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Abstract

Minimal Gauged U(1) Extension of the Standard Model with
Classical Scale Invariance and Phenomenology

Although the Standard Model (SM) is the best theory in describing phenomena among
elementary particles, it su�ers from several problems, such as the gauge hierarchy
problem, origin of the electroweak symmetry breaking, non-zero neutrino mass, and
no candidate of dark matter. For solving these problems, we consider minimal U(1)
extension of the SM with the classically conformal invariance, where an anomaly-free
U(1) gauge symmetry is introduced along with a U(1) Higgs �eld and three right-
handed neutrinos (RHNs) for the seesaw mechanism generating neutrino masses. With
no mass term allowed by the classically conformal invariance, the U(1) gauge symme-
try is broken through the Coleman-Weinberg mechanism, which subsequently triggers
the electroweak symmetry breaking. We perform parameter scan and identify regions
resolving the SM Higgs vacuum instability, while satisfying the LHC Run-2 bound on
the U(1) gauge boson production and the naturalness constraint. We also investigate
cosmological aspects of the model. Introducing Z2 parity, one RHN being an unique
parity-odd particle in the model serves as dark matter. A successful in�ation sce-
nario is possible by identifying the U(1) Higgs boson with in�aton and introducing its
non-minimal gravitational coupling. Interestingly, the LHC physics and cosmological
observations are complementary narrowing down the model parameter space.
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Abbreviations

BBC Bing Bang Cosmology
CKM Cabibbo-Kobayashi-Maskawa
CMB Cosmic Microwave Background
CW Coleman-Weinberg
DE dark energy
DM dark matter
EM electromagnetic
EW electroweak
GUT grand uni�ed theory
LEP Large Electron-Positron collider
LHC Large Hadron Collider
QCD Quantum Chromodynamics
QFT quantum �eld theory
RG renormalization group

RGE renormalization group equation
RHN right-handed neutrino
RW Robertson-Walker
SM Standard Model

VEV vacuum expectation value
WINP weakly interacting massive particle
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Notations and Conventions

Units

In this thesis, we use the �God-given� units:

ℏ = c = 1, (1)

which provide the relations among the fundamental quantities as follows:

[mass] = [energy] =

[
1

time

]
=

[
1

length

]
. (2)

Pauli sigma matrices τ i (i = 1, 2, 3)

The the fundamental representation of SU(2)L is de�ned as T i = τ i/2, where

τ 1 =

(
0 1
1 0

)
, τ 2 =

(
0 −i
i 0

)
, τ 3 =

(
1 0
0 −1

)
. (3)

Gell-Mann matrices λa (a = 1, · · · , 8)
The the fundamental representation of SU(3)C is de�ned as T a

C = λa/2, where

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 . (4)
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Nomenclature

c Speed of light (2.998× 1010 cm s−1)
ℏ Planck constant (6.589× 10−22 MeVs)

GN Gravitational constant (6.709× 10−39 GeV−2)

MPl =
1√
GN

Planck mass (1.22× 1019 GeV)

MP =
MPl√
8π

Reduced Planck mass (2.44× 1018 GeV)

GF Fermi constant (1.166× 10−5 GeV−2)

vh =
1√√
2GF

Standard model Higgs vacuum expectation value (246 GeV)

sin2 θw Weak mixing angle θw (0.23)
mW W -boson mass (80.384 GeV)
mZ Z-boson mass (91.189 GeV)
mh Higgs boson mass (129.09 GeV)
mt Top quark mass (173.34 GeV)
s0 Entropy density of the present Universe (2890 cm−3)

ρc/h
2 Critical density (1.05× 10−5 GeVcm−3)
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“ The power of instruction is seldom of much e�cacy
except in those happy dispositions
where it is almost super�uous.”

Gibbons
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Introduction

The standard model (SM) is a well-established model which can provide precise predic-
tions for experiments. However, the SM still has several problems, such as the gauge
hierarchy problem, origin of the electroweak symmetry breaking, non-zero neutrino
mass, and no candidate of dark matter.

One of the most serious problems in the SM is the so-called gauge hierarchy problem,
which has been motivating us to seek new physics beyond the SM for decades. The
problem originates from the fact that quantum corrections to the self-energy of the SM
Higgs doublet �eld quadratically diverge, and this divergence, once cut o� by a physical
new physics scale being much higher than the electroweak scale, must be canceled by
a �ne-tuning of the Higgs mass parameter at the tree level. Because of the chiral
nature of the SM, the SM Lagrangian possesses the conformal (scale) invariance at the
classical level, except for the Higgs mass term. It has been argued in [1] that once
the classically conformal invariance and its minimal violation by quantum anomalies
are imposed on the SM, it could be free from the quadratic divergences; hence, the
classically conformal invariance might provide us with a solution to the gauge hierarchy
problem. This picture nicely �ts a setup �rst investigated by Coleman and Weinberg
[2], namely, a U(1) gauge theory with a massless Higgs �eld. In this setup, it has been
shown that the U(1) gauge symmetry is radiatively broken in the Coleman-Weinberg
e�ective potential (Coleman-Weinberg mechanism).

Although it is tempting to apply this Coleman-Weinberg mechanism to the SM
Higgs sector, this cannot work with the observed values of top quark and weak boson
masses, since the Coleman-Weinberg potential for the SM Higgs �eld is found to be
unbounded from below [3]. Therefore, in order to pursue this scheme, it is necessary to
extend the SM. Among several new physics model proposals (see, for example, [4�39]),
classically conformal U(1)B−L extended SM proposed in [40, 41] is a very simple and
well-motivated model. The B − L (baryon number minus lepton number) is a unique
anomaly-free global symmetry in the SM, and it can be easily gauged. Associated
with gauging the U(1)B−L symmetry, three generation of right-handed neutrinos and a
U(1)B−L Higgs �eld are introduced to make the model free from all gauge and gravita-
tional anomalies, and to break the U(1)B−L gauge symmetry. Once the U(1)B−L gauge
symmetry is broken, the U(1)B−L gauge �eld (Z ′ boson) and the right-handed (Majo-
rana) neutrinos obtain their masses. With the Majorana heavy neutrinos, the seesaw
mechanism [42�47] is automatically implemented. In [40, 41], under a requirement of
the classically conformal invariance, the radiative U(1)B−L symmetry breaking by the
Coleman-Weinberg mechanism has been investigated. The U(1)B−L gauge symmetry
breaking also triggers the electroweak symmetry breaking by generating a negative
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2 Introduction

mass squared for the SM Higgs doublet.
In this thesis, we introduce the classically conformal U(1)′ extension of the SM

[48, 49], where in addition to the SM particle content, three generations of right-handed
neutrinos and a U(1)′ Higgs �eld are introduced. By assigning generation-independent
U(1)′ charges for fermions, making the model free from all gauge and gravitational
anomalies, and reproducing the Yukawa structure in the SM, it turns out that the U(1)′

gauge symmetry is identi�ed as a linear combination of the SM U(1)Y and the U(1)B−L

gauge groups [50]. Hence, our model is a generalization on the classically conformal
U(1)B−L extension of the SM proposed in [40, 41]. The U(1)′ gauge symmetry is
radiatively broken by the Coleman-Weinberg mechanism, and the U(1)′ gauge �eld (Z ′

boson) and the right-handed (Majorana) neutrinos acquire their masses. A mixing
quartic coupling between the U(1)′ Higgs and the SM Higgs doublet �elds generates a
negative mass squared for the SM Higgs doublet �eld, and the electroweak symmetry
breaking is driven. Therefore, the radiative U(1)′ gauge symmetry is the sole origin
of the mass scale in this model. With the Majorana heavy neutrinos, the seesaw
mechanism [42�47] is also automatically implemented, and tiny active neutrino masses
and their �avor mixing are generated after the electroweak symmetry breaking.

The SM Higgs boson has been discovered at the Large Hadron Collider (LHC),
and this marks the beginning of the experimental con�rmation of the SM Higgs sector.
The observed Higgs boson mass of mh = 125.09 ± 0.21(stat.) ± 0.11(syst.) GeV from
a combined analysis by the ATLAS and the CMS [51] indicates that the electroweak
vacuum is unstable [52] since the SM Higgs quartic coupling becomes negative far
below the Planck mass, for the top quark pole mass mt = 173.34 ± 0.76 from the
combined measurements by the Tevatron and the LHC experiments [53]. Practically,
this instability may not be a problem in the SM, since the lifetime of our electroweak
vacuum is estimated to be much longer than the age of the universe [54]. However,
in the presence of the U(1)′ Higgs �eld, our Higgs potential is a function of two Higgs
�elds, and there might be a �at path around high mountains of the potential toward
the true vacuum and make the lifetime of our electroweak vacuum very short. Because
of a lack of �eld theoretical technology for analyzing the e�ective scalar potential with
multiscalars in a wide range of �eld values, it would be the best way to solve the
electroweak vacuum instability problem in the context of our model.

In chapter 2, we investigate the electroweak vacuum stability in the classically
conformal U(1)′ extended SM by the renormalization group equations (RGEs) at the
two-loop level, and present a complete result for the parameter scan. We also investi-
gate the constraints on the model parameters by taking into account the LHC Run-2
2015 results for the search for Z ′ boson resonances [55, 56]. We �nd that the LHC
Run-2 2015 results dramatically improve those obtained from the Run-1 results. In
addition, we calculate the SM Higgs self-energy corrections from the e�ective poten-
tial involving the heavy states, the right-handed neutrinos and the Z ′ boson, after the
U(1)′ symmetry breaking, and derive the naturalness bounds to reproduce the right
electroweak scale for a �ne-tuning level better than 10%.

Other important missing pieces in the SM are, for example, a candidate for the
dark matter (DM), and tiny neutrino masses and their �avor mixings. The SM should
be extended so as to supplement these missing pieces. The so-called seesaw mechanism
is a natural way to reproduce the tiny neutrino masses [42�47], where heavy Majorana
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right-handed neutrinos (RHNs) are introduced. The minimal gauged B − L model
[57�62] is one of the simplest extensions of the SM with an extra gauge symmetry, in
which the accidentally anomaly-free global B − L in the SM is gauged. Three RHNs
play an essential roll to cancel the gauge and gravitational anomalies of the model.
Associated with the U(1)B−L symmetry breaking, the RHNs acquire their Majorana
masses, and hence the seesaw mechanism is automatically implemented. The minimal
B − L model can be generalized to the so-called minimal U(1)′ model [50]. Here, the
U(1)′ gauge group is de�ned as a linear combination of the U(1)B−L and the SM U(1)Y
gauge groups, so that the U(1)′ model is anomaly-free. In Refs. [48, 49], we have
investigated the minimal U(1)′ model with classically conformal invariance.

The so-called weakly interacting massive particle (WIMP) is one of the most promis-
ing candidates of the DM in our Universe, which is in thermal equilibrium in the early
Universe. Among many possibilities, a simple way to introduce a WIMP DM in the
minimal U(1)′ model has been proposed in [63] (see also [64]), where Z2-parity is in-
troduced and an odd-parity is assigned to one RHN, while all the other particles is
assigned to be Z2-even. We adapt this scheme in our minimal U(1)′ model with the
classically conformal invariance, and the Z2-odd RHN is a DM candidate, while the
other two RHNs are utilized for the seesaw mechanism. Note that only two RHNs are
su�cient to reproduce the neutrino oscillation data, and the observed baryon asymme-
try in the Universe through leptogenesis [65]. This system is called the minimal seesaw
[66, 67]. In our model, there are two ways for the RHN DM to interact with the SM
particles. One is mediated by the Z ′ boson (Z ′-portal) and the other is by the two
Higgs bosons (Higgs portal) which are two mass eigenstates consisting of the SM Higgs
and the U(1)′ Higgs bosons. Recently, the Z ′-portal DM scenarios [68�96] have been
intensively investigated, while the Higgs portal RHN DM scenarios [63, 97, 98] have
been analyzed in detail.

In chapter 3, we introduce the classically conformal U(1)′ extended SM with the
RHN DM [99]. In Refs. [48, 49], the allowed parameter regions in the classically confor-
mal model are severely constrained in order to solve the electroweak vacuum instability
problem, and to satisfy the LHC limits from the search for Z ′ boson resonance. In ad-
dition to these constraints, we investigate the RHN DM physics. Because of the nature
of classical conformality, we �nd the mass mixing between the SM Higgs and the U(1)′

Higgs bosons is very small, so that the RHN DM pair annihilation process mediated
by the Higgs bosons is highly suppressed. Therefore, we focus on the study of the
Z ′-portal RHN DM [85, 94], and identify allowed parameter regions to reproduce the
observed DM relic density from the Planck 2015 result [100]. We show that the DM
physics, LHC phenomenology, and the electroweak vacuum stability condition com-
plementarily work to narrow down the allowed parameter regions. For the identi�ed
allowed regions, we also calculate the spin-independent cross section of the RHN DM
with nucleons and compare our results with the current upper bounds from the direct
DM search experiments.

In the cosmological point of view, cosmological in�ation [101�104] needs to provide
not only solutions to problems in the Standard Big Bang Cosmology, such as the
�atness and horizon problems, but also the primordial density �uctuations which are
necessary for the formation of the large scale structure observed in the present universe.
In a simple in�ationary scenario known as the slow-roll in�ation, in�ation is driven
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by a single scalar �eld (in�aton) while in�aton is slowly rolling down its potential
to the minimum. During the slow-roll, the in�aton potential energy dominates the
energy density of the universe, and the universe undergoes an accelerated expansion
era, namely, cosmological in�ation. The in�ation ends when the kinetic energy of
in�aton starts dominating over its potential energy, and the in�aton eventually decays
into particles in the Standard Model (SM). The universe is reheated by relativistic
particles created from the in�aton decay and continues to the Standard Big Bang
Cosmology.

The Planck 2015 results [105] have set an upper bound on the tensor-to-scalar ratio
as r ≲ 0.1, while the best �t value for the spectral index (ns) is 0.9655 ± 0.0062 at
68% CL. Hence, the chaotic in�ation models with simple in�aton (ϕ) potentials such
as V ∝ ϕ4 and V ∝ ϕ2 are disfavored because of their predictions for r being too
large. Among many in�ation models, quartic in�ation with non-minimal gravitational
coupling is a very simple model, which can satisfy the constraints from the Planck 2015
results for a non-minimal gravitational coupling ξ ≳ 0.001 [106, 107].

In the view point of particle physics, we may think that an in�ation model is more
compelling if the in�aton also plays an important role in the model. The Higgs in�ation
scenario[108�120] is a well-known example, in which the SM Higgs �eld is identi�ed
with the in�aton. Also, we may consider a uni�ed scenario between in�aton and dark
matter particle [121�126]. When the SM is extended with some extra or uni�ed gauge
groups, such extensions always include an extra Higgs �eld in addition to the SM Higgs
�eld, which is necessary to spontaneously break the gauge symmetry down to the SM
one. Similarly to the Higgs in�ation scenario, we may identify the extra Higgs �eld
with the in�aton.

In chapter 4, we introduce the quartic in�ation with non-minimal gravitational
coupling in the context of the minimal U(1)′ extension of the SM with the conformal
invariance at the classical level [127]. Here, we identify the U(1)′ Higgs �eld as the
in�aton. Because of the symmetry breaking via the Coleman-Weinberg mechanism,
the quartic (self-)coupling of the U(1)′ Higgs �eld relates to the U(1)′ gauge coupling,
in other words, we have a relation between the in�aton mass and the Z ′ boson mass.
Since the in�ationary predictions are controlled by the in�aton quartic coupling in
the quartic in�ation with non-minimal gravitational coupling, we have a correlation
between the in�ationary predictions and Z ′ boson physics. Assuming the Z ′ boson
mass in the range of O(10 GeV)−O(10 TeV), we investigate complementarities between
the in�ationary predictions and the constraints from the Z ′ boson resonance search at
the LHC Run-2 2017 [128] as well as the prospect of the search for the Z ′ boson and
the right-handed neutrinos at the future collider experiments.

This thesis is organized as follows: In chapter 1, we brie�y explain the basics of the
SM. In chapter 2, we introduce our U(1)′ extended SM with the classically conformal
invariance, and investigate the electroweak vacuum instability problem in the SM. In
chapter 3, we discuss the DM physics in the context of our U(1)′ model, where the
Z2-odd RHN serves as a DM candidate. In chapter 4, we consider an in�ation scenario
in our U(1)′ model, where the U(1)′ Higgs �eld is identi�ed as the in�aton. The last
chapter is devoted to conclusions. Formulas we used in our analysis are listed in the
appendices.



Chapter 1

Standard Model

In this chapter, we brie�y review the Standard Model (SM), especially focusing on the
topics which are relevant to studies in this thesis (for more details, see, for example,
Ref. [129]). The SM is one of the quantum �eld theory (QFT) which is based on
the theory of relativity and the quantum mechanics. Because of the properties of the
QFT, the possible form (terms) of the Lagrangian in the SM should be restricted by
strong constraints, such as Lorentz invariance, renormalizability, and Chiral anomaly
free nature. In addition to the property of the QFT, in the SM, gauge invariance and
spontaneous symmetry breaking (Higgs mechanism) are important extra ingredients.

This chapter is organized as follows: In Sec. 1.1, we brie�y explain the minimal SM,
including the particle contents of the SM and its Lagrangian. In Sec. 1.2, we explain the
Higgs mechanism, in which the masses are generated through the electroweak symmetry
breaking. In Sec. 1.3, the renormalization group equation is explained. Although the
SM is a well-established theory in describing phenomena among elementary particles,
it has still several problems. We list these problems in Sec. 1.4.

1.1 The minimal Standard Model

The SM is a QFT which is based on a gauge group (local and internal symmetry group),

SU(3)C × SU(2)L × U(1)Y . (1.1)

The SU(3)C and SU(2)L × U(1)Y describe the Quantum Chromodynamics (QCD)
and the electroweak (EW) interactions. The particle contents of the SM are shown in
Table 1.1. The Weyl two-component spinors describe the quark (ui and di) and lepton
(νi and ei) matter �elds with three generations (i = 1, 2, 3). The L and R in the particle
contents indicate right- and left-chirality. It is very interesting that only left-handed
particles of the SM are involved in the EW interactions, so that the left-handed matter
�elds are described by doublet ones. In addition, only quarks interact with the QCD,
then it behaves as color triplets. In the SM, a scalar doublet �eld (H) is introduced,
which is called the Higgs �eld.

As being satis�ed the properties of the QFT and the SM, the Lagrangian of the
minimal SM, such that there are no CP-violating term and gravity, has a unique form:

LSM = Lgauge + Lfermion + LYukawa + Lscalar, (1.2)

5
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SU(3)c SU(2)L U(1)Y

qiL 3 2 +
1

6

ui
R 3 1 +

2

3

diR 3 1 − 1

3

ℓiL 1 2 − 1

2

eiR 1 1 − 1

H 1 2 +
1

2

Table 1.1: Particle contents of the Standard Model (SM). ui (di) are the up-type
(down-type) quarks, and νi and ei are the leptons (neutrinos and electrons), where
i = 1, 2, 3 denotes the generation index. The L and R indicate right- and left-chirality,
H is the SM Higgs doublet �eld.

where

Lgauge = −1

4
Ga

µνG
aµν − 1

4
W i

µνW
iµν − 1

4
BµνB

µν ,

Lfermion = qiL(iD̸)qiL + ui
R(iD̸)ui

R + diR(iD̸)diR + ℓiL(iD̸)ℓiL + eiR(iD̸)eiR,

LYukawa = −Y ij
u qiLH̃uj

R − Y ij
d qiLHdjR − Y ij

e ℓiLHejR + h.c.,

Lscalar = |DµH|2 − V (H). (1.3)

Here, the �eld strengths, Ga
µν , W

i
µν and Bµν , are de�ned as

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + g3f

abcGb
µG

c
ν ,

W i
µν = ∂µW

i
ν − ∂νW

i
µ + g2ϵ

ijkW j
µW

j
ν ,

Bµν = ∂µBν − ∂νBµ, (1.4)

and the covariant derivative is de�ned as

Dµ ≡ ∂µ − ig3T
a
CG

a
µ − ig2T

iW i
µ − ig1Y Bµ, (1.5)

where Ga
µ, W

i
µ, and Bµ correspond to the SU(3)C , SU(2)L, and U(1)Y gauge �eld,

respectively, and g3, g2, and g1 also correspond to the couplings of each gauge group.
fabc (ϵijk) are the structure constants of the SU(3)C (SU(2)L) gauge group, which are
satis�ed the commutation relations[

T a
C , T

b
C

]
= ifabcT c

C ,[
T i, T j

]
= iϵijkT k. (1.6)
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For the generation-independent U(1)Y charges of the fermions, the SM is completely
free from of the gauge and gravitational anomalies:

U(1)Y × [SU(3)C ]
2 : 2

(
1

6

)
−
(
2

3

)
−
(
−1

3

)
= 0,

U(1)Y × [SU(2)L]
2 : 3

(
1

6

)
+

(
−1

2

)
= 0,

[U(1)Y ]
3 : 6

(
1

6

)3

− 3

(
2

3

)3

− 3

(
−1

3

)3

+ 2

(
−1

2

)3

− (−1)3 = 0,

U(1)Y × [grav.]2 : 6

(
1

6

)
− 3

(
2

3

)
− 3

(
−1

3

)
+ 2

(
−1

2

)
− (−1) = 0. (1.7)

Y ij
u , Y ij

u and Y ij
u in the Yukawa Lagrangian of Eq. (1.3) are Yukawa couplings, and

H̃ ≡ iτ 2H∗. These interaction terms have the gauge invariance elegantly. All terms
are also renormalizable, and accidentally has the B − L (baryon number minus lepton
number) global symmetry. The Higgs �eld (particle) also plays an important role of
the unitarity when the symmetry is broken. The Higgs potential V (H) in Eq. (1.3) is
also determined by the gauge symmetry and renormalizability:

V (H) = λH(H
†H)2 − µ2H†H. (1.8)

In the next section, we brie�y explain the Higgs mechanism (spontaneous symmetry
breaking), and we can see how the fermions acquire their masses through the Yukawa
terms with the non-zero Higgs vacuum expectation value (VEV).

1.2 Electroweak Symmetry Breaking (Higgs Mecha-

nism)

Because of the chiral nature of the SM, all fermions should be massless. However,
the fermions at current temperature of universe have their non-zero masses. In order
to explain the mass generation from the original massless theory, there should be, at
least, a mechanism for mass generation. If there is a scalar (Higgs) �eld in a model,
it is possible to explain the mass generation through the EW symmetry breaking with
non-zero vacuum expectation value (VEV) of the scalar �eld, even though the theory
is originally massless.

This mechanism of the symmetry breaking with mass generation for vector �elds,
is called "the Higgs mechanism." In the SM, the EW gauge group breaks down spon-
taneously into the electromagnetic (EM) gauge group,

SU(2)L × U(1)Y → U(1)EM, (1.9)

by the complex scalar (Higgs) which is doublet �eld H = (H+, H0)
T
with hypercharge

1/2 in the particle content (Table 1.1).
By using the unitary gauge,

H =
1√
2

(
0
h

)
, (1.10)
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the Higgs potential in Eq. (1.8) becomes

V (h) =
λH

4
h4 − µ2

2
h2. (1.11)

Because of the shape of Mexican-hat Higgs potential, the stationary condition V ′|h=vh =
0 leads to produce a non-vanishing Higgs VEV vh (≡ ⟨h⟩)

vh =

√
µ2

λH

(1.12)

which is determined by the strength of the weak interaction GF (fermi constant) as

vh =
1√√
2GF

= 246 GeV. (1.13)

The �uctuating around the Higgs VEV provide the Higss mass, which is the curvature
of the Higgs potential at the Higgs VEV

m2
h =

d2V

dh2

∣∣∣∣
h=vh

= 2µ2 = 2λHv
2
h. (1.14)

The observed Higgs boson mass is mh = 125.09± 0.21(stat.)± 0.11(syst.) GeV from a
combined analysis by the ATLAS and the CMS [51].

The gauge boson mass terms come from |DµH|2 term of Lscalar in Eq. (1.3), evalu-
ated at the Higgs VEV ⟨H⟩ = 1/

√
2 (0, vh)

T ,

|Dµ⟨H⟩|2 =
v2h
2

· 1
4

[
g22
∣∣W 1

µ − iW 2
µ

∣∣2 + (−g2W
3
µ + g1Bµ

)2]
=

(g2
2
vh

)2 ∣∣∣∣W 1
µ − iW 2

µ√
2

∣∣∣∣2 + 1

2

(√
g22 + g21
2

vh

)2(
g2W

3
µ − g1Bµ√
g22 + g21

)2
≡ m2

WW+
µ W−µ +

1

2
m2

ZZµZ
µ, (1.15)

where in the last expression, three massive gauge bosons (W±
µ , Zµ) and one massless

gauge boson (Aµ) appear as following:

W±
µ =

1√
2
(A1

µ ∓ iA2
µ),

Zµ =
1√

g22 + g21
(g2A

3
µ − g1Bµ) ≡ cos θw · A3

µ − sin θw ·Bµ,

Aµ =
1√

g22 + g21
(g1A

3
µ + g2Bµ) ≡ sin θw · A3

µ + cos θw ·Bµ, (1.16)

with masses

mW =
g2
2
vh ( = mZ cos θw ) ,

mZ =

√
g22 + g21
2

vh,

mA = 0. (1.17)
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Here, Aµ is identi�ed with the massless electromagnetic �eld, and θw is called the weak
mixing angle de�ned as

cos θw =
g2√

g22 + g21
, sin θw =

g1√
g22 + g21

, (1.18)

which transforms the two bases between (W 3
µ , Bµ) and (Zµ, Aµ) as in Eq. (1.16), and

sin2 θw = 0.23 from the experiments. By comparing the e�ective Lagrangian for the
weak interaction, there is a relation between GF and vh as

GF√
2

=
g22

8m2
W

=
1

2v2h
, (1.19)

which has been used to calculate vh in Eq. (1.13).
In term of these mass eigenstate �elds, the covariant derivative in Eq. (1.5) can be

written in a more convenient way as a following:

Dµ = ∂µ − ig3T
a
CG

a
µ − i

g2√
2
(W+

µ T+ +W−
µ T−)

− i
1√

g22 + g21
Zµ(g

2
2T

3 − g21Y )− i
g2g1√
g22 + g21

Aµ(T
3 + Y )

= ∂µ − ig3T
a
CG

a
µ − i

g2√
2
(W+

µ T+ +W−
µ T−)

−i
g2

cos θw
Zµ(T

3 − sin2 θw ·Q)− ieAµQ (1.20)

where T± ≡ T 1 ± iT 2, the electron charge is de�ned as

e =
g2g1√
g22 + g21

= g2 sin θw, (1.21)

and the electric charge quantum number is Q = T 3 + Y . Now, we see that only two
parameters of e and θw decide the strength of the weak interaction. Because W and
Z boson masses are connected by the θw in Eq. (1.17), the exchange processes of the
W and Z at tree level can be described by these three fundamental parameters, e, θw,
and mW .

Once the Higgs VEV has non-zero value, it simultaneously produces the mass of
fermions through Yukawa terms in Eq. (1.3), evaluated at the Higgs VEV ⟨H⟩ =
1/
√
2 (0, vh)

T ,

LYukawa|H=⟨H⟩ = −Y ij
u qiL⟨H̃⟩uj

R − Y ij
d qiL⟨H⟩djR − Y ij

e ℓiL⟨H⟩ejR + h.c.

= −ui
L

(
Y ij
u√
2
vh

)
uj
R − diL

(
Y ij
d√
2
vh

)
djR − eiL

(
Y ij
e√
2
vh

)
ejR + h.c.

≡ −ui
Lm

ij
u u

j
R − diLm

ij
d d

j
R − eiLm

ij
e e

j
R + h.c.

= − (uLUu)
i(U †

umuWu

)ij(
W †

uuR

)j − (dLUd

)i(
U †
dmdWd

)ij(
W †

ddR

)j
− (eLUe)

i(U †
emeWe

)ij(
W †

e eR
)j

+ h.c.

≡ −u′ i
L m′ ij

u u′ j
R − d′ iL m′ ij

d d′ jR − e′ iL m′ ij
e e′ jR + h.c. (1.22)
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where in the third expression, mass matrices for u, d, and e are de�ned as

mij
u =

Y ij
u√
2
vh, mij

d =
Y ij
d√
2
vh, mij

e =
Y ij
e√
2
vh, (1.23)

in the fourth expression, Uf and Wf (f denotes u, d, and e) are unitary matrices to
diagonalize the mass matrices in Eq. (1.23). In the last expression of Eq. (1.22), the
mass eigenstates (u′, d′, and e′) are related to the gauge symmetric eigenstates (u, d,
and e) by unitary transformations1:

ui
L = U ij

u u′ j
L , diL = U ij

d d′ jL , eiL = U ij
e e′ jL ,

ui
R = W ij

u u′ j
R , diR = W ij

d d′ jR , eiR = W ij
e e′ jR , (1.24)

and the diagonalized mass matrices, m′
u, m

′
d, and m′

e, are de�ned as

m′ ij
u = U † ik

u mkl
u W lj

u =
vh√
2
· U † ik

u Y kl
u W lj

u ,

m′ ij
d = U † ik

d mkl
d W lj

d =
vh√
2
· U † ik

d Y kl
d W lj

d ,

m′ ij
e = U † ik

e mkl
e W lj

e =
vh√
2
· U † ik

e Y kl
e W lj

e , (1.25)

and the fermion masses are given by

mi
u = m′ ii

u , mi
d = m′ ii

d , mi
e = m′ ii

e . (1.26)

1.3 Renormalization Group Equation

Quantum Correction

In our universe, there are three constants having dimensions, the speed of light c,
the Planck constant h, and the gravitational constant GN . The units in the study of
particle physics

ℏ = c = 1, (1.27)

where ℏ ≡ h/(2π), provide the relations among the fundamental units:

[mass] = [energy] =

[
1

time

]
=

[
1

length

]
. (1.28)

The short time scale is equivalent to the high energy one, by which virtual particles are
allowed to be created. The virtual particle creations play important roles in the per-
turbative theoretical calculation for �nding the probability, "amplitude," of happening
that interactions. The particle interactions can be generally described by a "n-point
function" in a word of "Feynman diagram," in which all possible diagram corresponding

1 The charge-changing weak interactions link the three ui
L quarks with a unitary rotation of the

triplet of diL quarks. This rotation is given by using the unitary matrices in Eq. (1.24) as VCKM = U†
uUd,

which is known as the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix.
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to a considered energy scale should be taken into account in terms of orders of the cou-
pling constant. However, once we consider all contributions from all energy scale, the
number of diagrams are in�nity, which causes the result of non-physical in�nite value
("ultraviolet divergence") in the QFT, unless the series is to converge fortunately.

The meaningful physical quantities must be ones which have been already subtracted
by the such divergence systematically, whose method is called "renormalization."

Callan-Symanzik Equation and Beta-function

Particle interactions can be described by the Green's function. In a language of the
renormalization, if two theories are the same, their bare Green's functions with bare
couplings and cuto� should be the same one. In general, when the energy scale by
which the system is described is shifted, the renormalized n-point Green's function
with n-external legs connected diagrams

G(n)(x1, · · · , xn) = ⟨Ω |Tϕ(x1)ϕ(x2)ϕ(x3) · · ·ϕ(xn)|Ω⟩connected (1.29)

keeps its bare Green's function the same. By shifting the �eld, ϕ → (ϕ + δη)ϕ, G(n)

becomes (1 + nδη)G(n). If the Green's function is the function of a scale µ and a
coupling λ,

dG(n) =
∂G(n)

∂µ
δµ+

∂G(n)

∂λ
δλ = nδηG(n), (1.30)

which �nally means[
µ
∂

∂µ
+ β(λ)

∂

∂λ
+ nγ(λ)

]
G(n)(x1, x2, x3, · · · ; µ, λ) = 0. (1.31)

This is called the Callan-Symanzik equation which insists that the Green's function is
invariant under the change of the scale µ, where the coupling λ and the �eld ϕ are also
simultaneously shifted through the β and γ functions

β ≡ µ
d

dµ
λ,

γ ≡ −µ
d

dµ
η. (1.32)

Thus the β function explains the behavior of the change of the renormalized coupling
at the scale µ corresponding to a �xed bare coupling.

Running Coupling Constant

As explained, the strength of the interaction changes with respect to their distance,
which means the coupling constant varies with respect to the energy scale (the running
coupling constant). The behavior for the running of the coupling is described by the
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Figure 1.1: (a) The RG evolutions of the gauge couplings g1 (blue), g2 (orange),
and g3 (green) for the inputs mt = 173.34 GeV and mh = 125.09 GeV. (b) The RG
evolution of the top Yukawa coupling yt.

words of renormalization, "Renormalization Group Equation (RGE)." The running
couplings of the SM are governed by the corresponding RGEs. In order to know the
behavior of the SM couplings, simultaneous di�erential equations for the SM RGEs
should be solved [52]. In Fig. 1.1(a), For the inputs mt = 173.34 GeV and mh =
125.09 GeV, we plot the RG evolutions of the gauge couplings g1 (blue), g2 (orange),
and g3 (green) in Fig. 1.1(a), the top Yukawa coupling yt in Fig. 1.1(b), and the SM
Higgs quartic coupling λH in Fig. 1.2, in which the large top quark mass (Higgs mass)
contributes the RGE negatively (positively). When the energy scale is increased, as we
see from the Fig. 1.1(a), the Abelian gauge coupling g1 is increased, which corresponds
β > 0 (Screening e�ect). On the other hand, the non-Abelian gauge ones, g3 and g2,
are decreased with β < 0 (Anti-screening e�ect), especially, the theory with a coupling
constant going to zero at a logarithmic rate is called the "asymptotically free" theory.

1.4 Problems of the SM

The SM is a well-established theory to explain the phenomenology of the particle
physics at low energy scale. However, the SM has several (serious) problems. For
example, in the model, there are two di�erent fundamental energy scale, the EW
symmetry breaking scale 102 GeV and the Planck mass scale 1019 GeV. The di�erence
is really large about 1017 which is a so-called �gauge hierarchy problem (Naturalness
Problem).� The EW symmetry breaking scale also depends on the shape of Higgs
potential. Adding quartic mass term in the Higgs potential is ad-hoc. The origin of
the EW symmetry breaking, which also related to the Naturalness Problem, is not
known within the framework of the SM. The shape of the Higgs e�ective potential
dominantly depends on the top quark and the Higgs masses. As we discuss later, it is
known that the current experimental data of the center values of these masses gives the
negative Higgs quartic coupling around 1010 GeV energy scale, which brings another
problem of the EW vacuum instability.

The SM does not provide an answer to the question, why the neutrino mass is so
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Figure 1.2: The evolution of the SM Higgs quartic coupling λH for the inputs mt =
173.34 GeV and mh = 125.09 GeV.

small comparing to other fermion masses (tiny neutrino mass problem). The smallness
for the θ as a coe�cient of a renormalizable FF̃ term is also one of the issue in the SM
which related to the CP violation. This is called �strong CP problem.�

From the cosmological observation, such as gravitational lens e�ect, the speed in the
Galactic plane, and Cosmic Background Microwave (CMB), there exist Dark Matter
(DM) and Dark Energy (DE) which are not ingredients of the SM. In addition, our
universe consists of particles, not anti-particles, meaning �Baryon asymmetry� which
cannot also be derived through the framework of the SM.

The SM is a gauge theory of SU(3)C × SU(2)L × U(1)Y in which each gauge group
has an independent parameter of coupling. In terms of the symmetry breaking, it
is natural to think that the SM could be an e�ective theory which can be derived
from higher rank gauge group, Grand Uni�ed Theory (GUT) in which all three gauge
coupling could have the same value at the GUT scale. The same sort of discussion
can be said for the charges in the SM which cannot also take any arbitrary values
in the framework of the SM. The SM does not also include gravitational e�ect in the
Lagrangian. Some extensions with gravity should be implemented at high energy scale.

In the following subsections, we brie�y review of the some issues which are mainly
related to the studies of this thesis.

1.4.1 Instability of the Electroweak Vacuum with LHC Run-2
Results

In the SM, the RG evolution of the the Higgs quartic coupling is sensitive with the
Higgs and the top quark masses. In the current experimental results from the Large
Hadron Collider (LHC), the Higgs boson mass and top quark pole mass are reported
by the ATLAS and CMS combined measurements [51] and the Tevatron and the LHC
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combined measurements [53] as

mh = 125.09 GeV,

mt = 173.34 GeV, (1.33)

respectively. This indicates that the SM Higgs quartic coupling λH goes to negative
around the µ = 1010 GeV scale, as we see in Fig. 1.2. The potential of the Higgs �eld
becomes instable with the negative λH , where the e�ective potential of the Higgs �eld
has a true vacuum at the high energy scale comparing to the EW one. In this Higgs
potential, our vacuum will transit to the true vacuum with transitional time. This
is called the EW vacuum instability problem. This might not be a problem in the
framework of the SM if the life time of the universe is smaller than the time of vacuum
transition which is proportional to the inverse of the decay rate. However, this does
not work straightforwardly as we discuss in the context of the extension of the SM, in
which our model has an extra Higgs �eld. With the extra Higgs �eld and the current
experimental results of the masses of Higgs boson and top quark, the e�ective potential
by the two Higgs �elds should be a two-dimensional potential, where there might be a
�at path toward to the true vacuum around the concave downward potential. In such
case, the EW vacuum becomes instable.

1.4.2 Dark Matter

The energy budget of the universe is precisely determined by the Planck 2015 mea-
surement [105],

Dark Enargy : 69%

Dark Matter : 26%

Baryon : 5% (1.34)

Because there is no suitable dark matter (DM) candidate in the SM, which explains
cosmological phenomena, such as the velocity distribution of the rotating Galaxy and
the observed gravitational lens e�ect, the SM should be extended or revised in some
way of the form including and/or connecting to the DM sector.

In general, it is known that the properties of the DM particle are electrically neutral,
no interaction with the strong force, and non-relativistic. If the DM is a "weakly
interacting massive particle (WIMP)," its mass may be considered around from the
EW scale to the TeV scale, which can be detectable by the collider experiment after
creating the DMs directly. If the the energy scale of the DM is close to that of the Higgs
boson, the DM physics and the Higgs one are not irrelevant, in which it is possible that
the DMs interact with the SM particles only through the Higgs mediation. The model
is called the 'Higgs portal' scenario which has s-channel and t-channel processes. Later,
the direct and the indirect detection will be discussed on the both channels.

1.4.3 In�ation (Problem of the Standard Big Bang Cosmology)

The Hubble's discovery on 1929 [130] about the relation between distance (d) and
radial velocity (v) among extra-galactic nebulae, which provides an evidence of that
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our universe is expanding by �nding a following equation, the Hubble's law,

v = H × d, (1.35)

where H is the Hubble constant. In another words, our early universe is in a state of
high temperature and high pressure.

The gravitational dynamics of the universe is governing by the Einstein equation,

Gµν = Rµν −
1

2
gµνR + Λgµν =

1

M2
P

Tµν (1.36)

with the reduced Planck mass MP = MPl/
√
8π = 2.44 × 1018 GeV and the Planck

mass MPl = 1/
√
GN = 1.22 × 1019 GeV, where Rµν is the Ricci curvature tensor,

R is the scalar curvature, gµν is the metric tensor, GN is the Newton's gravitational
constant, Tµν is the stress-energy tensor. The left hand side de�ned by Gµν shows the
distortion of space-time. On the other hand, the right hand side Tµν represents the
energy of matter. Although the cosmological constant Λ is added by hand so as to
make our universe dynamically static by Einstein, as we seen in the energy budget of
the universe, Λ has become the necessary ingredient for describing dark energy.

In addition, the discovery of the Cosmic Microwave Background (CMB) also sup-
ports the Hubble's law. In the picture of the expanding universe, the necleosynthesis
of each step depending on the temperature can naturally be explained. This is a called
the "Big Bang Cosmology (BBC)" in which the "Big Bang Nucleosynthesis" occurs.

However, the standard BBC has several issues, such as the horizon problem, the
�atness problem, the origin of the primordial density �uctuations, and unwanted relics
from the grand uni�ed theory (GUT), ex. monopole problem. The horizon problem
indicated by Misner [131] is as following. In the standard BBC, the horizon means
the distance where the light released from the big bang travels. This is the area
having causality. However, the CMB indicates the �atness in all observed area which
is exceeded from the area of horizon, which contradicts the causality. The �atness
problem is �rstly pointed out by Dicke in 1979. The spatial curvature of the current
Universe is found to be very close to zero [105] (95% con�dence level):

|ΩK | < 0.005, (1.37)

where the ΩK is the density parameter of the spacial curvature K, which satis�es the
relation

Ωradiation + Ωmatter + ΩΛ + ΩK = 1. (1.38)

Because the Ω is proportional to 1/ȧ2, where a is a scale factor and a dot denotes a
derivative with respect to time t, the initial value of the Ω grows gradually faster with
the evolution of time. In order to generate the current tiny value of ΩK , the initial
value of it should be much smaller than the current one. This brings about unnatural
"super- tunning" at the early universe.

Another problem is coming from the symmetry breaking of the GUT, in which there
is an extremely heavy and stable monopole mass around 1016 GeV. This is an unwanted
relics needed to be diluted. In addition, to create the observed large structure of the
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universe, its origin should generate the primordial density �uctuations. Among these
problems, introducing a long-term period of acceleration at the early universe, which
is called the "in�ation" can provide a solution. In the framework of the in�ation, the
points inside the horizon can be separated beyond the horizon, and the density param-
eter of spacial curvature ΩK can go to zero (�at). In a same way, during the in�ational
expansion of the early universe, the number density of the monopole decreases expo-
nentially, in which the probability of �nding of the monopole is astronomically small.



Chapter 2

Classically conformal U(1)′ extended
SM

In this chapter, we consider the minimal U(1)′ extension of the standard model (SM)
with the classically conformal invariance, where an anomaly-free U(1)′ gauge symmetry
is introduced along with three generations of right-handed neutrinos and a U(1)′ Higgs
�eld. Since the classically conformal symmetry forbids all dimensional parameters in
the model, the U(1)′ gauge symmetry is broken by the Coleman-Weinberg mechanism,
generating the mass terms of the U(1)′ gauge boson (Z ′ boson) and the right-handed
neutrinos. Through a mixing quartic coupling between the U(1)′ Higgs �eld and the
SM Higgs doublet �eld, the radiative U(1)′ gauge symmetry breaking also triggers the
breaking of the electroweak symmetry. In this model context, we �rst investigate the
electroweak vacuum instability problem in the SM. Next we interpret the ATLAS and
CMS search limits at the LHC Run-2 2015 for the sequential Z ′ boson to constrain the
parameter region in our model. We also calculate self-energy corrections to the SM
Higgs doublet �eld through the heavy states, the right-handed neutrinos and the Z ′

boson.

This chapter is organized as follows: The classically conformal U(1)′ extended SM
is de�ned in Sec. 2.1. In Sec. 2.2, we discuss the radiative U(1)′ symmetry break-
ing through the Coleman-Weinberg mechanism. The electroweak symmetry breaking
triggered by the radiative U(1)′ gauge symmetry breaking is discussed in Sec. 2.3. In
Sec. 2.4, we analyze the renormalization group (RG) evolutions of the couplings at
the two-loop level and �nd a region in three dimensional parameter space which can
resolve the electroweak vacuum instability and keep all parameters in the perturbative
regime up to the Planck mass. In Sec. 2.5, we analyze the collider bounds of the model
parameters; in particular, the ATLAS and CMS results of the search for the Z ′ boson
resonance at the LHC Run-2 2015 are interpreted in the Z ′ boson case of our model. In
Sec. 2.6, we evaluate self-energy corrections to the SM Higgs doublet from the e�ective
potential and derive the naturalness bounds to reproduce the electroweak scale for a
�ne-tuning level better than 10%. We summarize our results in Sec. 2.7.

17
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SU(3)c SU(2)L U(1)Y U(1)′

qiL 3 2 +1/6 xq = 1
3
xH + 1

6
xΦ

ui
R 3 1 +2/3 xu = 4

3
xH + 1

6
xΦ

diR 3 1 −1/3 xd = −2
3
xH + 1

6
xΦ

ℓiL 1 2 −1/2 xℓ = −xH − 1
2
xΦ

νi
R 1 1 0 xν = −1

2
xΦ

eiR 1 1 −1 xe = −2xH − 1
2
xΦ

H 1 2 +1/2 xH = xH

Φ 1 1 0 xΦ = xΦ

Table 2.1: Particle contents. In addition to the SM particle contents, the right-
handed neutrino νi

R (i = 1, 2, 3 denotes the generation index) and a complex scalar Φ
are introduced.

2.1 Classically conformal U(1)′ extended SM

The model we investigate is the anomaly-free U(1)′ extension of the SM with the
classically conformal invariance, which is based on the gauge group SU(3)C × SU(2)L
×U(1)Y ×U(1)′. The particle contents of the model are listed in Table 2.1. In addition
to the SM particle content, three generations of right-hand neutrinos νi

R and a U(1)′

Higgs �eld Φ are introduced. The covariant derivatives relevant to U(1)Y× U(1)′ are
de�ned as

Dµ ≡ ∂µ − i
(
Y1 YX

)( g1 g1X
gX1 gX

)(
Bµ

B′
µ

)
, (2.1)

where Y1 (YX) are U(1)Y (U(1)′) charge of a particle, and the gauge couplings gX1

and g1X are introduced associated with a kinetic mixing between the two U(1) gauge
bosons.

For generation-independent charge assignments, the U(1)′ charges of the fermions
are de�ned to satisfy the gauge and gravitational anomaly-free conditions:

U(1)′ × [SU(3)C ]
2 : 2xq − xu − xd = 0,

U(1)′ × [SU(2)L]
2 : 3xq + xℓ = 0,

U(1)′ × [U(1)Y ]
2 : xq − 8xu − 2xd + 3xℓ − 6xe = 0,

[U(1)′]
2 × U(1)Y : x2

q − 2x2
u + x2

d − x2
ℓ + x2

e = 0,

[U(1)′]
3
: 6x3

q − 3x3
u − 3x3

d + 2x3
ℓ − x3

ν − x3
e = 0,

U(1)′ × [grav.]2 : 6xq − 3xu − 3xd + 2xℓ − xν − xe = 0. (2.2)

In order to reproduce observed fermion masses and �avor mixings, we introduce the
following Yukawa interactions:

LYukawa = −Y ij
u qiLH̃uj

R−Y ij
d qiLHdjR−Y ij

ν ℓiLH̃νj
R−Y ij

e ℓiLHejR−Y i
MΦνic

Rν
i
R+h.c., (2.3)
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(xH , xΦ) the U(1)′ extended SM

(0, 2) the U(1)B−L model

(−1, 2) the U(1)R model

(−16/41, 2) the orthogonal model

Table 2.2: Model chart of the U(1)′ extended SM in the (xH , xΦ) parameter space.
xH and xΦ are the U(1)′ charges of H and Φ, respectively.

where H̃ ≡ iτ 2H∗, and the third and �fth terms on the right-hand side are for the see-
saw mechanism to generate neutrino masses. These Yukawa interaction terms impose

xH = −xq + xu = xq − xd = −xℓ + xν = xℓ − xe,

xΦ = −2xν . (2.4)

Solutions to these conditions are listed in Table 2.1 and are controlled by only two
parameters, xH and xΦ. The two parameters re�ect the fact that the U(1)′ gauge group
can be de�ned as a linear combination of the SM U(1)Y and the U(1)B−L gauge groups.
Since the U(1)′ gauge coupling gX is a free parameter of the model and it always appears
as a product xΦgX or xHgX , we �x xΦ = 2 without loss of generality throughout this
thesis. This convention excludes the case in which the U(1)′ gauge group is identical
to the SM U(1)Y . In Table 2.2, some typical U(1)′ extended SMs determined by the
choice of (xH , xΦ) parameters are listed. The choice of (xH , xΦ) = (0, 2) corresponds to
the U(1)B−L model. Another example is (xH , xΦ) = (−1, 2), which corresponds to the
SM with the so-called U(1)R symmetry. When we choose (xH , xΦ) = (−16/41, 2), the
beta function of gX1 (g1X) at the 1-loop level only has terms proportional to gX1 (g1X)
(see Appendix B.1). This is the orthogonal condition between the U(1)Y and U(1)′ at
the 1-loop level, under which gX1 and g1X do not evolve once we have set gX1 = g1X = 0
at an energy scale. Although it is slightly modi�ed (xH becomes slightly larger than
−16/41), we �nd that the choice of (xH , xΦ) = (−16/41, 2) is a good approximation
even at the 2-loop level1.

Imposing the classically conformal invariance, the scalar potential is given by

V = λH

(
H†H

)2
+ λΦ

(
Φ†Φ

)2
+ λmix

(
H†H

)(
Φ†Φ

)
, (2.5)

where the mass terms are forbidden by the conformal invariance. If λmix is negligibly
small, we can analyze the Higgs potential separately for Φ and H as a good approxi-
mation. This will be justi�ed in the following sections. When the Majorana Yukawa
couplings Y i

M are negligible compared to the U(1)′ gauge coupling, the Φ sector is
identical to the original Coleman-Weinberg model [2], so the radiative U(1)′ symme-
try breaking will be achieved. Once Φ develops a vacuum expectation value (VEV)
through the Coleman-Weinberg mechanism, the tree-level mass term for the SM Higgs

1 Even if we choose (xH , xΦ) = (−16/41, 2) and calculate the RG evolution of gX1 (g1X) at the
2-loop level, gX1 (g1X) evolves less than O(10−5) at the Planck scale once we have set gX1 = g1X = 0
at vϕ ≳ 10 TeV.
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is e�ectively generated through λmix in Eq. (2.5). Taking λmix to be negative, the in-
duced mass squared for the Higgs doublet is negative and, as a result, the electroweak
symmetry breaking is driven in the same way as in the SM.

2.2 Radiative U(1)′ gauge symmetry breaking

Assuming λmix is negligibly small, we �rst analyze the U(1)′ Higgs sector. Without
mass terms, the Coleman-Weinberg potential [2] at the 1-loop level is found to be

V (ϕ) =
λΦ

4
ϕ4 +

βΦ

8
ϕ4

(
ln

[
ϕ2

v2ϕ

]
− 25

6

)
, (2.6)

where ϕ/
√
2 = ℜ[Φ] which extracts a real part of Φ, and we have chosen the renor-

malization scale to be the VEV of Φ (⟨ϕ⟩ = vϕ). Here, the coe�cient of the 1-loop
quantum corrections is given by

βΦ =
1

16π2

[
20λ2

Φ + 6x4
Φ

(
g2X1 + g2X

)2 − 16
∑
i

(Y i
M)4

]
(2.7)

≃ 1

16π2

[
6 (xΦgX)

4 − 16
∑
i

(Y i
M)4

]
, (2.8)

where in the last expression, we have used λ2
Φ ≪ (xΦgX)

4 as usual in the Coleman-
Weinberg mechanism and set gX1 = g1X = 0 at ⟨ϕ⟩ = vϕ, for simplicity. The stationary
condition dV/dϕ|ϕ=vϕ

= 0 leads to

λΦ =
11

6
βΦ, (2.9)

and this λΦ is nothing but a renormalized self-coupling at vϕ de�ned as

λΦ =
1

3!

d4V (ϕ)

dϕ4

∣∣∣∣
ϕ=vϕ

. (2.10)

For more detailed discussion, see [19].
Associated with this radiative U(1)′ symmetry breaking (as well as the electroweak

symmetry breaking), the U(1)′ gauge boson (Z ′ boson) and the right-handed Majorana
neutrinos acquire their masses as

mZ′ =
√

(xΦgXvϕ)2 + (xHgXvh)2 ≃ xΦgXvϕ, mN i =
√
2Y i

Mvϕ, (2.11)

where vh = 246 GeV is the SM Higgs VEV, and we have used xΦvϕ ≫ xHvh, which will
be veri�ed below. In this chapter, we assume degenerate masses for the three Majorana
neutrinos, Y i

M = yM (equivalently, mN i = mN) for all i = 1, 2, 3, for simplicity. The
U(1)′ Higgs boson mass is given by

m2
ϕ =

d2V

dϕ2

∣∣∣∣
ϕ=vϕ

= βΦv
2
ϕ ≃ 3

8π2

(
(xΦgX)

4 − 8y4M
)
v2ϕ

≃ 3

8π2

m4
Z′ − 2m4

N

v2ϕ
≃ 6

π
αgXm

2
Z′

(
1− 2

(
mN

mZ′

)4)
, (2.12)
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where αgX = g2X/(4π). When the Yukawa coupling is negligibly small, this equation
reduces to the well-known relation derived in the original paper by Coleman-Weinberg
[2]. For a sizable Majorana mass, this formula indicates that the potential minimum
disappears for mN > mZ′/21/4, so there is an upper bound on the right-handed neu-
trino mass for the U(1)′ symmetry to be broken radiatively. This is in fact the same
reason why the Coleman-Weinberg mechanism in the SM Higgs sector fails to break the
electroweak symmetry when the top Yukawa coupling is large, as observed. In order
to avoid the destabilization of the U(1)′ Higgs potential, we simply set m4

Z′ ≫ m4
N

in the following analysis. Note that this condition does not mean that the Majorana
neutrinos must be very light, even though a factor di�erence between mZ′ and mN is
enough to satisfy the condition. For simplicity, we set yM = 0 at vϕ in the following
RG analysis.

2.3 Electroweak symmetry breaking

Let us now consider the SM Higgs sector. In our model, the electroweak symmetry
breaking is achieved in a very simple way. Once the U(1)′ symmetry is radiatively
broken, the SM Higgs doublet mass is generated through the mixing quartic term
between H and Φ in the scalar potential in Eq. (2.5),

V (h) =
λH

4
h4 +

λmix

4
v2ϕh

2, (2.13)

where we have replaced H by H = 1/
√
2 (0, h)T in the unitary gauge. Choosing

λmix < 0, the electroweak symmetry is broken in the same way as in the SM [40, 41].
However, we should note that a crucial di�erence from the SM is that in our model
the electroweak symmetry breaking originates from the radiative breaking of the U(1)′

gauge symmetry. At the tree level, the stationary condition V ′|h=vh = 0 leads to the
relation |λmix| = 2λH(vh/vϕ)

2, and the Higgs boson mass mh is given by

m2
h =

d2V

dh2

∣∣∣∣
h=vh

= |λmix|v2ϕ = 2λHv
2
h. (2.14)

In the following RG analysis, this is used as the boundary condition for λmix at the
renormalization scale µ = vϕ. Note that since λH ∼ 0.1 and vϕ ≳ 10 TeV by the
large electron-positron collider (LEP) constraint [132�135], |λmix| ≲ 10−5, which is
very small.

In our discussion about the U(1)′ symmetry breaking, we neglected λmix by assuming
it to be negligibly small. Here we justify this treatment. In the presence of λmix and
the Higgs VEV, Eq. (2.9) is modi�ed as

λΦ =
11

6
βΦ +

|λmix|
2

(
vh
vϕ

)2

≃ 1

2v4ϕ

(
11

8π2
m4

Z′ +m2
hv

2
h

)
. (2.15)

Considering the LHC Run-2 2015 bound from the search for Z ′ boson resonances
[55, 56], mZ′ ≳ 3 TeV, we �nd that the �rst term in the parentheses in the last equality
is 5 orders of magnitude greater than the second term, and therefore we can analyze
the two Higgs sectors separately.
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Figure 2.1: (a) The evolutions of the Higgs quartic coupling λH (solid line) for the
inputs mt = 173.34 GeV and mh = 125.09 GeV, along with the SM case (dashed line).
(b) The RG evolutions of λΦ (solid line) and λmix (dashed line). Here, we have taken
xH = 2, vϕ = 23 TeV and gX(vϕ) = 0.09.

2.4 Solving the SM Higgs vacuum instability

In the SM with the observed Higgs boson mass ofmh = 125.09GeV, the RG evolution of
the SM Higgs quartic coupling shows that the running coupling becomes negative at the
intermediate scale µ ≃ 1010 GeV [52] for mt = 173.34 GeV, and hence the electroweak
vacuum is unstable. In this section, we investigate RG evolution of the Higgs quartic
coupling and a possibility to solve the Higgs vacuum instability problem in our U(1)′

extended SM. Without the classical conformal invariance, Ref. [136, 137] (see also [138])
has considered the same problem, and identi�ed parameter regions which can resolve
the Higgs vacuum instability. A crucial di�erence in our model is that because of the
classical conformal invariance and the symmetry breaking by the Coleman-Weinberg
mechanism, the initial values of λΦ and λmix at vϕ are not free parameters. Therefore,
it is nontrivial to resolve the Higgs vacuum instability in the present model. The Higgs
vacuum stability has been investigated in [19] for the classically conformal extension
of the SM with an extend gauge group and particle content including a dark matter
candidate.

In our RGE analysis, we employ the SM RGEs at the 2-loop level [52] from the
top pole mass to the U(1)′ Higgs VEV, and connect the RGEs to those of the U(1)′

extended SM at the 2-loop level, which are generated by using SARAH [139, 140].
RGEs used in our analysis are listed in the appendices. For inputs of the Higgs boson
mass and top quark pole mass, we employ a central value of the ATLAS and CMS
combined measurement mh = 125.09 GeV [51], while mt = 173.34 GeV is the central
value of combined results of the Tevatron and the LHC measurements of top quark
mass [53]. There are only three free parameters in our model, by which inputs at vϕ
are determined: xH , vϕ, and gX .

In Fig. 2.1(a), we show the RG evolution of the SM Higgs quartic coupling in our
model (solid line), along with the SM result (dashed line). Here, we have taken xH = 2,
vϕ = 23 TeV, and gX(vϕ) = 0.09 as an example. Recall that we have �xed xΦ = 2
without loss of generality. The Higgs quartic coupling remains positive all the way
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(a) (b)

Figure 2.2: (a) The result of the three-dimensional parameter scans for vϕ, gX and
xH , shown in (mZ′(GeV), αgX , xH) parameter space with mZ′ ≃ xΦgXvϕ, by using the
inputs mt = 173.34 GeV and mh = 125.09 GeV. As a reference, a horizontal plane
for xH = −16/41 is shown, which corresponds to the orthogonal case. There are
two separated regions of solving the electroweak vacuum instability and satisfying the
perturbative conditions inside very thin curved layers above and below the plane of the
orthogonal case. (b) Same three-dimensional parameter scans as (a), but at a di�erent
angle.

up to the Planck mass, so the Higgs vacuum instability problem is solved. There are
complex, synergetic e�ects in the coupled RGEs to resolve the Higgs vacuum instability
(see the appendices for RGEs). For example, the U(1)Y gauge coupling grows faster
than the SM case in the presence of the mixing gauge couplings gX1 and g1X , which
makes the evolution of top Yukawa coupling decrease faster than in the SM case. The
evolution of the mixing gauge coupling is controlled by the U(1)′ gauge coupling. Both
of them are asymptotic nonfree. The gauge couplings positively contribute to the beta
function of the SM Higgs quartic coupling, while the top Yukawa coupling gives a
negative contribution. As a result, the RG evolutions of the gauge and top Yukawa
couplings work to change the sign of the beta function of the SM Higgs quartic coupling
at µ ≃ 1012 GeV in Fig. 2.1(a). Figure 2.1(b) shows the RG evolutions of the other
Higgs quartic couplings. Note that the input of λΦ and λmix is very small because of
the radiative gauge symmetry breaking, and the two couplings remain very small even
at the Planck mass. Thus, the positive contribution of λmix to the beta function of the
SM Higgs quartic coupling is negligible. This is in sharp contrast to U(1) extended
models without the conformal invariance, where λmix is a free parameter and we can
take its input to give a large, positive contribution to the beta function; thus, the Higgs
vacuum instability problem is relatively easier to solve.

In order to identify a parameter region to resolve the Higgs vacuum instability,
we perform parameter scans for the free parameters xH , vϕ and gX . In this analysis,
we impose several conditions on the running couplings at vϕ ≤ µ ≤ MP (MP =
2.44×1018 GeV is the reduced Planck mass): stability conditions of the Higgs potential
(λH , λΦ > 0), and the perturbative conditions that all the running couplings remain
in the perturbative regime, namely, g2i (i = 1, 2, 3), g2X , g

2
X1, g

2
1X < 4π and λH , λΦ,

λmix < 4π. For theoretical consistency, we also impose a condition that the 2-loop beta
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Figure 2.3: (a) The result of parameter scan for xH and gX with a �xed vϕ = 23
TeV, shown in the (mZ′ , xH) plane with mZ′ ≃ xΦgXvϕ. The shaded regions depict the
parameters to resolve the electroweak vacuum instability and satisfy the perturbative
conditions. As a reference, horizontal lines are depicted for xH = 2, 0 [U(1)B−L case],
−16/41 [orthogonal case], and −1 [U(1)R case]. (b) Same as (a), but for a parameter
scan for xH and vϕ with a �xed gX = 0.09.
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Figure 2.4: (a) The allowed positive xH region at the TeV scale in Fig. 2.3(a) is
magni�ed, along with the LEP bound (dashed-dotted line), the LHC Run-1 CMS
bound (thin dashed line), the LHC Run-1 ATLAS bound (thin solid line), the LHC
Run-2 CMS 2015 bound (thick dashed line) and the LHC Run-2 ATLAS 2015 bound
(thick solid line) from a direct search for Z ′ boson resonance. The region on the left
side of the lines is excluded. Here, the naturalness bounds for 10% (right dotted line)
and 30% (left dotted line) �ne-tuning levels are also depicted. (b) Same as (a), but for
the negative xH region.
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Figure 2.5: (a) Same as Fig. 2.4(a), but magnifying Fig. 2.3(b). (b) Same as
Fig. 2.4(b), but magnifying Fig. 2.3(b).
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Figure 2.6: (a) The result of parameter scan for vϕ and gX with a �xed xH = 2 in the
(mZ′ , αgX ) plane. The shaded region depicts the parameters to resolve the electroweak
vacuum instability and satisfy the perturbative conditions. (b) The allowed region at
the TeV scale in (a) is magni�ed, along with the LEP bound (dashed-dotted line),
the LHC Run-1 CMS bound (thin dashed line), the LHC Run-1 ATLAS bound (thin
solid line), the LHC Run-2 CMS 2015 bound (thick dashed line) and the LHC Run-2
ATLAS 2015 bound (thick solid line) from direct search for Z ′ boson resonance. The
region on the left side of the lines is excluded. Here, the naturalness bounds for 10%
(right dotted line) and 30% (left dotted line) �ne-tuning levels are also depicted.
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Figure 2.7: (a) Same as Fig. 2.6(a), but for xH = −2.5. (b) Same as Fig. 2.6(b), but
for xH = −2.5.

functions are smaller than the 1-loop beta functions. In Fig. 2.2, we show the result
of our parameter scans in the three-dimensional parameter space of (mZ′ , αgX , xH),
where αgX = g2X/(4π). As a reference, we show a horizontal plane corresponding
to the orthogonal case xH = −16/41. There are two separated regions of solving
the electroweak vacuum instability and satisfying the perturbative conditions inside
very thin curved layers above and below the plane of the orthogonal case. There is no
overlapping of the plane with the resultant parameter regions to resolve the electroweak
vacuum instability.

In order to discuss our results in detail, we show in Figs. 2.3-2.7 the parameter
scan results on several two-dimensional hypersurfaces in the 3D plot of Fig. 2.2. The
shaded regions in Figs. 2.3-2.7 depict the parameters to resolve the electroweak vacuum
instability and satisfy the perturbative conditions. In Fig. 2.3, our results are shown
for xH and gX with a �xed vϕ = 23 TeV (a) and for xH and vϕ with a �xed gX = 0.09
(b) in the (mZ′ , xH) plane, along with the horizontal lines corresponding to xH =
2, 0 [U(1)B−L case], −16/41 [orthogonal case], and −1 [U(1)R case]. We can see
that the resultant parameter space is very restricted. For example, the Higgs vacuum
instability cannot be resolved in the classically conformal U(1)B−L extended SM or the
classically conformal orthogonal U(1) extended SM, for the inputs mt = 173.34 GeV
and mh = 125.09 GeV. The allowed regions at the TeV scale in Figs. 2.3(a) and 2.3(b)
are magni�ed in Figs. 2.4 and 2.5, respectively. Here we also show the collider bounds,
namely, the LEP bounds (dashed-dotted lines) [132�135], the CMS bounds at the LHC
Run-1 (thin dashed lines) [141, 142], the ATLAS bounds at the LHC Run-1 (thin solid
lines) [143], the CMS bounds at the LHC Run-2 2015 (thick dashed lines) [56], and the
ATLAS bounds at the LHC Run-2 2015 (thick solid lines) [55], from the search for Z ′

boson mediated processes, which will be obtained in the next section. The region on
the left side of the lines is excluded. Naturalness bounds (dotted lines), which will be
obtained in Sec. 2.6, are also shown. These naturalness bounds for the 10% �ne-tuning
level are found to be compatible with the bounds obtained by the LHC Run-2 2015
results. The result of parameter scan for vϕ and αgX with a �xed xH = 2 is depicted in
Fig. 2.6(a), and the allowed region at the TeV scale is magni�ed in Fig. 2.6(b), along
with the collider and naturalness bounds. Same plots as Fig. 2.6 but for xH = −2.5
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are shown in Fig. 2.7.

2.5 LHC bounds on the U(1)′ Z ′ boson

The ATLAS and the CMS Collaborations have searched for Z ′ boson resonance at
the LHC Run-1 with

√
s = 8 TeV, and continued the search at the LHC Run-2 with√

s = 13 TeV. The most stringent bounds on the Z ′ boson production cross section
times branching ratio have been obtained by using the dilepton �nal state. For the
so-called sequential SM Z ′ (Z ′

SSM) model [144], where the Z ′
SSM boson has exactly

the same couplings with the SM fermions as those of the SM Z boson, the cross
section bounds from the LHC Run-1 results lead to lower bounds on the Z ′

SSM boson
mass as mZ′

SSM
≥ 2.90 TeV in the ATLAS Run-12 results [143] and mZ′

SSM
≥ 2.96

TeV in the CMS Run-13 results [141, 142], respectively. In 2015, these bounds have
been updated by the ATLAS and CMS analysis with the LHC Run-2 at

√
s = 13

TeV as mZ′
SSM

≥ 3.4 TeV (ATLAS 20154 [55]) and mZ′
SSM

≥ 3.15 TeV (CMS 20155

[56]), respectively. Furthermore, in 2016, the cross section bounds from the LHC Run-
2 2016 results have continued to update lower bounds on the Z ′

SSM boson mass as
mZ′

SSM
≥ 4.05 TeV (ATLAS 20166 [145]) and mZ′

SSM
≥ 4.0 TeV (CMS 20167 [146]),

respectively. In 2017, the cross section bound from the LHC Run-2 ATLAS 20178

results [128] leads to lower bounds on the Z ′
SSM boson mass as mZ′

SSM
≥ 4.5 TeV. We

interpret these ATLAS and CMS results in the U(1)′ Z ′ boson case and derive an upper
bound on xH or αgX as a function of mZ′ .

We calculate the dilepton production cross section for the process pp → Z ′ +X →
ℓ+ℓ− +X. The di�erential cross section with respect to the invariant mass Mℓℓ of the
�nal state dilepton is described as

dσ

dMℓℓ

=
∑
a,b

∫ 1

M2
ℓℓ

E2
CM

dx1
2Mℓℓ

x1E2
CM

fa(x1,M
2
ℓℓ)fb

(
M2

ℓℓ

x1E2
CM

,M2
ℓℓ

)
σ̂(q̄q → Z ′ → ℓ+ℓ−), (2.16)

where fa is the parton distribution function for a parton a, and ECM = 13 TeV (8 TeV)
is the center-of-mass energy of the LHC Run-2 (Run-1). In our numerical analysis, we
employ CTEQ5M [147] for the parton distribution functions. In the case of the U(1)′

2 ATLAS Run-1 denotes the search for Z ′ boson resonance in proton-proton (pp) collisions at√
s = 8 TeV with the ATLAS detector, corresponding to an integrated luminosity of 20.3 fb−1 in the

dielectron (ee) channel and 20.5 fb−1 in the dimuon (µµ) channel.
3 CMS Run-1 denotes the CMS results at

√
s = 8 TeV, 19.6 fb−1 (ee) and 20.6 fb−1 (µµ).

4 ATLAS 2015 denotes the ATLAS results at
√
s = 13 TeV, 3.2 fb−1 (ℓℓ).

5 CMS 2015 denotes the CMS results at
√
s = 13 TeV, 2.6 fb−1 (ee) and 2.8 fb−1 (µµ).

6 ATLAS 2016 denotes the ATLAS results at
√
s = 13 TeV, 13.3 fb−1 (ℓℓ).

7 CMS 2016 denotes the CMS results at
√
s = 13 TeV, 12.4 fb−1 (ee) and 13.0 fb−1 (µµ).

8 ATLAS 2017 denotes the ATLAS results at
√
s = 13 TeV, 36.1 fb−1 (ℓℓ).
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Figure 2.8: (a) The cross section as a function of the Z ′
SSM mass (solid line) with

k = 1.18, along with the LHC Run-1 ATLAS result from the combined dielectron and
dimuon channels in Ref. [143]. (b) Same as (a), but with k = 1.19, along with the LHC
Run-2 ATLAS 2015 result in Ref. [55].

model, the cross section for the colliding partons with a �xed xΦ = 2 is given by

σ̂(ūu → Z ′ → ℓ+ℓ−) =
πα2

gX

81

M2
ℓℓ

(M2
ℓℓ −m2

Z′)2 +m2
Z′Γ2

Z′

× (85x4
H + 152x3

H + 104x2
H + 32xH + 4),

σ̂(d̄d → Z ′ → ℓ+ℓ−) =
πα2

gX

81

M2
ℓℓ

(M2
ℓℓ −m2

Z′)2 +m2
Z′Γ2

Z′

× (25x4
H + 20x3

H + 8x2
H + 8xH + 4), (2.17)

where the total decay width of the Z ′ boson is given by

ΓZ′ =
αgXmZ′

6

[
103x2

H + 86xH + 37

3

+
17x2

H + 10xH + 2 + (7x2
H + 20xH + 4)

m2
t

m2
Z′

3

√
1− 4m2

t

m2
Z′

 . (2.18)

Here, we have neglected all SM fermion masses except for mt, and we have assumed
mi

N > mZ′/2 for simplicity. By integrating the di�erential cross section over a range of
Mℓℓ set by the ATLAS and CMS analyses, respectively, we obtain the cross section as
a function of xH , αgX and mZ′ , which are compared with the lower bounds obtained
by the ATLAS and CMS Collaborations.

In interpreting the ATLAS and the CMS results for the U(1)′ Z ′ boson, we follow the
strategy in [85], where the minimal U(1)B−L model has been investigated and an upper
bound on the U(1)B−L gauge coupling as a function of the Z ′ boson mass has been
obtained from the ATLAS and the CMS results at the LHC Run-2. We �rst analyze
the sequential SM Z ′ model to check the consistency of our analysis with the one by the
ATLAS and the CMS Collaborations. With the same couplings as the SM, we calculate
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Figure 2.9: (a) The cross section ratio as a function of the Z ′
SSM mass (solid line)

with k = 1.01, along with the LHC Run-1 CMS result from the combined dielectron
and dimuon channels in Ref. [141, 142]. (b) Same as (a), but with k = 1.65, along with
the LHC Run-2 CMS 2015 result in Ref. [56].

the di�erential cross section of the process pp → Z ′
SSM +X → ℓ+ℓ−+X like Eq. (2.16).

According to the analysis by the ATLAS Collaboration at the LHC Run-1 (Run-2),
we integrate the di�erential cross section for the range of 128 GeV≤ Mℓℓ ≤ 4500 GeV
[143] (128 GeV≤ Mℓℓ ≤ 6000 GeV [55], 120 GeV ≤ Mℓℓ ≤ 6000 GeV [128, 145]) and
obtain the cross section of the dilepton production process as a function of the Z ′

SSM

boson mass. Our results are shown as solid lines in Fig. 2.8(a) for the LHC ATLAS
Run-1, Fig. 2.8(b) for the LHC Run-2 ATLAS 2015, Fig. 2.10(a) for the LHC Run-2
ATLAS 2016 and Fig. 2.11 for the LHC Run-2 ATLAS 2017, respectively, along with
the plots presented by the ATLAS Collaborations at the LHC ATLAS Run-1 [143],
the LHC Run-2 ATLAS 2015 [55], the ATLAS 2016 [145], and the ATLAS 2017 [128].
In Figs. 2.8(a), 2.8(b), 2.10(a), and 2.11 the experimental upper bounds on the Z ′

boson production cross section are depicted as the horizontal solid (red) curves. The
theoretical Z ′ boson production cross section is shown as the diagonal dashed lines,
and the lower limits of the Z ′

SSM boson mass obtained by the ATLAS Collaborations
are found to be 2.90 TeV for the LHC ATLAS Run-1, 3.4 TeV for the LHC Run-2
ATLAS 2015, 4.05 TeV for the LHC Run-2 ATLAS 2016, and 4.5 TeV for the LHC
Run-2 ATLAS 2017, respectively, which can be read o� from the intersection points of
the theoretical predictions (diagonal dashed lines) and the experimental cross section
bounds (horizontal solid (red) curves). In order to take into account the di�erence of
the parton distribution functions used in the ATLAS analysis and our analysis and
QCD corrections of the process, we have scaled our resultant cross sections by a factor
k = 1.18 in Fig. 2.8(a), by k = 1.19 in Fig. 2.8(b), by k = 1.16 in Fig. 2.10(a), and
by k = 1.15 in Fig. 2.11, with which we can obtain the same lower limits of the Z ′

SSM

boson mass as 2.90 TeV, 3.4 TeV, 4.05 TeV, and 4.5 TeV. We can see that our results
(solid lines) in Figs. 2.8(a), 2.8(b), 2.10(a), and 2.11 with the factors of k = 1.18,
k = 1.19, k = 1.16, and k = 1.15, respectively, are very consistent with the theoretical
predictions (diagonal dashed lines) presented by the ATLAS Collaboration. We use
these factors in the following analysis for the U(1)′ Z ′ production process.

Now we calculate the cross section of the process pp → Z ′ + X → ℓ+ℓ− + X for
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Figure 2.10: (a) The cross section as a function of the Z ′
SSM mass (solid line) with

k = 1.16, along with the LHC Run-2 ATLAS 2016 result from the combined dielectron
and dimuon channels in Ref. [145]. (Here we have also shown the ALTAS 2015 result
[55] for comparison.) (b) The cross section ratio as a function of the Z ′

SSM mass (solid
line) with k = 1.42, along with the LHC Run-2 CMS 2016 result from the combined
dielectron and dimuon channels in Ref. [146]. (Here we have also shown the CMS 2015
result [56] for comparison.)

various values of gX , xH and vϕ, and read o� the constraints on these parameters from
the cross section bounds given by the ATLAS Collaboration. In Figs. 2.4-2.7, our
results from the ATLAS bounds at the LHC ATLAS Run-1 and Run-2 ATLAS 2015
are depicted as thin solid lines and thick solid lines, respectively. We can see that the
LHC Run-2 ATLAS 2015 results have dramatically improved the bounds from those
obtained by the LHC ATLAS Run-1 results. Our results from the LHC Run-2 ATLAS
2016 will be depicted as (red) dashed lines in Figs. 3.2-3.3, and the one from the LHC
Run-2 ATLAS 2017 will be depicted as (red) solid lines in Figs. 4.2-4.3.

We apply the same strategy and compare our results for the Z ′
SSM model with those

in the LHC CMS Run-1 results [141, 142], the LHC Run-2 CMS 2015 results [56],
and the LHC Run-2 CMS 2016 results [146]. According to the analysis by the CMS
Collaboration at the LHC Run-1 (Run-2), we integrate the di�erential cross section
for the range of 0.6 mZ′

SSM
≤ Mℓℓ ≤ 1.4 mZ′

SSM
[141, 142] (0.97 mZ′

SSM
≤ Mℓℓ ≤

1.03 mZ′
SSM

[56], 0.95 mZ′
SSM

≤ Mℓℓ ≤ 1.05 mZ′
SSM

[146]) and obtain the cross section.
In the CMS analysis, the limits are set on the ratio of the Z ′

SSM boson cross section to
the Z/γ∗ cross section:

Rσ =
σ(pp → Z ′ +X → ℓℓ+X)

σ(pp → Z +X → ℓℓ+X)
, (2.19)

where the Z/γ∗ production cross sections in the mass window of 60 GeV≤ Mℓℓ ≤ 120
GeV are predicted to be 1117 pb at the LHC Run-1 [141, 142] and 1928 pb at the
LHC Run-2 [56, 146], respectively. Our results for the Z ′

SSM model are shown as
the solid lines in Figs. 2.9(a), 2.9(b), and 2.10(b), along with the plots presented in
Refs. [141, 142], [56], and [146], respectively. The analyses in these CMS papers lead
to the lower limits of the Z ′

SSM boson mass as 2.96 TeV for the LHC CMS Run-1,
3.15 TeV for the LHC Run-2 CMS 2015, and 4.0 TeV for the LHC Run-2 CMS 2016,
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Figure 2.11: The cross section as a function of the Z ′
SSM mass (solid line) with

k = 1.15, along with the LHC Run-2 ATLAS 2017 result from the combined dielectron
and dimuon channels in Ref. [128]. (Here we have also shown the ALTAS 2016 [145]
and 2015 [55] results for comparison.)

which are read o� from the intersection points of the theoretical predictions (diagonal
dashed lines) and the experimental cross section bounds (horizontal solid (red) curves).
In order to obtain the same lower mass limits, we have scaled our resultant cross
sections by a factor k = 1.01 in Fig. 2.9(a), by k = 1.65 in Fig. 2.9(b), and by
k = 1.42 in Fig. 2.10(b), respectively. With these k factors, our results (solid lines)
are very consistent with the theoretical predictions (diagonal dashed lines) presented
in Refs. [141, 142], [56], and [146]. We use these k factors in our analysis to interpret
the CMS results for the U(1)′ Z ′ boson case. In Figs. 2.4-2.7, our results from the CMS
bounds at the LHC CMS Run-1 and Run-2 CMS 2015 are depicted as thin dashed lines
and thick dashed lines, respectively. We can see that the LHC Run-2 CMS 2015 results
have dramatically improved the bounds obtained by the LHC CMS Run-1 results. We
�nd that the ATLAS and the CMS bounds we have obtained are consistent with each
other. For the LHC Run-2 2015 results, the ATLAS bounds are slightly more severe
than the CMS bounds for mZ′ ≤ 3.5 TeV and applicable up to mZ′ = 5 TeV, leading
to the most severe LHC bound on the model parameters. In Figs. 3.2-3.3, our results
from the LHC Run-2 CMS 2016 will be depicted as (red) solid lines.

The search for e�ective 4-Fermi interactions mediated by the Z ′ boson at the LEP
leads to a lower bound on mZ′/gX [132�135]. Employing the limits from the �nal
LEP 2 data [134] at 95% con�dence level, we follow [133] and derive a lower bound on
mZ′/gX as a function xH . Our result is shown in Fig. 2.12. In Figs. 2.4-2.7, the LEP
bounds are depicted as the dashed-dotted lines.
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Figure 2.12: The lower bound on mZ′/gX as a function of xH (with a �xed xΦ =2),
obtained by the limits from the �nal LEP 2 data [134] at 95% con�dence level.

2.6 Naturalness bounds from SM Higgs mass correc-

tions

Once the classical conformal symmetry is radiatively broken by the Coleman-Weinberg
mechanism, the masses for the Z ′ boson and the Majorana neutrinos are generated
and they contribute to self-energy corrections of the SM Higgs doublet. If the U(1)′

gauge symmetry breaking scale is very large, the self-energy corrections may exceed
the electroweak scale and require us to �ne-tune the model parameters in reproducing
the correct electroweak scale. See [148] for related discussions. We consider two heavy
states, the right-handed neutrino and Z ′ boson, whose masses are generated by the
U(1)′ gauge symmetry breaking.

Since the original theory is classically conformal and de�ned as a massless theory,
the self-energy corrections to the SM Higgs doublet originate from corrections to the
mixing quartic coupling λmix. Thus, what we calculate to derive the naturalness bounds
are quantum corrections to the term λmixh

2ϕ2 in the e�ective Higgs potential

Veff ⊃ λmix

4
h2ϕ2 +

βλmix

8
h2ϕ2

(
ln
[
ϕ2
]
+ C

)
, (2.20)

where the logarithmic divergence and the terms independent of ϕ are all encoded in C.
Here, the major contributions to quantum corrections are found to be

βλmix
⊃ −48|yM |2|Yν |2

16π2
+

12x2
Hx

2
Φg

4
X

16π2
− 4 (19x2

H + 10xHxΦ + x2
Φ) x

2
Φy

2
t g

4
X

(16π2)2
,(2.21)

where the �rst term comes from the one-loop diagram involving the Majorana neutri-
nos, the second one is from the one-loop diagram involving the Z ′ boson, and the third
one is from the two-loop diagram [40, 41] involving the Z ′ boson and the top quark.
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By adding a counterterm, we renormalize the coupling λmix with the renormalization
condition,

∂4Veff

∂h2∂ϕ2

∣∣∣
h=0,ϕ=vϕ

= λmix, (2.22)

where λmix is the renormalized coupling. As a result, we obtain

Veff ⊃ λmix

4
h2ϕ2 +

βλmix

8
h2ϕ2

(
ln

[
ϕ2

vϕ

]
− 3

)
. (2.23)

Substituting ϕ = vϕ, we obtain the SM Higgs self-energy correction as

∆m2
h = −3

4
βλmix

v2ϕ

∼ 9mνm
3
N

4π2v2h
− 9

4π
x2
HαgXm

2
Z′ +

3m2
t

32π3v2h

(
19x2

H + 20xH + 4
)
αgXm

2
Z′ (2.24)

where we have used the seesaw formula, mν ∼ Y 2
ν v

2
h/2mN [42�47], and set xΦ = 2.

For the stability of the electroweak vacuum, we impose ∆m2
h ≲ m2

h as the naturalness.
For example, when the light neutrino mass scale is around mν ∼ 0.1 eV, we have an
upper bound from the �rst term of Eq. (2.24) for the Majorana mass as mN ≲ 3× 106

GeV. This bound is much larger than the scale that we are interested in, mN ≲ 1 TeV.
The most important contribution to ∆m2

h is the second term of Eq. (2.24) generated
through the one-loop diagram with the Z ′ gauge boson, and the third term becomes
important in the case of the U(1)B−L model because the xH = 0 condition makes the
second term vanish.

If ∆m2
h is much larger than the electroweak scale, we need a �ne-tuning of the

tree-level Higgs mass (|λmix|v2ϕ/2) to reproduce the correct SM Higgs VEV, vh = 246
GeV. We simply evaluate a �ne-tuning level as

δ =
m2

h

2|∆m2
h|
. (2.25)

Here, δ = 0.1, for example, indicates that we need to �ne-tune the tree-level Higgs mass
squared at the 10% accuracy level. In Figs. 2.4-2.7, the naturalness bounds for 10%
and 30% �ne-tuning levels are plotted as the dotted lines. Interestingly, the naturalness
bounds from the 30% �ne-tuning level are found to be compatible with the ALTAS
bounds from the LHC Run-2 2015.

2.7 Summary

In this chapter, we have considered the classically conformal U(1)′ extended SM with
three right-handed neutrinos and a U(1)′ Higgs singlet �eld. The U(1)′ symmetry is
radiatively broken by the Coleman-Weinberg mechanism, by which the Z ′ boson as
well as the right-handed (Majorana) neutrinos acquire their masses. With the Majo-
rana heavy neutrinos, the seesaw mechanism is automatically implemented. Through
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a mixing quartic term between the U(1)′ Higgs and the SM Higgs doublet �elds, a
negative mass squared for the SM Higgs doublet is generated and, as a result, the
electroweak symmetry breaking is triggered associated with the radiative U(1)′ gauge
symmetry breaking. Therefore, all mass generations occur through the dimensional
transmutation in our model.

In the context of the classically conformal U(1)′ model, we have investigated the
possibility to resolve the electroweak vacuum instability. Since the gauge symmetry is
broken by the Coleman-Weinberg mechanism, all quartic couplings in the Higgs poten-
tial, except the SM Higgs one, are very small, and hence their positive contributions
to the U(1)′ model are not e�ective in resolving the SM Higgs vacuum instability. On
the other hand, in the U(1)′ model, the SM Higgs doublet has a nonzero U(1)′ charge,
and this gauge interaction positively contributes to the beta function. In addition, the
U(1)′ gauge interaction negatively contributes to the beta function of the top Yukawa
coupling, so the running top Yukawa coupling is decreasing faster than in the SM case,
and its negative contribution to the beta function of the SM Higgs quartic coupling
becomes milder. For three free parameters of the model, mZ′ , αgX and xH , we have
performed a parameter scan by analyzing the renormalization group evolutions of the
model parameters at the two-loop level, and we have identi�ed parameter regions which
can solve the electroweak vacuum instability problem and keep all coupling values in
the perturbative regime up to the Planck mass. We have found that the resultant pa-
rameter regions are very severely constrained, and also that the U(1)B−L model and the
orthogonal model are excluded from having the electroweak vacuum stability with the
current world average of the experimental data, mt = 173.34 GeV [53] andmh = 125.09
GeV [51].

We have also considered the collider bounds on the U(1)′ Z ′ boson mass from
the ATLAS and CMS results at the LHC Run-2 2015 with

√
s = 13 TeV. We have

interpreted the Z ′ boson resonance search results at the LHC Run-1 and Run-2 2015
to the U(1)′ Z ′ boson case and obtained the collider bound on the U(1)′ charge of the
SM Higgs doublet xH for a �xed U(1)′ gauge coupling, the collider bound on xH for
a �xed VEV of the U(1)′ Higgs, or the upper bound on the U(1)′ gauge coupling for
a �xed xH as a function of the U(1)′ Z ′ boson mass mZ′ . Combining the constraints
from the electroweak vacuum stability and the LHC Run-2 2015 results, we �nd a
bound on the Z ′ boson mass as mZ′ ≳ 3.5 TeV. The LEP results in the search for
e�ective 4-Fermi interactions mediated by the U(1)′ Z ′ boson can also constrain the
model parameter space, but the constraint is found to be weaker than those obtained
from the LHC Run-2 2015 results.

Once the U(1)′ gauge symmetry is broken, the Z ′ boson and the right-handed
neutrinos become heavy and contribute to the SM Higgs self-energy through quantum
corrections. Therefore, the SM Higgs self-energy can exceed the electroweak scale, if
the states are so heavy. Since the SM Higgs doublet has nonzero U(1)′ charge, the
self-energy corrections from the Z ′ boson occur at the one-loop level. This is in sharp
contrast to the classically conformal U(1)B−L model [40, 41], where the Higgs doublet
has no U(1)B−L charge, and the self-energy corrections from the Z ′ boson occur at
the two-loop level. We have evaluated the Higgs self-energy corrections and found the
naturalness bounds to reproduce the right electroweak scale for the �ne-tuning level
better than 10%. We have found that the naturalness bounds for the 30% �ne-tuning



2.7 Summary 35

level are compatible with the ALTAS constraint from the LHC Run-2 2015 results, and
requiring a �ne-tuning level > 10% leads to the upper bound on the U(1)′ Z ′ boson
mass as mZ′ ≲ 7 TeV.

Putting all our results together in Figs. 2.4-2.7, we have found that the U(1)′ Z ′

boson mass lies in the range of 3.5 TeV≲ mZ′ ≲ 7 TeV.





Chapter 3

Dark Matter Physics

In this chapter, we consider the dark matter (DM) scenario in the context of the classi-
cally conformal U(1)′ extended standard model (SM) which is introduced in chapter 2,
with three right-handed neutrinos (RHNs) and the U(1)′ Higgs �eld. The model is free
from all the U(1)′ gauge and gravitational anomalies in the presence of the three RHNs.
We introduce a Z2-parity in the model, under which an odd-parity is assigned to one
RHN, while all the other particles is assigned to be Z2-even, and hence the Z2-odd
RHN serves as a DM candidate1. In this model, the U(1)′ gauge symmetry is radia-
tively broken through the Coleman-Weinberg mechanism, by which the electroweak
symmetry breaking is triggered. As we have already mentioned in chapter 2, there are
three free parameters in our model, the U(1)′ charge of the SM Higgs doublet (xH), the
new U(1)′ gauge coupling (gX), and the U(1)′ gauge boson (Z ′) mass (mZ′), which are
severely constrained in order to solve the electroweak vacuum instability problem, and
satisfy the LHC Run-2 bounds from the search for Z ′ boson resonance. In addition
to these constraints, we investigate the RHN DM physics. Because of the nature of
classical conformality, we �nd that a RHN DM pair mainly annihilates into the SM
particles through the Z ′ boson exchange. This is the so-called Z ′-portal DM scenario.
We will combine these three constrains, the electroweak vacuum stability condition, the
LHC Run-2 2016 bounds, and the cosmological constraint from the observed DM relic
density, and �nd parameter regions to satisfy all three constraints. For the obtained
allowed regions, we also calculate the spin-independent cross section of the RHN DM
with nucleons.

This chapter is organized as follows: In Sec. 3.1, we brie�y introduce the classically
conformal U(1)′ extended SM with the Z2-odd RHN DM. In Sec. 3.2, we calculate the
relic density of the Z ′-portal RHN DM. In Sec. 3.3, we combine all the constraints
obtained from the RHN DM physics, collider phenomenology, and the electroweak
vacuum stability, and narrow allowed regions. In Sec. 3.4, for the allowed parameter
regions, we calculate the spin-independent cross section of the RHN DM with nucleons.
We summarize our results in Sec. 3.5.

1 Although we introduce this ad-hoc Z2 parity, without introducing additional scalers, it is di�cult
to build a new model which has a stable DM candidate. In this point of view, we put ourselves in a
position in which the existence of the DM implies a new parity.

37
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SU(3)c SU(2)L U(1)Y U(1)′ Z2

qiL 3 2 +1/6 xq = 1
3
xH + 1

6
xΦ +

ui
R 3 1 +2/3 xu = 4

3
xH + 1

6
xΦ +

diR 3 1 −1/3 xd = −2
3
xH + 1

6
xΦ +

ℓiL 1 2 −1/2 xℓ = −xH − 1
2
xΦ +

ν1,2
R 1 1 0 xν = −1

2
xΦ +

ν3
R 1 1 0 xν = −1

2
xΦ −

eiR 1 1 −1 xe = −2xH − 1
2
xΦ +

H 1 2 +1/2 xH = xH +
Φ 1 1 0 xΦ = xΦ +

Table 3.1: Particle contents of the U(1)′ extended SM with Z2 parity. In addition
to the SM particle contents, three generations of RHNs νi

R (i = 1, 2, 3 denotes the
generation index) and U(1)′ Higgs �eld Φ are introduced. Under Z2 parity, the only
one RHN ν3

R is odd, while the other particles, including ν1
R and ν2

R, are even.

3.1 The classically conformal U(1)′ extended SM with

RHN DM

The model we will investigate is the anomaly-free U(1)′ extension of the SM with the
classically conformal invariance, which is based on the gauge group SU(3)C × SU(2)L
× U(1)Y × U(1)′ introduced in chapter 2. The particle contents of the model are listed
in Table 3.1, where we also introduce the Z2 parity [63], and assign an odd parity to
one RHN ν3

R, while the other particles, including ν1
R and ν2

R, have even parity. The
conservation of Z2 parity ensures the stability of ν3

R, which is a unique candidate of
the DM in our model. By introducing the Z2 parity, the Yukawa sector of the SM is
extended to have

LYukawa ⊃ −
3∑

i=1

2∑
j=1

Y ij
ν ℓiLH̃νj

R −
3∑

i=1

Y i
MΦνic

Rν
i
R + h.c., (3.1)

where H̃ ≡ iτ 2H∗, and the terms in the right-handed side are for the seesaw mechanism
to generate neutrino masses. Because of the Z2 parity, only two generation RHNs
are involved in the neutrino Dirac Yukawa couplings and hence the neutrino Dirac
mass matrix is 2 by 3. Once the U(1)′ Higgs �eld Φ develops a VEV, the U(1)′

symmetry is broken and the Majorana mass terms for the RHNs are generated. After
the electroweak symmetry breaking, the seesaw mechanism [42�47] is automatically
implemented, except that only two generation RHNs are relevant. This system is
the minimal seesaw [66, 67], which possesses a number of free parameters Y ij

ν and
Y j
M (i = 1, 2, 3, j = 1, 2) enough to reproduce the neutrino oscillation data with a

prediction of one massless eigenstate.
Associated with the radiative U(1)′ symmetry breaking (as well as the electroweak

symmetry breaking), the U(1)′ gauge boson (Z ′ boson), the Majorana RHNs ν1,2
R , and
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the RHN DM particle ν3
R acquire their masses as

mZ′ =
√

(xΦgXvϕ)2 + (xHgXvh)2 ≃ xΦgXvϕ,

mN1,2 =
√
2Y 1,2

M vϕ, mDM =
√
2Y 3

Mvϕ, (3.2)

where vh = 246 GeV is the SM Higgs VEV, and we have used xΦvϕ ≫ xHvh. In
this chapter, we assume degenerate masses for ν1,2

R , (Y 1
M = Y 2

M = yM , equivalently,
mN1,2 = mN), for simplicity. The U(1)′ Higgs boson mass is given by

m2
ϕ =

d2V

dϕ2

∣∣∣∣
ϕ=vϕ

= βΦv
2
ϕ ≃ 1

8π2

(
3(xΦgX)

4 − 16y4M − 8y4DM

)
v2ϕ

≃ 1

8π2

3m4
Z′ − 4m4

N − 2m4
DM

v2ϕ
, (3.3)

where yDM = Y 3
M . For a sizable Majorana mass, this formula indicates that the po-

tential minimum disappears, so that there is an upper bound on the RHN mass for
the U(1)′ symmetry to be broken radiatively. In order to avoid the destabilization of
the U(1)′ Higgs potential, we simply set m4

Z′ ≫ m4
N in the following analysis, while

mDM ≃ mZ′/2 as we will �nd in the next section. Note that this condition does not
mean that the Majorana RHNs must be very light, even though a factor di�erence
between mZ′ and mN is enough to satisfy the condition. For simplicity, we set yM = 0
at vϕ in the following RG analysis as an approximation.

3.2 Relic density of the RHN DM

In this section, we calculate the thermal relic density of the RHN DM and identify
the model parameter region to be consistent with the Planck 2015 measurement [100]
(68% con�dence level):

ΩDMh
2 = 0.1198± 0.0015. (3.4)

Because of the nature of classical conformality, we �nd the mass mixing between the SM
Higgs and the U(1)′ Higgs bosons is very small, so that the RHN DM pair annihilation
process mediated by the Higgs bosons is highly suppressed. Therefore, in our model,
the RHN DM particles mainly annihilate into the SM particles through the s-channel
process mediated by the U(1)′ gauge boson Z ′2.

The Boltzmann equation of the RHN DM is given by

dY

dx
= − xs⟨σv⟩

H(mDM)
(Y 2 − Y 2

EQ), (3.5)

2 The freeze out temperature from the equilibrium state of the RHN DM is determined by a
condition that the life time of the RHN DM nearly equals the life time of Universe (1/ΓDM ∼ 1/H).
Even if we consider a temperature T ∼ 100 TeV, just above our targeted energy scale mDM ∼
O(1 TeV), the equilibrium condition ΓDM > H is satis�ed. Thus, the RHN DMs of our model are in
the thermal equilibrium in the early Universe.
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Figure 3.1: The relic density of the RHN DM as a function of its mass (mDM). We
have �xed xH = −0.575 andmZ′ = 4 TeV, and have shown the relic densities for various
values of the gauge coupling, αgX = 0.002, 0.00235, 0.003, 0.004 and 0.005 (solid lines
from top to bottom). The two horizontal lines denote the range of the observed DM
relic density, 0.1183 ≤ ΩDMh

2 ≤ 0.1213 in the Planck 2015 results [100].

where temperature of the Universe is normalized by the mass of the RHN DM x =
mDM/T , H(mDM) is the Hubble parameter at T = mDM, s is the entropy density,
Y = n/s is the yield of the RHN DM which is de�ned by the ratio of the number
density n to s, YEQ is the yield in the thermal equilibrium, and ⟨σv⟩ is the thermal
averaged product of the RHN DM annihilation cross section σ and relative velocity v.
Explicit formulas of these are summarized as follows:

s =
2π2

45
g∗
m3

DM

x3
,

H(mDM) =

√
π2

90
g∗
m2

DM

MP

,

sYEQ =
gDM

2π2

m3
DM

x
K2(x), (3.6)

where gDM = 2 is the number of degrees of the freedom for the RHN DM, g∗ is the
e�ective total number of degrees of freedom for particles in thermal equilibrium (in
this chapter, we set g∗ = 106.75 for the SM particles), and K2 is the modi�ed Bessel
function of the second kind. The thermally-averaged annihilation cross section times
velocity is given by

⟨σv⟩ = (sYEQ)
−2g2DM

mDM

64π4x

∫ ∞

4m2
DM

dsσ̂(s)
√
sK1

(
x
√
s

mDM

)
, (3.7)

where the reduced cross section is de�ned as σ̂(s) = 2(s − 4m2
DM)σ(s) with the total

cross section σ(s), K1 is the modi�ed Bessel function of the �rst kind. The total cross
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section of the RHN DM annihilation process ν3
Rν

3
R → Z ′ → ff̄ (f denotes the SM

fermion)3 is calculated as

σ(s) =
π

3
α2
gX

√
s(s− 4m2

DM)

(s−m2
Z′)2 +m2

Z′Γ2
Z′

×

[
103x2

H + 86xH + 37

3
+

17x2
H + 10xH + 2 + (7x2

H + 20xH + 4)
m2

t

s

3

√
1− 4m2

t

s

+18x2
H

(s−m2
Z′)2

s(s− 4m2
DM)

m2
DMm

2
t

m4
Z′

√
1− 4m2

t

s

]
, (3.8)

where the total decay width of Z ′ boson is given by

ΓZ′ =
αgXmZ′

6

[
103x2

H + 86xH + 37

3

+
17x2

H + 10xH + 2 + (7x2
H + 20xH + 4)

m2
t

m2
Z′

3

√
1− 4m2

t

m2
Z′

+ 2

(
1− 4m2

N

m2
Z′

) 3
2

θ

(
m2

Z′

m2
N

− 4

)
+

(
1− 4m2

DM

m2
Z′

) 3
2

θ

(
m2

Z′

m2
DM

− 4

)]
. (3.9)

Here, we have neglected all SM fermion masses except for the top quark mass mt.

By solving the Boltzmann Eq. (3.5) numerically, we �nd the asymptotic value of
the yield Y (∞), and the present DM relic density is given by

ΩDMh
2 =

mDMs0Y (∞)

ρc/h2
, (3.10)

where s0 = 2890 cm−3 is the entropy density of the present Universe, and ρc/h
2 =

1.05 × 10−5 GeV/cm3 is the critical density. Our analysis involves four parameters,
namely αgX , mZ′ , mDM and xH . For mZ′ = 4 TeV and xH = −0.575, we show in
Fig. 3.1 the resultant RHN DM relic density as a function of the RHN DM mass mDM,
along with the range of the observed DM relic density, 0.1183 ≤ ΩDMh

2 ≤ 0.1213 [100]
(two horizontal dashed lines). The solid lines from top to bottom show the resultant
RHN DM relic densities for various values of the gauge coupling, αgX = 0.002, 0.00235,
0.003, 0.004 and 0.005. The plots indicate the lower bound on αgX ≥ 0.00235 for
mZ′ = 4 TeV and xH = −0.575 in order to reproduce the observed relic density. In
addition, we can see that the enhancement of the RHN DM annihilation cross section
via the Z ′ boson resonance is necessary to satisfy the cosmological constraint and hence,
mDM ≃ mZ′/2.
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Figure 3.2: The allowed regions to solve the electroweak instability problem for mZ′

and αgX with a �xed xH = −0.575 at the TeV scale, along with the dark matter lower
bound ((blue) right solid line) on αgX , the LHC Run-2 (2016) CMS upper bound ((red)
solid line) on αgX and the LHC Run-2 ATLAS (2016) upper bound ((red) dashed line)
on αgX from direct search for Z ′ boson resonance. The (green) shaded region in between
two solid lines satis�es all constraints. Here, the naturalness bounds for 10% (right
dotted line) and 30% (left dotted line) �ne-tuning levels are also depicted, which have
been discussed in Sec. 2.6.

3.3 Combined results

Now let us combine all the constraints that we have obtained in the previous sec-
tions from the RHN DM physics, collider phenomenology, and the electroweak vacuum
stability. In Fig. 3.2, we show the allowed region in the (mZ′ , αgX )-plane for �xed
xH = −0.575, as an example. The shaded region indicates the parameter space for
solving the electroweak vacuum instability. The (blue) right solid line shows the lower
bound on αgX as a function of mZ′ to reproduce the observed DM relic density of the
Planck result [100]. The (red) left solid (dashed) line shows the LHC Run-2 2016 upper
bound on αgX obtained from the search results for Z ′ boson resonance by the CMS [146]
(ATLAS [145]) Collaboration. The (green) shaded region in between two solid lines
satis�es all constraints. These three constraints are complementary to narrow down
the allowed region to be 4 TeV ≲ mZ′ ≲ 8 TeV and 0.009 ≲ αgX ≲ 0.017. We also
show the naturalness bounds for 10% (right dotted line) and 30% (left dotted line)
�ne-tuning levels, which have been discussed in Sec. 2.6.

In Fig. 3.3, we show allowed parameter regions in the (xH , αgX )-plane for various
mZ′ values. Fig. 3.3(a) is for mZ′ = 4 TeV. The shaded region indicates the parameter
space for solving the electroweak vacuum instability. The (blue) convex-downward solid

3 Although there are also other annihilation processes, such as ν3Rν
3
R → ϕϕ, ν3Rν

3
R → ϕZ ′ and

ν3Rν
3
R → Z ′Z ′ (see, for example, Ref. [149]), all these cross sections are estimated to be much less than

1 pb, which is a typical cross section to reproduce ΩDMh2 ≃ 0.1, for αgX ∼ 0.01 (see Figs. 3.2 and
3.3), yDM ∼ gX , and mDM ∼ 1 TeV.
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Figure 3.3: Allowed parameter regions in the (xH , αgX )-plane for various mZ′ values.
(a) is for mZ′ = 4 TeV. The shaded region indicates the parameter space for solving
the electroweak vacuum instability. The (blue) convex-downward solid line shows the
cosmological lower bound on αgX as a function of xH . The (red) convex-upward solid
(dashed) line shows the LHC Run-2 2016 upper bound on αgX obtained from the Z ′

boson search by the CMS [146] (ATLAS [145]) Collaboration, and the (red) dashed-
dotted lines show the LEP upper bounds obtained from Fig. 2.12. The (green) shaded
region in between two solid lines satis�es all constraints. Here, the naturalness bounds
for 10% (dashed line) and 30% (dotted line) �ne-tuning levels are also depicted, which
have been discussed in Sec. 2.6. (b), (c) and (d) are the same as (a), but mZ′ = 3.75
TeV, 3.5 TeV and 3 TeV, respectively.
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line shows the lower bound on αgX as a function of xH to reproduce the observed DM
relic density. The (red) convex-upward solid (dashed) line shows the LHC Run-2 2016
upper bound on αgX obtained from the search results for Z ′ boson resonance by the
CMS [146] (ATLAS [145]) Collaboration4, and the (red) dashed-dotted lines also show
the LEP upper bounds obtained from Fig. 2.12 (for more details, see Sec. 2.5). The
(green) shaded region in between two solid lines satis�es all constraints. These three
constraints are complementary to narrow down the allowed region to be −1.1 ≲ xH ≲
−0.4 and 0.002 ≲ αgX ≲ 0.02. We also show the naturalness bounds for 10% (dashed
line) and 30% (dotted line) �ne-tuning levels, which have been discussed in Sec. 2.6.
Figs. 3.3(b), 3.3(c) and 3.3(d) are the same as Fig. 3.3(a), but mZ′ = 3.75 TeV, 3.5
TeV and 3 TeV, respectively. From Fig. 3.3(b), the allowed region to satisfy these three
constraints indicates −0.9 ≲ xH ≲ −0.5 and 0.003 ≲ αgX ≲ 0.015 for �xed mZ′ = 3.75
TeV. AsmZ′ decreases, the LHC upper bound lines are shifted downward, while the DM
lower bound line remains almost the same (it slightly moves to downward). Therefore,
the allowed region between the LHC upper bounds and the DM lower bound narrows.
On the other hand, the shaded region remains almost the same, so that the (green)
shaded region disappears for mZ′ ≲ 3.5 TeV.

Finally, we roughly estimate the future Z ′ detections from the end of the LHC
Run-2 with about 100 fb−1 luminosity and the full HL-LHC with about 3000 fb−1

one. The experimental cross section bound is inversely proportional to the luminosity,
which can see from the Fig. 2.11. In addition, from Eqs. (2.16)-(2.18), we see that
the cross section is proportional to αgX because the narrow width approximation can
be applied here for high mass range of mZ′ . As a result, in Fig. 3.3, we see that the
upper bound on αgX at the end of LHC Run-2 (100 fb−1) will be decreased roughly
13.3 fb−1/100 fb−1 times lower than one at the LHC Run-2 2016 (13.3 fb−1), which
means the all allowed (green) shaded region will be disappeared. The same can be said
for the HL-LHC bound on αgX , which gives a more strong constraint and will exclude
the allowed regions even if mZ′ > 4 TeV.

3.4 Direct detection of RHN DM

A variety of experiments are underway and also planned for directly detecting a DM
particle through its elastic scattering o� with nuclei.5 In this section, we calculate the
spin-independent elastic scattering cross section of the RHN DM particle via the Higgs
bosons exchange,6 and compare our results with the current experimental results and

4 For the validity for the use of the narrow width approximation in the analysis of Fig. 3.3, we
con�rmed that the upper bound satisfying ΓZ′ ≲ mZ′ is far above the (red) collider upper bounds in
Fig. 3.3 . Even the upper bound satisfying ΓZ′ ≲ 0.05mZ′ is still above the LHC Run-2 2016 bounds.

5 We can also consider an indirect detection of the RHN DM through cosmic rays from a pair
annihilation of the RHN DMs. However, using the parameters in the allowed regions shown in Sec. 3.3,
we have found that the pair annihilation cross section is much smaller than the current upper bounds
obtained from, for example, the Fermi-LAT experiments [150].

6 There is another process for the RHN DM to scatter o� with nuclei via Z ′-boson exchange. Since
the RHN DM is a Majorana particle, only its interaction with nuclei is spin-dependent. We have
calculated this spin-dependent cross section to be σSD ∼ 10−9 pb, which is far below the current
upper bounds, σSD ≲ 10−4 pb obtained from the LUX [151] and the IceCube [152] experiments.
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Figure 3.4: For a �xed xH = −0.575, the resultant spin-independent cross section σSI

as a function of mZ′ . Here, for a �xed mZ′ value, αgX is taken from the shaded region
in Fig. 3.2 to solve the electroweak vacuum instability problem. The (green) shaded
region in between around 3.5 TeV and 9 TeV corresponds to the (green) shaded pa-
rameter region in Fig. 3.2, which satis�es all three constraints, the electroweak vacuum
stability condition, the LHC Run-2 2016 bound, and the cosmological constraint from
the observed RHN DM relic density. The (red) upper solid (dashed) line shows the
XENON1T [153] (LUX 2016 [154]) upper bound on σSI as a function of mZ′ ≃ 2mDM,
and the (red) dotted line shows the prospective reach for the upper bound on σSI in
the next-generation successor of the LUX experiment, the LUX-ZEPLIN (LZ) DM
experiment [155].

a prospective reach by future experiments.
From Eq. (3.2), the U(1)′ Higgs VEV vϕ is expressed as a function of mZ′ , αgX and

xH :

v2ϕ =
m2

Z′

16παgX

[
1− 4παgX

(
xHvh
mZ′

)2
]

≃ m2
Z′

16παgX

. (3.11)

In Sec. 3.2, we have also shown that mDM ≃ mZ′/2 to satisfy the experimental relic
density of the Z ′-portal RHN DM, which means yDM ≃ mZ′/2

√
2vϕ ≃

√
2παgX , and

then Eq. (3.3) is approximately expressed as

m2
ϕ ≃ 1

8π2

23

8

m4
Z′

v2ϕ
≃ 23

4π
αgXm

2
Z′ . (3.12)

Using the SM Higgs boson mass in Eq. (2.14), the scalar mass matrix is found to be

M =

 m2
h −m2

h

(
vh
vϕ

)
−m2

h

(
vh
vϕ

)
m2

ϕ

 . (3.13)
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Figure 3.5: The resultant σSI in the (xH , σSI)-plane for various mZ′ values, corre-
sponding to the parameter regions shown in Fig. 3.3. (a) shows our results for mZ′ = 4
TeV. The shaded regions indicate the parameter space for solving the electroweak
vacuum instability. The (green) shaded region in the range of −1.1 ≲ xH ≲ −0.4
corresponds to the (green) shaded region in Fig. 3.3(a), which satis�es all three con-
straints, the electroweak vacuum stability condition, the LHC Run-2 2016 bound, and
the cosmological constraint from the observed RHN DM relic density. The (red) upper
solid (dashed) line shows the XENON1T [153] (LUX 2016 [154]) upper bound on σSI,
and the (red) dotted line shows the prospective reach for the upper bound on σSI in the
LZ DM experiment [155]. Figs. (b), (c) and (d) are the same as (a), but for mZ′ = 3.75
TeV, 3.5 TeV and 3 TeV corresponding to Fig. 3.3(b), 3.3(c) and 3.3(d), respectively.
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The mass eigenstates h′ and ϕ′ are de�ned as(
h′

ϕ′

)
=

(
cos θ − sin θ
sin θ cos θ

)(
h
ϕ

)
, (3.14)

with the mixing angle θ given by

tan 2θ =
2m2

h(vh/vϕ)

m2
h −m2

ϕ

, (3.15)

and their mass eigenvalues are given by

m2
h′ = m2

h cos
2 θ +m2

ϕ sin
2 θ + 2m2

h

vh
vϕ

sin θ cos θ ≃ m2
h,

m2
ϕ′ = m2

h sin
2 θ +m2

ϕ cos
2 θ − 2m2

h

vh
vϕ

sin θ cos θ ≃ m2
ϕ. (3.16)

Here, we have used the fact that except for the special case, m2
h ≃ m2

ϕ, the mixing angle
is always small because of the suppression by vh/vϕ with vh = 246 GeV and vϕ ≳ 10
TeV. Thus, the mass eigenstate h′ is the SM-like Higgs boson, while ϕ′ is the U(1)′-like
Higgs boson.

The spin-independent elastic scattering cross section with nucleon is given by

σSI =
1

π

(√
2yDM sin θ cos θ

)2(µDM,N

vh

)2

f 2
N

(
1

m2
h′
− 1

m2
ϕ′

)2

≃ 4θ2αgX

(
µDM,N

vh

)2

f 2
N

(
1

m2
h

− 1

m2
ϕ

)2

, (3.17)

where µDM,N = mNmDM/(mN + mDM) is the reduced mass of the RHN DM-nucleon
system with the nucleon mass mN = 0.939 GeV, and

fN =

( ∑
q=u,d,s

fTq +
2

9
fTG

)
mN (3.18)

is the nuclear matrix element accounting for the quark and gluon contents of the
nucleon. In evaluating fTq , we use the results from the lattice QCD simulation [156]:
fTu + fTd

≃ 0.056 and |fTs| ≤ 0.08. For conservative analysis, we take fTs = 0 in
the following. Using the trace anomaly formula,

∑
q=u,d,s fTq + fTG = 1 [157�161], we

obtain f 2
N ≃ 0.0706 m2

N . Using Eqs. (3.11), (3.12) and (3.15), σSI is expressed as a
function of only two free parameters: αgX and mZ′ .

For a �xed xH = −0.575, the resultant spin-independent cross section σSI as a
function of mZ′ is depicted in Fig. 3.4. Here, for a �xed mZ′ value, αgX is taken from
the shaded region in Fig. 3.2 to solve the electroweak vacuum instability problem.
The (green) shaded region in between around 3.5 TeV and 9 TeV corresponds to the
(green) shaded parameter region in Fig. 3.2, which satis�es all three constraints, the
electroweak vacuum stability condition, the LHC Run-2 2016 bound, and the cosmo-
logical constraint from the observed RHN DM relic density. The (red) upper solid
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(dashed) line shows the XENON1T [153] (LUX 2016 [154]) upper bound on σSI as
a function of mZ′ ≃ 2mDM, and the (red) dotted line shows the prospective reach
for the upper bound on σSI in the next-generation successor of the LUX experiment,
the LUX-ZEPLIN (LZ) DM experiment [155]. Our resultant spin-independent cross
section appears below the future reach.

In Fig. 3.5, we show the resultant σSI in the (xH , σSI)-plane for various mZ′ values,
corresponding to the parameter regions shown in Fig. 3.3. Fig. 3.5(a) shows our results
for mZ′ = 4 TeV. The shaded regions indicate the parameter space for solving the
electroweak vacuum instability. The (green) shaded region in the range of −1.1 ≲
xH ≲ −0.4 corresponds to the (green) shaded region in Fig. 3.3(a), which satis�es all
three constraints, the electroweak vacuum stability condition, the LHC Run-2 2016
bound, and the cosmological constraint from the observed RHN DM relic density. The
(red) upper solid (dashed) line shows the XENON1T [153] (LUX 2016 [154]) upper
bound on σSI, and the (red) dotted line shows the prospective reach for the upper
bound on σSI in the LZ DM experiment [155]. Figs. 3.5(b), 3.5(c) and 3.5(d) are the
same as Fig. 3.5(a), but for mZ′ = 3.75 TeV, 3.5 TeV and 3 TeV corresponding to
Fig. 3.3(b), 3.3(c) and 3.3(d), respectively. Fig. 3.5(b) has a (green) shaded region in
the range of −0.9 ≲ xH ≲ −0.5 to satisfy the three constraints, while Figs. 3.5(c) and
3.5(d) have no such region.

3.5 Summary

In this chapter, we have considered the DM scenario in the context of the classically
conformal U(1)′ extended SM, with three RHNs and the U(1)′ Higgs �eld. The model
is free from all the U(1)′ gauge and gravitational anomalies in the presence of the
three RHNs. We have introduced a Z2-parity in the model, under which an odd-parity
is assigned to one RHN, while all the other particles are assigned to be Z2-even. In
our model, the Z2-odd RHN serves as a stable DM candidate, while the other two
RHNs are utilized for the the minimal seesaw mechanism in order to reproduce the
neutrino oscillation data and the observed baryon asymmetry in the Universe through
leptogenesis. In this model, the U(1)′ gauge symmetry is radiatively broken through
the CW mechanism, by which the electroweak symmetry breaking is triggered. There
are three free parameters in our model, the U(1)′ charge of the SM Higgs doublet (xH),
the new U(1)′ gauge coupling (αgX ), and the U(1)′ gauge boson (Z ′) mass (mZ′).

In this model context, we have �rst investigated a possibility to resolve the elec-
troweak vacuum instability with the current world average of the experimental data,
mt = 173.34 GeV and mh = 125.09 GeV. By using the same strategy in chapter 2. we
have found that the resultant parameter regions are very severely constrained. Next,
we have calculated the thermal relic density of the RHN DM and identi�ed the model
parameter region to reproduce the observed DM relic density of the Planck 2015 mea-
surement. In our model, the RHN DM particles mainly annihilate into the SM particles
through the s-channel process mediated by the Z ′ boson. We have obtained the lower
bound on αgX as a function of mZ′ and xH from the observed DM relic density. We
have also considered the LHC Run-2 2016 bounds from the search for the Z ′ boson
resonance by the ATLAS and CMS analysis, which lead to the upper bounds on αgX
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as a function of mZ′ and xH . The LEP results from the search for e�ective 4-Fermi
interactions mediated by the Z ′ boson can also constrain the model parameter space,
but the LEP constraints are found to be weaker than those obtained from the LHC
Run-2 2016 results. Finally, we have combined all the constraints. The cosmological
constraint on the RHN DM yields the lower bound on αgX as a function of mZ′ and
xH , while the upper bound on αgX is obtained from the LHC Run-2 2016 results, so
that these constraints are complementary to narrow the allowed parameter regions.
We have found that only small portions in these allowed parameter regions can solve
the electroweak vacuum instability problem. In particular, no allowed region to satisfy
all constraints exists for mZ′ ≲ 3.5 TeV. For the obtained allowed regions, we have
calculated the spin-independent cross section of the RHN DM with nucleons. We have
found that the resultant cross section well below the experimental (XENON1T [153]
and LUX 2016 [154]) upper bounds.





Chapter 4

In�ation

In this chapter, we propose quartic in�ation with non-minimal gravitational coupling
in the context of the classically conformal U(1)′ extension of the Standard Model (SM),
which is introduced in chapter 2. In this model, the U(1)′ gauge symmetry is radiatively
broken through the Coleman-Weinberg mechanism, by which the U(1)′ gauge boson
(Z ′ boson) and the right-handed Majorana neutrinos acquire their masses. We consider
their masses in the range of O(10 GeV)−O(10 TeV), which are accessible to high energy
collider experiments. As we have already mentioned in chapter 2, the radiative U(1)′

gauge symmetry breaking also generates a negative mass squared for the SM Higgs
doublet, and the electroweak symmetry breaking occurs subsequently. We identify the
U(1)′ Higgs �eld with in�aton and calculate the in�ationary predictions. Due to the
Coleman-Weinberg mechanism, the in�aton quartic coupling during in�ation, which
determines the in�ationary predictions, is correlated to the U(1)′ gauge coupling. With
this correlation, we investigate complementarities between the in�ationary predictions
and the constraint from the Z ′ boson resonance search at the LHC Run-2 2017 as well
as the prospect of the search for the Z ′ boson and the right-handed neutrinos at the
future collider experiments.

This chapter is organized as follows: In Sec. 4.1, we review the basics of the quartic
in�ation with non-minimal gravitational coupling and the constraints on the in�ation-
ary predictions from the Planck 2015 results [105]. In Sec. 4.2, identifying the U(1)′

Higgs �eld in the classically conformal U(1)′ extended SM as an in�aton, we investigate
the quartic in�ation with non-minimal gravitational coupling. Because of the radiative
U(1)′ symmetry breaking, the in�aton quartic coupling during in�ation relates to the
U(1)′ gauge coupling at low energies through the renormalization group evolutions. In
Sec. 4.3, we discuss the LHC Run-2 2017 constraints on the Z ′ production cross sec-
tion [128] and the future prospects of the search for the Z ′ boson and the right-handed
neutrinos. Here, we emphasize complementarities between the collider physics and the
in�ationary predictions. In Sec. 4.4, for completion of our in�ation scenario, we also
discuss reheating after in�ation. We summarize our results in Sec. 4.5.

51
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4.1 Non-minimal quartic in�ation

In this section, we introduce the quartic in�ation with non-minimal gravitational cou-
pling (non-minimal quartic in�ation). We de�ne the in�ation scenario by the following
action in the Jordan frame:

SJ =

∫
d4x

√
−g

[
−1

2
(1 + ξϕ2)R+

1

2
gµν (∂µϕ) (∂νϕ)−

λ

4
ϕ4

]
, (4.1)

where the reduced Planck mass, MP = 2.44×1018 GeV, is set to be 1 (Planck unit), ϕ is
a real scalar (in�aton), ξ > 0 is a dimensionless and real parameter of the non-minimal
gravitational coupling, and λ is a quartic coupling of the in�aton. In the limit ξ → 0,
the model is reduced to the minimal quartic in�ation.

In the Einstein frame with a canonical gravity sector, we describe the action with
a new in�aton �eld (σ) with a canonical kinetic term. The relation between the new
in�aton σ and the original in�aton ϕ is given by(

dσ

dϕ

)2

=
1 + ξ(6ξ + 1)ϕ2

(1 + ξϕ2)2
. (4.2)

The action in the Einstein frame is then given by

SE =

∫
d4x

√
−gE

[
−1

2
RE +

1

2
gµνE (∂µσ) (∂νσ)− VE(σ(ϕ))

]
, (4.3)

where the in�aton potential in terms of the original ϕ is described as

VE =
λ

4

ϕ4

(1 + ξϕ2)2
. (4.4)

We express the slow-roll parameters in terms of ϕ as follows:

ϵ(ϕ) =
1

2

(
V ′
E

VE σ′

)2

,

η(ϕ) =
V ′′
E

VE (σ′)2
− V ′

E σ′′

VE (σ′)3
,

ζ(ϕ) =

(
V ′
E

VE σ′

)(
V ′′′
E

VE (σ′)3
− 3

V ′′
E σ′′

VE (σ′)4
+ 3

V ′
E (σ′′)2

VE (σ′)5
− V ′

E σ′′′

VE (σ′)4

)
, (4.5)

where a prime denotes a derivative with respect to ϕ. The amplitude of the curvature
perturbation ∆R is given by

∆2
R =

VE

24π2ϵ

∣∣∣∣
k0

, (4.6)

which should satisfy ∆2
R = 2.195× 10−9 from the Planck measurements [105] with the

pivot scale chosen at k0 = 0.002 Mpc−1. The number of e-folds is given by

N0 =
1√
2

∫ ϕ0

ϕe

dϕ
σ′√
ϵ(ϕ)

(4.7)
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Figure 4.1: The in�ationary predictions (ns and r) in the non-minimal quartic in�a-
tion for various values of ξ ≥ 0, along with the contours for the limits at the con�dence
levels of 68% (inner) and 95% (outer) obtained by the Planck measurements (Planck
TT+lowP+BKP) [105]. The solid and the dashed diagonal lines correspond to the
in�ationary predictions for N0 = 60 and N0 = 50, respectively. The predictions of the
minimal quartic in�ation (ξ = 0) for N0 = 60 and N0 = 50 are depicted by the right
and left black points, respectively. Here, we also show the predictions of the quadratic
in�ation for N0 = 60 and N0 = 50 as the right and left triangles, respectively. As ξ
is increased, the predicted r values approach their asymptotic values r ≃ 0.00296 and
0.00419 for N0 = 60 and N0 = 50, respectively.

where ϕ0 is the in�aton value at horizon exit of the scale corresponding to k0, and ϕe

is the in�aton value at the end of in�ation, which is de�ned by ϵ(ϕe) = 1. The value
of N0 depends logarithmically on the energy scale during in�ation as well as on the
reheating temperature, and we take its typical value to be N0 = 50 − 60 in order to
solve the horizon and �atness problems.

The slow-roll approximation is valid as long as the conditions ϵ ≪ 1, |η| ≪ 1 and
ζ ≪ 1 hold. In this case, the in�ationary predictions, the scalar spectral index ns, the
tensor-to-scalar ratio r, and the running of the spectral index α = dns

d ln k
, are given by

ns = 1− 6ϵ+ 2η, r = 16ϵ, α = 16ϵη − 24ϵ2 − 2ζ. (4.8)

Here, the in�ationary predictions are evaluated at ϕ = ϕ0. Under the constraint of
∆2

R = 2.195 × 10−9 from the Planck measurements [105], once N0 is �xed, all the
in�ationary predictions as well as the quartic coupling λ are determined as a function
of ξ. In Fig. 4.1, we show the in�ationary predictions (ns and r) for various values of
ξ ≥ 0, along with the contours for the limits at the con�dence levels of 68% (inner)
and 95% (outer) obtained by the Planck measurements (Planck TT+lowP+BKP) [105].
The solid and the dashed diagonal lines correspond to the in�ationary predictions for
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N0 = 60
ξ ϕ0 ϕe ns r α(10−4) λ
0 22.1 2.83 0.951 0.262 −8.06 1.43× 10−13

0.00333 22.00 2.79 0.961 0.1 −7.03 3.79× 10−13

0.0689 18.9 2.30 0.967 0.01 −5.44 6.69× 10−12

1 8.52 1.00 0.968 0.00346 −5.25 4.62× 10−10

10 2.89 0.337 0.968 0.00301 −5.24 4.01× 10−8

100 0.920 0.107 0.968 0.00297 −5.23 3.95× 10−6

1000 0.291 0.0340 0.968 0.00296 −5.23 3.94× 10−4

N0 = 50
ξ ϕ0 ϕe ns r α(10−4) λ
0 20.2 2.83 0.941 0.314 −11.5 2.45× 10−13

0.00527 20.0 2.77 0.955 0.1 −9.74 7.83× 10−13

0.119 15.8 2.07 0.961 0.01 −7.70 1.96× 10−11

1 7.82 1.00 0.961 0.00489 −7.51 6.56× 10−10

10 2.65 0.337 0.962 0.00426 −7.49 5.70× 10−8

100 0.844 0.107 0.962 0.00420 −7.48 5.61× 10−6

1000 0.267 0.0340 0.962 0.00419 −7.48 5.60× 10−4

Table 4.1: In�ationary predictions for various values of ξ in the non-minimal quartic
in�ation for �xed N0 = 60 and 50. Here, ϕ0 and ϕe are evaluated in the Planck units
(MP = 1).

N0 = 60 and N0 = 50, respectively. The predictions of the minimal quartic in�ation
(ξ = 0) for N0 = 60 and N0 = 50 are depicted by the right and left black points,
respectively. Here, we also show the predictions of the quadratic in�ation for N0 =
60 and N0 = 50 as the right and left triangles, respectively. As ξ is increased, the
in�ationary predictions approach their asymptotic values, ns ≃ 0.968, r ≃ 0.00296 and
α ≃ −5.23 × 10−4 for N0 = 60 (ns ≃ 0.962, r ≃ 0.00419 and α ≃ −7.48 × 10−4 for
N0 = 50). In Fig. 4.1, we �nd a lower bound on ξ ≥ 0.00385, which corresponds to
r ≤ 0.0913 for N0 = 60, from the limit at 95% con�dence level. We have summarized
in Table 4.1 the numerical values of the in�ationary predictions for various ξ values
and �xed N0 = 60 and 50.

4.2 Non-minimal quartic in�ation with the U(1)′ Higgs

�eld

The model we will investigate is the minimal U(1)′ extension of the SM with classically
conformal invariance [48, 49], which is based on the gauge group SU(3)c × SU(2)L ×
U(1)Y × U(1)′ introduced in chapter 2. The particle content of the model is listed in
Table 2.1. In the following, the real part of the U(1)′ Higgs �led Φ is identi�ed with
the in�aton in the non-minimal quartic in�ation. In the original Jordan frame action,
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we introduce the non-minimal gravitational coupling of

−ξ
(
Φ†Φ

)
R, (4.9)

which leads to the non-minimal gravitational coupling in Eq. (4.1) for the in�aton/Higgs
�led de�ned as ϕ =

√
2ℜ[Φ]. The scalar potential in Eq. (4.1) is replaced by the ef-

fective potential in Eq. (2.6). Since the in�aton value ϕ ≫ vϕ during in�ation, we can
neglect the e�ects of the VEV vϕ for the non-minimal coupling as well as the in�a-
ton potential. In our in�ation analysis, we employ the renormalization group (RG)
improved e�ective potential of the form [162],

V (ϕ) =
1

4
λΦ(ϕ)ϕ

4, (4.10)

where λ(ϕ) is the solution to the RG equation with identifying the renormalization
scale as ϕ along the in�ation trajectory.

As we have discussed in Sec. 4.1, the in�ationary predictions are determined by the
parameter ξ of the non-minimal gravitational coupling. From the view point of the
unitarity arguments [163�166] of the non-minimal quartic in�ation scenario, we may
take ξ ≲ 10 to make our analysis valid. This means from Table 4.1 that the in�aton
quartic coupling is very small, λ ≲ 4 × 10−8 for N0 = 60. Note that the stationary
condition of Eq. (2.9) derived from the Coleman-Weinberg mechanism requires the
quartic coupling to be very small. Hence, one may consider it natural to realize the
non-minimal quartic in�ation with a small ξ in the context of our classically conformal
model. Because of the stationary condition and λΦ ≪ 1, the U(1)′ gauge and the
Majorana Yukawa couplings must be very small, gX , yM ≪ 1. Thus, the RG evolutions
of all couplings in our model are very mild, and we calculate the in�ationary predictions
with a constant quartic coupling, λΦ(ϕ0), evaluated at the in�aton value ϕ = ϕ0.
Our results for the in�ationary predictions in the non-minimal quartic in�ation are
presented in Sec. 4.1. In the following analysis, we identify λ in Sec. 4.1 with λ =
λΦ(ϕ0).

We evaluate the in�aton quartic coupling at ϕ = ϕ0 by extrapolating the gauge,
the Majorana Yukawa, and the Higgs quartic couplings at vϕ through their RG equa-
tions. Since all couplings are very small, the RG equations at the one-loop level are
approximately given by

dλΦ

d lnϕ
= βλΦ

≃ 96α2
gX

− 48α2
yM

,

dαgX

d lnϕ
= βgX =

18 + 32xH + 41x2
H

3π
α2
gX
,

dαyM

d lnϕ
= βyM =

1

π
αyM (5αyM − 3αgX ) , (4.11)

where αgX = g2X/(4π) and αyM = y2M/(4π). In the leading-log approximation, we have
the solutions of the RG equations for αgX and αyM as

αgX (ϕ) ≃ αgX + βgX ln

[
ϕ

vϕ

]
, αyM (ϕ) ≃ αyM + βyM ln

[
ϕ

vϕ

]
, (4.12)
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where αgX ≡ αgX (vϕ), αyM ≡ αyM (vϕ), and βgX and βyM are the beta functions in
Eq. (4.11) evaluated with αgX and αyM . Using these solutions, we obtain

βλΦ
≃ 96α2

gX
− 48α2

yM
≃ βλΦ

+ 2
(
96 αgX βgX − 48 αyM βyM

)
ln

[
ϕ

vϕ

]
, (4.13)

where βλΦ
= 96 αgX − 48 αyM . Finally, we arrived at an approximate solution as

λΦ(ϕ) ≃ λΦ + βλΦ
ln

[
ϕ

vϕ

]
+
(
96 αgX βgX − 48 αyM βyM

)(
ln

[
ϕ

vϕ

])2

=

(
11

6
+ ln

[
ϕ

vϕ

])
βλΦ

+
(
96 αgX βgX − 48 αyM βyM

)(
ln

[
ϕ

vϕ

])2

,(4.14)

where λΦ ≡ λΦ(vϕ), and we have used Eq. (2.9) in the second line.
In the next section, we will discuss the collider physics for the Z ′ boson and the

heavy Majorana neutrinos. For our discussion, it is convenient to adopt the Z ′ boson
mass (mZ′) and the degenerate heavy Majorana neutrino mass (mN) as free parameters,
instead of the U(1)′ Higgs VEV vϕ and yM . In our analysis, we have 5 free parameters,
namely, ξ, xH , gX , mZ′ , and mN , after replacing vϕ and yM by using the relations,
vϕ = mZ′/(2 gX) and yM = mN/

√
2 vϕ =

√
2 gX (mN/mZ′). As has been discussed

in Sec. 4.1, once ξ is �xed, not only the in�ationary predictions but also ϕ0, ϕe and
λΦ(ϕ0) are all determined. When ξ, mZ′ and mN values are �xed, we obtain gX as a
function of xH from Eq. (4.14). In Fig. 4.2, we show αgX x2

H as a function of xH for
various values of ξ for (a) mZ′ = 3 TeV and xH > 0, (b) mZ′ = 3 TeV and xH < 0, (c)
mZ′ = 4 TeV and xH > 0, and (d) mZ′ = 4 TeV and xH < 0. In Figs. 4.2(a)-(d), the
diagonal (black) lines correspond to ξ = 10, 1, 0.0689, and 0.00333 from left to right.
Here, we have �xed mN = mZ′/3 (see the next section), for simplicity. The results for
xH > 0 and xH < 0 are well overlapped and indistinguishable.

4.3 Complementarity between collider physics and in-

�ation

Realizing the non-minimal quartic in�ation in the context of the classically conformal
U(1)′ model, we have obtained a relation between the U(1)′ gauge coupling and the
in�ationary predictions once xH , mZ′ and mN are �xed. If mZ′ ≲ 10 TeV, the Z ′

boson in our U(1)′ model can be produced at the high-energy colliders, which has been
discussed in Sec. 2.5. Since the production cross section of the Z ′ boson depends on
its mass, the gauge coupling and xH , we have in our model a correlation between the
collider physics on Z ′ boson and the in�ationary predictions.

By following the same strategy in Sec. 2.5, we interpret the LHC Run-2 ATLAS
2017 results [128] on the Z ′

SSM boson into the U(1)′ Z ′ boson case. In Fig. 4.2, the
horizontal (red) lines show the upper bounds on αgX x2

H as a function of xH from the
ATLAS 2017 results on the search for a narrow resonance with the combined dielectron
and dimuon channels [128]. As we can see the cross section formula, the horizontal
(red) lines in Figs. 4.2(a) and 4.2(b) (Figs. 4.2(c) and 4.2(d)) approach to a constant
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Figure 4.2: (a) The diagonal (black) lines depict αgX x2
H as a function of xH for

various values of ξ = 10, 1, 0.0689, and 0.00333 from left to right, along which the
non-minimal quartic in�ation is realized. Here, we have �xed mZ′ = 3mN = 3 TeV
and xH > 0. The horizontal (red) line shows the upper bound on αgX x2

H as a function
of xH from the ATLAS 2017 results on the search for a narrow resonance [128]. (b) is
the same as (a), but for xH < 0. The result diagonal (black) lines for (a) xH > 0 and
(b) xH < 0 are well overlapped and indistinguishable. (c) and (d) are the same as (a)
and (b), but for mZ′ = 3mN = 4 TeV.

value of 0.00008 (0.00055) for a large |xH |. Combining the ATLAS 2017 constraints
with the diagonal (black) lines from the in�ationary analysis, we �nd upper bounds on
xH ≲ 5, 15, 40, and 80 for mZ′ = 3 TeV (xH ≲ 12, 40, 110, and 220 for mZ′ = 4 TeV),
corresponding to ξ = 10, 1, 0.0689, and 0.00333, respectively. Recall that the in�aton
quartic coupling is extremely small for ξ ≲ 10 (see Table 4.1), and this indicates that
the U(1)′ gauge coupling is also very small (see Eq. (4.14)). Nevertheless, as has been
pointed out in Ref. [167], the Z ′ boson with mass of O(1 TeV) can still be tested at the
LHC Run-2 when the U(1)′ gauge symmetry is oriented to the SM U(1)Y hyper-charge
direction, namely, |xH | ≫ 1.

As the Z ′ boson is heavier, the LHC bounds become weaker, because of the energy
dependence of the parton distribution functions. We can see this fact by comparing the
horizontal (red) lines in Fig. 4.2(a) (Fig. 4.2(b)) and Fig. 4.2(c) (Fig. 4.2(d)). When we
take mZ′ = 5 TeV, which is the maximum Z ′ boson mass in the ATLAS analysis [128],



58 In�ation

50 100 500 1000
0.002

0.003

0.004

0.005

0.006

|xH|

g
X
X
H2

mZ' = 5 TeV, xH > 0

(a)

50 100 500 1000
0.002

0.003

0.004

0.005

0.006

|xH|

g
X
X
H2

mZ' = 5 TeV, xH < 0

(b)

Figure 4.3: (a) The combined result for mZ′ = 5 TeV and xH > 0. The shaded
(green) region depicts the parameters to resolve the electroweak vacuum instability,
while satisfying the perturbativity of the gauge coupling at MP . The horizontal (red)
line denotes the upper bound from the ATLAS 2017 results for the Z ′ boson search at
the LHC Run-2 [128]. The diagonal (black) lines correspond to ξ = 10, 1, 0.0689, and
0.00333 from left to right, along which the non-minimal quartic in�ation is realized.
(b) Same as (a), but for xH < 0.

another interesting parameter region of our model opens up. In chapter 2, we have been
investigated in the view point of the electroweak vacuum stability. As is well-known,
the SM Higgs potential becomes unstable at high energies, since the running SM Higgs
quartic coupling runs into the negative region at the renormalization scale of µ ≃ 1010

GeV [52]. It has been shown in chapter 2 that this electroweak vacuum instability
problem can be solved in the context of the classically conformal U(1)′ model with
αgX x2

H ≳ 0.0025. It is interesting to combine our in�ation analysis with the results in
chapter 2.

Fig. 4.3 shows the combined results in (xH , αgX x2
H)-plane. In Fig. 4.3(a), the

parameter region to resolve the electroweak vacuum instability is shown as the shaded
(green) region for mZ′ = 5 TeV and xH > 0. In order to solve the instability problem,
αgX x2

H ≳ 0.0025 is necessary, while αgX has an upper bound for a �xed xH from the
requirement αgX (MP ) < 1 that the running U(1)′ gauge coupling is in the perturbative
regime at µ = MP . The horizontal (red) line denotes the upper bound from the ATLAS
2017 results. The diagonal lines correspond to ξ = 10, 1, 0.0689, and 0.00333 from left
to right, along which the non-minimal quartic in�ation is realized. Since we have found
that the leading-log approximation for the RG analysis is not su�ciently reliable for
αgX x2

H ≳ 0.0025, we have numerically integrated the RG equations in this analysis.
See chapter 2 (also see Ref. [48, 49]) for details of our RG analysis. The upper bounds
on αgX x2

H ≲ 0.0045 shown on the diagonal (black) lines are also from the requirement
of αgX (ϕ0) < 1 for a given ξ. Since ϕ0 > MP for ξ ≲ 10, the requirement of αgX (ϕ0) < 1
is more severe than that of αgX (MP ) < 1. We �nd the allowed parameter region for
ξ ≳ 0.0689 and xH ≲ 350, although it is very narrow. Fig. 4.3(b) is the same as
Fig. 4.3(a), but for xH < 0.

Even if the U(1)′ gauge coupling is very small and |xH | ≲ 1, we can test our
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Figure 4.4: The B −L gauge coupling (gX) a function of mZ′ , along with the results
presented in Ref. [168]. The horizontal lines correspond to our results for ξ = 10, 1,
0.0689, and 0.00333 from top to bottom, respectively, along which the non-minimal
quartic in�ation is realized. According to the analysis in Ref. [168], we have �xed
mN = mZ′/3. The shaded regions are excluded by the indicated experiments. The
projected reach of the proposed searches for a Z ′ boson production and its decay into
a pair of RHNs are shown in thick (solid and dashed) curves. The thin (black) curves
show the projected sensitivity of direct searches for the Z ′ boson production via its
decay Z ′ → ℓ+ℓ− from the LHC Run-1 (dashed), and the High-Luminosity LHC (dot-
dashed). See Ref. [168] for more details.

model when the Z ′ boson is light, say, mZ′ ≲ 500 GeV. In Ref. [168], the authors
have considered the RHN production at the High-Luminosity LHC [169] and the SHiP
[170] experiments in the contest of the minimal B − L model (the limit of xH = 0 in
our U(1)′ model), where a pair of RHNs is created through the decay of a Z ′ boson
resonantly produced at the colliders. When the RHNs have the mass of O(100 GeV) or
less, it is long-lived and its decay to the SM particles provides a clean signature with
a displaced vertex. It has been found in Ref. [168] that for a �xed mN = mZ′/3, the
High-Luminosity LHC and the SHiP experiments can explore the B−L gauge coupling
up to gX ≳ 10−4 for 10 GeV ≲ mZ′ ≲ 500 GeV. In the B−L limit of xH = 0, we show
in Fig. 4.4 the B − L gauge coupling (gX) as a function of mZ′ , along with the results
presented in Ref. [168]. The horizontal lines correspond to our results for ξ = 10, 1,
0.0689, and 0.00333 from top to bottom, respectively, along which the non-minimal
quartic in�ation is realized. Our results very weakly depend on mZ′ in the mass range
shown in Fig. 4.4, as can be understood from Eq. (4.14).
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Figure 4.5: The mass ratio of mϕ/mZ′ as a function of xH for ξ = 10, 1, 0.0689, and
0.00333 from top to bottom. Although we have used mZ′ = 3 TeV as a reference, we
obtain almost identical results for other values of mZ′ .

4.4 In�aton mass and reheating after in�ation

To complete our in�ation scenario, we �nally discuss reheating after in�ation through
the in�aton decay into the SM particles. Since the in�aton is much lighter than the
Z ′ boson and the RHNs in our scenario with ξ ≲ 10, it decays mainly into the SM
fermions through the mixing with the SM Higgs boson.

From the Higgs potential in Eq. (2.5) with the radiative corrections in Eq. (2.6),
we �nd the following mass matrix for the in�aton (ϕ) and the SM Higgs boson (h) at
the potential minimum:

L ⊃ −1

2

[
h ϕ

] [ m2
h −m2

mix

−m2
mix m2

ϕ

] [
h
ϕ

]
, (4.15)

where m2
mix = |λmix|vhvϕ, mh = 125 GeV and mϕ is given in Eq. (2.12). As can be seen

in Secs. 2.2-2.3, m2
mix, m

2
ϕ ≪ m2

h and the mass matrix is almost diagonal. We de�ne
the mass eigenstates, h′ and ϕ′, by[

h′

ϕ′

]
=

[
cos θ − sin θ
sin θ cos θ

] [
h
ϕ

]
, (4.16)

with a small mixing angle

θ ≃ m2
mix

m2
h

= 2gX

(
vh
mZ′

)
≪ 1. (4.17)

Since the mixing angle is very small, the mass eigenstate h′ (ϕ′) is almost the SM Higgs
boson (the U(1)′ Higgs boson).

Through the mixing angle, the in�aton decays into the SM particles. We evaluate
the in�aton decay width as

Γϕ(mϕ) ≃ θ2 × Γh(mϕ), (4.18)
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Figure 4.6: Reheating temperature after in�ation. (a) Reheating temperature as a
function of xH for ξ = 10, 1, 0.0689, and 0.00333 from top to bottom, with mZ′ = 3
TeV. The results for xH > 0 and xH < 0 are well overlapped and indistinguishable. (b)
Reheating temperature as a function of mZ′ in the B − L model (xH = 0). The solid
lines correspond to the results for ξ = 10, 1, 0.0689, and 0.00333 from top to bottom.
Sharp rises of the reheating temperature for threshold values of mZ′ imply that new
decay channels are opened.

where Γh(mϕ) is the SM Higgs boson decay width if the SM Higgs boson mass were
mϕ

1. From Eqs. (2.12) and (4.17), the in�aton mass and its decay width is a function
of αgX and mZ′ (with mN = mZ′/3). For the successful non-minimal in�ation, αgX is
determined as a function of ξ, xH and mZ′ , and hence the in�aton mass and the decay
width are controlled by the three parameters, ξ, xH and mZ′ . With the in�aton decay
width, we estimate reheating temperature by

TRH =

(
90

π2g∗

)1/4√
ΓϕMP ≃

√
ΓϕMP , (4.19)

where g∗ is the total e�ective degrees of freedom of thermal plasma.

In Fig. 4.5, we show the ratio of mϕ/mZ′ as a function of xH for ξ = 10, 1, 0.0689,
and 0.00333 from top to bottom. The results for xH > 0 and xH < 0 are well overlapped
and indistinguishable. Although we have used mZ′ = 3 TeV as a reference, we �nd
that the result is almost independent of mZ′ , as we have seen in Fig. 4.4 with xH = 0.
The resultant mass ratios are also weakly depending on xH .

In Fig. 4.6, we show the estimated reheating temperature after in�ation. Fig. 4.6(a)
depicts the reheating temperature as a function of xH for ξ = 10, 1, 0.0689, and 0.00333
from top to bottom, with mZ′ = 3 TeV. For the B − L limit of xH = 0, Fig. 4.6(b)
depicts the results as a function of mZ′ . The solid lines from top to bottom correspond
to the results for ξ = 10, 1, 0.0689, and 0.00333, respectively. Sharp rises of the
reheating temperature for threshold values of mZ′ imply that new decay channels are
opened. For example, in the plot for ξ = 10, a new decay channel of ϕ → µ+µ−

opens at mZ′ ≃ 80 GeV. All results presented in Fig. 4.6 satisfy the model-independent

1 Γh(mϕ) is a function of the SM Higgs boson decay width Γh(mh) replacing mh with mϕ.
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lower bound on reheating temperature, TRH ≳ 1 MeV, for the successful Big Bang
Nucleosynthesis.

4.5 Summary

The non-minimal quartic in�ation is a simple and successful in�ation scenario, and its
in�ationary predictions are consistent with the Planck 2015 results for the non-minimal
gravitational coupling with ξ ≳ 0.003 for N0 = 60. This in�ation scenario would be
more compelling if the in�aton plays essential roles for not only in�ation but also par-
ticle physics phenomena. In many models beyond the SM where the gauge symmetry
of the SM is extended, a new Higgs �eld to break the extended gauge symmetry is
commonly introduced. It is an interesting possibility to identify such a Higgs �eld with
the in�aton in the non-minimal quartic in�ation.

In this chapter, we have considered the classically conformal U(1)′ extended SM,
where the U(1)′ gauge group is realized as a linear combination of the U(1)B−L and
the SM U(1)Y gauge groups. This model has an interesting property that all the gauge
symmetry breakings in the model originates from the Coleman-Weinberg mechanism:
The U(1)′ gauge symmetry is radiatively broken through the Coleman-Weinberg mech-
anism, and this breaking generates a negative mass squared for the SM Higgs doublet
and hence, the electroweak symmetry breaking occurs subsequently. Associated with
the U(1)′ gauge symmetry breaking, the Z ′ boson and the right-handed neutrinos ac-
quire their masses. We have set their masses in the range of O(10 GeV)−O(10 TeV),
which is accessible at high energy collider experiments

We have investigated the non-minimal in�ation scenario in the context of this clas-
sically conformal U(1)′ model by identifying the U(1)′ Higgs �eld with the in�aton.
In this model, the U(1)′ gauge symmetry is radiatively broken through the Coleman-
Weinberg mechanism, due to which the in�aton quartic coupling is determined by the
U(1)′ gauge coupling. Since the in�ationary predictions in the non-minimal quartic
in�ation are determined by the in�aton quartic coupling during in�ation, we have a
correlation between the in�ationary predictions and the U(1)′ gauge coupling. With
this correlation, we have investigated complementarities between the in�ationary pre-
dictions and the constraint from the Z ′ boson resonance search at the LHC Run-2 2017
as well as the prospect of the search for the Z ′ boson and the right-handed neutrinos
at the future collider experiments. For completion of our in�ation scenario, we have
considered a reheating scenario due to the in�aton decay through the SM Higgs boson,
and found the reheating temperature to be su�ciently high.

Finally, we comment on the stability of the scalar potential during in�ation. We
have considered the in�ation trajectory in the direction of ϕ with H = 0. For ϕ ≫ vϕ,
the scalar potential is approximated by Eq. (2.5) with replacing the quartic couplings
at the tree-level by their RG running couplings. If λmix < 0 during in�ation, we can see
a problem that the in�aton potential is destabilized in the SM Higgs direction. In fact,
when we take into account the RG evolution of λmix, see Fig. 2.1(b) as an example,
we can �nd that λmix > 0 during in�ation (µ ≳ MP ), and therefore the potential is
stabilized in the SM Higgs direction.

In our analysis we have considered the number of e-folds to be a free parameter and
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have �xed N0 = 60. However, the number of e-folds is determined by the reheating
temperature TR, and the in�aton potential energy at the horizon exit (VE|k0) as (see,
for example, Refs. [171, 172])

N0 ≃ 51.4 +
2

3
ln

(
VE|1/4k0

1015GeV

)
+

1

3
ln

(
TR

107GeV

)
. (4.20)

Because of this relation, the number of e-folds is not a free parameter and is determined
as a function of ξ, xH , and mZ′ . Using this relation we can make our predictions more
precise. However, in such an analysis the in�ationary predictions, low energy observ-
ables, and the reheating temperature are related with each other in a very complicated
way through the free parameters ξ, xH , and mZ′ . To keep our discussion very clear we
have treated N0 as a free parameter. From Eq. (4.20), we can see that the true value of
N0 lies in between 50 and 60. As shown in Table 4.1, the in�ationary predictions for a
�xed ξ weakly depend on N0 values. Hence our results with N0 = 60 well approximate
the true values.





Conclusion

In chapter 1, we have brie�y reviewed the standard model (SM). The SM is a well-
established model which can provide precise predictions for experiments. However,
the SM still has several problems, such as the gauge hierarchy problem, origin of the
electroweak symmetry breaking, non-zero neutrino mass, and no candidate of dark
matter.

The classical conformal symmetry with its violation through quantum anomalies
could be a solution to the gauge hierarchy problem in the SM. Unfortunately, we
cannot simply apply this mechanism to the SM, since the large top Yukawa coupling
destabilizes the e�ective Higgs potential. In chapter 2, we have introduced the minimal
gauged U(1)′ extension of the SM with classically scale invariance, in which three
RHNs and a U(1)′ Higgs singlet �eld are introduced [48, 49]. The U(1)′ gauge group
is an anomaly-free linear combination of the U(1)B−L and the SM U(1)Y gauge group.
This model has an interesting property that all the gauge symmetry breakings in the
model originates from the Coleman-Weinberg mechanism. The U(1)′ gauge symmetry
is radiatively broken through the Coleman-Weinberg mechanism, and this breaking
generates a negative mass squared for the SM Higgs doublet and hence, the electroweak
symmetry breaking occurs subsequently. Associated with the U(1)′ gauge symmetry
breaking, the Z ′ boson and the right-handed neutrinos acquire their masses. With
the Majorana heavy neutrinos, the seesaw mechanism is automatically implemented.
Therefore, all mass generations occur through the dimensional transmutation in our
model.

In addition to the measurement of the top quark mass, with the discovery of Higgs
particle at the LHC on 2012, it is possible to discuss the electroweak vacuum stability
more directly than before. The data of these top quark and Higgs masses indicates that
our electroweak vacuum seems instable because the SM Higgs quartic coupling goes to
negative at high energy scale less than Planck mass one. Although it might not be a
problem, if the transitional time toward to the true vacuum is smaller than the life time
of universe, it is not clear for our extended model which has an extra Higgs single �eld
for using the Coleman Weinberg mechanism. The additional Higgs scalar �led a�ects
its e�ective potential which might have a �at path toward the true vacuum with current
experimental data of the top quark and the Higgs boson masses. In chapter 2, we have
�rst investigated a possibility to resolve the electroweak vacuum instability with the
current world average of the experimental data, mt = 173.34 GeV [53] andmh = 125.09
GeV [51]. Since the gauge symmetry is broken by the Coleman-Weinberg mechanism,
all quartic couplings in the Higgs potential, except the SM Higgs one, are very small,
and hence their positive contributions to the U(1)′ model are not e�ective in resolving

65



66 Conclusion

the SM Higgs vacuum instability. On the other hand, in the U(1)′ model, the SM Higgs
doublet has a nonzero U(1)′ charge, and this gauge interaction positively contributes
to the beta function. In addition, the U(1)′ gauge interaction negatively contributes
to the beta function of the top Yukawa coupling, so the running top Yukawa coupling
is decreasing faster than in the SM case, and its negative contribution to the beta
function of the SM Higgs quartic coupling becomes milder. For three free parameters
of the model, mZ′ , αgX and xH , we have performed a parameter scan by analyzing the
renormalization group evolutions of the model parameters at the two-loop level, and we
have identi�ed parameter regions which can solve the electroweak vacuum instability
problem and keep all coupling values in the perturbative regime up to the Planck mass.
We have found that the resultant parameter regions are very severely constrained, and
also that the U(1)B−L model and the orthogonal model are excluded from having the
electroweak vacuum stability with the current world average of the experimental data,
mt = 173.34 GeV and mh = 125.09 GeV.

In chapter 2, we have also considered the collider bounds on the U(1)′ Z ′ boson
mass from the recent ATLAS and CMS results at the LHC Run-2 2015 with

√
s = 13

TeV. We have interpreted the Z ′ boson resonance search results at the LHC Run-1
and Run-2 (2015) to the U(1)′ Z ′ boson case, and obtained the LHC bound on the
U(1)′ charge of the SM Higgs doublet xH for a �xed U(1)′ gauge coupling, the LHC
bound on xH for a �xed VEV of the U(1)′ Higgs, or the LHC upper bound on the
U(1)′ gauge coupling for a �xed xH as a function of the U(1)′ Z ′ boson mass mZ′ .
We have also considered naturalness of our model. Once the U(1)′ gauge symmetry is
broken, the Z ′ boson and the right-handed neutrinos become heavy and contribute to
the SM Higgs self-energy through quantum corrections. Therefore, the SM Higgs self-
energy can exceed the electroweak scale, if the states are so heavy. Since the SM Higgs
doublet has nonzero U(1)′ charge, the self-energy corrections from the Z ′ boson occur
at the one-loop level. This is in sharp contrast to the classically conformal U(1)B−L

model [40, 41], where the Higgs doublet has no U(1)B−L charge, and the self-energy
corrections from the Z ′ boson occur at the two-loop level. We have evaluated the Higgs
self-energy corrections, and found the naturalness bounds as mZ′ ≲ 7 TeV to reproduce
the right electroweak scale for the �ne-tuning level better than 10%, Combining the
constraints from the electroweak vacuum stability. the LHC Run-2 2015 results, and
naturalness bounds, we have found that the U(1)′ Z ′ boson mass lies in the range of
3.5 TeV≲ mZ′ ≲ 7 TeV.

In chapter 3, we have considered the DM scenario in the context of the classically
conformal U(1)′ extended SM, with three RHNs and the U(1)′ Higgs �eld [99]. The
model is free from all the U(1)′ gauge and gravitational anomalies in the presence of
the three RHNs. We have introduced a Z2-parity in the model, under which an odd-
parity is assigned to one RHN, while all the other particles are assigned to be Z2-even.
In our model, the Z2-odd RHN serves as a stable DM candidate, while the other two
RHNs are utilized for the the minimal seesaw mechanism in order to reproduce the
neutrino oscillation data and the observed baryon asymmetry in the Universe through
leptogenesis. There are three free parameters in our model, the U(1)′ charge of the SM
Higgs doublet (xH), the new U(1)′ gauge coupling (αgX ), and the U(1)′ gauge boson
(Z ′) mass (mZ′). In this model context, we have �rst investigated a possibility to resolve
the electroweak vacuum instability with the current world average of the experimental



67

data, mt = 173.34 GeV and mh = 125.09 GeV, by using the same strategy in chapter 2.
Next, we have calculated the thermal relic density of the RHN DM and identi�ed the
model parameter region to reproduce the observed DM relic density of the Planck 2015
measurement. In our model, the RHN DM particles mainly annihilate into the SM
particles through the s-channel process mediated by the Z ′ boson. We have obtained
the lower bound on αgX as a function of mZ′ and xH from the observed DM relic
density. By using the same strategy in chapter 2, we have also calculated the LHC
Run-2 2016 bounds from the search for the Z ′ boson resonance by the ATLAS and
CMS analysis, which lead to the upper bounds on αgX as a function of mZ′ and xH .
Finally, we have combined all the constraints. The cosmological constraint on the RHN
DM yields the lower bound on αgX as a function of mZ′ and xH , while the upper bound
on αgX is obtained from the LHC Run-2 2016 results, so that these constraints are
complementary to narrow the allowed parameter regions. We have found that only
small portions in these allowed parameter regions can solve the electroweak vacuum
instability problem. In particular, no allowed region to satisfy all constraints exists
for mZ′ ≲ 3.5 TeV. For the obtained allowed regions, we have calculated the spin-
independent cross section of the RHN DM with nucleons. We have found that the
resultant cross section well below the current experimental upper bounds.

In chapter 4, we have investigated the non-minimal in�ation scenario in the context
of this classically conformal U(1)′ model by identifying the U(1)′ Higgs �eld with the
in�aton [127]. The non-minimal quartic in�ation is a simple and successful in�ation sce-
nario, and its in�ationary predictions are consistent with the Planck 2015 results for the
non-minimal gravitational coupling with ξ ≳ 0.003 for N0 = 60. Hence, it is interesting
to identify the U(1)′ Higgs �eld with the in�aton in the non-minimal quartic in�ation.
In this model, the U(1)′ gauge symmetry is radiatively broken through the Coleman-
Weinberg mechanism, due to which the in�aton quartic coupling is determined by the
U(1)′ gauge coupling. Since the in�ationary predictions in the non-minimal quartic
in�ation are determined by the in�aton quartic coupling during in�ation, we have a
correlation between the in�ationary predictions and the U(1)′ gauge coupling. With
this correlation, we have investigated complementarities between the in�ationary pre-
dictions and the constraint from the Z ′ boson resonance search at the LHC Run-2 2017
as well as the prospect of the search for the Z ′ boson and the right-handed neutrinos
at the future collider experiments. For completion of our in�ation scenario, we have
considered a reheating scenario due to the in�aton decay through the SM Higgs boson,
and found the reheating temperature to be su�ciently high.





Appendix A

U(1)′ RGES AT THE ONE-LOOP
LEVEL

In this appendix we present the one-loop RGEs for the U(1)′ extension of the SM,
which are used in our analysis. The covariant derivative relevant to U(1)Y× U(1)′ in
this Appendix is de�ned as

Dµ ≡ ∂µ − i(g1Y + g̃QX)Bµ − igXQZZ
′
µ, (A.1)

where Y (Y ′) are U(1)Y (U(1)′ ) charge of a particle, and the gauge coupling g̃ is
introduced associated with a kinetic mixing between the two U(1) gauge bosons. The
de�nitions of the Yukawa interactions and the scalar potential are given by Eqs. (2.3)
and (2.5), respectively. We only include the top quark Yukawa coupling yt and the right-
handed neutrino Majorana Yukawa coupling Y i

M , since the other Yukawa couplings are
negligibly small. The U(1)′ charges xi are de�ned in Table 2.1. The RGEs for the
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gauge couplings at the one-loop level are given by
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For the RGEs for the Yukawa couplings at the one-loop level we have
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Finally, the RGEs for the scalar quartic couplings are given by
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mix − 16
∑
i

(Y i
M)4 + 6

{(
xΦg̃

)2
+
(
xΦgX

)2}2
]
,

µ
dλmix

dµ
=

1

(4π)2

[
λmix

{
12λH + 8λΦ + 4λmix + 6y2t + 4

∑
i

(Y i
M)2

− 9

2
g22 − 6

(
1

2
g1 + xH g̃

)2
− 6
(
xΦg̃

)2 − 6
(
xHgX

)2 − 6
(
xΦgX

)2}

+ 12

{(
1

2
g1 + xH g̃

)(
xΦg̃

)
+
(
xHgX

)(
xΦgX

)}2
]
. (A.4)





Appendix B

U(1)′ RGES AT THE TWO-LOOP
LEVEL

In this appendix we present the two-loop RGEs for the U(1)′ extension of the SM,
which are used in our analysis, especially numerical analysis. The covariant derivatives
relevant to U(1)Y× U(1)′ in this Appendix and chapter 2are de�ned as

Dµ ≡ ∂µ − i
(
Y1 YX

)( g1 g1X
gX1 gX

)(
Bµ

B′
µ

)
, (B.1)

where Y1 (YX) are U(1)Y (U(1)′) charge of a particle, and the gauge couplings gX1

and g1X are introduced associated with a kinetic mixing between the two U(1) gauge
bosons. The de�nitions of the Yukawa interactions and the scalar potential are given
by Eqs. (2.3) and (2.5), respectively. We only include the top quark Yukawa coupling yt
and the right-handed neutrino Majorana Yukawa coupling yM = Y i

M (i = 1, 2, 3) since
the other Yukawa couplings are negligibly small. The U(1)′ charges xi are de�ned in
Table 2.1. The U(1)′ RGEs at the two-loop level have been generated by using SARAH
[139, 140].

B.1 U(1)′ RGEs for the gauge couplings

The RGEs for the gauge couplings at the two-loop level are given by

µ
dgi
dµ

= β(1)
gi

+ β(2)
gi

, (B.2)

where β
(1)
gi and β

(2)
gi are the one-loop and two-loop beta functions for the gauge cou-

plings, respectively, and gi represents g3, g2, g1, gX1, g1X and gX . Here, the one-loop
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beta functions for the gauge couplings are given by

β(1)
g3

=
g33

16π2

[
− 7
]
,

β(1)
g2

=
g32

16π2

[
−19

6

]
,

β(1)
g1

=
1

16π2

[
g1

{
41

6
g21 +

1

3

(
82xH + 16xΦ

)
g1gX1 +

1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
g2X1

}
+ g1X

{
41

6
g1g1X +

1

3

(
41xH + 8xΦ

)
g1gX +

1

3

(
41xH + 8xΦ

)
g1XgX1

+
1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
gX1gX

}]
,

β(1)
gX1

=
1

16π2

[
gX1

{
41

6
g21 +

1

3

(
82xH + 16xΦ

)
g1gX1 +

1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
g2X1

}
+ gX

{
41

6
g1g1X +

1

3

(
41xH + 8xΦ

)
g1gX +

1

3

(
41xH + 8xΦ

)
g1XgX1

+
1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
gX1gX

}]
,

β(1)
g1X

=
1

16π2

[
g1X

{
41

6
g21X +

1

3

(
82xH + 16xΦ

)
g1XgX +

1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
g2X

}
+ g1

{
41

6
g1g1X +

1

3

(
41xH + 8xΦ

)
g1gX +

1

3

(
41xH + 8xΦ

)
g1XgX1

+
1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
gX1gX

}]
,

β(1)
gX

=
1

16π2

[
gX

{
41

6
g21X +

1

3

(
82xH + 16xΦ

)
g1XgX +

1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
g2X

}
+ gX1

{
41

6
g1g1X +

1

3

(
41xH + 8xΦ

)
g1gX +

1

3

(
41xH + 8xΦ

)
g1XgX1

+
1

3

(
82x2

H + 32xHxΦ + 9x2
Φ

)
gX1gX

}]
, (B.3)
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and the two-loop beta functions for the gauge couplings are given by

β(2)
g3

=
1

(16π2)2
· g

3
3

6

[
11g21 + 27g22 − 156g23 + 11g21X + 44g1XgXxH + 44g1gX1xH + 44g2Xx

2
H

+ 44g2X1x
2
H + 4g1XgXxΦ + 4g1gX1xΦ + 8g2XxHxΦ + 8g2X1xHxΦ + 2g2Xx

2
Φ + 2g2X1x

2
Φ − 12y2t

]
,

β(2)
g2

=
1

(16π2)2
· g

3
2

6

[
9g21 + 35g22 + 72g23 + 9g21X + 36g1XgXxH + 36g1gX1xH + 36g2Xx

2
H + 36g2X1x

2
H

+ 12g1XgXxΦ + 12g1gX1xΦ + 24g2XxHxΦ + 24g2X1xHxΦ + 6g2Xx
2
Φ + 6g2X1x

2
Φ − 9y2t

]
,

β(2)
g1

=
1

(16π2)2
· 1

18

[
199g51 + 81g31g

2
2 + 264g31g

2
3 + 398g31g

2
1X + 81g1g

2
2g

2
1X + 264g1g

2
3g

2
1X

+ 199g1g
4
1X + 1194g31g1XgXxH + 162g1g

2
2g1XgXxH + 528g1g

2
3g1XgXxH

+ 1194g1g
3
1XgXxH + 1592g41gX1xH + 324g21g

2
2gX1xH + 1056g21g

2
3gX1xH + 1990g21g

2
1XgX1xH

+ 162g22g
2
1XgX1xH + 528g23g

2
1XgX1xH + 398g41XgX1xH + 796g31g

2
Xx

2
H + 2388g1g

2
1Xg

2
Xx

2
H

+ 5572g21g1XgXgX1x
2
H + 324g22g1XgXgX1x

2
H + 1056g23g1XgXgX1x

2
H + 2388g31XgXgX1x

2
H

+ 4776g31g
2
X1x

2
H + 324g1g

2
2g

2
X1x

2
H + 1056g1g

2
3g

2
X1x

2
H + 3184g1g

2
1Xg

2
X1x

2
H + 1592g1g1Xg

3
Xx

3
H

+ 3184g21g
2
XgX1x

3
H + 4776g21Xg

2
XgX1x

3
H + 7960g1g1XgXg

2
X1x

3
H + 6368g21g

3
X1x

3
H

+ 1592g21Xg
3
X1x

3
H + 3184g1Xg

3
XgX1x

4
H + 3184g1g

2
Xg

2
X1x

4
H + 3184g1XgXg

3
X1x

4
H

+ 3184g1g
4
X1x

4
H + 246g31g1XgXxΦ + 54g1g

2
2g1XgXxΦ + 48g1g

2
3g1XgXxΦ

+ 246g1g
3
1XgXxΦ + 328g41gX1xΦ + 108g21g

2
2gX1xΦ + 96g21g

2
3gX1xΦ + 410g21g

2
1XgX1xΦ

+ 54g22g
2
1XgX1xΦ + 48g23g

2
1XgX1xΦ + 82g41XgX1xΦ + 328g31g

2
XxHxΦ + 984g1g

2
1Xg

2
XxHxΦ

+ 2296g21g1XgXgX1xHxΦ + 216g22g1XgXgX1xHxΦ + 192g23g1XgXgX1xHxΦ

+ 984g31XgXgX1xHxΦ + 1968g31g
2
X1xHxΦ + 216g1g

2
2g

2
X1xHxΦ + 192g1g

2
3g

2
X1xHxΦ

+ 1312g1g
2
1Xg

2
X1xHxΦ + 984g1g1Xg

3
Xx

2
HxΦ + 1968g21g

2
XgX1x

2
HxΦ + 2952g21Xg

2
XgX1x

2
HxΦ

+ 4920g1g1XgXg
2
X1x

2
HxΦ + 3936g21g

3
X1x

2
HxΦ + 984g21Xg

3
X1x

2
HxΦ + 2624g1Xg

3
XgX1x

3
HxΦ

+ 2624g1g
2
Xg

2
X1x

3
HxΦ + 2624g1XgXg

3
X1x

3
HxΦ + 2624g1g

4
X1x

3
HxΦ + 46g31g

2
Xx

2
Φ

+ 138g1g
2
1Xg

2
Xx

2
Φ + 322g21g1XgXgX1x

2
Φ + 54g22g1XgXgX1x

2
Φ + 48g23g1XgXgX1x

2
Φ

+ 138g31XgXgX1x
2
Φ + 276g31g

2
X1x

2
Φ + 54g1g

2
2g

2
X1x

2
Φ + 48g1g

2
3g

2
X1x

2
Φ + 184g1g

2
1Xg

2
X1x

2
Φ

+ 276g1g1Xg
3
XxHx

2
Φ + 552g21g

2
XgX1xHx

2
Φ + 828g21Xg

2
XgX1xHx

2
Φ + 1380g1g1XgXg

2
X1xHx

2
Φ

+ 1104g21g
3
X1xHx

2
Φ + 276g21Xg

3
X1xHx

2
Φ + 1104g1Xg

3
XgX1x

2
Hx

2
Φ + 1104g1g

2
Xg

2
X1x

2
Hx

2
Φ

+ 1104g1XgXg
3
X1x

2
Hx

2
Φ + 1104g1g

4
X1x

2
Hx

2
Φ + 28g1g1Xg

3
Xx

3
Φ + 56g21g

2
XgX1x

3
Φ

+ 84g21Xg
2
XgX1x

3
Φ + 140g1g1XgXg

2
X1x

3
Φ + 112g21g

3
X1x

3
Φ + 28g21Xg

3
X1x

3
Φ + 224g1Xg

3
XgX1xHx

3
Φ

+ 224g1g
2
Xg

2
X1xHx

3
Φ + 224g1XgXg

3
X1xHx

3
Φ + 224g1g

4
X1xHx

3
Φ + 100g1Xg

3
XgX1x

4
Φ

+ 100g1g
2
Xg

2
X1x

4
Φ + 100g1XgXg

3
X1x

4
Φ + 100g1g

4
X1x

4
Φ − 54g1XgXgX1x

2
Φy

2
M − 54g1g

2
X1x

2
Φy

2
M

− 51g31y
2
t − 51g1g

2
1Xy

2
t − 102g1g1XgXxHy

2
t − 204g21gX1xHy

2
t − 102g21XgX1xHy

2
t

− 204g1XgXgX1x
2
Hy

2
t − 204g1g

2
X1x

2
Hy

2
t − 15g1g1XgXxΦy

2
t − 30g21gX1xΦy

2
t

− 15g21XgX1xΦy
2
t − 60g1XgXgX1xHxΦy

2
t − 60g1g

2
X1xHxΦy

2
t − 6g1XgXgX1x

2
Φy

2
t − 6g1g

2
X1x

2
Φy

2
t

]
,
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β(2)
gX1

=
1

(16π2)2
· 1

18

[
199g31g1XgX + 81g1g

2
2g1XgX + 264g1g

2
3g1XgX + 199g1g

3
1XgX + 199g41gX1

+ 81g21g
2
2gX1 + 264g21g

2
3gX1 + 199g21g

2
1XgX1 + 398g31g

2
XxH + 162g1g

2
2g

2
XxH

+ 528g1g
2
3g

2
XxH + 1194g1g

2
1Xg

2
XxH + 1990g21g1XgXgX1xH + 162g22g1XgXgX1xH

+ 528g23g1XgXgX1xH + 398g31XgXgX1xH + 1592g31g
2
X1xH + 324g1g

2
2g

2
X1xH

+ 1056g1g
2
3g

2
X1xH + 796g1g

2
1Xg

2
X1xH + 2388g1g1Xg

3
Xx

2
H + 3184g21g

2
XgX1x

2
H

+ 324g22g
2
XgX1x

2
H + 1056g23g

2
XgX1x

2
H + 2388g21Xg

2
XgX1x

2
H + 5572g1g1XgXg

2
X1x

2
H

+ 4776g21g
3
X1x

2
H + 324g22g

3
X1x

2
H + 1056g23g

3
X1x

2
H + 796g21Xg

3
X1x

2
H + 1592g1g

4
Xx

3
H

+ 4776g1Xg
3
XgX1x

3
H + 7960g1g

2
Xg

2
X1x

3
H + 4776g1XgXg

3
X1x

3
H + 6368g1g

4
X1x

3
H

+ 3184g4XgX1x
4
H + 6368g2Xg

3
X1x

4
H + 3184g5X1x

4
H + 82g31g

2
XxΦ + 54g1g

2
2g

2
XxΦ + 48g1g

2
3g

2
XxΦ

+ 246g1g
2
1Xg

2
XxΦ + 410g21g1XgXgX1xΦ + 54g22g1XgXgX1xΦ + 48g23g1XgXgX1xΦ

+ 82g31XgXgX1xΦ + 328g31g
2
X1xΦ + 108g1g

2
2g

2
X1xΦ + 96g1g

2
3g

2
X1xΦ + 164g1g

2
1Xg

2
X1xΦ

+ 984g1g1Xg
3
XxHxΦ + 1312g21g

2
XgX1xHxΦ + 216g22g

2
XgX1xHxΦ + 192g23g

2
XgX1xHxΦ

+ 984g21Xg
2
XgX1xHxΦ + 2296g1g1XgXg

2
X1xHxΦ + 1968g21g

3
X1xHxΦ + 216g22g

3
X1xHxΦ

+ 192g23g
3
X1xHxΦ + 328g21Xg

3
X1xHxΦ + 984g1g

4
Xx

2
HxΦ + 2952g1Xg

3
XgX1x

2
HxΦ

+ 4920g1g
2
Xg

2
X1x

2
HxΦ + 2952g1XgXg

3
X1x

2
HxΦ + 3936g1g

4
X1x

2
HxΦ + 2624g4XgX1x

3
HxΦ

+ 5248g2Xg
3
X1x

3
HxΦ + 2624g5X1x

3
HxΦ + 138g1g1Xg

3
Xx

2
Φ + 184g21g

2
XgX1x

2
Φ + 54g22g

2
XgX1x

2
Φ

+ 48g23g
2
XgX1x

2
Φ + 138g21Xg

2
XgX1x

2
Φ + 322g1g1XgXg

2
X1x

2
Φ + 276g21g

3
X1x

2
Φ + 54g22g

3
X1x

2
Φ

+ 48g23g
3
X1x

2
Φ + 46g21Xg

3
X1x

2
Φ + 276g1g

4
XxHx

2
Φ + 828g1Xg

3
XgX1xHx

2
Φ + 1380g1g

2
Xg

2
X1xHx

2
Φ

+ 828g1XgXg
3
X1xHx

2
Φ + 1104g1g

4
X1xHx

2
Φ + 1104g4XgX1x

2
Hx

2
Φ + 2208g2Xg

3
X1x

2
Hx

2
Φ

+ 1104g5X1x
2
Hx

2
Φ + 28g1g

4
Xx

3
Φ + 84g1Xg

3
XgX1x

3
Φ + 140g1g

2
Xg

2
X1x

3
Φ + 84g1XgXg

3
X1x

3
Φ

+ 112g1g
4
X1x

3
Φ + 224g4XgX1xHx

3
Φ + 448g2Xg

3
X1xHx

3
Φ + 224g5X1xHx

3
Φ + 100g4XgX1x

4
Φ

+ 200g2Xg
3
X1x

4
Φ + 100g5X1x

4
Φ − 54g2XgX1x

2
Φy

2
M − 54g3X1x

2
Φy

2
M − 51g1g1XgXy

2
t − 51g21gX1y

2
t

− 102g1g
2
XxHy

2
t − 102g1XgXgX1xHy

2
t − 204g1g

2
X1xHy

2
t − 204g2XgX1x

2
Hy

2
t − 204g3X1x

2
Hy

2
t

− 15g1g
2
XxΦy

2
t − 15g1XgXgX1xΦy

2
t − 30g1g

2
X1xΦy

2
t − 60g2XgX1xHxΦy

2
t − 60g3X1xHxΦy

2
t

− 6g2XgX1x
2
Φy

2
t − 6g3X1x

2
Φy

2
t

]
,
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β(2)
g1X

=
1

(16π2)2
· 1
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[
199g41g1X + 81g21g

2
2g1X + 264g21g

2
3g1X + 398g21g

3
1X + 81g22g

3
1X

+ 264g23g
3
1X + 199g51X + 398g41gXxH + 162g21g

2
2gXxH + 528g21g

2
3gXxH + 1990g21g

2
1XgXxH

+ 324g22g
2
1XgXxH + 1056g23g

2
1XgXxH + 1592g41XgXxH + 1194g31g1XgX1xH

+ 162g1g
2
2g1XgX1xH + 528g1g

2
3g1XgX1xH + 1194g1g

3
1XgX1xH + 3184g21g1Xg

2
Xx

2
H

+ 324g22g1Xg
2
Xx

2
H + 1056g23g1Xg

2
Xx

2
H + 4776g31Xg

2
Xx

2
H + 2388g31gXgX1x

2
H

+ 324g1g
2
2gXgX1x

2
H + 1056g1g

2
3gXgX1x

2
H + 5572g1g

2
1XgXgX1x

2
H + 2388g21g1Xg

2
X1x

2
H

+ 796g31Xg
2
X1x

2
H + 1592g21g

3
Xx

3
H + 6368g21Xg

3
Xx

3
H + 7960g1g1Xg

2
XgX1x

3
H + 4776g21gXg

2
X1x

3
H

+ 3184g21XgXg
2
X1x

3
H + 1592g1g1Xg

3
X1x

3
H + 3184g1Xg

4
Xx

4
H + 3184g1g

3
XgX1x

4
H

+ 3184g1Xg
2
Xg

2
X1x

4
H + 3184g1gXg

3
X1x

4
H + 82g41gXxΦ + 54g21g

2
2gXxΦ + 48g21g

2
3gXxΦ

+ 410g21g
2
1XgXxΦ + 108g22g

2
1XgXxΦ + 96g23g

2
1XgXxΦ + 328g41XgXxΦ + 246g31g1XgX1xΦ

+ 54g1g
2
2g1XgX1xΦ + 48g1g

2
3g1XgX1xΦ + 246g1g

3
1XgX1xΦ + 1312g21g1Xg

2
XxHxΦ

+ 216g22g1Xg
2
XxHxΦ + 192g23g1Xg

2
XxHxΦ + 1968g31Xg

2
XxHxΦ + 984g31gXgX1xHxΦ

+ 216g1g
2
2gXgX1xHxΦ + 192g1g

2
3gXgX1xHxΦ + 2296g1g

2
1XgXgX1xHxΦ + 984g21g1Xg

2
X1xHxΦ

+ 328g31Xg
2
X1xHxΦ + 984g21g

3
Xx

2
HxΦ + 3936g21Xg

3
Xx

2
HxΦ + 4920g1g1Xg

2
XgX1x

2
HxΦ

+ 2952g21gXg
2
X1x

2
HxΦ + 1968g21XgXg

2
X1x

2
HxΦ + 984g1g1Xg

3
X1x

2
HxΦ + 2624g1Xg

4
Xx

3
HxΦ

+ 2624g1g
3
XgX1x

3
HxΦ + 2624g1Xg

2
Xg

2
X1x

3
HxΦ + 2624g1gXg

3
X1x

3
HxΦ + 184g21g1Xg

2
Xx

2
Φ

+ 54g22g1Xg
2
Xx

2
Φ + 48g23g1Xg

2
Xx

2
Φ + 276g31Xg

2
Xx

2
Φ + 138g31gXgX1x

2
Φ + 54g1g

2
2gXgX1x

2
Φ

+ 48g1g
2
3gXgX1x

2
Φ + 322g1g

2
1XgXgX1x

2
Φ + 138g21g1Xg

2
X1x

2
Φ + 46g31Xg

2
X1x

2
Φ

+ 276g21g
3
XxHx

2
Φ + 1104g21Xg

3
XxHx

2
Φ + 1380g1g1Xg

2
XgX1xHx

2
Φ + 828g21gXg

2
X1xHx

2
Φ

+ 552g21XgXg
2
X1xHx

2
Φ + 276g1g1Xg

3
X1xHx

2
Φ + 1104g1Xg

4
Xx

2
Hx

2
Φ + 1104g1g

3
XgX1x

2
Hx

2
Φ

+ 1104g1Xg
2
Xg

2
X1x

2
Hx

2
Φ + 1104g1gXg

3
X1x

2
Hx

2
Φ + 28g21g

3
Xx

3
Φ + 112g21Xg

3
Xx

3
Φ

+ 140g1g1Xg
2
XgX1x

3
Φ + 84g21gXg

2
X1x

3
Φ + 56g21XgXg

2
X1x

3
Φ + 28g1g1Xg

3
X1x

3
Φ

+ 224g1Xg
4
XxHx

3
Φ + 224g1g

3
XgX1xHx

3
Φ + 224g1Xg

2
Xg

2
X1xHx

3
Φ + 224g1gXg

3
X1xHx

3
Φ

+ 100g1Xg
4
Xx

4
Φ + 100g1g

3
XgX1x

4
Φ + 100g1Xg

2
Xg

2
X1x

4
Φ + 100g1gXg

3
X1x

4
Φ − 54g1Xg

2
Xx

2
Φy

2
M

− 54g1gXgX1x
2
Φy

2
M − 51g21g1Xy

2
t − 51g31Xy

2
t − 102g21gXxHy

2
t − 204g21XgXxHy

2
t

− 102g1g1XgX1xHy
2
t − 204g1Xg

2
Xx

2
Hy

2
t − 204g1gXgX1x

2
Hy

2
t − 15g21gXxΦy

2
t

− 30g21XgXxΦy
2
t − 15g1g1XgX1xΦy

2
t − 60g1Xg

2
XxHxΦy

2
t − 60g1gXgX1xHxΦy

2
t

− 6g1Xg
2
Xx

2
Φy

2
t − 6g1gXgX1x

2
Φy

2
t

]
,
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β(2)
gX

=
1

(16π2)2
· 1

18

[
199g21g

2
1XgX + 81g22g

2
1XgX + 264g23g

2
1XgX + 199g41XgX + 199g31g1XgX1

+ 81g1g
2
2g1XgX1 + 264g1g

2
3g1XgX1 + 199g1g

3
1XgX1 + 796g21g1Xg

2
XxH

+ 324g22g1Xg
2
XxH + 1056g23g1Xg

2
XxH + 1592g31Xg

2
XxH + 398g31gXgX1xH

+ 162g1g
2
2gXgX1xH + 528g1g

2
3gXgX1xH + 1990g1g

2
1XgXgX1xH + 1194g21g1Xg

2
X1xH

+ 162g22g1Xg
2
X1xH + 528g23g1Xg

2
X1xH + 398g31Xg

2
X1xH + 796g21g

3
Xx

2
H + 324g22g

3
Xx

2
H

+ 1056g23g
3
Xx

2
H + 4776g21Xg

3
Xx

2
H + 5572g1g1Xg

2
XgX1x

2
H + 2388g21gXg

2
X1x

2
H

+ 324g22gXg
2
X1x

2
H + 1056g23gXg

2
X1x

2
H + 3184g21XgXg

2
X1x

2
H + 2388g1g1Xg

3
X1x

2
H

+ 6368g1Xg
4
Xx

3
H + 4776g1g

3
XgX1x

3
H + 7960g1Xg

2
Xg

2
X1x

3
H + 4776g1gXg

3
X1x

3
H

+ 1592g1Xg
4
X1x

3
H + 3184g5Xx

4
H + 6368g3Xg

2
X1x

4
H + 3184gXg

4
X1x

4
H + 164g21g1Xg

2
XxΦ

+ 108g22g1Xg
2
XxΦ + 96g23g1Xg

2
XxΦ + 328g31Xg

2
XxΦ + 82g31gXgX1xΦ + 54g1g

2
2gXgX1xΦ

+ 48g1g
2
3gXgX1xΦ + 410g1g

2
1XgXgX1xΦ + 246g21g1Xg

2
X1xΦ + 54g22g1Xg

2
X1xΦ

+ 48g23g1Xg
2
X1xΦ + 82g31Xg

2
X1xΦ + 328g21g

3
XxHxΦ + 216g22g

3
XxHxΦ + 192g23g

3
XxHxΦ

+ 1968g21Xg
3
XxHxΦ + 2296g1g1Xg

2
XgX1xHxΦ + 984g21gXg

2
X1xHxΦ + 216g22gXg

2
X1xHxΦ

+ 192g23gXg
2
X1xHxΦ + 1312g21XgXg

2
X1xHxΦ + 984g1g1Xg

3
X1xHxΦ + 3936g1Xg

4
Xx

2
HxΦ

+ 2952g1g
3
XgX1x

2
HxΦ + 4920g1Xg

2
Xg

2
X1x

2
HxΦ + 2952g1gXg

3
X1x

2
HxΦ + 984g1Xg

4
X1x

2
HxΦ

+ 2624g5Xx
3
HxΦ + 5248g3Xg

2
X1x

3
HxΦ + 2624gXg

4
X1x

3
HxΦ + 46g21g

3
Xx

2
Φ + 54g22g

3
Xx

2
Φ

+ 48g23g
3
Xx

2
Φ + 276g21Xg

3
Xx

2
Φ + 322g1g1Xg

2
XgX1x

2
Φ + 138g21gXg

2
X1x

2
Φ + 54g22gXg

2
X1x

2
Φ

+ 48g23gXg
2
X1x

2
Φ + 184g21XgXg

2
X1x

2
Φ + 138g1g1Xg

3
X1x

2
Φ + 1104g1Xg

4
XxHx

2
Φ

+ 828g1g
3
XgX1xHx

2
Φ + 1380g1Xg

2
Xg

2
X1xHx

2
Φ + 828g1gXg

3
X1xHx

2
Φ + 276g1Xg

4
X1xHx

2
Φ

+ 1104g5Xx
2
Hx

2
Φ + 2208g3Xg

2
X1x

2
Hx

2
Φ + 1104gXg

4
X1x

2
Hx

2
Φ + 112g1Xg

4
Xx

3
Φ + 84g1g

3
XgX1x

3
Φ

+ 140g1Xg
2
Xg

2
X1x

3
Φ + 84g1gXg

3
X1x

3
Φ + 28g1Xg

4
X1x

3
Φ + 224g5XxHx

3
Φ + 448g3Xg

2
X1xHx

3
Φ

+ 224gXg
4
X1xHx

3
Φ + 100g5Xx

4
Φ + 200g3Xg

2
X1x

4
Φ + 100gXg

4
X1x

4
Φ − 54g3Xx

2
Φy

2
M − 54gXg

2
X1x

2
Φy

2
M

− 51g21XgXy
2
t − 51g1g1XgX1y

2
t − 204g1Xg

2
XxHy

2
t − 102g1gXgX1xHy

2
t − 102g1Xg

2
X1xHy

2
t

− 204g3Xx
2
Hy

2
t − 204gXg

2
X1x

2
Hy

2
t − 30g1Xg

2
XxΦy

2
t − 15g1gXgX1xΦy

2
t − 15g1Xg

2
X1xΦy

2
t

− 60g3XxHxΦy
2
t − 60gXg

2
X1xHxΦy

2
t − 6g3Xx

2
Φy

2
t − 6gXg

2
X1x

2
Φy

2
t

]
. (B.4)

B.2 U(1)′ RGEs for the Yukawa couplings

The RGEs for the Yukawa couplings at the two-loop level are given by

µ
dyi
dµ

= β(1)
yi

+ β(2)
yi

, (B.5)

where β
(1)
yi and β

(2)
yi are the one-loop and two-loop beta functions for the Yukawa cou-

plings, respectively, and yi represents yt and yM . Here, the one-loop beta functions for
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the Yukawa couplings are given by

β(1)
yt =

yt
16π2

[
9

2
y2t − 8g23 −

9

4
g22 −

1

6

(
g1 + 2xHgX1 + xΦgX1

)(
4g1 + 8xHgX1 + xΦgX1

)
− 3

4

(
g1 + 2xHgX1

)2 − 1

6

(
g1X + 2xHgX + xΦgX

)(
4g1X + 8xHgX + xΦgX

)
− 3

4

(
g1X + 2xHgX

)2]
,

β(1)
yM

=
yM
16π2

[
10y2M − 3

2
x2
Φ

(
g2X1 + g2X

)]
, (B.6)

and the two-loop beta functions for the Yukawa couplings are given by

β(2)
yt =

1

(16π2)2
· 1

432

[
− 9

(
−72y5t − y3t

(
223g21 + 405g22 + 768g23 + 223g21X + 892g1XgXxH

+ 892g1gX1xH + 892g2Xx
2
H + 892g2X1x

2
H + 50g1XgXxΦ + 50g1gX1xΦ + 100g2XxHxΦ

+ 100g2X1xHxΦ + 16g2Xx
2
Φ + 16g2X1x

2
Φ − 324y2t − 576λH

))
+ yt

(
2374g41 − 324g21g

2
2 − 2484g42 + 912g21g

2
3 + 3888g22g

2
3 − 46656g43 + 4748g21g

2
1X

− 324g22g
2
1X + 912g23g

2
1X + 2374g41X + 18992g21g1XgXxH − 1296g22g1XgXxH

+ 3648g23g1XgXxH + 18992g31XgXxH + 18992g31gX1xH − 1296g1g
2
2gX1xH

+ 3648g1g
2
3gX1xH + 18992g1g

2
1XgX1xH + 18992g21g

2
Xx

2
H − 1296g22g

2
Xx

2
H

+ 3648g23g
2
Xx

2
H + 56976g21Xg

2
Xx

2
H + 75968g1g1XgXgX1x

2
H + 56976g21g

2
X1x

2
H

− 1296g22g
2
X1x

2
H + 3648g23g

2
X1x

2
H + 18992g21Xg

2
X1x

2
H + 75968g1Xg

3
Xx

3
H

+ 75968g1g
2
XgX1x

3
H + 75968g1XgXg

2
X1x

3
H + 75968g1g

3
X1x

3
H + 37984g4Xx

4
H

+ 75968g2Xg
2
X1x

4
H + 37984g4X1x

4
H + 4016g21g1XgXxΦ + 486g22g1XgXxΦ

− 480g23g1XgXxΦ + 4016g31XgXxΦ + 4016g31gX1xΦ + 486g1g
2
2gX1xΦ − 480g1g

2
3gX1xΦ

+ 4016g1g
2
1XgX1xΦ + 8032g21g

2
XxHxΦ + 972g22g

2
XxHxΦ − 960g23g

2
XxHxΦ

+ 24096g21Xg
2
XxHxΦ + 32128g1g1XgXgX1xHxΦ + 24096g21g

2
X1xHxΦ + 972g22g

2
X1xHxΦ

− 960g23g
2
X1xHxΦ + 8032g21Xg

2
X1xHxΦ + 48192g1Xg

3
Xx

2
HxΦ + 48192g1g

2
XgX1x

2
HxΦ

+ 48192g1XgXg
2
X1x

2
HxΦ + 48192g1g

3
X1x

2
HxΦ + 32128g4Xx

3
HxΦ + 64256g2Xg

2
X1x

3
HxΦ

+ 32128g4X1x
3
HxΦ + 819g21g

2
Xx

2
Φ + 81g22g

2
Xx

2
Φ − 96g23g

2
Xx

2
Φ + 3255g21Xg

2
Xx

2
Φ

+ 4872g1g1XgXgX1x
2
Φ + 3255g21g

2
X1x

2
Φ + 81g22g

2
X1x

2
Φ − 96g23g

2
X1x

2
Φ + 819g21Xg

2
X1x

2
Φ

+ 13020g1Xg
3
XxHx

2
Φ + 13020g1g

2
XgX1xHx

2
Φ + 13020g1XgXg

2
X1xHx

2
Φ + 13020g1g

3
X1xHx

2
Φ

+ 13020g4Xx
2
Hx

2
Φ + 26040g2Xg

2
X1x

2
Hx

2
Φ + 13020g4X1x

2
Hx

2
Φ + 1330g1Xg

3
Xx

3
Φ

+ 1330g1g
2
XgX1x

3
Φ + 1330g1XgXg

2
X1x

3
Φ + 1330g1g

3
X1x

3
Φ + 2660g4XxHx

3
Φ + 5320g2Xg

2
X1xHx

3
Φ

+ 2660g4X1xHx
3
Φ + 203g4Xx

4
Φ + 406g2Xg

2
X1x

4
Φ + 203g4X1x

4
Φ + 1530g21y

2
t + 2430g22y

2
t

+ 8640g23y
2
t + 1530g21Xy

2
t + 6120g1XgXxHy

2
t + 6120g1gX1xHy

2
t + 6120g2Xx

2
Hy

2
t

+ 6120g2X1x
2
Hy

2
t + 900g1XgXxΦy

2
t + 900g1gX1xΦy

2
t + 1800g2XxHxΦy

2
t + 1800g2X1xHxΦy

2
t

+ 180g2Xx
2
Φy

2
t + 180g2X1x

2
Φy

2
t − 2916y4t + 2592λ2

H + 216λ2
mix

) ]
,
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β(2)
yM

=
1

(16π2)2
· 1

48

[
yM
(
−70g21Xg

2
Xx

2
Φ − 140g1g1XgXgX1x

2
Φ − 70g21g

2
X1x

2
Φ − 280g1Xg

3
XxHx

2
Φ

− 280g1g
2
XgX1xHx

2
Φ − 280g1XgXg

2
X1xHx

2
Φ − 280g1g

3
X1xHx

2
Φ − 280g4Xx

2
Hx

2
Φ

− 560g2Xg
2
X1x

2
Hx

2
Φ − 280g4X1x

2
Hx

2
Φ − 64g1Xg

3
Xx

3
Φ − 64g1g

2
XgX1x

3
Φ − 64g1XgXg

2
X1x

3
Φ

− 64g1g
3
X1x

3
Φ − 128g4XxHx

3
Φ − 256g2Xg

2
X1xHx

3
Φ − 128g4X1xHx

3
Φ − 381g4Xx

4
Φ − 762g2Xg

2
X1x

4
Φ

− 381g4X1x
4
Φ + 360

(
g2X + g2X1

)
x2
Φy

2
M − 1728y4M + 48λ2

mix + 192λ2
Φ

)
+ 6

(
224y5M − 32y3M

(
−11

(
g2X + g2X1

)
x2
Φ + 9y2M + 8λΦ

)) ]
. (B.7)

B.3 U(1)′ RGEs for the scalar quartic couplings

Finally, the RGEs for the scalar quartic couplings at the two-loop level are given by

µ
dλi

dµ
= β

(1)
λi

+ β
(2)
λi

, (B.8)

where β
(1)
λi

and β
(2)
λi

are the one-loop and two-loop beta functions for the scalar quartic
couplings, respectively, and λi represents λH , λΦ and λmix. Here, the one-loop beta
functions for the scalar quartic couplings are given by

β
(1)
λH

=
1

16π2

[
λH

{
24λH + 12y2t − 9g22 − 3

(
g1 + 2xHgX1

)2 − 3
(
g1X + 2xHgX

)2}
+ λ2

mix − 6y4t +
9

8
g42 +

3

8

{(
g1 + 2xHgX1

)2
+
(
g1X + 2xHgX

)2}2

+
3

4
g22
(
g1 + 2xHgX1

)2
+

3

4
g22
(
g1X + 2xHgX

)2]
,

β
(1)
λΦ

=
1

16π2

[
λΦ

{
20λΦ + 24y2M − 12

(
xΦgX1

)2 − 12
(
xΦgX

)2}
+ 2λ2

mix − 48y4M + 6
{(

xΦgX1

)2
+
(
xΦgX

)2}2
]
,

β
(1)
λmix

=
1

16π2

[
λmix

{
12λH + 8λΦ + 4λmix + 6y2t + 12y2M

− 9

2
g22 −

3

2

(
g1 + 2xHgX1

)2 − 6
(
xΦgX1

)2 − 3

2

(
g1X + 2xHgX

)2 − 6
(
xΦgX

)2}
+ 3

{(
g1 + 2xHgX1

)(
xΦgX1

)
+
(
g1X + 2xHgX

)(
xΦgX

)}2
]
, (B.9)



B.3 U(1)′ RGEs for the scalar quartic couplings 81

and the two-loop beta functions for the scalar quartic couplings are given by

β
(2)
λH

=
1

(16π2)2

[
− 379g61

48
− 559

48
g41g

2
2 −

289

48
g21g

4
2 +

305g62
16

− 469

48
g41g

2
1X − 75

8
g21g

2
2g

2
1X

− 289

48
g42g

2
1X − 469

48
g21g

4
1X − 559

48
g22g

4
1X − 379g61X

48
− 469

12
g41g1XgXxH

− 75

2
g21g

2
2g1XgXxH − 289

12
g42g1XgXxH − 469

6
g21g

3
1XgXxH − 559

6
g22g

3
1XgXxH

− 379

4
g51XgXxH − 379

4
g51gX1xH − 559

6
g31g

2
2gX1xH − 289

12
g1g

4
2gX1xH − 469

6
g31g

2
1XgX1xH

− 75

2
g1g

2
2g

2
1XgX1xH − 469

12
g1g

4
1XgX1xH − 469

12
g41g

2
Xx

2
H − 75

2
g21g

2
2g

2
Xx

2
H − 289

12
g42g

2
Xx

2
H

− 469

2
g21g

2
1Xg

2
Xx

2
H − 559

2
g22g

2
1Xg

2
Xx

2
H − 1895

4
g41Xg

2
Xx

2
H − 938

3
g31g1XgXgX1x

2
H

− 150g1g
2
2g1XgXgX1x

2
H − 938

3
g1g

3
1XgXgX1x

2
H − 1895

4
g41g

2
X1x

2
H − 559

2
g21g

2
2g

2
X1x

2
H

− 289

12
g42g

2
X1x

2
H − 469

2
g21g

2
1Xg

2
X1x

2
H − 75

2
g22g

2
1Xg

2
X1x

2
H − 469

12
g41Xg

2
X1x

2
H − 938

3
g21g1Xg

3
Xx

3
H

− 1118

3
g22g1Xg

3
Xx

3
H − 3790

3
g31Xg

3
Xx

3
H − 938

3
g31g

2
XgX1x

3
H − 150g1g

2
2g

2
XgX1x

3
H

− 938g1g
2
1Xg

2
XgX1x

3
H − 938g21g1XgXg

2
X1x

3
H − 150g22g1XgXg

2
X1x

3
H − 938

3
g31XgXg

2
X1x

3
H

− 3790

3
g31g

3
X1x

3
H − 1118

3
g1g

2
2g

3
X1x

3
H − 938

3
g1g

2
1Xg

3
X1x

3
H − 469

3
g21g

4
Xx

4
H − 559

3
g22g

4
Xx

4
H

− 1895g21Xg
4
Xx

4
H − 3752

3
g1g1Xg

3
XgX1x

4
H − 938g21g

2
Xg

2
X1x

4
H − 150g22g

2
Xg

2
X1x

4
H

− 938g21Xg
2
Xg

2
X1x

4
H − 3752

3
g1g1XgXg
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H
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H

− 3752

3
g1g

2
Xg

3
X1x

5
H − 1876
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H
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3
g2Xg

4
X1x

6
H − 1516

3
g6X1x

6
H − 16

3
g21g

3
1XgXxΦ − 16
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Appendix C

SM RGES AT THE TWO-LOOP
LEVEL

The RGEs for coupling constants of the SM up to two-loop level [52] are given by

µ
dg3
dµ

=
g33

(4π)2

[
− 7
]
+

g33
(4π)4

[
−26g23 +
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+
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. (C.1)
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In our analysis, we numerically solve these SM RGEs with the following boundary
conditions at µ = mt [52]

1

g3(mt) = 1.1666 + 0.00314

(
α3(mZ)− 0.1184

0.0007

)
− 0.00046

( mt

GeV
− 173.34

)
,

g2(mt) = 0.64779 + 0.00004
( mt

GeV
− 173.34

)
+ 0.00011

(
mW − 80.384GeV

0.014GeV

)
,

g1(mt) = 0.35830 + 0.00011
( mt

GeV
− 173.34

)
− 0.00020

(
mW − 80.384GeV

0.014GeV

)
,

yt(mt) = 0.93690 + 0.00556
( mt

GeV
− 173.34

)
− 0.00042

(
α3(mZ)− 0.1184

0.0007

)
,

λH(mt) = 0.12604 + 0.00206
( mh

GeV
− 125.15

)
− 0.00004

( mt

GeV
− 173.34

)
, (C.2)

using the inputs α3(mZ) = 0.1184, mt = 173.34 GeV, mh = 125.09 GeV, and mW =
80.384 GeV.

1 We employed the boundary conditions in arXiv version 4 of Ref. [52].
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