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Magnons, collective spin excitations in magnetic crystals, have attracted much interest due to their
ability to couple strongly to microwaves and other quantum systems. In compact magnetic crystals, we
show that there are magnonic modes that can support orbital angular momentum and that these modes can
be driven by linearly polarized microwave fields. Because of conservation of angular momentum, exciting
such magnon modes induces a mechanical torque on the crystal. We study a levitated magnetic crystal, a
yttrium iron garnet (YIG) microsphere, where such orbital angular momentum magnon modes are driven
by microwaves held in a microwave high-Q microwave cavity. We find that the YIG sphere experiences a
mechanical torque and can be spun up to ultralarge angular speeds exceeding 10 GHz.
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Over a century ago, two related effects were experi-
mentally demonstrated. The first one is the Einstein–de
Haas (EdH) effect in which the alignment of initially
random magnetic moments by a magnetizing field causes
the object to rotate [1–4]. The second one is the Barnett
effect where the rotation of an object containing magnetic
moments causes them to align or magnetize [5–7]. Both are
a consequence of the conservation of the angular momen-
tum. These gyromagnetic effects enable the experimental
probing of how angular momenta and magnetic moments
are related, and played an important role in understanding
the origin of the latter. Magnetic moments within magnetic
crystals are usually not isolated. Because of their mutual
interactions they exhibit a collective dynamics known as
spin waves (magnons) [8]. This collective spin state can
support orbital angular momentum (OAM) similar to all
other waves [9–13], and in principle the magnetic sub-
stance not only carries intrinsic spin angular momentum
(SAM) but also OAM [14]. While the typical EdH effect
relies only on the creation of polarized SAM, the excitation
of OAM modes can also result in a mechanical rotation. In
an unconfined geometry the existence of straightforward
OAM-magnon modes is problematic [15–17]. However, in
a finite dimensional crystal, spin waves are confined and
also discretized [18]; thus one can resonantly excite a
particular OAM mode by an ordinary microwave field to
stimulate the rotation of an object. Thus, intuitively, by
using a sufficiently intense microwave field one can spin up
the particle to very high frequencies.

In this Letter, we explore the magnonic OAMs naturally
supported by spherical ferromagnetic crystals and their
related gyromagnetic effects. Spherical ferromagnetic crys-
tals support plenty of magnon modes [18,19]. The simplest
of those is the uniformly precessing Kittel mode which has
been extensively studied [20–22]. However, the OAM is
embedded in the spatial distribution of the magnetization of
higher order magnon modes [23]. We propose a microwave
cavity setup where we exploit the spatial distribution of the
standing waves of the electromagnetic field to couple and
excite the OAM modes within the spherical magnet.
Magnons can strongly couple to the cavity field [24]
and exert a giant mechanical torque. Unlike the standard
EdH effect, in the magnonic version the Barnett effect
hinders the mechanical rotation. We show that it is possible
to compensate for the influence of the Barnett effect and
obtain ultrahigh rotational speeds above 10 GHz for
micron-sized particles at moderate vacuum pressures.
Such ultrafast rotation can be used to explore rotational
vacuum friction [25]. There are a variety of techniques for
rotating a levitated particle either by using optical fields
[26–29], acoustic waves [30], rotating electric fields [31],
or rotating magnetic fields [32]. Record high rotational
speeds of a few GHz have been achieved by transferring
optical angular momentum to nanoparticles [27,29,33]. We
note that the EdH effect does not involve the transfer of
angular momentum from an external source. Through the
mechanical rotation we can manipulate the magnetic
properties of the material due to the intertwined Barnett
effect [34]. The recent developments of hybrid quantum
systems involving magnon modes could also exploit OAM
properties of these modes for a variety of purposes
including the control of mechanical rotation [35–37].
Background on OAM-magnon modes.—We consider a

small spherical isotropic ferromagnetic insulator that is
fully magnetized along ez by applying a large static
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homogeneous magnetic field (H0 ¼ H0ez). Each magnetic
moment ðμÞ carries a SAM of S ¼ −μ=γ [38], where γ is
the gyromagnetic ratio. If the moments do not interact with
each other, an arbitrary moment deviating from the ordered
state experiences a torque dS=dt ¼ −ðdμ=dtÞ=γ ¼ μ0μ ×
H0 and precesses independently about the bias magnetic
field at the Larmor frequency ω ¼ γμ0H0 [39]. However,
the magnetic moments are coupled to each other through
the magnetic field generated by other moments, and as a
result all the moments precess collectively. The collective
magnetization precession, or the spin wave, is described by
solving the Landau-Lifshitz equation dMðr; tÞ=dt ¼
−γμ0M ×H along with Maxwell’s equations with appro-
priate boundary conditions. Here, H ¼ H0 þHiðMÞ
includes the field generated by the collective moments
ðHiÞ. Although the Landau-Lifshitz equation is nonlinear
the spin waves are typically assumed as a small deviation
from the macroscopic magnetization,M ¼ Msez þmðr; tÞ,
where Ms is the saturation magnetization of the ferromag-
net and mðr; tÞ is the spin wave magnetization. There are
an infinite number of magnon modes in a spherical
crystal [18,40], and each mode is described using three
indices ðn;m; qÞ with n ∈ N, m ¼ −n;…; n, and q ¼
0; 1;…; qmaxðn;mÞ [19]. The eigenfrequencies and the
associated magnetization distribution for the first few
magnon modes of a sphere are shown in Fig. 1. The phase
structure associated with the magnon modes can be related
to the OAM. A general magnon mode has a complex
magnetization profile [18,40,41]. Most of them are hybrid
OAM modes except the families ðn;m ¼ nÞ and ðn;m ¼
n − 1Þ which are pure OAM eigenmodes [23]. For these

two families qmax ¼ 0; hence we drop the third index q.
The magnetization vector of these OAM eigenmodes [19]
in the Schrödinger picture can be written as

m̂n;m ¼ M0

ρm−1zn−m

Rn−1 ðex þ ieyÞe−ið1−mÞϕŝþ H:c:; ð1Þ

whereM0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½2n−mþ1γℏMsΓðnþ 3

2
Þ�=½3V ffiffiffi

π
p

ΓðmÞ�
q

is the

zero-point magnetization [40], ŝ is the bosonic annihilation
operator for the magnon mode ðn;mÞ, R is the radius of the
sphere, V is the volume of the sphere, ðρ;ϕ; zÞ are
cylindrical coordinates, and ðex; ey; ezÞ are the Cartesian
unit vectors. The time dependence of m̂n;m is determined by
the self Hamiltonian Ĥŝ† ŝ ¼ ℏωn;mŝ†ŝ, where ωn;m ¼
γμ0H0 þ ½γμ0Msð3m − 2n − 1Þ=3ð2nþ 1Þ� is the reso-
nance precessional frequencies of the OAM eigenmode.
These modes carry definite OAM of lℏ ¼ ð1 −mÞℏ which
is encoded on the chiral phase structure of the magnetiza-
tion field e−ið1−mÞϕ [23].
Exciting OAM-magnon modes.—Discrete magnon

modes can be addressed by a resonant microwave field.
One does not require a field carrying OAM to couple and
drive a magnonic OAM mode. However, it is necessary to
have some spatial mode matching of the microwave
magnetic field with the magnonic mode. In principle one
can carefully engineer the microwave magnetic field to
couple to any specific magnonic OAM mode [42,43]. In
this Letter, we consider a linearly polarized microwave
cavity mode whose magnetic component is of the form
B̂ ¼ ieyB0 sinðkxþ δÞðâ† − âÞ, where â is the bosonic

FIG. 1. Magnon modes in a ferromagnetic sphere. Eigenfrequencies of the first few magnon modes as a function of the bias
magnetic field H0. All the eigenfrequencies are offset by γμ0H0, the Kittel mode frequency. The choice of parameters
Ms ¼ 5.87 × 105 Am−1 and γ ¼ 2π × 28 GHz corresponds toYIG [40]. The inset figures show the precessingmagnetization distribution
mðx; y; zÞ of these magnon modes.
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annihilation operator for the microwave cavity mode, B0 is
the zero-point magnetic field, k is the microwave field wave
number, and δ is the phase at the position of the spherical
magnetic particle. The cavity-magnon coupling can be very
well described by the magnetic dipole interaction

Ĥint ¼ −
Z

m̂ · B̂dV: ð2Þ

For a sphere size much smaller than the cavity field wave-
length (∼cm), the cavitymagnetic field can be approximated
as B̂ ≈ ieyB0ðsin δþ kx cos δÞðâ† − âÞ, up to first order in x.
The overlap between the cavity and the magnon modes
[Eq. (2)] can be estimated to find the selection rules. In a
linearly inhomogeneous magnetic field, Ĥint ≠ 0 only for
the Kittel mode and the lowest OAMmodes (2,0) and (2,2).
Here,we focus on exciting the (2,2)magnonmodewhich is a
pure OAM eigenmode. As seen from Fig. 1, the resonance
frequency of the (2,2) magnon mode is substantially differ-
ent from that of the (1,1) and (2,0) modes. Thus, we can
resonantly couple the cavity only to the (2,2) mode. The
coupling can be maximized by trapping the sphere at a node
of the cavitymagnetic fieldwhere the spatialmode overlap is
maximum. Under the rotating wave approximation, the
interaction between the cavity and the (2,2) OAM-magnon
mode [Eq. (2)] takes the form

Ĥint ¼
4π

15
kR4M0B0ðâŝ† þ â†ŝÞ≡ ℏgðâŝ† þ â†ŝÞ; ð3Þ

where g denotes the cavity-magnon coupling strength.
OAM conversion.—We observe that although Eq. (3)

describes the interaction between a linearly polarized
microwave cavity field (which does not carry any angular
momentum) and an OAM-magnon mode, the total angular
momentum must be conserved as the OAM-magnon mode
is being excited. In order to show this, we now compute
the mechanical force and torque acting on the particle. The
force density acting on a magnetic crystal in an electro-
magnetic field is given by [44,45]

f̂ ¼ ðm̂ ·∇ÞB̂ −
1

c2
dm̂
dt

× Ê; ð4Þ

where Ê ≈ ezcB0ðâ† þ âÞ is the cavity electric field at the
position of the particle and c is the velocity of light.
Integrating Eq. (4), F̂ ¼ R

f̂dV, gives the net force acting
on the center of mass. In the linear inhomogeneous
magnetic field, only the excitation of the Kittel mode
generates force and excites center-of-mass motion [40].
Since instead we target the (2,2) OAM-magnon mode, the
center-of-mass motion is decoupled. The net mechanical
torque acting about the center of mass can be written as

τ̂ ¼
Z

r̂ × f̂dV ¼ iℏgðâ†ŝ − âŝ†Þez: ð5Þ

This nonzero torque tends to rotate the particle about the z
axis. From the interaction Hamiltonian [Eq. (3)], the rate of
excitation of the magnon mode dðŝ†ŝÞ=dt ¼ i½Ĥint; ŝ†ŝ�=ℏ
can be written as

d
dt

ŝ†ŝ ¼ igðâ†ŝ − âŝ†Þ: ð6Þ

Comparing Eqs. (5) and (6), we can write the rate of change
of mechanical angular momentum Ĵ of the particle as

τ̂ ¼ dĴ
dt

¼ −
d
dt

ðlℏŝ†ŝÞ; ð7Þ

and conclude that the particle acquires opposite mechanical
angular momentum at the same rate at which the OAM of
the magnon mode is being excited, thus guaranteeing
the conservation of the total angular momentum. Note that
l ¼ −1 for the mode under consideration, and lℏŝ†ŝ is the
total OAM of the excited magnon.
Results and discussion.—Now, we examine the rota-

tional dynamics of a YIG sphere levitated inside a driven
Fabry-Pérot microwave cavity [46] at a node of the cavity
magnetic field [22]. In a cm long Fabry-Pérot cavity the
directions orthogonal to the resonator axis can be open and
thus accessed for trapping and probing the microsphere.
YIG can have magnetocrystalline anisotropy which could
lead to unwanted couplings of the spin to rotational degree
of freedom [47–49]. Such effects can be suppressed if we
choose the anisotropic axis to be pointed along the z axis. In
this case the magnon modes are exactly the same as in an
isotropic crystal but there will be a small shift in the
resonance frequency [50,51]. We treat the rigid-body
rotation classically whereas the cavity-magnon coupling
is treated quantum mechanically. The total Hamiltonian of
the driven cavity-magnonic system in the frame rotating
with the microwave drive frequency ωl is

Ĥ=ℏ ¼ Δaâ†âþ ðΔs − ωRÞŝ†ŝ
þ gðâŝ† þ â†ŝÞ þ Ωðâþ â†Þ; ð8Þ

whereΩ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pγa=ℏωa

p
is the amplitude of the driving field

with microwave power P, ωa is the cavity resonance
frequency, γa is the cavity damping rate, Δa ¼ ωl − ωa,
Δs ¼ ωl − ωs, and ωR is the angular velocity of the sphere
about its center of mass. We note that, if the crystal rotates
about the z axis at ωR, then the precessional frequency
changes to ωs þ ωR as seen in the lab frame. In other
words, a rotating magnetic substance generates a magnetic
field ezωR=μ0γ known as Barnett field [38,52–54]. This
Barnett field shifts the magnon frequency by ωR, and this
has been taken into account in Eq. (8).
From Eqs. (8) and (5), the mean dynamics of the system

is then described by
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_a ¼ −a
�
γa
2
− iΔa

�
− igs − iΩ;

_s ¼ −s
�
γs
2
− iðΔs − ωRÞ

�
− iga;

I _ωR ¼ −IγRωR þ iℏgða�s − as�Þ; ð9Þ

where a ¼ hâi, s ¼ hŝi, I ¼ 2MR2=5 is the moment
of inertia of the sphere, γa and γs are the cavity and
the magnon damping rates, respectively, and γR ¼
pR2=ðηMvÞ [27,29] is the rotational drag coefficient
arising from the surrounding gas friction. Here, p is the
air pressure, v is the mean molecular velocity, M is the
mass of the sphere, and η is the efficiency of angular
momentum transfer between the particle and the surround-
ing gas molecules. YIG supports high quality magnon
modes [41,51,55] with γs=2π ∼MHz [24]. The super-
conducting microwave technology offers ultrahigh Q
microwave cavities with QMW > 1010 [46,56].
The numerical solution of the system of Eq. (9) is shown

in Fig. 2 for a particle size R ¼ 1 μm at moderate vacuum
pressure p ¼ 10−4 mbar. Initially, the mechanical torque as
well as the rotational speed increase nonlinearly due to
building up of the coherence between the cavity and the
magnon. In a high-Q microwave cavity, γa=2π ¼ 3 Hz
[46], the cavity-magnon system reaches the steady state in
less than a few seconds. On longer timescales, taking the
quasistatic approximation ( _a ¼ _s ¼ 0), the mean cavity-
magnomechanical torque exerted on the particle can be
written as

hτi ¼ ℏγsg2Ω2

jg2 þ ðγa
2
þ iΔaÞ½γs2 þ iðΔs − ωRÞ�j2

; ð10Þ

andtherotationaldynamicsof theparticlecanbedescribedby
_ωR ¼ −γRωR þ hτi=I. The cavity-magnon response and the
resulting mechanical torque depend on ðΔs − ωRÞ, and the
dynamics is nonlinear. Beyond certain detunings the rotation
is bistable. If we start the particle from rest ½ωRðt ¼ 0Þ ¼ 0�,
the system reaches to the lowest possible frequency solution,
and is shown in Fig. 2. Only within the timescale where the
Barnett shift is relatively small ðωRðtÞ ≪ γsÞ, the time
evolution is linear and symmetric inΔs. For positivemagnon
detunings, at a particular time when the rotational shift
compensates for the magnon detuning ½Δs − ωRðtÞ ¼ 0�
one can see a sharp rise in the rotational speed with an
angular acceleration of hτi=I ∼ 3.3 × 107 rad s−2. However
it is difficult to reach very high rotational speeds as the
magnon frequency gets detuned further due to the Barnett
effect. We can compensate for this rotational detuning by
lowering thebiasmagnetic field, at the same time to achieve a
very high rotational frequency.
We now examine the cases when the Barnett field is

compensated, H0ðtÞ ¼ H0ðt ¼ 0Þ − ωRðtÞ=μ0γ, and opti-
mize the coupling to produce the maximum torque and
rotational speeds. In this case the mean mechanical torque
is given by

hτi ¼ ℏγsg2Ω2

jg2 þ ðγa
2
þ iΔaÞðγs2 þ iΔsÞj2

: ð11Þ

The rotational dynamics is linear, and the time evolution
of the rotational frequency follows ωRðtÞ ¼ ωs

R½1−
expð−γRtÞ�. The steady state rotational frequency is
ωs
R ¼ hτi=IγR. The mean angular acceleration hτi=I of

the particle is shown in Fig. 3. For a small sphere, the
cavity-magnon coupling is typically weak, i.e., g ≤ffiffiffiffiffiffiffiffiffiffiffiffiffi
γaγs=4

p
, and the maximum torque will be exerted when

both the cavity and magnon are on resonance with the
microwave drive Δa ¼ Δs ¼ 0 [see Fig. 3(a)]. This maxi-
mum torque is

hτimax ¼
ℏγsg2Ω2

ðγaγs
4
þ g2Þ2 : ð12Þ

FIG. 2. Rotational frequency. Time evolution of rotational
speed for different initial magnon detunings for the initial
conditions aðt ¼ 0Þ ¼ sðt ¼ 0Þ ¼ ωRðt ¼ 0Þ ¼ 0. Solid and
dashed lines are for positive and negative magnon detuning,
respectively. Other parameters are R ¼ 1 μm, P ¼ 10 μW,
ðγa; γsÞ=2π ¼ ð3 Hz; 1.6 MHzÞ, Δa ¼ 0, and p ¼ 10−4 mbar.
The inset shows the steady state rotational frequency as a function
of the cavity and magnon detunings.

(a) (b)

FIG. 3. Angular acceleration. Angular acceleration
hτi=Iðrad=s2Þ as a function of the cavity and magnon detunings
for a 1 μm (a) and a 7 μm (b) radius YIG sphere. Other
parameters are the same as in Fig. 2.
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Note that when g ≪
ffiffiffiffiffiffiffiffiffiffiffiffiffi
γaγs=4

p
, irrespective of its size, the

YIG sphere can be driven at a maximum angular accel-
eration of hτimax=I ¼ ð16ℏg2Ω2Þ=ðIγ2aγsÞ, to the angular
velocity of hτimax=IγR in the timescale of 1=γR. At constant
pressure, as γR is inversely proportional to the particle size,
ωs
R increases linearly with it as shown in Fig. 4. Increasing

damping rates of small particles can be compensated by
lowering the pressure to obtain higher rotational speeds.
For a large particle the cavity-magnon coupling is strong
(g ≥

ffiffiffiffiffiffiffiffiffiffiffiffiffi
γaγs=4

p
), which splits the resonance frequency

[cf. Fig. 3(b)], and maximum torque hτimax ¼ ℏΩ2=γa is
exerted when

Δa¼�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g2− γaγs

p
ffiffiffiffiffiffiffiffiffi
γaγs

p γa
2
; Δs¼�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4g2− γaγs

p
ffiffiffiffiffiffiffiffiffi
γaγs

p γs
2
: ð13Þ

The driving torque is constant regardless of the sphere
radius and depends only on the input drive power. The
steady state optimal rotational frequency (∝ R−4) gradually
decreases with the particle size. Figure 4 shows the rota-
tional dynamics of the sphere at the optimal detuning
points. We note that when the Barnett field is compensated
the maximum rotational speed is 3 orders of magnitude
larger. In Fig. 4 we also show the optimal steady state
rotational speed as a function of the sphere size at a
constant pressure p ¼ 10−4 mbar. Maximum rotational
speed is achieved when the cavity-magnon coupling is
nearly strong. For the parameters considered here, a
microsphere of radius R ¼ 3.18 μm attains a maximum
speed of ωR=2π ¼ 15.1 GHz with rotational Q-factor of
3.3 × 1014. In cryogenic environments the pressure is
typically of the order of p ∼ 10−7 mbar. For such low
pressures the steady state speed would be larger by 3 orders
of magnitude. However, the time the particle takes to reach
the steady state is dictated by the gas damping rate, and will

take longer. Such high speed will be limited by the elastic
tensile where the centrifugal force is strong enough to break
the material.
Conclusions.—We have described a magnonic version of

the EdH effect, and investigated the interplay between the
magnonic OAM and the mechanical rotation. Coherent
driving of OAM magnon provides precise control on the
mechanical rotation. Our results can be exploited for a
variety of purposes such as precision inertial/gyroscopic
sensors; preparing and observing coherent superpositions
of quantized rotational states; or for future magnonic-
hybrid based quantum communication, computing, and
memories.

This work was supported by funding from the Okinawa
Institute of Science and Technology Graduate University.
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