFIRY,

L& Rn)

where ¢, o, > 0 is a constant depending only on n, & and p.

Step 2. Now assume f € BV (R") N LP(R") and define f, = f % o, forall ¢ > 0.
Then f, € WEL(R™) N C®(R™) N Lip,(R") with || fyllLoey < I L) for all
e > 0and |Df;|(R") — |Df|(R") as ¢ — 0. Moreover, by the Fatou Lemma, we
have

Df(x) < limg)ng“fs(X)
E—>

for a.e. x € R". Hence, by [13,Exercise 1.1.1(b)], we get

DY fll Lrooo ey < liminf || DY fe|| Lra.oo (g
e—0t
< Cnap M fell ) | DS | R
e—

< Cuap 15y IDFIR™

thanks to Step 1.
Step 3. Finally, assume f € BVLP(R"). Let (ng)g=0 C C(R") be a family of

cut-off functions as in [7,Section 3.3] and define fr = fng forall R > 0. Then fr €

BV (R") N LP(R") with || frllzr @y < | fllLr@wn for all R > 0 and |DfgR|(R") —
IDf|(R™) as R — +00. Moreover, by the Fatou Lemma, we have

D f(x) < liminf D* fg(x)
R—+o00

for a.e. x € R". Inequality (3.10) thus follows again by [13,Exercise 1.1.1(b)], thanks
to Step 2. This concludes the proof. O

From Theorem 8, we immediately deduce the following integrability properties of
the fractional gradient of the indicator function of a ball.
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Corollary 1 (Integrability of V* xp (r)) Let @ € (0, 1) and let p € [1, é) There
exists a constant ¢, o, p > 0, depending on n, a and p only, such that

IV X8, o)l Lo (R RY) = Cryag 7P (3.11)
forallx e R*andr > 0.

Proof Let x € R" and r > 0 be fixed. Since

_ y—x
VB =r “(V“XBl(O))< . )

by the rescaling property of V¥, we immediately get that
IV xB, ) | Lo ey Ry = IV xBy lLo@e Ry 7P 7

Since V¥ xp, € L'(R"; R N Lé"’o(R”; R"™) by [7,Proposition 4.8] and Theorem 8,
the conclusion follows by observing that L' (R”) N Lé"x’(R”) C LP(R™) with contin-
uous inclusion for all p € [1, %) This interpolation result can be proved for instance
by arguing as in the proof of [13,Proposition 1.1.14] with some minor modifications.
We leave the simple details to the interested reader. O

Remark 1 (The case n = 1 in Corollary 1) The estimate in (3.11) in the case n = 1
can be obtained by a direct computation from the explicit formula

M1«

vaX(x—r,x—i-r)()’) = T (|y - X +r|—a - |y - X _r|—a) , YE R’

given by [7,Example 4.11]. In particular, we deduce that
V Xxmr x4y € LE PR R) \ La* (R; R)

forall s € [1, +00).

From Proposition 2, we immediately deduce the following improvement of Theo-
rem 8. We leave its simple proof to the reader.

Corollary 2 (Improved weak integrability of D“) Let o« € (0,1), n € Nand p €
[1, +00) be such that p < 5 forn > 2.If f € BV'"P(R"), then

D f e LTarar ®(R") O LT (R").

3.7 Integration by parts of BV®°P functions on balls

We are now ready to state and prove the following integration-by-parts of BV%?
functions on balls, which is a generalization of [7,Theorem 5.2] to BV%? functions
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for p € (ﬁ +oo]. This result will be the central ingredient of the proof of the
decay estimates for BV*? functions in Theorem 10 below.

Theorem 9 (Integration by parts on balls) Let o € (0, 1) and p € (ﬁ, +oo]. If
f e BV¥P(R"Y), ¢ € Lip.(R"; R") and x € R", then

_/ ¢-dD"f = fdiv"‘(pdy—i-f fo -ViB.x)dy
B (x) By (x) e

+/R fdivip (xB, (x), ©) dy (3.12)

for L'-a.e.r > 0.

Proof Letx € R" and ¢ € Lip.(R"; R") be fixed. We divide the proof into two parts,

dealing with the cases p = 4ooand p € (ﬁ, —i—oo) separately.

Case 1: p = 400. Let ¢ > 0 and define the function 4, , » € Lip(R") by setting

1 if0<|y—x|=r,
r+e—|y—x| .

herx(y) = % ifr <|y—x|<r+e,
0 ifly—x|>r+e,

forall y € R". By [7,Lemma 5.1], we know that V¥h, , , € LY(R"; R") with

Mn,a X =2
en+oa—1)Jp  \Bw X =2l

Ve, x(y) = lz—y|' 7" dz (3.13)

for #"-a.e. y € R". On the one hand, since &, , x ¢ € Lip.(R"; R"), by Proposition 3
we have

/’l fdiva(hs,r,x <.0) dy = - /I‘Q" hs,r,x Q- dDaf~ (314)

Since hg r x(y) = Xm(y) ase — 0T forall y € R"” and |D* f|(0B,(x)) = O for
Llae. r > 0, we can compute

lim / (herw) dDf = [ ¢ dDof
Rﬂ

e—>07F By (x)
for #!-a.e. r > 0. On the other hand, by [8,Lemma 2.5], we have
div¥ (herx @) = ey x div¥'@ + @ - VOhe y  + divi (Ber x, @). (3.15)

We deal with each term of the right-hand side of (3.15) separately. For the first term,
since 0 < herx < XB,, ) foralle € (0,1) and hep » — xB,(x) in LY(R") as
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e — 0T for any ¢ € [I,+00), by [7,Corollary 2.3] and Lebesgue’s Dominated
Convergence Theorem we can compute

lim fherxdiviody = f fdiv¥edy. (3.16)
By (x)

e—=0" JRn

For the second term, by (3.13) we have

/Rn FO @) - Vihe, 2 (v)dy

Mn, X —Z P
=$/ f(y)w(y)'/ |z = yI'"™" " dzdy.
en+a—1) Jp Brie(\B, () X — 2

By Fubini’s Theorem, we can compute

X Z o
/ f(y)sa(y)-/ Iz —y|'"™"*dzdy
R Brie(O\B,(x) X — 2

=/ i / FOY e [z — " dy dz
B Rﬂ

e CO\B, () X — 2]

rte X =2z 1-n—a n—1
= / f : / S o)z =yl dyd"" (z)do.
r aBy(x) IX — 2| Jrn

By Lebesgue’s Differentiation Theorem, we have

. 1 X —z o
lim —f f(y)rp(y)-/ 2 — ¥ dz dy
e=0 & Brie(0)\By () [X — 2

~ lim / / / FO o) |z — ' dy d" 2) do
e—>0 & 3B, (x) |x —Z|

:/ / FM e |z =y dyd A" (2)
3B, (x) |x—z|

/ FO o) - / —yI'"" e d A" (2) dy
3B, (x) |x - Z|
= / fFMe®) / Iz —yI"™""“dDxp, ) (z) dy
R" R”
for Zl-ae.r > 0. Therefore, by [7,Theorem 3.18, equation (3.26)], we get that

lim fo -V, dy

e—0 JRi

Hn, -
- L/ f(y)w(w'/ |z = yI'™" " dDyp, 0 (2) dy
n+o—1Jgn R

=/R Fo-VXxB@)dy (3.17)
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for Llae.r > 0. Finally, for the third term, we note that

=y @@ = eONCerx@) = herx() | _, 19G) = 9O

1 mn
2 =yt =2 ey <00

for all y € R", so that
lim diviyy (he.r.v ) (v) = divRL (X5, (x), 9) ()

for £"-a.e. y € R" by Lebesgue’s Dominated Convergence Theorem. Since

lp(z) — (Y]

Pl L}(R"),

Idivey (e 9)(3)] <2 /R

again by Lebesgue’s Dominated Convergence Theorem we can compute

tim [ divgy ey = [ F dive G 0) . (3.18)

Combining (3.14), (3.15), (3.16), (3.17) and (3.18), we obtain (3.12).

Case 2: p € ﬁ, +oo>. Let (0:)¢>0 be a family of standard mollifiers

(see [7,Section 3.3]) and define f, = f % o, for all ¢ > 0. By Theorem 4, we
have that

fe € BVEP(RM) N LR NC®MRY) with D*f, = (0. * D* )" (3.19)

for all ¢ > 0. Hence, by Step 1, for each ¢ > 0 we have

_/ ¢-dD*f, = fe divo‘gody—f-/ fe@ -VixB.dy
B, (x) By (x) R

+/R fe divip (X8, (), ) dy

for #!-a.e.r > 0. We now need to study the convergence as ¢ — 0% of each term of
the above equality. By Theorem 4, we know that D¥ f,— D f as ¢ — 0T, so that

lim @ - dD* f = lim XB,(x) ¢ - dD° f¢ =/ XB,x) ¢ - dD* f
R R

e=0" J B, (x) e—0F

/ ¢ dDf
B, (x)

for Z!'-a.e. r > 0 thanks to [3,Proposition 1.62]. Since div¥*¢ € L'(R") N L>®(R")
by [7,Corollary 2.3] and divyy (x5, (x), ¢) € L'(R™) N L>®(R") by [7,Lemma 2.7 and
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Remark 2.8], we have

lim fediviedy = fdiv¥edy
e=>0% J B, (x) By(x)
and
lim /R fe diviy (xB, (), @) dy = /R £ diviy (xB,x)» @) dy

e—0t

thanks to the fact that f; — f in L?(R") as ¢ — 0. Finally, thanks to Corollary 1,

we have V¥ xp (x) € LP/(R”; R") for any p € (ﬁ, +oo) and so

lim feo - V%) dy — /R fo - -V'B.xdy

6~>0+ R

again by the convergence f, — fin L”(R")ase — 0. The conclusion thus follows.
]

4 Absolute continuity of the fractional variation

In this section, we prove our first main result Theorem 1. We divide the proof into two
parts, dealing with the subcritical regime (i) and the supercritical regime (ii) separately,
see Proposition 4(i) and Corollary 3 respectively. At the end of this section, we provide
two examples to show the sharpness of our result in the one-dimensional case n = 1.

4.1 The subcritical regime p € [1, %7)

Thanks to [7,Lemma 3.28], if f € BV*R") then u = I1_of € bv(R") N
Lﬁ"’o(R"), with Du = D f in .# (R"; R"™). As a consequence, we immediately
deduce that |[D* f| <« 7" ! forall f € BVY(R").

In the following result, which is a generalization of [7,Lemma 3.28] to the present
setting, we show that this phenomenon is typical of the functions belonging to

BV®P(R™) in the subcritical regime p € [l, %)

Proposition 4 (Relation between BV%?(R") and BV'P(R")) Let o € (0, 1), p €
(1’ ﬁ) andq = il—(;llia)p'

(i) If f € BVEP(RY), thenu = I_o f € BV (R"Y) with
“u”L’/(R”) < Cn,a,p ”f”LP(R”) and Du = Daf n %(Rn, Rn)

As a consequence, we have |D® f| <« """ for all f € BV*P(R") and the
operator Ii_q : BV®P(R") — BV 4 (R") is continuous.
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(ii) If p € (1, fa) andu € BVVP(R"), then f = (—A)I_Tau € BV*P(R") with

n

I fllLr@®ry < cna,pllullpyer@ny and D*f = Duin 4 (R"; R").

As a consequence, the operator (—A)FT& : BVLP(R") = BVYP(R") is contin-
uous.

Proof Let s = % and note that r = m e (1, %) We prove the two

properties separately.
Proof of (i). Let f € BV*P(R"). By the Hardy-Littlewood—Sobolev inequality,
we immediately get that

u="I_qf € L4R").

Given ¢ € C°(R"; R"), we clearly have I|_y|dive| € L*(R"), because |divyp| €
L"(R™). Hence, by Fubini Theorem, we have

/ fdivo‘(pdx:/ fllfadiwpdx:/ udive dx “4.1)
RV! ]Rn n

forall p € C°(R"*; R"), proving that D f = Du in . (R"; R"). The remaining part
of the statement in (i) follows easily.

’n—a n—a’

Proof of (ii). Let p € (1 o ) andu € BVP(R"). Since p < -, we can apply
Theorem 7 to get that BV 1-P(R") ¢ S'=%P(R") with continuous inclusion, so that
f = (—A)l%au € LP(R") (thanks to the identification S'~%P(R") = L1~®P(R")
following from [6,Corollary 2.1], also see the discussion in [6,Section 2.1]) and thus
I1—o f € LY(R") by the Hardy-Littlewood—Sobolev inequality. Since p < -, we
alsohavethat p < ¢ < " andthus BV Lp(R™) ¢ L9(R"™) with continuous inclusion
by Proposition 2. Hence u € L?(R") and we can now claimthat /1y f = uin LY (R").
Indeed, this is easily verified if u € C2°(R") by applying the Fourier transform
(see [19,Lemma 2.3] for instance), so that the claim follows by a plain approximation
argument. Therefore, by applying Fubini Theorem again, we can write (4.1) and prove
that D f = Du in . (R"; R"), reaching the conclusion. O

Remark 2 (About Proposition 4(ii)) The validity of Proposition 4(ii) when p = 1 was
already proved in [7,Lemma 3.28]. We also refer the reader to [17,Proposition 3.1],
in which the authors prove that, if u € WI'P(R”) for some p € [1, +oo], then

f=(=A)3"u € SYP(R") with V¥ f = Vu in L?(R"; R").

- . n
4.2 The supercritical regime p € [ﬁ, +oo]
We now focus on the absolute continuity property of the fractional variation with

respect to the Hausdorff measure for functions belonging to BV*?(R") in the super-

critical regime p € [lf—a +oo]. The crucial tool in this case is provided by the
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following important consequence of Theorem 9, which extends [7,Theorem 5.3] to
the present setting.

Theorem 10 (Decay estimates for BV“” functions for p > ﬁ) Leta € (0, 1)

and p € (ﬁ, +oo]. There exist two constants Ay o, p, Bun,a,p > 0, depending on

n, o« and p only, with the following property. If f € BV*P(R") then, for |D* f|-a.e.
x € R", there exists ry > 0 such that

|D* f1(B(x)) < Apapll fllLrnre (4.2)

and
ID*(f x8,0c)|R") < Bpg pll fllLownyra™ ™ 4.3)

forallr € (0, ry), where g € [1, 400) is such that % + % =1.

Proof Since f € BV*?(R"), by the Polar Decomposition Theorem for Radon mea-
sures there exists a Borel vector valued function 0}‘ : R" — R” such that

D°f =o%|D"f| with |o%(x)| = 1for|D*f|-ae.x € R". 4.4)

We divide the proof into two steps, dealing with the two estimates separately.
Step 1: Proof of (4.2). Let a}‘ :R" — R" be as in (4.4) and let x € R” be such
that |a;¥(x)| = 1. Given r > 0, we define the vector field ¢ : R” — R” by setting

oA‘;f(x) ify € B-(x),
Prr() = 10900 (2= L2L) iy € B\ B (x), (4.5)
0 ify ¢ By (x),

for all y € R". We clearly have that ¢, , € Lip.(R"; R") with |l¢||foo@rr:rr) < 1.
Thus, on the one hand, we can find r, € (0, 1) such that

1
/ Pxr(y) - dD* f(y) = / of(x)-or(»dIDfl(y) = EID“fI(Br(X))
B (x) By (x)

(4.6)
for all r € (0, r,). On the other hand, by (3.12) we can write

/ Px,r - dDaf < / fdiVa(px’r dy‘ + '/ f‘ﬂx,r . Va)(Br(x) dx
By (x) By (x) R

+ ’ /R f diviy (XB, (x)- wx,r)dy‘ 4.7
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for Z!-a.e.r € (0, ry). We now estimate the three terms in the right-hand side of (4.7)
separately. For the first term, recalling the definition of ¢, , in (4.5), we have

lox,r(2) — O'?(XH
< Hne Lf DI — o dzdy
By (x) RN\B,(x) 12—Vl

1

< tnallFI / / |9 (2) = 0§ () J qd ‘

< HUn, LP(B, ————dz| dy

e (Br) Bx) \JRN\B,(x) |z —y["t®
2t £ ‘(/ (/ ! d)qd>;
= 2y, LP(B,(x)) i 4% yl o
n,a (B (x)) 5, "B, 7 — y|ite

After some elementary computations, we get

1 q 1 -l
</Rn\31<-y> e dz) L e (48)

for some constant C,, , > 0 depending only on n and «c. Note that the integral appearing
in the right-hand side of (4.8) converges if and only if g < 1, thatis, p > . We

l—a-
thus get
| ravie.ay
By (x)

for some constant Cy, o, > 0 depending only on n, @ and ¢. For the second term in
the right-hand side of (4.7), we have

f Fdivig,, dy
By (x)

=< Cn,oz,q ”f”Ll’(R") ra® (4.9)

foxr - VB, dy| < I fllLe oy IV XB, (o) Il La Ry

Rn

< Chagl fllLemyayri © (4.10)

thanks to Corollary 1, for some constant C,, o ;, > 0 depending only on 7, & and g.
Finally, observing that ¢, ,(x + ry) = ¢o,1(y) for all y € R", a simple change of
variables gives

Idivie (XB, (0)» @) ey = r“ |diviy (X8, @) llLa @) (4.11)

Thus, for the third and last term in the right-hand side of (4.7), we have

V FAivRy (X8, (0)s Px.r) dY| < Coag I fllLreyra ™ ©, (4.12)
Rﬂ

where Cy o,y = IIdiviy (xB,, @) llLany (Which is finite thanks to [7,Lemma 2.7 and
Remark 2.8]). Combining (4.6) with (4.7), (4.9), (4.10) and (4.12), we get (4.2) with
a simple continuity argument.
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Step 2: Proof of (4.3). Let x € R" be such that |o(x)] = 1. Given ¢ €
Lip,(R"; R") such that [|¢|| o ®e:r) < 1, from (3.12) we deduce that

/ fdiv¥edy
By (x)

< |DY fI(Br(x)) + | fllLr®ny IV XB, (x) | La (R, R

+ 1 f e ey 1divRE (X B, (x)> ) I La ()

for Llae.r € (0, ry). Exploiting (4.2), (3.11) and (4.11), we conclude that

1D (f x8,0)|(R") < Cpggri ®

for Ll-ae.r € (0, ry), where Ch,a,q > 0is aconstant depending only on 7, o and g.
Inequality (4.3) thus follows for all r € (0, r,) by a simple continuity argument. O

Thanks to Theorem 10 and extending [7,Corollary 5.4] to the present setting, we
are now ready to state and prove the following absolute continuity property of the

fractional variation for BV%? functions with p € (ﬁ, +o00|. Note that the result

below is truly interesting only for p € [ oo’ +oo] due to Theorem 1(i) (see also
Proposition 4) and the fact that

n
n—o——>n—1<= p> .
p l -«

Corollary3 (|D“ f| « Hi~ “for p > —) Leta € (0,1) and p € (lla’ +oo]. If

f € BV*®P(R"), then there exists a |D“ f|-negligible set Zf- P R" such that

n,o,p

n_, A
|ID*f| <247
wn

||f||Lﬂ(1Rn) HTOLR" \ Z?'p, (4.13)

where Ay o p is asin (4.2) and q € [1, +00) is such that % + ql =1.

Proof By Theorem 10, there exists a set Z” C R” such that |[D* f I(Z?’p ) = 0 and
(4.2) holds for any x ¢ Z‘;ﬁ’p . Thanks to the Borel regularity of the Radon measure
| D f|, we can assume that Zjﬁ’p is a Borel set without loss of generality. Hence, for
all x € R"\ Z‘;ﬁ’p, we have

. D% f|(B,(x
O (D% fl,x) = lim sup et ,l( )) < w’”‘” I £l e @)
q

r—0t wn_,1r1 -«
‘1

q

Inequality (4.13) thus follows from [3,Theorem 2.56]. O
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Remark 3 (Thecasen = land p = ﬁ ) Note that Corollary 3 covers the supercritical
1

_n_ .
l—o

regime p € [l—a’ +oo] for n > 2, while for n = 1 the boundary case p = is

missing. However, if n = 1 and p = ﬁ, then g = % = é and so 1% = A0,
so that |[D? f| « 0 forall f € B Ve Ts (R) trivially. We do not know if this result
is sharp.

Remark 4 (The limit as o« — 17 ) Itis somewhat interesting to observe that Corollary 3
still holds true if we send « — 17. Indeed, such a limit case would apply only
to functions f € BV LR, for which it is well known (see [3,Theorem 3.77,
Theorem 3.78 and equation (3.90)], for instance) that

IDf| < 2|1 f ooy 2" L Jy,

where J ¢ is the jump set, so that Z};oo could be any | Df|-negligible subset of R" \ J 7.

4.3 Two examples in one dimension

We conclude this section by discussing the optimality of the absolute continuity prop-
erties of the fractional variation stated in Theorem 1 in the one-dimensional case
n=1.

We begin with the following example, which is borrowed from [7,Theorem 3.26].

Example 1 (Proposition 4(i) is sharp forn = 1) Let a € (0, 1) and consider
Su(x) = (1,4 (lx|"‘_1 sgnx — |x — 11 sgn(x — 1)) , xeR.

By [7,Theorem 3.26], we have f, € BV*(R) with D*f, = §y — 8;. Moreover,
by [8,Theorem 3.8 and Remark 3.9], we have f, € Lﬁ’oo(R) \ Lﬁ’q(R) for all
g > 1. In particular, since f, € LI®) N Lﬁ"’o(R), by interpolation we get that
fo € LP(R) forall p € [1, ﬁ) Hence f, € BV®P(R) forall p € [1, ﬁ) with
| DY fo| & S for all ¢ > 0. This proves that the absolute continuity property of the
fractional variation stated in Theorem 1(i) is sharp for n = 1.

We now prove the following result, which combines the properties of the function
f« introduced in Example 1 with the decay properties of a finite Radon measure.

Proposition 5 (The function u, = f, *xv) Let o € (0, 1), let f, be as in Example 1,
and let v € # (R). Then we have

1
Uy = fyxv e BVYP(R) forallp € [1,1—),
—a

with
D%y = v — (11)#V, (4.14)
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where T, (y) = y + x forall x, y € R. In addition, if there exist C, ¢ > 0 such that
v((x—r,x+r)) < Cr® forallx e Randr > 0, (4.15)

then

I:l, 1l;i8) ifee0,1—ow)),
ug € BVSP(R) forall p € {1, +00) ife=1—a, (4.16)
[1, 4+o0] ifee(—a,l].

Proof We divide the proof into two steps.
Step 1. Let v € #(R). We start by showing that u, € BV*P(R) for all

p € [1, ﬁ) and that it satisfies (4.14). Indeed, by Young’s inequality (for Radon
measures) we can estimate

luallpiwry < Il fallptwyVI(R).

Moreover, thanks to the translation invariance of div* and exploiting the explicit
expression of f, given in Example 1, we can write

/OO e (x) divie(x) dx = foo foo Ja(x = y)div¥o(x) dv(y) dx

Z/ / Sfalx — y)div¥e(x)dx dv(y)

—/ / @(x +y)d (bo(x) = 81(x)) dv(y)

—/ (e(y) =y + 1)) dv(y)

for all ¢ € C°(R). Thus uy € BV I(R) with D%uy = v — (71)#v. In addition, by
Jensen’s inequality and Tonelli’s Theorem we can estimate

/ |ua<x)|f’dxs/ |v|(R)f’—1/ Ll = W17 dIvI(y) dx

oo —0o0 —

= [v|(R)? ||fa||il’(]R) <+

forall p € [1, ﬁ) thanks to the integrability properties of f, given in Example 1.
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Step 2. We prove that (4.15) implies (4.16). To this aim, let § > 0 and g = %.

) )
Since | fo| = | ful?] fa|1_3, by Holder’s inequality we get

o0 P
g ()P < (f fa = 1T | fulx — )0 d|v|<y)>

00 7/ [ s
5(/ |fa<x—y)|5d|v|(y>) (/ |fa<ac—y)|”(1 ff)d|v|(y>>

for x € R. We now recall the explicit expression of fy in Example 1 and write

” |fa<x—y>|‘*d|v|<y>=/ | fux — WP dVI(y)
/-—oo (—oo,x—%)U(x+%,oo)
- / | fux — WP dIVI(y), (4.17)
jz_; (. 4)ur (x-1.4)

where we have set
Iij(x,r) = (x —rl,x+r)) \ (x — it —|—rj+1)

forall x € R,r € (0,1) and j € N for brevity. Now, on the one hand, if y €
(=00, x — %) U(x+ % 00), then x — y € (—o0, —%) U (% 00), so that

[fa(x =W < p1,—a (217& + 217‘1) = m,_a22*“

forall y € (—oo, X — %) U (x + % oo) Therefore, we can estimate

8
[fale = NP AVIO) = (101,-a227) PIR) (@418)

/(—oo,x—g)u(xﬁ,oo)
for all x € R. On the other hand, for all x € R and j € N, we have

f | fax — WP dIvI(y) (4.19)
Ij(x,%)

8
S /’Ll,—a/;

(x4
s G+ (1-a) . a—1 8 . .
<l (20 +(1—2 f) |v|<(x—2 f,x+2f))

, 8 ,
<l (2(J+1>“—“> + 21—“) cae, (4.20)

) (he =y e =y = 1) i)
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Reasoning analogously, we obtain

/Ij(x—l,g)

for all x € R and j € N. Therefore, inserting (4.18), (4.20) and (4.21) in (4.17), we
conclude that

. § .
[falx =PI = Cpad _, (200070 4217 ) 270 41

f | fux = I dIVI(y) < Caes (4.22)

for all x € R, where Cy s > 0 is constant depending on «, &, and § which is finite

provided that we choose § < =, as we are assuming from now on. We thus get

/OO (ol dx < €17 /OO /Oo = "0 dpo(y)

—00

o,e,8

=cr! |v|<R>/m ol (8) .

Now, recalling Example 1, we immediately see that

© s e
/ (70 dx < 400 [ a5 ~ 13 = Toig
—00 P> == ~T5 — Cra(-3)-
(4.23)
Since one easily recognizes that
1—-254+ad
———— <1 foralle € (0,1)and § > O,
22—l -9

the second condition on p in (4.23) can be dropped. As for the first condition on p
in (4.23), it is readily seen that

1 —
e l—a) = §<—— <1 = pe|l,—
l—«o l—a—c¢

and, similarly,
e€ll—a,1] = (1 —a)<eforalde(0,1) = pell,+00).

Finally, in the case ¢ € (1 — «, 1], we exploit (4.22) for § = 1 in order to conclude
that

o (¥)] < / fulx = DIdIVI(y) = Cae < +00

for all x € R, which implies that u, € L°(R). The conclusion thus follows. O

Thanks to Proposition 5, we can now give the following example.
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Example 2 (Corollary 3 is sharp forn = 1) Leta € (0, 1) and let v and u, be as in
Proposition 5. By [12,Corollary 4.12], there exists a compact set K C R such that
v = %K, so that D%uy &« J¢° for all s > ¢. Now we observe that, by (4.16),
we have the following situations:

1—¢ 1

1
l—a—¢ < l—a—¢

and thus & > 7%

- ifs:l—a,thenpe[1,+oo)andthuss>%—a;

—ife € (1 —a, 1], then p € [1, 40o0] and so, for p = 400, if s > 1 — « then we
cantake ¢ € (1 — «, s).

—ife € (0,1 — ), then p <

Therefore, the absolute continuity property of the fractional variation stated in Theo-
rem 1(ii) is sharp forn = 1.

5 Fractional capacity and precise representative

In this last section, we study the fractional capacity and the existence of the precise
representatives of BV*? functions.

5.1 The (a, p)-capacity

We begin with the definition of fractional capacity, see [1,Chapter 2]. For the clas-
sical integer case « = 1, we also refer the reader to [11,Sections 4.7 and 5.6.3],
[15,Chapter 2], [21,Section 2.1] and [22,Section 2.2]. Here and in the following,
we repeatedly use the identification S*7(R") = L*P(R") for « € (0,1) and
p € (1, +00) proved in [6,Corollary 2.1].

Definition 1 (The («, p)-capacity) Let « € (0, 1) and p € [1, +00). We let
Capy, p (K) = inf {1/ 15upqur) : £ € CE®RY, [ = 1k

be the («, p)-capacity of the compact set K C R”".

The mapping Cap,, , can be extended to more general sets via the following standard
routine. If A C R” is an open set, then we set

Cap,, ,(A) = sup {Cap, ,(K): K C A, K compact}
and so, given any set £ C R", we let
Cap, ,(E) = sup {Cap, ,(A): A D E, Aopen}.

We now recall the notion of («, p)-quasievery point, see [1,Definition 2.2.5].

Definition 2 ((«, p)-quasievery point) Let @ € (0, 1) and p € [1, +00). We say that
a property Z(x) is true for («, p)-quasievery x € R" if

Cap, ,({x e R" : 2 (x) is false}) = 0.
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Recall that, if « € (0,1) and p € (5, +oo), then S*?(R") C Cp(R") continu-
ously by the fractional Sobolev Embedding Theorem, see [1,Theorem 1.2.4(c)] for
instance. For this reason, the notion of (¢, p)-capacity becomes interesting only when
ap < n (see the discussion below [1,Proposition 2.6.1]). Precisely, if « € (0, 1) and
p € (1, g] then 7" —orte « Capa’p for all ¢ > 0, see [1,Theorem 5.1.13 and
Corollary 5.1.14].

5.2 The precise representative

We now study the precise representatives of BV *? functions by combining the embed-
ding proved in Theorem 7 with the results already known in the literature for the precise
representatives of functions in fractional Bessel potential spaces.

We begin by recalling the definition of quasicontinuity. For the integer case o = 1,
we refer the reader to [1,Definition 6.1.1] and [11,Definition 4.11].

Definition 3 ((«, p)-quasicontinuity) We say that a function f: R" — [—o00, +00]
defined (¢, p)-quasieverywhere is («, p)-quasicontinuous if, for each ¢ > 0, there
exists an open set A, C R" such that Capa’p(As) < g and f|gm\ 4, is continuous.

Here and in the following, the precise representative of a functionu € Lll0 SR R™)
is defined as

u*(x) = £%1+ - )u(y) dy, x eR",
r (X

if the limit exists, otherwise u*(x) = 0 by convention. The following result provides
a precise description of the continuity properties of the precise representative of a
function in S*”(R") for p € (1, g] We refer the reader to [1,Theorem 6.2.1] for the
proof.

Theorem 11 (Quasicontinuity of S* 7 functions) Let o € (0, 1) and p € (1, g] If
f € §*P(R"), then f* is an (a, p)-quasicontinuous representative of f and

lim )If(y)—f*(X)I"dyZO

r—0TJpB,(

or (a, p)-quasievery x € R", where
e P)-q ry

s
[1,+00) ifap =n.

Thanks to the embedding proved in Theorem 7, we immediately deduce the fol-
lowing result concerning the quasicontinuity of the functions in BV %P (R").

Corollary 4 (Quasicontinuity of BV*7 functions for p < -=) Let a, B € (0, 1),
with 8 < «, and let p,q € [1,+00] be such that p < q < n+ﬁ+—a’ withqg > 1. If
f € BVEP(R™), then f* is a (B, q)-quasicontinuous representative of [ and

lim )If(y)—f*(X)I’dy=0

r—=0%J B, (x
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for (B, q)-quasievery x € R" and for all t € [1, nf%q].
In order to provide an extension of Corollary 4 also for all exponents p € [1, 4-o0],
we need the following localization result for BV %7 functions.

Lemma 1 (Localization for BV%? functions for p € [1, +00]) Let o € (0, 1) and
let p € [1,+00]. If f € BV*P(R") and n € Lip.(R"), then fn € BV*1(R") for
all g € [1, p], with

DY(fn) =nD*f + fVnZL" + Vo (f,m) L" in A [R";R"). (5.1

Proof By Holder’s inequality, we clearly have that fn € LY(R") forall ¢ € [1, p], so
that we only need to prove (5.1). First of all, note that the right-hand side of (5.1) is well
posed because ny € Lip,.(R"). In particular, we have V¥n € LY(R"; RMNL®(R": R")
by [7,Corollary 2.3] and Vg, (f,n) € L'(R™), since by Minkowski’s and Holder’s
(generalized) inequalities we can estimate

1S C 41 = FlnC+h) =l g
VRS D@y < Mna / ) TGS dh
||TI( + h) - n”LP/(]R")
< 2t P lereesy [ =

= Cn,a,p ||f||L"(R") ”n”Wl,p’(Rn) (5.2)

(for the validity of the last inequality, see [18,Theorem 17.33] for instance). Now let
¢ € Lip,(R"; R") be given. By [7,Lemma 2.7], we can write

div® (ng) = ndiv¥e + ¢ - V¥ + diviy (1, 9),

so that
/ fndiviedx = / fdiv¥ (ne) dx — / fo-V%dx
Rn Rll Rn
- [ ravieanerar
RV!
In addition, since n¢ € Lip.(R"; R") and f € BV*?(R"), we immediately see that
/ fdiv*(ne)dx = —/ ng-dD* f.
]Rn R)l

Finally, let (f¢)e=o C BV*P(R") N C*®(R") be such that f, = f * g, foralle > 0
as in Theorem 4. Note that f; € Lip, (R"; R"), so that

[ fedvietnodx = [ ol
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for all ¢ > 0 by [8,Lemmas 2.4 and 2.5]. Now, arguing as in the proof of (5.2), we

can infer that
lin(r)l+ VEL(ferm) = VEL(fom) in Li (R"; R™Y), (5.3)
&—

so that we can pass to the limit as ¢ — 07 in (5.3) to get that

/Rn fdivyy (g, ) dx = [R" ¢ - VL(f, g)dx.

In conclusion, we have that
pudivigdx == [ wg-ants— [ go-vinar— [ oo crmds
Rll Rﬂ R}l Rﬂ
for any given ¢ € Lip,.(R"; R") and the proof is complete. O

Corollary 5 (Quasicontinuity of BV*” functions for p € [1, +o0]) Leta, 8 € (0, 1)
be such that B < « and let p € [1,400] and q € [1, n+,l+*a) If f € BV*P(R"Y),

then f* is a (B, q)-quasicontinuous representative of f and

lim : lf) = fF@l'dy =0 (5.4)

r—0tJB, (x

Sfor (B, q)-quasievery x € R" and for all t € [1, n'_l%q]. In particular, the precise

representative of f is well defined " ~“¢-qa.e. for all ¢ > 0.

Proof By Lemma 1, we know that fn € BV*I(RM) for all 5 € Lip.(R"). Hence,
Corollary 4 implies the existence of a (8, ¢)-quasicontinuous representative of fn for

all B € (0,) and g € (1, n+‘+_a . In particular, if n(x) = 1 for all x € By for some

given R > 0, then we get the existence of (fn)*(x) = f*(x) for (8, g)-quasievery
x € R", together with (5.4). Since R > 0 is arbitrary, f*(x) must exist for (8, g)-
quasievery x € R". Finally, since ¢ < %, we have 77" ~Pa+d « Capg , forall § > 0.

Thus, by optimizing in 8 € (0,«) and in g € (1, n+ﬁ+—a>’ the existence of f*(x)

follows for 7#"~%*¢-a.e. x € R" and the proof is complete. O
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