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ABSTRACT: We study the emergence of partonic behavior in scattering processes at large
Mandelstam’s variable s from string amplitudes in holographic backgrounds. We generalize
the approach of Polchinski and Strassler [1] in two ways. (i) We analyze several holographic
confining backgrounds, in particular the hard wall model, the soft wall model and Witten’s
model. (ii) In addition to deriving the asymptotic behavior of the amplitudes at fixed
angle and in the Regge limit, we also expand the amplitudes around their poles, integrate
over the holographic direction and then re-sum the expansion. Due to dependence of the
string tension on the holographic coordinate, the resulting singularities take the form of
branch points rather than poles and the amplitudes display branch cuts and acquire a finite
imaginary part. This may signal the failure of the PS prescription to reproduce the correct
analytic structure at low energies. We also observe that the peaks are more pronounced in
the region of small s but fade away for large s. In the fixed angle approximation we find
in the hard and soft wall models that A ~ s2~2/2 whereas in Witten’s model A ~ s3~2/2
and A ~ s7/3728/3 for the 11D and 10D formulations, respectively. In the Regge regime
A ~ 521727 (log 5/t) '+ where « is the power found in the fixed angle regime. Using
the pole expansion the result for each model is Re[A] ~ 57!, Im [A] ~ 5% We compute
the corresponding amplitudes for mesons using open strings and find qualitatively similar
results as for closed strings.

KEYwORDS: Gauge-Gravity Correspondence, Scattering Amplitudes, Bosonic Strings

ARX1v EPRINT: 2111.12106

OPEN AccCESS, © The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP05(2022)058


mailto:massimo.bianchi@roma2.infn.it
mailto:mfirrotta@roma2.infn.it
mailto:cobi@tauex.tau.ac.il
mailto:dorin.weissman@oist.jp
https://arxiv.org/abs/2111.12106
https://doi.org/10.1007/JHEP05(2022)058

Contents

1 Introduction

2 Different approaches to holographic QCD

2.1
2.2
2.3
24

2.5

Hard wall model

Soft wall model

Witten’s model

Generalized confining background

2.4.1 Backgrounds with non-trivial dilaton
Introducing fundamental quarks

3 Glueball scattering a la Polchinski-Strassler

4 Glueball scattering as closed string scattering

4.1

4.2

4.3

4.4

4.5

Calculating the amplitude and its limits
4.1.1 Expansion around the poles
4.1.2 The fixed angle approximation
4.1.3 The Regge regime

The hard wall model

4.2.1 Expansion around the poles
4.2.2 Fixed angle regime

4.2.3 Regge regime

4.2.4 Effect of exact wave function and boundary conditions
The soft wall model

4.3.1 Expansion around the poles
4.3.2 Fixed angle regime

4.3.3 Regge regime

Witten’s model

4.4.1 11-dimensional model

4.4.2 10-dimensional model

A generalized background

5 Meson scattering as open string scattering

5.1

5.2

9.3

Superstring amplitude

5.1.1 In the hard wall model
5.1.2 In the soft wall model
Veneziano amplitude

5.2.1 In the hard wall model
5.2.2 In the soft wall model
Lovelace-Shapiro amplitude
5.3.1 In the hard wall model

© 0 O O Ut

10

10

12
12
13
13
14
15
16
18
18
19
20
20
22
22
23
23
24
25

27
28
28
29
30
30
31
31
32



5.3.2 In the soft wall model 32
5.4 Open string scattering in the Witten-Sakai-Sugimoto model 32

6 Conclusions and summary 34

1 Introduction

The 1968 deep inelastic experiment at SLAC provided evidence that in the high energy,
fixed angle regime hadronic scattering amplitudes fall off according to a power law behavior
in the center of mass energy (or Mandelstam variable s). On the other hand Veneziano’s and
all string amplitudes in this regime display a soft, exponential behavior in s [2-4]. This clash
between theory and experiment led to abandoning the description of strong interactions in
terms of string theory. Yet, string theory has been very successful in describing the low
energy spectra of hadrons. For hadrons built from light quarks the experimental data that
have been accumulated since the early days of the dual resonance models and up to now fit
nicely Regge-like trajectories where M? is (almost) linear with the angular momentum .J
and the excitation number n. For hadrons that carry s, c or b flavors, the data fit well a
model of a string with massive endpoints [5].

In terms of Regge trajectories, the passage from “soft” to “hard” scattering takes
the form of the bending of the trajectory. At positive Mandelstam ¢ we have the linear
trajectory a(t) = o't + ..., which turns into an almost flat horizontal line for large negative
t, a(t) = Const., which characterizes asymptotic freedom.! The nature of this transition is
still an open problem in QCD.

One of the main challenges for a reliable string theory of hadron physics has been
to construct a description that admit spectra on Regge-like trajectories and at the same
time be in accordance with the hard rather than soft behavior of scattering amplitudes at
fixed angle.

For several decades this challenge has not been successfully addressed until holography
came to rescue. In that context a pioneering work has been carried out by Polchinski and
Strassler [1], that argued for the hard ‘partonic’ behavior of glueball scattering at large
energies and fixed angle in the AdS hard wall model. The original short letter [1] was
expanded upon in [6] and [7].

Their basic proposal is that the four dimensional amplitude can be approximated by

Au(s, t,u) / dry/=g x Aul5(r), i(r), ()] x [] i(r) (1.1)

where 7 is the holographic radial dimension, 419 the amplitude of string theory in 10D
flat spacetime, ¥(r) the wave functions of the states being scattered, and, crucially, the
Mandelstam variables §, £, and @ are rescaled as a function of r. This scaling can also be
viewed as a rescaling of the slope of the trajectories or the string tension.

! A mild logarithmic behavior a(t) ~ A~%logt/A? would also be acceptable.



There are two different descriptions of hadrons in holography: (i) As fluctuations of
fields that reside either in the bulk or on probe flavor branes. The former are associated
with glueballs and the latter with mesons. Baryons are described as flavor instantons on
probe branes. (ii) As string configurations in the holographic backgrounds. Closed strings
are naturally the duals of glueballs and open strings with endpoints on flavor branes are
the duals of either mesons or baryons.

The spectra of hadrons have been extracted in approach (i) by writing down the wave
equations of the various different modes, diagonalizing the equations and determining the
resulting eigenvalues. An intensive research effort has been devoted to this task. For a
review of this direction see [8]. It is probably fair to state that, apart from one exception,
the outcome spectra do not fit well the experimental data. This is manifested simply by

the fact that they do not admit a Regge-like behavior, but rather a Kaluza-Klein-type

2
n

spectrum m2 ~ n?/R%. The exception to that is the soft wall model [9] where Regge
behavior does show up, but only with respect to the excitation number n and not the
angular momentum J.

As for the spectra in the stringy approach, for strings in flat spacetime the Regge-
like spectrum is an almost trivial result. In the higher dimensional curved holographic
backgrounds it is a difficult task to determine the quantum string configurations and hence
the spectra were not determined in this way. One can perform semiclassical computations,
as e.g. in [10]. In [11] the holography inspired stringy hadron model (HISH) was proposed
based on the observation of [12] that showed that the classical solutions of the string
equations of motion in holographic confining backgrounds can be mapped to those of strings
in flat four dimensions but with massive particles on their endpoints. Based on this map
semiclassical spectra of hadronic strings have been theoretically computed and compared
with experimental data. Explicit fits of the data and the HISH model were done in [5] for
mesons, and [13] for baryons. The model was also extended to exotic hadrons and many of
its predictions are reviewed in [14].

To calculate string amplitudes in holographic settings one should repeat the procedure
of the derivation of the Veneziano amplitude in a 10D (highly) curved spacetime, in
AdS or other backgrounds. This is a formidable task. Instead, the method proposed
in [1] to compute the amplitudes is a “hybrid” method. One is instructed to use the
amplitudes of scattering strings in flat spacetime but also dress them with the wave
functions associated with the hadronic modes of approach (i) as weights in an integral over
the holographic direction.

In this paper we follow this hybrid formulation of the amplitude of [1] and show that
the transition from soft to hard, or what is referred to as the bending, holds also in other
confining holographic backgrounds. In particular we computed the amplitudes of closed
strings for the hard wall model, soft wall model [9] and Witten’s model [15]. We also
conjecture that this transition probably exists in any confining background. We then
generalize and extend the analysis to open strings which are the duals of mesons and
baryons in the hard wall, soft wall and the Witten-Sakai-Sugimoto model [16]. The case
of open strings is complicated by the fact that open strings should be attached to flavor
branes, and in this paper we only begin the analysis of these systems.



We find that, while all models admit power law behavior at the fixed angle, high energy
limit, the value of the power that one obtains is model dependent, and varies between them.
In four dimensional QCD there is a simple expectation from dimensional analysis due to
Brodsky and Farrar [17, 18],

A~ 27 (1.2)
where IV, is the total number of incoming and outgoing partons of the process. For instance,
for 2 — 2 meson scattering, N, = 4 x 2 = 8, and therefore A ~ s72. In [1] it was found
that in hard wall AdSs models, the amplitude behaves as

A~ 32_% (13)

where now A is the sum of scaling dimensions of the relevant operators, that contribute as
[L; ¥i(r) ~ v~ in the UV region. Since we want it to be equal to the number of partons
to match with QCD, the commonly accepted argument is that one needs to replace the
scaling dimension with the twist, as stated already in [1].

In addition to showing the transition from soft to hard scattering, the holographic
prescription for the scattering amplitude reveals also the following phenomena: (i) The
ordinary poles of the amplitude of flat spacetime transform into logarithmic branch points.
Starting from these points the amplitude has branch cuts and a finite imaginary part even
for real Regge trajectories. This is an immediate consequence of the integration over the
radial coordinate and of the scaling of o with the holographic coordinate. It seems to be a
generic result that would hold also for other holographic confining backgrounds.

(ii) Furthermore, the peaks are more pronounced in the region of small s but fade away
for large s, when we increase s and keep the angle fixed, such that |¢| is also increased.
A possible interpretation to this behavior is that it is an effect of asymptotic freedom:
approaching asymptotic behavior the corresponding gauge coupling becomes weaker and
hence the binding energy of the bound states becomes smaller.

The results are suggestive, but one could argue that the presence of logarithmic
singularities rather than poles is indicative that the Polchinski-Strassler approximation
fails to reproduce the correct analytic structure at low energies. This question has to be
further investigated.

Proposals for effective bending of the trajectories in the negative ¢ region not based
on holography were made in the past. In particular in [19] a model that generalizes the
old Lovelace-Shapiro model [20, 21] as a toy model for 77 scattering was proposed. The
model admits asymptotically linear and parallel Regge trajectories at positive ¢, and an
effective bending of the trajectories in the negative t region. The model is based on adding
to the usual string-theoretic amplitudes with universal slope ' a series of amplitudes with
fractional slopes %’ A similar earlier proposal had been made in [22]. The holographic
counterpart of this approach would correspond to a ‘weight’ function W (r) = /]g| [1; ¥:(r)
given by a series of d-functions i.e. W(r) = >, wid(r — rx), with wy chosen or possibly
fixed in such a way as to satisfy unitarity constraints and crossing symmetry. A general
analysis of the S-matrix of weakly coupled theories of massive higher-spin particles using
unitarity and crossing symmetry appeared in [23] and universal corrections in [24].



Relations between the partonic nature of scattering of hadrons and holography were
addressed in other papers such as [25-31].

The plan of the paper is as follows. In section 2 we give a brief review of the different
approaches to holographic QCD we utilize in this work: the hard wall, soft wall, and Witten
models, as well as a general parametrization of the relevant background fields. We include
also a short review of how flavor branes are added to the models to represent quarks.

In section 3 we review the main results of [1]. The main calculations are carried out
in section 4. First we recall the Virasoro-Shapiro amplitude for 4 dilatons and its various
limits, and state the prescription for integrating over the radial dimension to obtain the
holographic amplitude in three different methods: pole expansion, fixed angle limit, and
Regge limit. The calculations are then done explicitly in the hard wall, soft wall, and
Witten models. We also give a more generic parametrization of the background and a
general result in section 4.5. Section 5 repeats the same calculations for mesons using open
string amplitudes. It is more concise than section 4, since many of the results are essentially
the same.

The main results of our analysis are then summarized in section 6, which contains our
conclusions and indicates lines for further investigation.

2 Different approaches to holographic QCD

The original duality between N' = 4 SYM theory and string theory in AdS5 x S represents
the best established instance of the holographic AdS/CFT correspondence [32]. One
of several reasons why N' = 4 SYM is not the right framework to describe hadrons is
that the spectrum is continuous and not discrete as in QCD. Indeed starting from the
(d + 1)-dimensional AdS metric

2
ds?® = R—2(7]de”dx“ + dz?) (2.1)
z

with u,v =0,1,...d. The wave equation for a scalar particle of mass M in the bulk is

1—-d M?R?
O+MH>>=0 = n"9,0,®+ 0D+ 7(92(1) — 22R ®=0 (2.2)
Taking
Dz, z) = M F T (2) (2.3)
and defining m = v/—k2 > 0, the solution of the equation is
Yi(z) = ngAfg (mz2) (2.4)
where J, is the Bessel function, and
d d?
A=244% 2R (2.5)
2 4
or equivalently M2R? = A(A — d). The four dimensional mass m? = —k? is continuous

and hence there is no mass gap as expected on the basis of conformal invariance. The



scaling dimension A gives the behavior of the wave function near the boundary, i.e. at
small z, Pr(z) ~ 28, Tt is also equal to the dimension of the dual operator in the conformal
boundary theory.?

2.1 Hard wall model

The most basic holographic QCD model is the “hard wall” (HW) model where the five-
dimensional AdSs space is truncated at a certain value of the radial direction z = zy. The
near boundary UV region z = 0 of the AdSs space corresponds to the asymptotic free UV
region of the gauge theory, while confinement is achieved by the IR hard wall at z = z
which sets the mass scale for the theory.

The wave function (2.4) must now satisfy a boundary condition at z = zp. Imposing
boundary conditions will lead to a discrete spectrum of m?.

Due to the somewhat arbitrary nature of the hard wall model there is some ambiguity
in the choice of boundary condition. The wave function will be finite and normalizable
for any m? as in ordinary AdS, so one needs a stronger requirement than regularity or
normalizability of the wave function. A standard choice [35] is to require that the wave
function vanishes on the wall (Dirichlet boundary conditions), ¥ (z0) = 0, in which case
the spectrum is determined by the zeroes of the appropriate Bessel function.

Let us set from now on d = 4 and M? = 0, the bulk field is a massless scalar, like the
dilaton, in AdSs. Then, the wave function is

Yr(2) = 22 Jo(m2) (2.6)
and the spectrum after imposing Dirichlet boundary conditions is given by
Ja(mzp) =0 = mzo = 5.136, 8.417, 11.620, 14.796. .. (2.7)

Another consistent choice of boundary conditions is that of Neumann boundary conditions,
0.¢(29) = 0.3 Since classically the closed string is expected to reside near the wall, it is
more natural to have a wave function that is peaked at the wall instead of vanishing there.
In this case the spectrum is determined by the zeroes of the Bessel function of a lower

order as
Ji(mzp) =0 = mzo = 3.832, 7.016, 10.173, 13.324, ... (2.8)

In both cases the spectrum is approximately linear in the excitation number, m,, ~ n.

W)
mW =" J")=0 (2.9)

20 "

with v = A — % for Dirichlet, or v = A — % — 1 for Neumann boundary conditions. For large

n, we have P (n +5 - %) 7+ O(1/n), thus producing a KK-like spectrum m?2 ~ n?

rather than linear Regge trajectories m2 ~ n.

2To be exact there are two allowed behaviors at the UV boundary ¢(z) ~ 2972 and ¢(z) ~ 2°.
In holographic renormalization [33, 34] the former corresponds to turning on a source i.e. an operator
perturbation j(x), the latter to giving a VEV v(x) to the operator in the boundary CFT.

3This is the choice of boundary conditions made in [6].



The wave function (2.6) is the one we use to compute scattering amplitudes in the
HW model. We will show in section 4.2.4 that the choice of boundary condition does not
affect the high energy behavior of the amplitude, but it has consequences for its structure
at low energy.

2.2 Soft wall model

Since the HW model does not admit Regge behavior for the corresponding hadron spectra
there was a proposal [9] to improve the model by “softening” the hard wall into a soft
wall (SW) model. It was argued that in this way one finds an excitation spectrum of the
form m?2 ~ n.

To realize the soft wall, one includes a ‘dilaton’ D = X222 so that e P effectively cuts

off the AdS horizon and produces an effective potential of the form

AP L? + k(K +2)

Veott (2) = Vaas(z) + Vot (2) = 2 + M2 4 (k= 1)2)2 (2.10)
Setting ¢? = p?L? + % = 12, the eigenfunctions and eigenvalues are, respectively
d
Une(2) = 272 Ly o(N227) (2.11)
m? = 2)\2 (B +1) = 22220+ £ + 2) (2.12)

The eigenfunctions are defined in terms of generalized Laguerre polynomials,

Ly(x) = i(—l)j <n i g) o (2.13)
7=0

n—j) j!

Let us note that, notwithstanding the presence of a non-trivial ‘dilaton’ profile, the
metric of the SW model is taken to be AdS very much as in the HW model. This will prove
crucial in later computations of scattering amplitudes.

2.3 Witten’s model

A prototypical top down model of confining background is the so called Witten’s model [36].
Originally this model was derived by twice compactifying a space coordinate in the back-
ground of the near horizon limit of large number of M5 branes, namely AdS; x S* background.
It was later realized also by compactification of one spatial coordinate of a D4-brane on
a circle [37]. The sub-manifold spanned by the compactified coordinate and the radial
coordinate has the geometry of a cigar. Imposing on the circle anti-periodic boundary
conditions for the fermions, in particular the gauginos, renders them massive and hence
supersymmetry is broken. In the limit of small compactified radius one finds that the dual
field theory is YM theory in four dimensions, contaminated by KK modes even in the low
energy effective description.
The metric is

15 = (9) tnutsttar + 5010 + (£) (G +0%a) (2



where L3 = mg,N.£2, and

Ux

fU)y=1- s (2.15)
The background fields also include the dilaton and 4-form given by

U\ 27N,

7r
ed):gs(L) ) Fy = ‘/21664 (2.16)
1 /2
The coordinate x4 describes a circle of radius R = ;A5 that sets the mass scale Mg, = 1 /R
3U3/?

and Tst = W

The M—theory embedding of Witten’s model is represented by the AdS; x Sy black
hole:

r2 } L2 L2
ds? = 7 (nw,dx“dx + f(r)da? + dac%l) —mdr + —dQ2 (2.17)
with
a
flr)=1-"% (2.18)

The wave equations for the different fluctuation modes in this model were first derived
in [38].% We will consider only the lightest scalar mode, which satisfies the wave equation

o (700 =) + (2t (54?;27”2122)1#(@ =0 (2.19)

r3dr 2r8)

Far from rg, the geometry is simply that of AdS7, and the wave function at large r behaves as

re 1
Wb(r) = 7J3(M v~ g (2.20)
r r
as in (2.4), where we define
L4
p? = m2—2 (2.21)
o

such that g is the four dimensional mass in units of ro/L?.

To solve the wave equation in general, it is convenient to define the coordinate

v=1-20 (2.22)

which goes from v = 0 at the wall (r =ry), to v = 1 at the boundary (r — o). The wave
equation in terms of the new coordinate is

432(1 — v)®
(203 — 602 + 6v + 3)?

4v(v3 — 40 +-6v—3)Y" (v)+4(v? —3v2 +3v—3)' (v) — <u2 + ) P(v) =0

(2.23)
with u as above.

1A useful reference here is [39], where one can find the explicit relations between the fluctuations modes
of the metric around the 11D background of (2.17) to those of the fields in the 10D background of (2.14).
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Figure 1. Wave functions of the first three scalar modes in Witten’s model (here normalized such
that ¢(0) = 1).

In this model one cannot take Neumann or Dirichlet boundary conditions at the wall.
If ¢ vanishes at the wall then by the wave equation so does its first derivative, and vice
versa. The only solution satisfying both those conditions is that ¥ = 0 everywhere. Instead,
the boundary conditions one imposes are only regularity at the wall and the vanishing of
the wave function on the boundary. That is enough to get a discrete spectrum.

It is possible to solve the wave equation formally in terms of a power series in v, with a
recursive definition for the coefficients. For the following, it is simpler to solve the equation
for 1 (v) numerically using the shooting method, obtaining the spectrum first derived in [38].
The first few values are

2 =7308,  46.985,  94.482,  154.963,  228.709 ... (2.24)

The spectra found in this model are not of Regge form. They are better approximated by a

2 ~ an® + bn + ¢ for some non-zero constants a, b, c. The

KK-like spectrum of the form m
corresponding wave functions are drawn in figure 1. Note that they all have a maximum
at r = rg.

It was shown that the spectrum of glueballs derived from the 11D background and from
the 10D compactified D4 background are the same. It is not obvious that the scattering
amplitude of closed strings in these two backgrounds will be the same. This question will

be tested in the following.

2.4 Generalized confining background

One can study more general 10 dimensional background,
ds® = ga(U)nudatdz” + gy (U)dU? + g (U)dS23 (2.25)

where we have the four dimensional coordinates z#, a radial coordinate U, and five compact
coordinates. For notational simplicity we take the compact space to be an S5, though that
is not necessary and will not be the case for all examples considered in the following.



There are two simple conditions that the metric can satisfy that will ensure that the
dual gauge theory be confining, in the sense of an area law for Wilson loops [40]. The
conditions are:

1. gi has a non-zero minimum at U = U,,
or
2. gagu — oo at Up and g4(Up) # 0.

In hard wall models one imposes the first condition by hand, while Witten’s model is an
example of a confining background fulfilling the second condition.

For closed string scattering, we will be interested in the wave function of the lightest bulk
scalar mode in such backgrounds. The wave function ¢ (U) is then the radial dependence of
the solution to the KG equation for a ‘massless’ scalar propagating in the given confining
background, where for simplicity one neglects any dependence on the compact coordinates:

O =0, &=(H U)=em 2"y (2.26)

More specifically, we would like to determine the behavior far from the IR wall. For a
qualitative analysis in that regime let us assume now that all the components of the metric
scale as some power of U,

uU)~UM,  gu(U)~U"Y,  gr(U)~U" (2.27)

Where 04 < 0 since the UV is at large U. The solution at large U then is asymptotically
given by a Bessel function, as in AdS,

oY) n
Gi(U) > U2 Ja, (mU™H) (2.28)
n
where the mass scale m is determined by the background, and the other parameters are
1
Ai:§(454+55T_6U)_17 n =104 —05—2 (2‘29)

They are both taken to be positive, as is the case in AdS; where A =4 and n = 2. The

wave function for the lowest scalar mode is expected to behave as U2 at large U.

2.4.1 Backgrounds with non-trivial dilaton

In some holographic models of QCD the background fields include a non-trivial dilaton
profile, in the sense that the dilaton becomes an active field that depends on the radial
coordinate as in many RG flows see e.g. [33, 34, 41-43]. In this case we need to incorporate
it into the integration over the radial coordinate, generalizing eq. (1.1) as

0 4
Ay (s,t,u) = /U dU/—ge™ 2% (H g (U)) Ao (5,%, 1) (2.30)
A i=1



2.5 Introducing fundamental quarks

In most of the following we will deal with closed strings, which correspond to glueballs.
However, open strings corresponding to mesons and baryons are of more immediate phe-
nomenological significance, so we will briefly describe the introduction of quarks into
holographic QCD models.

Since the early days of string theory it has been understood that fundamental quarks
should correspond to (the ends of) open strings. In modern terms, this calls for D-branes.
It is thus natural to wonder, whether one can consistently add ‘flavor’ D-brane probes
to supergravity backgrounds duals of confining gauge theories, that can accommodate
open strings and fundamental quarks. In case that the number of flavor D-branes is small
Ny < N, one can convincingly argue that their back-reaction on the bulk geometry is
negligible so that they can be treated in a probe approximation. It was also well known
that open strings between parallel Ny D7-branes and IN. D3-branes play the role of flavored
quarks (hypermultiplets) in the SU (N.) gauge theory that resides on the D3-brane 4d
world volume. Karch and Katz [44] proposed to elevate this brane configuration into a
supergravity background by introducing probe D7-branes into the AdSs x S° background.’
Note that these types of setups are non-confining ones.

This idea was further explored in [51] and in many other followup works. For a list of
them see the review [8]. There have been certain attempts to go beyond the flavor probe
approximation for instance [52]. The first attempt to incorporate flavor branes in a confining
background was in [53] where D7 and D7-branes were introduced to the Klebanov-Strassler
model [54]. This project was later completed in [55]. An easier way of incorporating flavor
branes is the Witten-Sakai-Sugimoto model [16, 56, 57]. One starts with a pair D8 — D8
located at diametrically opposite points on the ‘thermal’ circle x4 on the UV boundary.
The two smoothly join in the IR where the geometry is capped (cigar shape). This is the
geometric realization of the chiral symmetry breaking U(Ny) x U(Ny) — U(Ny).

For reference, we note that the induced metric on D8 is given by

U3/2
ds?g = —— <de -

L3 (dU\? L3/?
U)+ s () | dad U2do; 2.31
0+ (2 o) B o
that accounts for the bending of the profile of the probe D8. Here U = U(xz4) is the profile
of the brane.

Flavor was also introduced in the bottom-up models confining models. For instance
the Veneziano limit of large Ny in addition to the large N, was studied in [58].

3 Glueball scattering a la Polchinski-Strassler

In order to reproduce the hard ‘partonic’ behavior of glueball scattering at large energies
in a holography-inspired hard wall model, Polchinski and Strassler [1], assumed that the

A full back-reacted geometry would require the introduction of orientifold Q-planes to avoid conical
singularities and axio-dilaton monodromies at infinity [32, 45, 46, 70, 71]. A ‘third’ scenario may take place
in this setting [47-50].

~10 -



scattering process is dominated by the interior region near the IR wall, far from the
(conformal) boundary (UV) region. As a result they concluded that the full amplitude
might be given by a closed-string amplitude in flat spacetime with rescaled momenta that
is then integrated over the radial/holographic variable.

Using as holographic coordinate r = L?/z, so that the IR hard-wall is located at
r = ro = L?/z, and denoting by p the 10-dimensional momenta and by p the ‘inertial’
momenta one has

Va'p = %\/&p and 7o = AL? (3.1)
Glueball scattering amplitudes would then be given by
o 4
Aqen (s,1) = / drd® /1G] TT i(r, ) Asring (5. ) (3.2)
o i=1
where A
Gi(r, Q) = FAV(Q) with  f(r) ~ :% for 7 — oo (3.3)

V() some (spherical) harmonics and

Ans(5.1) = Kl h)r (1- Es) r(1-98)r(1-5a) )

where
R4
Kg(p,h) =Gny— 3.5
8(D, h) = N (3.5)
with Rywpe = kjuhujpko) the ‘linearized” Riemann tensor of the metric fluctuation.

Neglecting the internal angular part JJ(Q), one gets
2 /3 ( N)¥
g
AQCD S, t L6 4 / dr ?“3 H A strlng t) ~ T})A_4 (36)

where A =37, A;.
As originally discussed by Polchinski and Strassler in [1] and later on confirmed by

other authors, in order to reproduce the expected QCD result incorporating the ‘partonic’
behavior at very high energy, the scaling dimensions A; should be replaced by the ‘twists’
T, = A; — s; which, up to corrections in gs, is equal to number of constituents of the hadron.
The lowest value is 7 = 2 4 ... both for mesons and for tensor glueballs. Scalar glue balls
(dual to the axio-dilaton for instance) are to be treated as ‘twist 2" operators (lowest twists)
even if Tave = 4 + . ... This subtle issue has never been fully clarified but it seems to be
the only phenomenologically consistent choice.

In their original analysis Polchinski and Strassler focused only on the high energy
behavior that should replace the soft UV stringy behavior in flat spacetime with the
hard behavior in curved AdS-like backgrounds dual to confining theories. They did not
consider the poles that any string amplitudes exposes due to the infinite tower of Regge
resonances. We will address this issue later on in our investigation with the caveat that
the analysis of small s regimes might be questionable in a simplified hybrid approach a la
Polchinski-Strassler.
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4 Glueball scattering as closed string scattering

In this section we will study binary 2 — 2 scattering of glueballs in terms of closed strings
in various holographic models. These models are the bottom up models of (i) the hard wall,
(ii) the soft wall and the top down model referred to as Witten’s model [15] which is the
near horizon limit of the background of large number of M5 branes compactified on a circle
and then dimensionally reduced or alternatively, that of the large number of compactified
D4 branes [37]. As was discussed in the introduction, in such holographic models the
duals of the gauge theory glueballs, such as the scalar operator TrF? can be taken to be
either a ‘massive’ closed string excitation in these backgrounds or as a fluctuation of the
‘massless’ supergravity fields, like the dilaton ®, the metric and the RR field, or their KK
excitations. Following [1], we will employ a hybrid formalism where the scattering amplitude
is derived from that in flat spacetime with rescaled momenta that is then integrated over
the radial/holographic direction weighted by the product of the wave functions associated
with the bulk fields which are dual to the glueballs.

Apart from studying several holographic models we also generalize the work of [1] by
using three type of computations of the scattering amplitude: (i) by expanding around the
poles of the flat spacetime amplitude, (ii) taking the fixed angle approximation, and (iii)
determining the Regge behavior. The first type of computations enables us to study the
fate of the bound states that are being exchanged in the scattering process.

4.1 Calculating the amplitude and its limits

For closed strings, in order to avoid cumbersome tensorial structure, one can consider the
four dilaton amplitude in the ten dimensional (flat space) superstring theory. We use the
Virasoro-Shapiro-Brink-Green-Schwarz amplitude [3], which has the form.°

[(—a/s/4)T(—a't/4)T(—a'u/4)
1+ o/s/AT (1 + o't/HT(1 4 'u/4)

Aio(s, t,u) = ((o/s)4 + () + (o/u)4) T (4.1)
The four dimensional scattering amplitude, following the prescription of [1], can be

written as

Ay(s,t,u) = /T:O drv/—g(r)* Ao (a/5(r), E(r), o' u(r)) (4.2)

where r denotes the holographic coordinate, rg the lower bound of the integral will be
specified for each model and g denotes the determinant of the holographic metric, which is
also a function of r. We use the same wave function ¢ (r) for each of the scattered states.
The crucial feature here is the rescaling of momenta and hence the Mandelstam variables
with the radial coordinate. The rescaling factors can be read directly from the metric,

s—85§=9¢"s (4.3)

where x is the direction of the momentum and ¢** is the inverse of the metric in that
direction. The same rescaling also occurring for ¢ and . The Mandelstam variables are
always multiplied by ', so one can equivalently think of the factor of g,, = 1/¢** as

5We will not keep track of most numerical factors, for notational simplicity.
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a rescaling of the effective string tension of the scattered strings. For the lowest lying
state 07F, or the operator TrF?, we expect the wave function 9(r) to be the one of the
ground state scalar mode propagating in the bulk. As was mentioned above to perform
the integration we use three different techniques, to explore different regions and limits of
the amplitude.

4.1.1 Expansion around the poles

In this method we write the amplitude as an expansion in s-channel poles, perform the
integral, and then sum the result. For the s-channel poles, the massless pole, s = 0,
produces 128a/ % = 128¢/ % The rest of the poles can be analyzed using the kinematic
parametrization,

tz—%(l—cos@), u:—g(l—i—cosﬁ) (4.4)

where 6 is the scattering angle. Then the amplitude can be written as

Il —ds/4T(dseq /AT (sc— /4)

Ao = —A(e/s)’ (1 + Ci + C{)I‘(l +a/s/HT(1 — s /AT(1 — o!sc_/4) (45)
where we use the shorthand notation
ch = %(1 + cos 6) (4.6)
The s-channel poles are at o’s = 4(n + 1) and we can write the expansion
_ 4 Z n+'12) (1+ci+ct)  T((nt+1)ep)T((n+1)eo)
(n))? o/s/4—(n+1)T(1—(n+1)cp)T(1—(n+1)c) )

_ Rn(6)
- 7;) o's/4—(n+1)

The residue at each pole R, () is a function of the scattering angle, a polynomial of cos(#).
This is important when one rescales the Mandelstam variables, because as s and ¢ change
their ratio remains fixed. Therefore the angle and residue of the pole do not depend on the
radial coordinate in the integral. Then, it is relatively simple to perform the integral over
each pole, and write an expression for the full amplitude as

()t
Ay(s, t,u) = ZR / drﬁ,()/4 D) (4.8)

We will see that typically the integral evaluates to a hypergeometric function.

4.1.2 The fixed angle approximation

We examine the high energy behavior by using the fixed angle limit s — oo with fixed s/t
of the original flat space amplitude, (4.1).
To give a brief derivation we use Euler reflection formula and Stirling approximation,

(1 — 2)T(2) = Sin?m) T~ \/? (2) (4.9)
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The former holds for any z, while the later is an approximation when |z| > 1 and Re[z] > 0.

We use the first formula to make the arguments of the I" functions positive, and then use
Stirling’s formula where s, —t, and —u are all taken to be large. Then the Virasoro-Shapiro
amplitude becomes (we omit all constant prefactors)

ey sin (25 sin (297) ()t + (a)* + (')

2 —a't/2 —a/u/2
R NED ) )
4
(4.10)
A compact way to write it is
sin 7"” sin (T o) Y

sin (Tra’s ) stu

Bstu—— ( )+1 (:)Jra“l (ﬂ“) (4.12)

We can write the same as a function of s and the scattering angle,

with

sin (Fa'scy) sin (Fo/sc—) 1+ A+t g 2Bt

10 sin (Fo's) cyc_ (4.13)
o's .
Bstu = - (’Lﬂ' +ct log C+ +c— log C*) (4'14)

4

The prefactor ratio of sine functions is a rapidly varying function which contains the
zeros and poles of the amplitude. The last part, se=2%  is the usually quoted result
and gives in a sense the average behavior of the amplitude at large energies. Since the
prescription is now to replace s — s (r) and integrate over r, the rapidly oscillating function
of s could a priori play a role in determining the high energy behavior of the amplitude.
We verified by explicit computations of the integrals that omitting and considering only the
average behavior does not alter the scaling with s of the amplitude at high energies after
integration. More physically, one can give s a small imaginary part in order to avoid the
poles (and zeros) when taking the limit, and then take the average behavior.

Then, the behavior of the fixed angle limit of the four dimensional amplitude can be
determined from the simple integral

1+ ci +ct
C+C_

ATA (5,0) ~ / ey g (1) 3 (r) 2ot (4.15)

Since B, is proportional to s, it scales in the same way with 7.

4.1.3 The Regge regime

Similarly to the fixed angle calculation, one can take the Regge limit of the amplitude,
taking s — oo while keeping t fixed. The string amplitude becomes, up to a constant

Al (s,t) =

sin [iwo/(s + t)} I‘(—o/t/4)) <O/S> R (4.16)

sin (iwa’s) L1+ a't/4
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As before we can leave out the oscillating prefactor, and for small ¢ we can use the
simpler form

o't
1 [a/s\ 2 2
Aly(s.0) = (4) (4.17)
We then need to evaluate the integral
AB(st) = [ dry=gur) ATy 5. (418)
70

To this end we will use a saddle point approximation, writing the integral as
o0
AR (s, ) = / dr Fst() (4.19)
70

where

Fu(r) = log (V=gu(r)") — logla'(r)] + (2 + O‘/’;(T)> log O‘/i(r) (4.20)

We solve the saddle point equation Fy,(r) = 0, and then find
ert(T*)

R ~
A4 (57 t) - Fé;(r*)

(4.21)

where r* is the location of the saddle point.

4.2 The hard wall model

In the hard wall model, as described in section 2.1, the background metric is that of ordinary
AdSs x S5, with r = L?/z, viz.

ds* = - datdz” + R—er2 + R2d032 (4.22)
= g2l 2 5 .

except that the coordinate r now runs from a finite IR cut-off ro > 0 (the “wall”) to the
boundary at infinity. The “warp factor” now takes the form, per eq. (4.3),
R R?
— D, = — = s> 5§=—s 4.23
Pu Pu , Pu 2 ( )
It is instructive to start by taking the wave function to have a simple power dependence
on 7, namely
To A
i(r) = (4.24)
With this choice the four dimensional amplitude becomes

A oo 2 2 2
_To 3—A R®, R®, R°,
Ay (s,t,u) = Ti /ro drr=2= Aj (74204 5, 3¢ t, pol (4.25)
where the factor of 3 comes from the background AdSs metric, and
4
A=A (4.26)
i=1

Notice that as in [1] we expect the scaling dimension A; to be replaced by the twist 7 = A—s
where s is the spin.
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4.2.1 Expansion around the poles

Using the pole expansion of the ten dimensional amplitude given in (4.7), the 4-dimensional
amplitude in the hard wall model becomes

—A

A(stu)—4R4ZR / dr 2@3—4(n+1) (4.27)

The result of each of the integrals is a hypergeometric function

5 A 4—A 2 !
/ dr = "0 oy 1;é—2;é—1;R—27aS
R2d/s/4—r2(n+1) (n+1)(4-A) 2 2 rg 4 (n+1)
4

and we can write the full amplitude compactly as

A A aps
Ag (s,t,u) = R44 AZ 2F1<1,2—2,2—1,4(n+1)> (4.29)
We defined
R2
oy = —a (4.30)
0

which is the effective value of the slope o’ in the dual four dimensional confining theory. In
all models considered below the bare slope will be similarly replaced by an effective one
depending on the scale set by rg.

Note that the integral in (4.28) converges for Rels] # 0 or ofs < 4(n + 1), that is,
precisely away from the interesting physical region of real and positive s. The hypergeometric
function can be analytically continued to include the real positive axis as well.” For a given
n, there is a singularity at ags = 4(n + 1) but instead of a pole it is now a logarithmic
branch-point. Therefore there is a branch cut starting at afs = 4(n + 1) and the amplitude
will have an imaginary part for s > 4(n + 1).

For even A = 2(k + 1) > 2, the hypergeometric function can be written explicitly as
klog(l—z) "= &
Fi(l;k;kE+1; :—7—5 T 4.31
2Fil t1i%) 2 =1 (k—1)2! ( )

which holds for any integer k.8
Let us look more closely at the resulting amplitude (4.29), for even A. Substituting (4.31)
yields

X Ra(9) ahs AFk(n+ 1)k L alk(n + 1)
Aot = 3255 (o (0 ) S R G ) (4

where k = % — 2.

7 Alternatively, one can shift the original poles by a small imaginary part by replacing n+1 — n+ 1+ 4e
in eq. (4.28) and then the integral will converge for any s on the real axis. We will do this in later sections.

8For general k, the function can also be written in terms of the Lerch transcendent as o F} (1;k;k+1;2) =
k®(z,1,k).
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The imaginary part of the amplitude comes from a single term, the logarithm which
gives an im for aps > 4(n+1). Up to constants, it is

T [Ag] = 5272 3 (n+1)2 3R, (6) (4.33)
n=0

where Ny = |os/4]. When s is large, we can take as a good approximation Nj; — oo,
then the infinite series can be written as

GO)=> (n+ 1R, (0)
n=0
256 (1+ ¢t +ct) & m!t3 2

5 sin? (mmey) (T (mey ) T(me_)) (4.34)

- 2 Z

™ m=1 (m')

where we used identities of the Gamma function to bring R, (f) to a more compact form.
The above is a convergent series for any [ and finite 6. It is divergent for § = 0 or § = T,
which corresponds to the presence of the poles at t =0 and u = 0.

As for the real part, one should be more careful when evaluating its high energy
behavior, because of the summation over n. For a finite number of poles one can easily
see that the amplitude in (4.32) has the leading order term of s~! at very high energy. In
string amplitudes, the fact that there is an infinite number of poles plays a crucial role in
the high energy behavior. Since there is an explicit 1/s term in (4.32) and its coefficient
does not appear to vanish in the summation, we argue that the behavior of the amplitude is

Re[A4] ~ 571, Im [Ay] ~ s?75/2 (4.35)

For a unitary amplitude we expect that |A|?> ~ Im[A](§ = 0). Assuming that the
dependence of the imaginary part on s holds for any value of # and in particular also for
forward scattering singles out the value A = 8, or A; = 2 for each of the wave functions,
giving Im [A] ~ s72. The value A; = 2 is then consistent with the naive interpretation of a
bound state of two partons of 07+ ~ TrF?2. For general A the amplitude does not seem to
satisfy tree-level unitarity.

As we already mentioned A; = 2 should be associated to the ‘twist’, which is equal to
the number of partonic constituents of the hadron rather than the dimension. Notice that
in a realistic scenario for QCD there will also be an anomalous dimension that would shift
slightly (in the UV) the value of A; to A; = 2 + ;.

One can also see from eq. (4.31) that the poles in the original amplitude are replaced
with logarithmic singularities which are located at afjs = 4(n + 1), as a consequence of the
integration over the radial coordinate. The amplitude no longer has simple poles (except
the one at s = 0). We plot the resulting amplitude for a given angle and A = 8 in figure 2.

Taking the integral (4.37) and inserting the wave function of (2.6), we compute numeri-
cally the integral

1 4
/ 2,00 (52) o 572 2Bstn?’ (4.36)
0 z
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Figure 2. Top: real (blue line) and imaginary (orange) parts of the amplitude computed in the
hard wall model, eq. (4.29), with A = 8, and cos€ = 0.8. The plot shows a structure of singularities
that fade away as we increase the energy.

with ¢g(2) = 22J2(2), and find that it goes like s~6 for large s. It is not surprising since for
large s the integral is dominated by small z where vg(z) ~ z*, and the result is in agreement
with the previous result with A =4 x 4 = 16. The issue is that the wave function uniquely
determines that A; = 4, which is the dimension, rather than the twist A; = 2.
4.2.2 Fixed angle regime
Using eq. (4.15), the fixed angle amplitude in the hard wall model is
o0 ! ! A A - A
A = [T A Ot SRR D (Go1) < (Gl )| (3D
1 r2 2 2 2

where T is the incomplete Gamma function. This latter term is exponentially suppressed at
large s, and the high energy behavior is determined to be

o o's A o's 1-4 1-2
At [Tarma et o (G) P v ooty

In the computation based on the pole expansion this was the result for the imaginary part

of the amplitude, while here we find that the full amplitude scales as s2~2/2.

4.2.3 Regge regime

As discussed in section 4.1.3, we evaluate the integral
Regge _ i 3—A 4Regge (=
A, (s,t) = drr® =2 A (5,1) (4.39)
0

by use of a saddle point approximation. The saddle point (at leading order at large s) is

e ol s
R R\/A 1 log (|t|> (4.40)

located at
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Figure 3. Top: real (blue line) and imaginary (orange) parts of the amplitude computed in the
hard wall model. The parameters used are cosf = 0.8, k = 3.832, and ¢ = 0.005.

Then, the behavior in the Regge limit of the four dimensional amplitude is, at leading order,

JEEAN

AReEE (o 1) (o's)? (o'[t]) 2 (log |j|> ’ (4.41)

which is the same behavior as the one found in [1].

4.2.4 Effect of exact wave function and boundary conditions

Ai in place of the wave function. In the hard

In the previous subsections we used a power r
wall model, the wave function has the simple form given in (2.6). For this wave function,

we can compute the amplitude at a fixed angle # numerically as

o) -5 4
HW _ = zo(2)
AW (5., ) = }Zj Ron(0) /0 T i 1T (4.42)

where 1)y(z) is the wave function of the ground state. The expansion in s-channel poles
is not strictly necessary for a numerical computation, but it improves the stability of the
numerical integration algorithms. To avoid the singularities in the numerical integration we
add a small imaginary part via the replacement n — n + ie in the denominator, physically
giving a small width to each resonance.

The result for the amplitude is plotted in figure 3. We observe the same structure
of low-energy logarithmic singularities, slightly smoothed by the ie regularization. The

1

behavior at high energies observed in the numerical calculation is that Re[A] ~ s™" and

Im [A] ~ s79. The behavior as s~ is expected because the wave function (2.6) behaves as
2% ~ r~* far from the wall. The dimension of the massless scalar in AdSs is known to be
A; = 4, for the total A = 16. The choice of wave function is then in contradiction with
the notion of taking A to be the twist, rather than the dimension, and leads to a softer
behavior that we would like. The results in the fixed angle and Regge limits are as in the

previous subsection, if setting A = 16.
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Figure 4. Real (left) and imaginary (right) parts of the integral fozl of the amplitude as a function
of 2. Red is a taking the wave function with Neumann boundary condition (maximum at z = 1),
blue is Dirichlet, vanishing at z = 1. The value of «fs is 12.05, near a pole. Contribution from
new poles is zero in the Dirichlet case because of the vanishing of the wave function at the wall.
Contribution from poles that we have previously crossed is mostly imaginary (branch cuts).

In this calculation we can see that while the high energy behavior is the same, one
can eliminate the low energy structure of logarithmic singularities from the amplitude by
imposing Dirichlet boundary conditions at r = rg. This is because the would be singularity
is multiplied by 1 (rg) = 0 upon integration. In figure 4, we plot the integral (4.42) from 0
to 2’ as a function of 2/, when o s is fixed to be just near a pole. For a given s there is a
finite number of singular points in the domain of integration given by

22 =4(n+1)/d's (4.43)

n =

As we increase s, new singular points are crossed and they contribute as long as the wave
function is not small near the wall. We see that for the Neumann case there is a large
contribution from the new singularity near the wall at z = 1, but this contribution is
suppressed by the wave function in the Dirichlet case.

However, if the wave function does not vanish on the wall, such as in the hard wall
model with Neumann boundary conditions or in Witten’s model which we examine in
section 4.4, we do find the same structure of logarithmic singularities as in eq. (4.29), and
that is a generic consequence of the integration over the radial coordinate.

4.3 The soft wall model

In the soft wall model, described in section 2.2, the IR cutoff is represented by a “dilaton”

—A222

background field. As a consequence there is a softening factor e multiplying the square

root of the determinant of the metric and the integral is taken over the whole range of the
coordinate z.
4.3.1 Expansion around the poles

Upon expanding around the poles the amplitude reads

oo 00 2 9 -5 .14
Asw(s,t,u) = 3 R (0) /0 dze 2 ZQZ - ‘fs(vyl(fl) (4.44)
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The wave functions in SW model are given by (eq. (2.11))
Y (2) = 22 L 0 (A22?) (4.45)

For m; = 0 the Laguerre polynomial is Lo ¢(A\?2%) = 1, and in general, when we scatter four
states of the degrees {m;} = (mq, mga, m3, my) one has the following integral

—5+A

Agw (s, t,u) ZR WL/O dz e~ N'# = i

pe gy ey (4.46)

where the coefficients Wy, and A are given by

om0y 4
WL({mi}):HZ( .1)] ( M) A({mi}) =8+ 404> m, (4.47)

mi — Ji i1

After the integration, the amplitude becomes
2_A

= 02(n+1) o's n+1
_ 2
< T (A ) T 3_é : _A(ntl)
2 o's

As in the hard wall, the integral does not converge when s is on the positive real axis. One

(4.48)

can slightly shift the poles by a small imaginary part or simply use the analytic continuation
provided by the function on the r.h.s.

In particular A > 8 and it follows that 3 — A/2 can be a negative integer or negative
half integer. Note that the amplitude now can be written as a A-dependent prefactor times
a function of o/s/A2. By choosing A we set the scale and the effective slope is a//A2.

In the case in which 3 — A/2 = —n with n > 1, that means A even, one has the
following representation for the incomplete gamma function

—z n— 1
- : e, 1
I'(—n,z) = n' (n—k—1)12""" + TF(O, z) (4.49)

where

f(O,z) = —vgp —logz — Z
k=1

While the case in which A is odd, that means 3 — A/2 = —(n+1/2) with n > 1, one can
use the following representation

(4.50)

7 (=1)nt!

CESYOL (1—erfy/z) (4.51)

T(—n—1/2,2) = 1/2|Z (n—k—1/2)125—n=1/2 4

where

erf(z =7 / dte (4.52)
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Figure 5. Top: real (blue line) and imaginary (orange) parts of the amplitude computed in the
soft wall model. The parameters used are cos§ = 0.8, A = 8. Both parts are smooth functions with
no singularities.

The lowest states are obtained from A = 8 + 4/ + Zle m; with £ = 0 and in particular the
leading behavior at large s is obtained from the contributions with {m;} = 0, all the other
contributions coming from {m;} # 0 are sub-dominant at large s.

The general result is
Re [Agw] ~ 2722 ~ 571 Im[Agw] ~ s272/% ~ 572 (4.53)

The amplitude behavior for A = 8 is shown in figure 5. We see that the result is a
regular function with no apparent singularities. The disappearance of singularities here is
mathematically more subtle than for the hard wall Dirichlet case explained in section 4.2.4.
Since the integral in (4.46) is from z = 0 to oo, it contains an infinite number of singularities
for real, positive s. When we shift the poles by ie, or analytically continue the r.h.s. of (4.48),
we find a smooth function.

4.3.2 Fixed angle regime

In the fixed angle regime one has to perform the integral

[eS) / A 1—-4
o's / dz e N7 g A=5+2,=2Bstu(2) — % L (2_1> (/\2 + 25st¢t> R (4.54)
0

The difference between the soft and hard wall models in this case is only in the shift of Bt
by A2, which becomes irrelevant at scales /s > A\2.

4.3.3 Regge regime

The calculation in the Regge regime is

ARegse /oo dze N7 2875 4 (3,1) (4.55)
SW 0 Regge\°) .
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The saddle point is at

N

 ~ [\t\ (log<s/rtr> - 2?)] (4.56)

Then the result is modified from the one in the hard wall model as

0)2 1-A/2

Agw® = (o's)*(o/[t)) 722 (\t\ + 10g(8/!ﬂ)> (4.57)
The s — oo limit is the same as in the hard wall, but the condition is that log(s/[t|) >
A2 /a/|t|, or s is exponentially larger than |¢|.

4.4 Witten’s model

As explained in section 2.3 We have two different formulations of Witten’s model. Starting
from the 11-dimensional metric of (2.17), the analysis of Witten’s model is very similar to
that in the hard wall model. The scaling of the Mandelstam variables is given by

5(r) =sr? (4.58)

as before, but owing to the fact that the background is asymptotically AdS7 we obtain a
different behavior.
In the 10-dimensional formulation, in the background metric of (2.14),

5(U) = sU3/? (4.59)

Since U is related to © by U = r2, the scaling is quite different. In the 10D version we also
have to account for the presence of the non-trivial dilaton profile.

4.4.1 11-dimensional model

While the hard wall model and Witten’s model are conceptually very different, the calcula-
tions of the amplitude are nearly identical. The biggest difference between this model and
the AdSs hard wall is due to the higher dimensional nature of Witten’s model, namely that
it is asymptotically AdS; x S4. The scaling of the Mandelstam variables is the same, but
the integration measure now involves \/—g ~ 75. In addition, the dimension of the lowest
scalar mode is now A; = 6 (see egs. (2.5) and (2.20)).

In the pole expansion method, taking a simple power dependence of the wave function
for the time being,

TSfA

As(s,t,u) = i Ron(6) / ~dr (4.60)
n=0 o

r—2a’s —4(n+1)

The only difference between this expression and the AdSy version being an additional factor
of 2 in the integral. The result is then

1 & Ra(6) A A ags
Ay (s,t,u) = 4_Anz::0 e o F) (17 5 355 —2,4(n+1)> (4.61)
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which for large s behaves as

Redy~s', Imdy~s> 2 (4.62)

Using A = 4 x 6 = 24, one gets an imaginary part that behaves as s~

, a much higher
power than in AdSs.
The fixed angle integral is
[e'e) / / A A
Ah ~ /1 dr 7'5*A%e*25““/7"2 ~ % 5§tu2 r (2—3> (4.63)
A

which again behaves as s372.

The Regge limit is computed as
oo
AR = / drrd=S AR (4.64)
7o

The calculation is identical to the previous hard wall calculation if we shift A by two. We
use the same saddle point approximation and the result is that

R JN2 1-4 S 27%
AR ()2 (@)e]) 2 <log t’> (4.65)
To plot the amplitude at low energies, we use the exact wave function. This is done

using the numerical solution of the wave equation (2.19), where we now perform the integral
2

. . T
in the coordinate v =1 — $ as

00 1 —wv —4 v 4
Ay (s,t,u) :;Rn (9)/0 dv (1—5)1)0465)—4%721)1“6) (4.66)

As in section 4.2.4, we shift the poles by ie.

The plots of the amplitude show once again the structure of low energy logarithmic
singularities (figure 6). In this model there are no Dirichlet boundary conditions, so we
always have the singularities.

4.4.2 10-dimensional model

The ten dimensional formulation of Witten’s model yields different results. In terms of the
variable U, the momenta scale as § = U~3/2s.

In this model there is also the non-trivial dilaton, e? ~ U3/4. This affects the scattering
amplitude, as we now use the integration measure

dU/—ge™2® = dUU*"% = dUU' (4.67)

in all integrals.
With these modifications we can repeat the calculations from the previous subsection.
The integral over a single pole is

%) U5/2—A
dU
vy  U32a’s—4(n+1)

:4(n_|_1)1(A—11>2F1 (1;§<A—;> ;§<A—;>+1;45ﬁ1)) (4.68)
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Figure 6. Real and imaginary parts of the amplitude computed in Witten’s model. The parameters
here are cosf = 0.8, ¢ = 0.005.

Summing over n produces the behavior
Re[A] ~ s, Im [A] ~ 53732 (4.69)

As for A, the wave function of the scalar away from the wall behaves as U3, for
A =12.2 Compared with the 11D calculation, the model now gives a conflicting prediction
for the high energy behavior of the amplitude. With A = 12 we find that

17

Im[A] ~s 5 (4.70)

while in the 11D model the power was —9.
The fixed angle result is

© ! - 2 2 4 —2(A—
A~ [ dUU%—A%e—ﬂswU B (3A - 3) spyi Y (4.71)
A
which scales again as s~17/3 for A = 12.
The Regge behavior is
[e%S) 4_2 A
Al = [ auriA AR (5,0 a) ~ (') (@t 5 (log ;‘) o (4.72)
A

4.5 A generalized background

We can repeat the calculations done above in a slightly more general background. Let us
assume now the radial coordinate is called U, with the momenta scaling as § = sU~* and
the wave function being 1)(U)* ~ U~%. The integral will also include \/—g and possibly a

9This can be seen from the Klein-Gordon equation in this background at large U, or from the wave equation
for fluctuations of the dilaton around the classical solution. It is also compatible with the identification of U
with 72 of the 11D model and the fact that ¢ (r) ~ 7% there.
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dilaton factor e~2¢ which when multiplied give U®.10 In this case U is any coordinate such
that the IR wall is at U = Uy > 0 and the boundary at infinity, such as r in AdS. We set
Up = 1, assume a > 0, and we also need § > 1+ b — a to avoid UV divergences.

We can write the general expression for the integral we encounter when we perform the
expansion in poles, it is

00 Ub—A
au ;
vy, U %/s—4(n+1)
1 A—b—-1 A—-b-1 ahs
_ o1 . : 0 4.73
An+1)(1+b—A)° 1<’ a ' a *"4m+n) (473)

which is a straightforward generalization of our previous results. This function now has a
real part whose leading order behavior is s~1, and the imaginary part behaves as s®, with

C1+b-A

a

«

(4.74)

For any a > 0 we can always change to a coordinate r such that the scaling of
Mandelstam variables is § = s/r? as in AdS, by the transformation r? = U%. The result
of the integral does not depend on the frame since it is only a change of variables, and
the physical scaling of the amplitude must remain the same under a coordinate change.
Explicitly, In the new frame we get that a — 2, A — %A, b — %(b + 1) and the power
a = (14+b— A)/a remains the same.

If we want to associate A with the sum of the dimensions of the operators in the dual
theory, we could do it canonically in this “AdS frame” where a = 2, then the result is

_1+b A

~re 2 4.
! 5 5 (4.75)

In AdS5, the remaining variable is b = 3, and we get the by now familiar result
a=2— %. This will also be the result for backgrounds that are asymptotically AdSs. For
more general AdSy,1, we have that b = d — 1, and therefore

d A

In Witten’s model (11D), which is asymptotically AdS7, we find this result with d = 6. Only
backgrounds that are asymptotically AdSs give the desired behavior for four dimensional
QCD of s2=2/2,

One can also repeat the analysis of the fixed angle and Regge regime integrals with the
same type of background. For the fixed angle one has

s OodUUb—A—ae—ﬁstuU’“ ~ lsﬁiw;_A—lp (1 — 1+b_A> ~ g(1H0=A)/a (4.77)
Up a a

So the general high energy dependence is as s® with the same power as in eq. (4.74), except
that now it is not only for the imaginary part.

@

0By the assumption that e 2% is a power of U we exclude the soft wall model discussed above, but include

Witten’s model.
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The result in the Regge limit is that
—14+a
Al ~ (os)? (of)t]) 72T <log ;) (4.78)

where a = (1 +b— A) /a as before.

According to eq. (2.29), one can express all the relevant quantities now in terms of the
asymptotic behavior of the metric in the UV region. In the background of section 2.4 and
assuming no dilaton, we should substitute A = 4A;, a = —d4, and b = %(454 + 0y + 5d5) =
Ai + 14+ 5U'

5 Meson scattering as open string scattering

Next we would like to briefly describe the analysis of the scattering amplitudes for open
strings. In holography, mesons are expected to be dual to open strings. This requires the
introduction of flavor branes where open strings can end, corresponding to fundamental
quarks in the dual theory. Usually the flavor branes are treated as probes of the holographic
background created by the color branes.!! Depending on the ‘embedding’ of the flavor
branes the fundamental quarks at the ends of the open strings can be massless or massive.

Lowest lying meson states correspond to quark bilinears such as the pseudo-scalar
@Z?mﬂbj or the vector currents q/;mf‘@bj .

We will focus on the massless pseudo-scalar case that leads to light-light mesons as pions
that can be treated as (pseudo)Goldstone bosons so much so that they are expected to expose
an Adler zero. The relevant description would be in terms of the so-called Lovelace-Shapiro
amplitude [19-21], that may be related to the non-supersymmetric fermion string [59]. We
will also consider Veneziano (bosonic string) amplitude that was originally meant to describe
the (decay) amplitude of the flavor singlet vector meson w into three pions [2].

The Polchinski-Strassler approach is more suited for closed string scattering, since it
involves the wave-functions of bulk fluctuation modes. It is not immediately obvious how to
account for the flavor branes and the structure of the open string. One can use the radial
dependence of the eigenfunctions of the fluctuations of the branes, the modes one uses to
calculate the meson spectra in holographic models.

However, if we take the wave function to behave as a simple power, (r); ~ r®

i, as we
will do in the present work, then the analysis of the behavior of the holographic amplitude
is very similar to the one done in the previous section for closed strings. The integrals over
the radial coordinate have a nearly identical form. For this reason, we will mostly avoid
repeating calculations and simply cite results.

In this section, we will discuss three different amplitudes for open strings, the massless
vector superstring amplitude [4], the Veneziano amplitude [2], and the Lovelace-Shapiro
amplitude [20, 21]. These all have the same high energy behavior, but different structures

at lower energies.

"This is not always the case, a notable exception is the N = 2 theory with Sp(2N) gauge symmetry and
SO(8) global symmetry resulting from N D3-branes at the unoriented singularity C'/Z2 with 4 D7-branes on
top of an 277 -plane.
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5.1 Superstring amplitude

For simplicity, let’s start by considering the open superstring, and in particular the 10
dimensional color ordered amplitude of four massless vector boson states,

1 Ef(l —o/s)I'(1 — 't)
40/?2 st T(1 —a/s —a't)

A10(57 t) =

where [60]
Fr=2Tr (fifofsfs) — %Tr (fif2) Tr (f3fa) + cyclic in (234) (5.2)

with ff V= k:][.“ a;} the usual field strength.

In the holographic context massless vector bosons in the bulk correspond to conserved
flavor currents J* in the boundary. In QCD these interpolate for vector mesons such as the p
meson. In a supersymmetric context these would have fermionic and (pseudo)scalar partners.

The amplitude for 4-dimensional scalars ¢,, with a = 1,...(d — 4) is obtained choosing
internal polarizations and 4-dimensional momenta i.e kj-a; = 0 and aé\/f — ¢5. With these
choices one has
I'(1—das)I'(1—a't)

I'(1—ao's—a't)

Aup = (2(01:02)(05:60) + (61:05) (G2-60) + 3 (01:61) 62:00))

(5.3)
At large s the dominant term of the expression is
s (1 —-ds)I'(1—a't)
— - . A4
t (1:04)(P2-03) (1 —-da's—at) lsst (54)

In the fixed angle regime the relevant part of the amplitude to take into account is
given by
S
At~ =~ e Pt (5.5)

with
Bst = 'sloga’s + otloga’t — (o/s + o't) log(as + a't) (5.6)

As a function of the scattering angle 6,

B = o5~ ey log(—es) — - log(—c-)) (5.7)
which is essentially the same as in the closed string case, up to a rescaling of o by a factor
of 4.

5.1.1 In the hard wall model
Starting from the amplitude of eq. (5.4), the expansion in poles in the s-channel is

- (=)™ T(cs(n+1) + 1) 1
Ao =rl0) 3 = I(cy(nt1) —n) o's — (n+1)

n=0

where

(0) = (—e-(01:0a) (6361) + (9100) 6200 + = (0160 (000))  (59)

C_
C+
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Figure 7. Real and imaginary part of the open superstring amplitude in the hard wall background
at different values of the angle.

In the hard wall background, the holographic amplitude is given by

_ 1 00 (_1)n+1 F(c_,_(n—i—l) + 1) ' A ' A ' als
A= (4-A4) nzzo (n+ ! T(cy(n+l) —n) 2F1<1 gy T2y Tl Til) (5.10)

The integral over a single pole gives the same result we had for the closed string. In the
summation, the coefficient function (the residue) R, () is different, and the poles are at
/s = (n+ 1), rather than 4(n + 1). The behavior at high energies remains the same,

A
2

Re[A] ~s7!, Im [A] ~ 52~ (5.11)

The amplitude for A = 8 is drawn in figure 7.
In the fixed angle regime, one has

e ot L) 7 )
At~ 75./1 drr’""e —20+,6’st r 5 2)-T 5 2; Bst (5.12)

Here the integral is not the same as for closed strings, but they yield the same result of
A ~ SQ—A/Q‘

One can make here the following observation. The closed string amplitude behaves
as se~ P at the fixed angle, high energy limit, and the open string one as e~ ? without the
leading factor of s, but the process of scaling s — s/r? and performing the integral leaves
the result the same. In fact, one can start with A9 ~ s"e~? for any power n, and after

integration get that the behavior is s?g2"tA/2 ~ §2-4/2,

5.1.2 In the soft wall model

In the soft wall background the amplitude, written in the pole expansion, after integration
over the radial coordinate, turns out to be

B o) (_1)n+1 P(C+(7’L—|—1) + 1) )\2(n+1) o's o's 1—
AAS‘W n 7% (n+ 1! T(cy(n+1) —n) exp <_ o's ) 2(n+1)2 (_n+1>

_ 2
2 2 a's

The behavior of the amplitude for A = 8 is shown in figure 8.

(5.13)
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Figure 8. Real and imaginary parts of the open string amplitude in the soft wall at different values
of cos®.

The fixed angle limit in the soft wall yields

tJo 2c4 2

w|>

(5.14)

5.2 Veneziano amplitude

Barring the prefactor eijke“”p”wukikzkg, accounting for flavor symmetry and kinematics,

the Veneziano amplitude [2] is Euler’s Beta function

AV(S,t) _ F(_a(S»F(_a(t)) (515)

where we take linear trajectories
a(s) = a's + ag (5.16)

The intercept is ag = 1 for the bosonic string tachyon amplitude, but one can take some
generic value in the following. For unitarity of the original (non-holographic) amplitude we
should require ap < 1 (see for instance [61]).

The expansion of the Veneziano amplitude in the s-channel has a simple form,

= (a(t) + D)(at) +2) ... (at) +n) 1

Ay (s,t) = n; o o) —n (5.17)
while the fixed angle, high energy limit can be written as
ATA (s,) o~ e/ 0)as) (5.18)
with
f(0) = —c_logc_ —cqlogey (5.19)

5.2.1 In the hard wall model

After integration over the radial coordinate in the hard wall model the amplitude becomes

‘AEW(S’t):Z(A_li;(g)_ao)QFl (1,A_27A_1 o's )

5.20
= (n 2 2 "n — ag (5:20)
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where

R (0) = (5.21)

is a polynomial of degree n in cos(f).
Starting from the high energy, fixed angle limit of the Veneziano amplitude (5.18), we
find the expression

A(s,t) = /r:o drr®=2 exp (—f(@)a/s/r2> (5.22)

e e e e (I | [ R B

5.2.2 In the soft wall model

In the soft-wall background the Veneziano amplitude becomes

vl

T[—(n+ap)(1—c_)) o's 2(n+1/2)2 \ n+1/2
A ~ A N(n
«T (2—2> Iy (3—2 : _(+1/2)> (5.24)

o's

> (=1)" n+og)c— —a 2(n a's /s T
Aiw(&t):z( nl') I[(n+ao) o] exp (_)\( +1/2)> ( )
n=0 :

5.3 Lovelace-Shapiro amplitude

We now pass to consider the Lovelace-Shapiro (LS) amplitude [20, 21] that was proposed
soon after Veneziano’s breakthrough paper [2]. LS has the virtue of exposing the Adler zeroes
(vanishing for zero momenta of the external ‘pions’), as expected for (pseudo)Goldstone
bosons like pions. Another nice property of LS amplitude is the presence of two Regge
trajectories with the same slope and different intercept. The pion trajectory o’s = n and
the p-meson trajectory /s =n + % The former yields ‘massless’ pions at n = 0, the latter
a massive p meson with a mass m% = 1/2a’ that fits the experimental value m, ~ 770 MeV
for o/ &~ 1GeV =2 ~ 1/m? (inverse square proton mass).

In hindsight the LS amplitude may be viewed as the 4-point amplitude of Neveu-
Schwarz tachyons with a special choice of their internal momenta Ql that makes them
massless and shifts the ground state of the intermediate s,¢ channels [59]. For this reason
the flavor-ordered LS amplitude is ‘tree level’ unitary, in the sense of positive residues at
the poles.

The flavor-ordered Lovelace-Shapiro amplitude proposed for pion-pion scattering is

I'(i—as)T(L—0a't
Avs(s,) = Cupy (QF(_O)S _(;,t) ) (5.25)

where Cyp; incorporates the flavor symmetry a la Chan-Paton.
The high energy behavior is the same as for the amplitudes considered previously. In
the following we write the expressions in the pole expansion only.
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Figure 9. Real and imaginary part of the LS amplitude in the hard wall background at different
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A= 22=1

Re APY im AZY
02
06 B ——
0.4 — Cos[6]=0.2 N 02 14 0.6 08 10 °°
02 Cos[f]=0.4 _,,
Cos[6]=0.6

'y ¥ — Cos[f]=0.8 -04

Figure 10. Real and imaginary parts of the LS amplitude at different values of cosf in the soft
wall model.

5.3.1 In the hard wall model

Taking steps similar to the previous sections one finds

aw 1 & (T (34 er (n41/2)) A A o's
'ALS = 2471 17

(4—A) Z= (n+1)! T(—c_(n+1/2)) '2—2;2—1;n+1/2) (5.26)

n=

The amplitude with A = 8 is plotted in figure 9.

5.3.2 In the soft wall model
In the SW background the LS amplitude is given by

B oo (_1)n+1 r (% + c+(n—|—1/2)) A2(n+1/2) os o's 1-2
AEXV B nz:%) (n+1)! T'(—c_(n+1/2)) P <_ a's ) 2(n+1/2)? <_n—|—1/2)

A ~ A N\(n
« T (2—2) I (3—2 : —W) (5.27)

The amplitude behavior for the case A = 8 is shown in figure 10.

5.4 Open string scattering in the Witten-Sakai-Sugimoto model

To include open strings in the story one has to embed flavor branes in the ten dimensional
background. This is true both in Witten’s model and in bottom-up models like the hard
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and soft wall models we used above. In the background of Witten’s model (eq. (2.14), this
embedding results in the Sakai-Sugimoto model. As was briefly described in section 2.5, one
embeds a stack of Ny D8 branes and another one of the same number of D8-branes. These
two stacks of brane merge together in the holographic region that corresponds to the IR in
the dual field theory, thus providing a geometrical mechanism of chiral symmetry breaking.

From the point of view of computing the scattering amplitudes there is a major difference
between the closed and open string cases. For the former the weight function was the wave
function of the corresponding bulk modes. In the WSS model the usual wave functions are
those associated with the fluctuations of the flavor branes for open strings that correspond
to scalar/pseudoscalar mesons, or the fluctuations of the bulk gauge fields corresponding to
vector mesons in the adjoint of the flavor group.!?

The flavor branes in the Sakai-Sugimoto model are D8 branes, and therefore their
embedding is described by a function of U(z4). This means that we generally need to
consider wave functions which are functions of both coordinates (U, z4), that are centered
around the classical configuration of the branes. In the integration of the amplitude in the
Polchinski-Strassler approach we will need to integrate explicitly over z4 as well.

As a simplifying assumption we can consider only a simple power dependence on the
radial coordinate, such that all effects considered, we can perform the integral with the
same measure as before,

Ag(s,t,u) = UOO dur/—ge 20U~ Ay (5,1, @) (5.28)
A

3/2 is the same as before.

for some value A. The scaling of the Mandelstam variables § = sU~
We now place the amplitude (5.1) in the 10D background of eq. (2.14). If we pursue
the same approach, as a function of A the results are as for the closed string in the 10D

case (section 4.4.2). The fixed angle amplitude behaves as
ATA 53734 (5.29)

Next one can try to evaluate A based on what we know of the fluctuation modes
corresponding to open strings.

According to the analysis of [16] the pseudoscalar modes have wave functions that are
asymptotically U3 (the same as the scalar bulk modes), while the vector fluctuation modes
have U~3/2. Substituting these values (times four) into the last equation,

_1r
'AIIjSAeudo ~Ss 3 (530)
A e~ 578 (5.31)

The spectrum of scalar mesons in the Sakai-Sugimoto model was computed in [63] by
introducing fluctuations of the embedding of the flavor branes. The classical configuration
of the D8 branes is a function x4(U)., to which one adds fluctuations,

24U, zt) = 24(U) 1 + Z e thnTe (U) (5.32)

2For reviews see [8, 57] or the book [62].
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such that k2 = —m2. The eigenmodes obey the equation
Ay [UY2y=320p€,] + m2RUP2%¢, = 0 (5.33)
where

US
FO)UE — f(U)U§

2U) = (5.34)
If we can identify the radial dependence of &,(U) with (U), we can read the value of A
from the large U regime. In that region, v ~ 1 and the equations simplifies. Then, one can
show that at large U,

&(U) ~ U2 (5.35)

If we take A = 4 x J = 18, the prediction of (5.29) is that
AgcAalar ~ Si% (536)

It is not unlikely that in a more precise formulation where the dependence on x4 is considered
the values of A for the different modes, and therefore the power of s in the high energy
behavior of the amplitudes will change.

Clearly the various results are unsatisfactory, as all are meant to describe processes
with a total of eight partons, and therefore all should, according to the QCD expectation
behave the same at high energy, specifically as s~2. Finding the correct prescription for
open string scattering in the WSS model is an open problem.

6 Conclusions and summary

The aim of the present investigation was extending and generalizing the approach to hadron
scattering proposed by Polchinski and Strassler (PS) [1] to various different holographic
models. Namely we used the hard wall (HW), soft wall (SW) and Witten-Sakai-Sugimoto
(WSS) models. In addition to glueballs, dual to closed string states, we have also considered
mesons, dual to open string states. More precisely we focused on light-light (pseudo-)scalar
mesons made of light (massless) quarks. Further generalization to vector or higher-spin
mesons or to light-heavy and heavy-heavy (pseudo-)scalar mesons is possible but beyond
the scope of the present investigation.

In all cases we have shown the hard partonic behavior at large energies and checked
the analytic structure at low (or intermediate) energies. Notwithstanding the limitations of
the approximation, that amounts to integrating a flat space string amplitude with rescaled
momenta over the radial/holographic direction with ‘supergravity’ wave functions, the
results are encouraging.

Before drawing our conclusions and delineating directions for future investigation, let us
schematically summarize and comment on the main outcomes of our present investigation,
restating the results from section 4.
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We calculated the amplitude in three methods/regimes, and several models:
1. Fixed angle approximation (|t| ~ s) before radial/holographic integration:

« Hard wall (polynomial ¥): A ~ s2~2/2, We can take A = 8, (replacing dimension
with twist or number of constituents A; — 2) so that A ~ 572,

o Hard wall (Bessel 9): A ~ s>~2/2. Caveat: for a massless scalar in AdSs A; = 4,
so A = 16. Using ‘exact’ 1) corresponds to taking A;, not the twist or the number

of constituents (gluons) as desired, and therefore A ~ s76.

o Soft wall: A ~ s>~2/2. We can take A = 8 (replacing dimension with twist or
number of constituents) so that A ~ s72,

« Witten’s model (11D): A ~ s3~/2, Here the dependence on A is altered because
asymptotically the background is a higher dimensional AdS7. Then the results
do not match with the expectation in four dimensional QCD. In addition, from

the scalar wave function we read A = 24 for a final result of A ~ s72.

« Witten’s model (10D): A ~ s7/3=22/3_ The warp factor of U%/? in this background
results in fractional powers rather than integer ones, and a discrepancy with the
11D formulation. With A = 12 we find A ~ s~ 17/3.

2. Pole expansion, integration, summation:

o All models: Re[A] ~ s71, Im[A] ~ s® Where a for each model is the same
power that one finds in the fixed angle calculation detailed above (o =2 — A/2
for hard wall, etc.). With the exception of:

o Soft wall model: Re[A] ~ $3A/2 Im [A] ~ $2-A/2.
3. Regge regime, large s, fixed ¢ (small angle):

 All models: Re A ~ s?t~ 27 (log £)~1+%; Im A ~ s? =27 (log £)~*** with the
same « as above.

In sections 2.4 and 4.5 we wrote general expressions that depend on the parameters of
the chosen background.

The results are somewhat model dependent and suggest the following interpretation.
First of all, we find substantial agreement between the two bottom-up models, namely
HW and SW, in the different (high-energy) regimes and in the various approaches we
pursued to arrive at the final results. Some discrepancies that we find among these and the
results for the top-down WSS model can be imputed to the higher-dimensional origin of
the latter that, despite being a bona fide solution of the low-energy supergravity emerging
from string theory or M-theory, generates unavoidable contamination with the KK modes,
whose decoupling is one of the major challenges towards a reliable microscopic description
of the QCD string. Backgrounds that are asymptotically AdSs generate the correct power

2-4/2 if one can associate A with the number of partons.

dependence on the energy, s
In section 5 we checked the same models starting from open string amplitudes and

confirmed that they have the same behavior. A more thorough and precise analysis taking
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into account the presence of flavor branes is necessary there, but is left as a subject for
future work.

In addition to the high energy behavior, we have found a somewhat puzzling structure
of logarithmic singularities at low energies that replace the poles in the original flat space
amplitude. This in an immediate consequence of the integration over the radial coordinate.
At fixed angle, the (logarithmic) singularities become less pronounced as we increase the
energy. This can be interpreted as an effect of asymptotic freedom. One could argue that the
presence of logarithmic singularities rather than poles is a problem of the present analysis.
It is an open question whether in holographic models not considered here the simple pole
structure can be preserved. In order to have only poles the holographic direction should be
effectively discretized as in [19, 22] but this would raise subtle issues with factorization [59].

In this paper we took one further step in the path paved in [1, 6]. There are obviously
many open questions that deserve further study. Let us mention some of them:

e In a similar way to identifying a confining background using the stringy Wilson
line [40] one may wonder whether one can characterize backgrounds that ensure the
transition from soft stringy to hard partonic scattering amplitudes.

e In the present work we looked at backgrounds where the scaling of the Mandelstam
variables is with a simple power in the radial variable, e.g. § = s/r? as in AdS. In
some holographic models, e.g. Klebanov-Strassler [54], this is not the case, so one can
extend our analysis to a more general case. In particular one could check if in that
model, there are also logarithmic singularities after integration.

e The various different models studied in this work yielded different results for the
amplitudes in particular at fixed angle. Understanding these differences and evaluating
the quality of the various results is still an open question.

o The prescription used in this paper, following the seminal paper of [1] is a hybrid
formulation. Deriving a procedure that will be fully stringy and not a hybrid one
would be an important challenge.

e The HISH program maps the holographic stringy setup into strings in flat four
dimensions. In the same spirit one would like to find a prescription in four dimensions
that will reproduce the transition between soft to hard scattering. The integration over
the holographic coordinate with a weight function may be associated with averaging
of momentum dependent string tension.

e Perhaps the most interesting process that one can imagine getting from the stringy
holographic picture is proton-proton scattering. For that purpose one has to use in
the hybrid procedure the wave functions associated with the baryons which takes the
form of flavor instantons in the model of [64]. The instanton is a soliton of the five
dimensional theory on the flavor brane after integrating over the four sphere. It will
be interesting to analyze this system and to check to what extent it reproduces the
known proton-proton scattering amplitude.
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Although a full-fledged string description of QCD might still be hard to achieve we
would like to comment on other less phenomenological and more ‘stringy’ approaches and
how they can be related to the one introduced by PS and adopted here.

o Following Armoni and Ireson [65], one can start from WSS model, expand the
background around flat space in order to account for the world-sheet dynamics and
compute loop corrections in o’/ R? to Veneziano amplitude. Quite remarkably one
finds some promising hints to the bending of Regge trajectories in the physical domain
(t < 0), as expected from asymptotic freedom and the ensuing hard/partonic behavior
of QCD scattering amplitude.

o Following e.g. [66], one can rely on the equivalence between non-critical superstrings
and supestrings on R* x SL(2)/U(1) in order to derive the closed string spectrum,
vertex operators for low-lying states, D-branes and boundary states for a stringy
version of N’ = 1 supersymmetric Yang-Mills theory (SYM). The cigar geometry
nicely accounts for the breaking of the U(1) R-symmetry in the IR, and D-branes
with various embeddings provide a compelling description of flavor. Yet computing
one- and two-point correlators and decay rates (3-point amplitudes) looks extremely
laborious, let alone binary scattering amplitudes, such as the ones considered in the
present investigation.

o Following Andreev and Siegel [22] and Onofri, Veneziano and Yankielowicz [19],
one can generalize binary scattering for mesons/pions a la Lovelace-Shapiro or a la
Veneziano by summing (rather than integrating) over replicas of the Regge trajectories
with different slopes. Unitarity requires the poles to be a subset of those of the original
amplitude. In particular %s = n for integer k seems to work. This means o/ps =n

ro_ o
or @y = %

In [19, 22] it is shown that weighting the contributions with w,(CN) ~ gp/kYN gives

‘reasonable’ 4-point amplitudes with Regge behavior in the unphysical positive ¢
regime and hard/partonic behavior in the physical negative ¢t regime. The problem
is to go beyond 4-points and check factorization. This looks problematic, as already
observed in [59], since one has a single sum over k, while one would naively expect
one for each sub-amplitude. Only in the large k continuum limit holographic formulae
a la Polchinski-Strassler seem to produce the correct factorization as we found above.
Note that o/, is the expected effective slope of k-folded strings, though the explicit
relation is not made in the papers cited. An exact analysis of the contribution of
folded string configurations to scattering amplitudes could be beneficial.

e Let us comment on the inclusion of higher-loop contributions to the string amplitude.
In a series of papers, using saddle-point method to integrate over the moduli space of
punctured Riemann surfaces, Gross, Mende and Ooguri [67-69] estimated a correction
to the high-energy behavior of 4-point amplitudes to be of the form

o'sf(0) = Valsf(0) + ...
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It is worth noticing that, although integration over the radial variable and integration
over moduli (especially in a saddle-point approximation) may not commute with one
another, a drastic change as the above would affect most of the conclusions reached
in the PS approach. Clearly it would be crucial to check whether loop-corrections
to full-fledged holographic amplitudes would confirm or disprove GMO saddle-point
estimates but this is well beyond our present abilities.
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