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ABSTRACT: In this paper we continue our study of the tree level MHV graviton scattering
amplitudes from the point of view of celestial holography. In arXiv:2008.04330 we showed
that the celestial OPE of two gravitons in the MHV sector can be written as a linear
combination of SL(2, C) current algebra and supertranslation descendants. In this note we
show that the OPE is in fact manifestly invariant under the infinite dimensional Virasoro
algebra as is expected for a 2-D CFT. This is consistent with the conjecture that the
holographic dual in 4-D asymptotically flat space time is a 2-D CFT. Since we get only
one copy of the Virasoro algebra we can conclude that the holographic dual theory which
computes the MHV amplitudes is a chiral CFT with a host of other infinite dimensional
global symmetries including SL(2, C) current algebra, supertranslations and subsubleading
soft graviton symmetry. We also discuss some puzzles related to the appearance of the
Virasoro symmetry.
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1 Introduction and results

In four dimensional asymptotically flat space time the asymptotic symmetries are infinite
dimensional [1-11, 13-21] and so in a holographic description the dual theory must have
infinite dimensional global symmetry. It has been conjectured [6-10, 21] that the global
symmetry group of the dual theory contains the local conformal or Virasoro symmetry. As
a result the dual theory is a two dimensional CFT. In this note we study this conjecture
in the context of celestial holography [22-63].

We revisit the global symmetries of the tree level MHV graviton scattering amplitudes
calculated in General Relativity. In [13] we studied the celestial MHV amplitudes in great
detail and showed that the celestial OPE between two graviton primaries in the MHV
sector can be written as a linear combination of SL(2, C) current algebra, supetranslations



and global SL(2,C) descendants. Moreover, due to the existence of the null states [13],!
Ua(z,2) = [']llpfl,fl - (A- 1)P72,o} GA(z,2) =0 (1.1)
and
Da(2,2) = [LaPa 1+ 20 Py = (A )P 1~ L 1P| GA(2,2) =0 (1.2)

one can write down differential equations which can be solved to determine the MHV
graviton scattering amplitudes. Therefore the MHV amplitudes are completely determined
by the SL(2,C) current algebra, supetranslations and the global SL(2,C) symmetries.

In this paper we point out that the celestial OPE of two graviotns in the MHV sector
is actually invariant under the infinite dimensional Viarasoro algebra whose global part
is the SL(2,C) algebra. This shows that the symmetries of the MHV graviton scattering
amplitudes is a semi-direct product of the Virasoro algebra, SL(2,C) current algebra and
supertranslations.? Since we get only one copy of the Virasoro algebra, the holographic dual
theory which computes the MHV graviton scattering amplitudes is a chiral (celestial) CFT.

For the sake of completeness let us now write down the symmetry algebra.
1.1 Virasoro algebra
(Lo, Ln] = (m — 1) Linn + %n(nz — Domino mnEL. (1.3)

Although we have written down the central charge term in the Virasoro algebra, our
demonstration of Virasoro invariance of the celestial OPE does not allow us to determine
the value of the central charge c. So we leave the determination of ¢ to future work.

1.2 SL(2,C) current algebra
[ T = (@ = b)Jsth,  ab=0,41, mneZ (1.4)
Jo =1L, Jy=1Lo, Jy'=1L_1. (1.5)
1.3 Supertranslation
[Pm,napm',n’] :07 n,n’:O,—l. (16)

1.4 Mixed commutators

1 B
[Jo> Po1] = Pognos [T Pa1] = o Pmtn—1, [T Pa 1] =0 (1.7)
1 0 1 —1
[T Pao] =0, [ Pro) = =3 Painos 1 Paol = =Prgn1 - (18)
(L, Iyl = —ndy i, MEZL, ncl (1.9)
—1
(L, Pay) = (” — a) Pitny, nEZ, a€Z, b=0-1. (1.10)

!The generators of the SL(2, C) current algebra are denoted by J¢ where a = 0, +1 and n € Z. Similarly
we denote the generators of the supertranslations coming from the positive helicity soft graviton by P,
where n € Z and b = 0, —1. For further details on the symmetry algebra and null states we refer the reader
to [13].

2See [71] for a potential derivation of this symmetry algebra from the bulk gravity point of view.



The symmetry algebra that we have shown can be further extended by including the
subsubleading soft graviton symmetry [14-16] and an infinite number of other soft sym-
metries [14, 16] which appear when the scaling dimension of a (positive helicity) graviton
primary assumes negative integer values.

2 Virasoro invariance of the OPE in the MHYV sector

Consider the celestial OPE between two positive helicity outgoing gravitons in the MHV
sector. This is given by [13],

6§, (2 2)CL,0)|

z
= B(A1—1,A2—1) [_P—l,—l +z (61 JO Py 1+ CQP—Q,—1)

+22 (03 JOP 1+ eaPoy 1 +cs (2L—1P—2,—1 —2L_4P_30+2L_1L_1P_3p— L2_1P—1,—1>)

+O(*)] GL, a1 (0) 4+

(2.1)
The descendant OPE coefficients denoted above by ¢; are given by
oAM=y (A=A - )
! A1—|—A2—27 2 b 3 (A1—|—A2—2)(A1—|—A2—1)7 (22)
o — A1, Ai(A—1) '

_Al—‘rAQ—l’ 05:2<A1+A2—2)(A1+A2—1).

In (2.1) we have, for simplicity, kept only terms of the O(zz") where n > —1 because
under the action of the Virasoro generators these terms do not mix with other terms in
the OPE.

We already know [13] that the OPE (2.1) is invariant under the action of the global
generator Lj. In this section we show that both sides of the OPE (2.1) transform in the
same way under the action of the first Virasoro generator Ly. This check is non-trivial
because the OPE (2.1) has terms of O(2z).

It is important to note that the O(zz) term in (2.1) does not contain the L_5 descendant
of the graviton primary and so the Virasoro central charge ¢ does not play any role in the
process of checking the Virasoro invariance. Let us now spell out the details.

2.1 L. invariance

Let us start with the OPE

6§, (2 2)CL,0)|

z
= B(A;—1,A2—-1) [*P—l,—l +z (C1 JO Py 1+ CQP—Q,—l)
—|—22 (Cg J92P_17_1 + C4P_3,_1 +cs5 (QL_1P_27_1 — 2i_1p_370 + 2L_1E_1P_270 — L2_1P_17_1>)

+O(*)] GL, a1 (0) 4+
(2.3)



We now show that both sides of (2.3) transform in the same way under the action
of the Virasoro generator Ly. For this we take the gravitons in the OPE to be Virasoro
primaries so that they satisfy?

(L2, G (2, 2)] = 22(20, + 3h)G), 1 (2, 2) . (2.4)
Now we apply L to the Lh.s. of (2.3) and obtain using (2.4)
(L2, G}, (2,2)GX,(0)] = 2220, + 3h1)G}, (2,2)GX,(0) ~ O(Z2) + - -- (2.5)

where the dots denote terms of O(zz?) and higher. The leading O(zz) term in (2.5) is
given by,

(Lo, GX, (2, 2)GA,(O0)]| =22 B(A1 =1, = 1) (1 = 8h1)P-1, 1G4, 1 (0)

O(z2)
_ 3A1+4
=—zZ B(A1 —1,A2—1) (12)P171GX1+A2_1(0) .
(2.6)
Now we apply to Ly to the r.h.s. of the OPE (2.3). Using the following commutation
relations
m —
[Lm?JS] = nJm—i—n? Lm7PTS = ( —T’) r+m,s
(2.7)
[T i) = (@ = 0) I3t [Poun, Prs] = 0

and the values of the coefficients cs, ¢4, c5 given in (2.2) we find that the action of Ly on
the r.h.s. of (2.3) yields

_ Tc
zZz B(Al —1,A9 — 1) (Al + Ay — 2)63 + 74 — 365(A1 + Ay — 2):| P_1,_1GX1+A271(0) +- -

(3A1 + 4)

= —2z B(Al—l,Ag—l) B

P,17,1GZ1+A271(0) +---
(2.8)
where the dots denote terms higher order in z. We can see that the O(zz) terms in (2.6)
and (2.8) match precisely as expected from the Virasoro invariance of the OPE (2.1).
In the appendix we perform more checks of the Virasoro invariance of the celestial

OPE of ++ and +— helicity gravitons in the MHV sector.

2.2 Reorganising the OPE in terms of Virasoro primaries and descendants

We have shown that up to O(zz) terms the OPE of positive helicity outgoing gravitons
in the MHV sector given by (2.1) is invariant under the (holomorphic) Virasoro symme-
try. This implies that this OPE can be reorganised according to representations of the
Virasoro symmetry algebra as is usually done in 2-d CFTs. In other words, we want to
show that every term at a particular order in the OPE is either a Virasoro primary or a
Virasoro descendant of another Virasoro primary which appears at a lower order in z. The

Ato

3Here (h, i_z) denote the holomorphic and antiholomorphic conformal dimensions given by h = AQ and

h= AQ_" where o is the helicity of the graviton.



OPE coefficient multiplying a Virasoro primary cannot be obtained by using the Virasoro
symmetry alone but the OPE coefficient multiplying a Virasoro descendant is uniquely de-
termined by the Virasoro symmetry and the OPE coeflicient of the Virasoro primary from
which it descends. For simplicity here we reorganise only the O(zz™) terms in the OPE.

Now in terms of Virasoro primaries and descendants, we find that the positive helicity
OPE (2.1) can be expressed as

X, (= 2)CL0O)]

= z B(A1—1,A2—-1) [012@ (1 + 255;1)[/—1 + ZQﬂéll’l)L% + 225(5521)11—2) $1(0)

+ 2012¢2 (1 + Zﬂg;L,1> gbg(O) + 2012¢3 (1 + Zﬂ(%)L,1> ¢3(O) + 22 012¢4¢4(0) +-- :| +---

(2.9)

where ¢;(0) with ¢ = 1,2, 3,4 are Virasoro primaries. Thus they satisfy the conditions
Lo#i(0) = hg,9:(0), Lm@i(0)=0, m=>1 (2.10)

where hy, is the scaling dimension of the Virasoro primary ¢;(0).
The coefficients Cia4, in (2.9) are given by
A —1 A — Ay JANPAY
C =-1, C =——— (C =— ==
12¢, ; 1262 = AT A, 2 1265 = AT UAL 9 1264 N

(2.11)

The ﬁgj) 's in (2.9) are completely determined by the Virasoro algebra and are given by

5051' - 2hy, ’
0D _ 4hg, (2(h1 — ha 4 hg,)? + hy — 4hy — hg,) + c(h1 — ha + hg,)(h1 — ho + he, + 1)
¢ 4hg, (¢ + 2chg, + 2hg, (8he, — 5))

5(2) B h¢i(2h1 + 2hgy + h¢i — 1) + hi + ho — 3(h1 — h2)2
¢ (c+ 2chg,; + 2hgs, (8hy, — 5))

(2.12)

where hi, hy are the holomorphic weights of the primary operators whose OPE is being
considered and hg, is the holomorphic weight of the Virasoro primary ¢;(0) which appears
in this OPE. In our case

AZ +2

Al +2
= ho = . 2.1
2 P 2 2 ( 3)

Finally, the explicit expressions for the Virasoro primaries ¢;(0) are as follows

$1(0) = P.1,1GX 4, 1(0),  ¢2(0) = L1 P0G A, 4(0),

2
$3(0) = <P2,1 - (A1+A2+2)L1P1’1> GA,+n,-1(0)

hy

(2.14)
$4(0) = <P—3,—1 +a1J% P11 +asl 9Py 1 +a3l: Py 4

+ a4l P9 1 +asL_1L_1P_sp+ %'L—1P—3,0> GA 4n,-1(0)



where the coefficients denoted by a; and b; are given by

2
a1 = A8 D — 1 oy = Crzn 85
Cragy (A1 + Do = 2) (A1 + Ay — 1)’ Crag,
1
_ 1 Al(Al — 1) (1) 2012¢3 ﬁé;
e - o Cl2¢1 B¢1 + |
Crag, 2(A1 4+ Az —2)(A1 + Ay — 1) (A1 + Ag +2)
1 Ai(A; —1) (1)> 2.15)
“ Cl2¢4 <(A1 + Ay — 2)(A1 + Ay — 1) 12¢3 B¢3
1 A(Ay—1) (1))
as 012¢4 <(A1 + Ay —2)(A1+Ag— 1) 12¢2 ﬂd’z

_012¢4(A1 + Ay —2)(A1+ Ay — 1)

As we have already mentioned we are not able to determine the value of the Virasoro
central charge c in this way. The reason being that the O(2zz) term in the OPE (2.1) does
not contain the L_o descendant of the graviton primary and so both sides of the OPE (2.1)
transform in the same way under Lo irrespective of the value of the central charge c¢. This
is also evident from the decomposition (2.9) which holds for arbitrary value of the central
charge c. In particular the states ¢;(0) are Virasoro primaries for any value of the central
charge as can be easily checked. We leave the determination of the value of the central
charge to future research.?

3 Discussion

Since the MHV sector is manifestly Virasoro invariant, the dual theory which computes
the MHV scattering amplitudes has a stress tensor 7'(z) whose modes are the Virasoro
generators L,. In celestial CFT the stress tensor is given by [6, 9, 10] the shadow of the
subleading conformally soft graviton. In particular the holomorphic stress tensor 7'(z) is
the shadow of the negative helicity subleading soft graviton. Let us try to explain the
appearance of T'(z) in the MHV sector along this line.

So consider the NMHV amplitudes of the form (— — — + +---+). Now if we make one
of the negative helicity gravitons subleading (conformally) soft [12, 64-70] then the NMHV
amplitude soft factorises via the MHV amplitude (— — 4+ + ---+) and this can explain
the appearance of the stress tensor 7'(z) in the MHV sector. But for various reasons this
explanation cannot be complete. For example, the negative helicity subleading soft graviton
gives rise to SL(2,C) current algebra and its shadow gives the holomorphic stress tensor
T(z). Although we find the stress tensor T'(z) in the MHV sector, the SL(2,C) current
algebra is not visible in the MHV sector. It is not clear that why these two symmetry
algebras arising from the negative helicity subleading soft graviton are not treated on an
equal footing. Similarly, we also have positive helicity soft graviton in the MHV sector

4Since we are considering tree level scattering amplitudes, presumably the value of the central charge ¢
is zero.



and we do find the SL(2,C) current algebra symmetry [13] in the MHV sector but not the
Virasoro symmetry. It may be that not all symmetries are manifest [16] at the level of
OPE. We hope to return to these issues in future.
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A Virasoro invariance of positive helicity OPE: further checks

In this section, we provide additional checks of the Virasoro invariance of the positive
helicity graviton OPE in the MHV sector. In particular we first compute the O(2?) terms
in the OPE in subsection A.1. The invariance of the OPE at this order under the action
of Ly is proved in subection A.2. In subsection A.3, we rewrite the terms of O(2") upto
n = 2 in the positive helicity OPE according to of Virasoro primaries and descendants.

A.1 O(2?) terms in positive helicity OPE

Here we compute the O(z2) terms in the OPE between positive helicity graviton primaries
in the MHV sector. The operators which can appear at this order must have dimensions
(#, %), where (h,h) = (A1+2A2+1, A1+2A2—3). We then assume the following ansatz
for the O(z%) OPE®

GL(=AGLO),

- ZQB(Al —1,A9 — 1) {{L‘l P,470 + X9 Ji3P71,71 +x3 L2_1P72,0 + x4 L1P370} GJAF1+A271(O)

(A.1)
where x1, x2, 3, 4 are as of yet undetermined coefficients. Note that using the null state
relations

[LaPoog+ TP 1= (Ar 4 A0)Pgo| GE (a, 1(0) =0 (A2)
[L,1P,17,1 + 2J91P,17,1 — (Al + AQ)P,27,1 — [_/,1P,270} GZ1+A2_1(O) =0 (A3)

®The ansatz (A.1) is not the most general one, since it is possible to write down additional descendants

7+h h-—1

with dimensions —) As we will see in this section, the coefficients z1,x2,x3,24 in (A.1) can

2 0 2
be uniquely determined using the underlying symmetry algebras. This justifies why it is sufficient to
consider (A.1).



we can express (A.1l) purely in terms of SL(2,C) current algebra and supertranslation
descendants. But for the purpose of determining the coefficients x;, it turns out to be more
convenient to work with the form of the OPE given in (A.1).

We will now compute the x;’s by demanding that both sides of the OPE transform in
the same way under the action of the underlying symmetries. For this, let us first act with
the SL(2,C) current algebra generator JY on both sides of (A.1).

The action of Jlo on a conformal primary th’;l(z, Z) is given by

[T, 61 1(2, 2)] = 2(20z + W)y 1 (2, 2) . (A.4)
Using this we get
J0.G5, (2 2)GE, (0] = 2(30: + )G, (.2)C5, 0 (A35)
where hy = (A1 — 2)/2. Then plugging in the O(z) OPE into the r.h.s. of (A.5) yields

12,65, (2, 2)GE, 0]
(A —1) (A.6)

mﬂzp—lrl GA +aa-1(0).

=22B(A1 —1,A9 — 1)hy {AlP_&O —

Now applying JY to the r.h.s. of (A.1) and using the commutation relations given
in (2.7) we obtain

726X, (= AGL 00,

= Z2B(A1 —1,A9 — 1) |:<_3321 —2x4 + (Al + Ag)(Al + Ay — 4)%3) P_3,0 (A.7)

X
+ <—HJ2 —x3(A1 + Ay —4) + 24) JE2P—1,—1} G 1n,-100).

In arriving at (A.7), we have also used the null state relation (A.2). Now invariance of
the OPE under JY implies that (A.6) and (A.7) should match. As a result we get

— % — 224 + (A1 + A2)(A1 + Ay —4)z3 = h1A (A.8)

and _
T4 hl(Al — 1)
o+ ax3(A1+Ay—4)— — = —— . A9
2 3(A1 2 ) 5 A1+ Ay —2) (A.9)
We need a few more equations to solve for all the x;’s. So, let us act with the global
spacetime translation generator Py _; on both sides of (A.1). Pp_; acts on a outgoing

conformal primary ¢h7;L(z, z) as follows
[Po,~1, &1, (2, 2)] = 2041 j2 1 2(25 2) - (A.10)
(A.10) then implies

[Po, 1,6, (2, )GK,(0)] = 26, ,, (2, 9)G3,(0) (A1)



Inserting the O(z) OPE in the r.h.s. of (A.11) then gives

[Po1,GX, (5 2)GL, 001,

A (A.12)
_ 22 _1{ 1__11__}+ |
2“B(Aq1, Ay ) [(AL+1)P. 3,0 (B + Ay — 1)J72P 1,1 GA1+A2(O)
Now evaluating the action of Py _; on the r.h.s. of (A.1) we get
0+ (o 2\ O+
(PP, GL, (521G, 0],
= Z2B(A1 —1,A5 — 1) [(—1‘2 + x4+ 2$3(A1 + Ay + 1))P,3,0 —2x3 Jl2P71771} GZIJFAQ (O)
(A.13)

where we have once again used the null state (A.2). Now (A.12) and (A.13) should match
in order for the O(2%) OPE to be invariant under Py 1. Therefore, we get

(Al + 1)(A1 - 1)

1) — a2y = A.14
w4+2w3(A1+A2+ ) ) (A1+A2—2) ( )
and ( )
A1(A; -1
= . A.15
3 Q(Al =+ AQ — 1)(A1 —+ AZ — 2) ( )
Equations (A.9) and (A.14) can be simultaneously solved to give
(A —1)(Ag2—1)
- _ A.16
2 (Al + Ay — 1)(A1 + Ay — 2) ( )
A(A—1)
= — . A.17
T T AL+ A — 1) (A + Ay —2) (A.17)
Plugging these results in (A.8) then yields
B ANy
The O(z?) OPE (A.1) then takes the form
GXl (Z, E)GXZ(O)’O ) = ZZB(Al — 1, AQ — 1) |:.%'1 P_4,0 + 2 JE3P_17_1
= (A.19)
+ 3 <L2_1P72,0 — 2L71P73,0) ]GX1+A21(0)
where
oy A1As oy (A1 —1)(Ag—1)
PTAF AT 2T (AL A )AL+ Ay —2) (420

o Ar(Ar — 1)
3 2(A1+A2—1)(A1+A2—2).




A.2 L, invariance of O(z2) terms in positive helicity OPE

We will now show that the O(z%) OPE computed in the previous section and given by (A.19)
is invariant under the action of Ly. In order to do this we start with the Virasoro trans-
formation property of graviton primaries (2.4)

[La, GL (2, Z)GXQ(O)] = 2%(20, + 3h1)GX1(z, E)GL(O) . (A.21)
Substituting the O(2°z°) OPE into the r.h.s. of (A.21) then yields

[L2,G, (2. GK, O)] , , = B~ 1,80 —1) 8 PG 5, 1(0)
A 40 (A.22)
— z2B(A1 —1,A—1) @

P—27OGX1+A2_1(0) .
Now using the commutation relations (2.7) and the values of x1, z2, x3 from (A.20) we
find that the action of L on the r.h.s. of (A.19) gives®

9x
Z2B(A1 —1,A, — 1) 71 + 31‘2(A1 + Ay — 2) + 3.%'3(A1 + Ay — 2) P—2’OGZ1+A271(0)

Ay +2)

3
= Z2B(A1 —1,Ay—1) ( P—2,0Gz1+A2_1(0) .

(A.23)

This matches with (A.22) and hence exhibits the Virasoro invariance of the O(z?%)
terms in the OPE (A.19). Let us again note here that as in the O(zz) OPE, the L_»
descendant of GZI ., does not appear in the OPE (A.19). Therefore our calculation here
is insensitive to the central charge of the Virasoro algebra and Virasoro invariance of (A.19)
continues to hold for any value of the central charge.

A.3 Reorganising OPE in terms of Virasoro primaries and descendants

In section 2.2 we showed that the O(zz") terms in the positive helicity graviton OPE in
the MHYV sector can be reorganised according to Virasoro primaries and descendants. Here
we provide another example of this reorganisation by considering terms of O(z") in the
OPE. So, let us begin with the following set of terms in the OPE,

X, (= 965,0)|

= B(Al —1,A9 — 1) [sz,() +z (d1P,3’0 + d2J£2P,1,,1)

+22 (21Poap + 22 J 5Py 1+ 33 (L2 P oo — 2L 1P g0) ) + O (2°) | GL ya, 1 (0) 4+

(A.24)
where dj, d2 in (A.25) were obtained using symmetries in [13] and are given by
A —1
=A = A2
di = A1, dy A 1A, 2 (A.25)

5Tn order to derive (A.23) we have also used the relation (JllP,L,l — (A - l)Pfg,o) Gz =0.

~10 -



x1,T2,x3 are given in (A.20). Now (A.24) can also be written as

Gk, (22040

+2C12y, (1 + zﬁq(pZ)L—l) P2(0) + 22012¢3¢3(0) + O (zg)} 4

where 1;(0) with ¢ = 1,2, 3 are Virasoro primaries for arbitrary values of the central charge.
Their explicit expressions are

3
P1(0) = P—2,0GX1+A2—1(0)7 ¥2(0) = (P—&O - (A1+A2+4)L_1P_2’0) GX1+A2—1(0)7

@Dg(O) = <P470 + b J£3P71771 + b2L71P,370 + b3L2_1P72,0 + b4L2P2’0) GZ1+A271(0)

(A.27)
where the b;’s in (A.27) are given by
b — (A; —1)(A —1)
Clrags (A1 + Ag — 1) (A1 + Ay — 2)
be = 1 <_ i SR —Ch2 5(1)>
Ciags \ A1+ 8 —1)(A + 4, —2) 22
1 (A.28)
L ( (Ar —1)(As — 1) o g0 3C12y, B
3 012¢3 Q(Al + Az - 1)(A1 + AQ - 2) 1241 Py (Al —+ AQ + 4)
. _0121/)1 ﬂq(pzl)
! Crayy
The coefficients C1ay, in (A.26) are given by
AQ — Al A1A2
Craps =1, Cugy = x50 G = XA 7 (A.29)

Note that the Cjay,’s cannot be determined by using only the Virasoro algebra. The
coefficients ,85[}’:) in (A.26) are uniquely fixed by the Virasoro algebra. The explicit formulae

for the Bfﬁ)’s take the same form as in (2.12) with hg, replaced by hy,, where hy, denotes
the holomorphic weight of the Virasoro primary 1; appearing in the r.h.s. of (A.26).

B Virasoro invariance of mixed helicity OPE

In this section of the appendix, we consider the celestial OPE between an outgoing positive
helicity graviton primary and an outgoing negative helicity graviton primary in the MHV
sector. Here we show that this mixed helicity OPE is also Virasoro invariant. In order
to furnish a non-trivial check of Virasoro invariance we first compute the O(z2) terms in
the mixed helicity OPE in subsection B.1. This is followed by an explicit check of the
invariance of this OPE under the action of Lo in subsection B.2. In subsection B.3 it is
shown that the mixed helicity OPE can be organised according to Virasoro representations.
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B.1 O(zz) term in mixed helicity OPE using symmetries

The operators which can appear at O(zz) in the mixed helicity OPE should have weights

%, %), where (h,h) = (A1+2A2_3, A1+2A2+1). Let us then consider the OPE at this

order to take the following form

GX(= G300

=2z B(A1 —1,A2+3) KCMJQQPA,A +agP 3 1+ a3 Po 1+ as(J2) Py
t+asL 1P 39+ agl 1J° P oo+ arJ P og+ 048£-1Jl2P_1,—1) G in,-1(0)

+ (ongzg,,l +a19L-1P-2 1P 29+ a11E%1P32,0) G31+A2—2(0)]
(B.1)

where «;,7 = 1,2,...,11 are as of yet unknown coefficients. In order to determine these
using symmetries we follow the same procedure as in section A.1. We impose that both
sides of the OPE (B.1) transform identically under the action of supertranslations and the
SL(2,C) current algebra. This yields a system of equations for the «;’s which can then be
simultaneously solved. In particular we will apply below the generators Py 1, P_1 and
J¢} for deriving these equations.

First let us consider acting with Py 1. Demanding both sides of (B.1) to transform
in the same fashion under the action of Py _1 leads to

2A1(Ay — 1)

=— B.2
T T AL+ A+ 2)(Ar + Ay £ 3) (B2)
o1 as Qa4 (Al + 1)(A1 — 1)
et T R B.3
2 2 + 4 AL+ A0+ 2 ( )
ag +2ag3 =0. (B.4)
Next we act with P_; 9 on both sides of the OPE (B.1). In this case we obtain
2A1(A1 —1)
= —qy = B.5
T TN T A T A+ (A + Ar 4 9) (B5)
Ay (A —1)
— B.6
T T A F A+ 2)(AL + Ar 1 3) (B:6)
(67 Al(Al — 1)
%6 _ _ B.7
T T (A + A+ 2)(A) + Ay £ 3) (B7)
a1 oy (A1 +1)(A1—1)
-t — g = B.
2+4+Oé5 ag A1+A2—|—2 ( 8)
%—%—i—ow—l—alozo. (B.Q)
2 2
Finally invariance of the OPE under the action of J} yields
. 2h1 (A1 — 1)
2h —1 == B.1
ar+oyg+ (2h — 1)os Ar Ayt 2 (B.10)
g+ az + (2 — 1) as = 2h1 A (B.11)
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s+ 2(A+3)ay + (2h — 1) ag + 207 = 0 (B.12)
(A +2)ag + 2a9 + (2h — 1)aip = 0 (B.13)

(A + 2)046 + a9 + 4(h — 1)a11 =0. (B.14)

The above system of equations can be solved to uniquely determine all the «;’s. These
are as follows

o — (Al—l)(A1+2A2+6) o = —A o — 2A1(A1—1)
L (A1+A2+2)(A1+A2+3)’ 2 L 3 AL+ Ay+2’
S 2A1 (A — 1) o A o 2A1 (A — 1)
LT T AT A+ ) (A A0 +3) T A+ Ay 42 0T (A1 + A2+ 2) (A + Ay +3)
o Ai(Ar-1) . Ai(Ag—1)
T A+ A +2) (A + Ay +3) 8T T (AL + A+ 2) (A + Ay +3)
o __A(A-D) o __AA -1 e — Ar(Ar—1)
9 2 ’ 10 A1—|—A2+27 1 2(A1+A2+2)(A1+A2+3).

(B.15)

B.2 L, invariance of O(zZ) terms in mixed helicity OPE

We shall now verify that the mixed helicity OPE at O(zz) (B.1) is invariant under L. For
this we act with Ly on both sides of (B.1). From the Lh.s. we get

N _ 3A1 +4
[Lo, GZl(z,z)GAQ(O)]‘ =—2Z B(A1 —1,A2+3) BA+4)

O(22) 2 P_l’_lGZHA?’I(O)'

(B.16)
The action of Ly on the r.h.s. of (B.1) evaluates to

To « _
2 pas— 2| P 1Gaya, 1 (0). (BAT)

ZEB(Al—l,A2+3) [(A1—|—A2+2)a1+ 5 5

Using the values of a, ag, as, ag from (B.15), we find that (B.17) simplifies to

(3A1+4)

*ZEB(Alfl,AgjL?)) 5

Py 1G5, on, 1(0). (B.18)

This matches with (B.16) and thereby proves that the O(zZz) term in the mixed helicity
OPE is Virasoro invariant. As in the case of the positive helicity OPE, the central charge
of the Virasoro algebra does not play any role here.

B.3 Reorganising OPE in terms of Virasoro primaries and descendants

In the MHV sector, the mixed helicity graviton OPE takes the following form
+ — —
GA, (2, Z)GAZ (0) ‘MHV

z
= " B(Al —1,A, +3) [7P—1»—1G£1+A271(0) +z (p1 J91P_17_1 +p2P_2’_1) GZ1+A271(0)

+22 (041J92P—1,—1 +asP_3 _1+as (2J91P—2,—1 + E—1P—3,0)
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Qg 7 - 7 _
+ 5 (<2022t a4+ 2L P+ T Poag = Lot T Py 1)) Gy, (0)

+2’2 (angz_l +O¢10E_1P_27_1P_2)0 +C¥11E2_1P3270) GZ1+A272(0) + @) (23):|

+B(A1 — 1, Az +3) I:P_Q’OGZ(O) +z (771P_3’0 +772J12P_1,_1) GglJrAzil(O) + O (22)] +--
(B.19)

where p1, p2 and 711,72 are given by

2(A; — 1) A -1

_ 7 =—Aq, = A, = . B.20
AL+ Ay + 2 P2 1, M 1, 12 AL+ Ay +2 ( )

P1

The values of p1, p2 were computed previously in [13]. Although we have not shown in
this paper, 11, 72 can also be easily obtained from symmetries. The «;’s are given by (B.15).
The dots in (B.19) denote further terms which we have suppressed for simplicity.

Now it is again possible to rearrange (B.19) in terms of Virasoro primaries and de-
scendants, so as to make the Virasoro invariance of the OPE manifest. Carrying out this
reorganisation we find the following result

6§, (2G5, 0

z
= B(A;—1,A2+3) [Clgm (1 + Z/BS(DII)L—l + 2’2,381’1)112,1 + 22,6;21)11_2) ©1(0)
() () 2 3
+2Chag, (14280 L 1) 92(0) +2Cragy (14280 L 1) 3(0) + 22 Cropypa(0) + O (2 )}

+ B(Al -1, A5+ 3) [01291 (1 + Zﬁgl)Lfl) Ql(O) + ZC1292 QQ(O) +0 (,22) } 4.

(B.21)
where the operators denoted by ¢;(0) and Q;(0) are Virasoro primaries (for any value of the
central charge). Their explicit expressions are given by (B.23) and (B.24). The coefficients
012%. and 01292‘ are

Ciap, = =1, Ciap, = —A1, Cliap, = —A1, Ciag, =1, Ciag, = A1 (B.22)

Once again it is worth noting qthat Virasoro symmetry alone does not fix the values
given in (B.22). The coefficients ng)’s and ﬁg? ’s in (B.21), which are uniquely determined
by the Virasoro algebra, are given by similar expressions as in (2.12). Let us finally note
the expressions for the Virasoro primaries ¢;(0), 2;(0).

2(A1-1) 0 (A1 +1) _

=(P_y9_1— Pq_1— 1P _

902(0) < 2,—1 Al(A1+A2+2)J71 1,—-1 Al(A1+A272)L 1 1,-1 GA1+A2—1(0)
(A1 —1)(A1 +2A5+6) 0

= P_ 1 — P_ —

#3(0) [ 51 AL(AL+ Ay +3) Joa P11t
(A —1) =
NN (2J°,P_5 1 +L_1P_3p)
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n (A1 —1)
(A1 +A2+2)(A1+ A2 +3)

(2(J21)?P_y, 1 —2L_1J2 P50+
—J 1P oy +L_1J£2P_1,_1>] Ga,rn, 1(0)
+2(A1 + Ag(f;)_(Ali + Ay +3) E21P22’0> Gaypn,—2(0)+

- (A — 4)(4A, +3)
A1 (A + Ay — 2)(AA, 1 Ay — 13)

L2—1P—1,—1G51+A2—1(0)+

- Al((AAllJ(rgij _28))(ZA41Ai_AiO) 13)L*2P’1”1G£1+A2‘1<0) - %L’M(O)
(B.23)
and
Q1(0) = P-2,0Gx 4, 1(0),
05(0) = (P_370 — ML_1P_2,0 — Al(i?:—_Alg)—i— 5 J12P_1,—1> Garsn,-100)-
(B.24)
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