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It is demonstrated that non-coalescent droplets of acetone can be formed on liquid substrates. The
fluid flows around and in an acetone droplet hovering on water are recorded to shed light on the
mechanisms which might lead to non-coalescence. For sufficiently low impact velocities, droplets
undergo a damped oscillation on the surface of the liquid substrate but at higher velocities clean
bounce-off occurs. Comparisons of experimentally observed static configurations of floating droplets
to predictions from a theoretical model for a small non-wetting rigid sphere resting on a liquid substrate
are made and a tentative strategy for determining the thickness of the vapor layer under a small droplet
on a liquid is proposed. This strategy is based on the notion of effective surface tension. The droplets
show self-propulsion in straight line trajectories in a manner which can be ascribed to a Marangoni
effect. Surprisingly, self-propelled droplets can become immersed beneath the undisturbed water
surface. This phenomenon is reasoned to be drag-inducing and might provide a basis for refining
observations in previous work. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4977442]

I. INTRODUCTION

In a review, Neitzel and Dell’Aversana1 explained how
coalescence of a cold droplet hovering above a hot substrate
can be prevented by the presence of an interstitial lubricating
layer between the droplet and the substrate. Quéré2 defined
a state in which an object hovers on a solid or on a liquid
due to the presence of such a layer as a Leidenfrost State
(LS).

In the case of the Leidenfrost effect (LE), named after
Leidenfrost3 who discussed this phenomenon more than two
centuries ago, the gas layer is fed by the vapor generated by the
cooler of the two objects. Faraday4 described hot slag parti-
cles hovering above a water bath and related these observations
to the LE. Nowadays, Faraday’s observations are categorized
under the inverted LE, which occurs when a hot object is levi-
tated above a cold object or when the hot object is submerged
in a cold liquid while being surrounded by a vapor layer. This
topic is investigated more deeply by Vakarelski et al.,5,6 who
observed the stabilization of a vapor layer surrounding a hot
sphere, with a superhydrophobic surface, in cold water and
found that this effect leads to drag reduction. Narhe et al.7

studied an inverted Leidenfrost-like effect which occurs during
condensation of solvent droplets and concluded that motion of
these droplets can be induced by a thermocapillary Marangoni
effect. Due to the poor thermal conductivity of the vapor layer,
a Leidenfrost droplet (LD) absorbs less heat than a droplet
in direct contact with a high-temperature substrate and conse-
quently exhibits a longer lifetime. Bernardin and Mudawar8
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therefore reasoned that it is beneficial for the LE to be sup-
pressed during cooling procedures. Interest in developing LE-
based applications for green chemistry and nanofabrication,9

thermostats,10 sublimation heat engines,11 and in controlling
the LE by electrical fields,12 magnetic fields,13 pressure,14 and
gravity15 is ongoing.

Dell’Aversana et al.16 and Savino et al.17 showed that
non-coalescense of a droplet hovering above a liquid sur-
face can also be established by a thermocapillary Marangoni
effect. This effect causes the gas surrounding the two liq-
uid bodies to be guided towards the gap between the bod-
ies, thereby preventing coalescence. This phenomenon is also
called non-coalescence by self-lubrication.1

For a water LD floating on a hotplate, Ng et al.18 showed
that roughness and vibrations can influence the LS. Baumeister
et al.19 demonstrated as much by forming a LD on a polished
hotplate and, by subsequently cooling while limiting substrate
vibrations, found that an LD can hover at substrate temper-
atures TS almost as low as its saturation temperature T sat .
Nucleate boiling is not observed when such a droplet comes
into contact with the hotplate. These observations are sup-
ported by models presented by Biance et al.,20 Pomeau et al.,21

and Sobac et al.,22 which show that the LS should be attainable
if TS > Tsat . In these models, it is assumed that the tempera-
ture of an LD in a region close to the supporting substrate is
equal to the value of T sat for the droplet. When Baumeister’s
experiments, as described above, are reversed and a droplet
resting on a hotplate is heated, the droplet first goes through
the nucleate boiling regime, followed by a transition boiling
regime, and finally ends up in the gentle film boiling regime,
namely the LS. The temperature at which film boiling occurs is
defined as the “static” Leidenfrost temperature TL. Bernardin
and Mudawar8 observe that, in most cases, TL is much higher
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than T sat ; however, Arnaldo del Cerro et al.23 showed that
TL can be reduced by making the substrate superhydrophobic.
As Tran et al.24 found, there is a strong relation between the
“dynamic Leidenfrost temperature” TLd , which is the lowest
value of TS at which film boiling is maintained during
droplet impact and nucleate boiling cannot be observed, and
the Weber number We of an impacting droplet, as defined
by

We =
ρ3v

2
i D

γ13
, (1)

where ρ3, vi, D, and γ13 respectively denote the mass den-
sity, impact speed, diameter, and the surface tension of the
droplet.

Apart from vitrification experiments on liquid nitrogen,
performed by Song et al.,25 Kim et al.,26 and Adda-Bedia
et al.,27 and the deposition of liquid nitrogen on room tem-
perature water, glycerol, and mixtures of water and glycerol,
performed by Snezhko et al.28 and Le Merrer et al.,29 little is
known about LDs on liquid substrates. This can be attributed
perhaps in part because∆T =TS −Tsat > 200 K for these exper-
iments, which makes it difficult to assess the behavior of an
LD on a liquid substrate with TS close to T sat .

In this work, the formation of hovering acetone droplets,
miscible with the liquid substrate above which they float, is
reported. It is demonstrated that acetone droplets with Tsat

= 56 ◦C can be formed on a water bath with TS & 65 ± 5 ◦C.
After deposition, droplets undergo a damped oscillation and
are subsequently propelled in straight-line trajectories. If the
impact velocity during deposition is high enough, it is possi-
ble to force acetone droplets to bounce cleanly off the sub-
strate. Surprisingly, during self-propulsion, droplets become
immersed. The aim of this work is to describe and provide
provisional explanations for the observed phenomena.

II. EXPERIMENTS

Experiments were performed in a temperature (24 ◦C)
and humidity (60%) controlled room. Droplets were manu-
ally deposited with a range of pipettes, differing in tip size, to
form droplets which differ in volume (V3). The Weber number
We was tuned by varying the deposition height relative to the
undisturbed surface of the liquid in the bath. The bath con-
taining a water layer with a thickness larger than 3 cm was
heated with a hotplate and the temperature was measured with
a mercury-in-glass thermometer. A detailed schematic of the
experimental setup is provided in Figure 1(a). To analyze the
geometry of a hovering droplet, the part above the undisturbed
surface Ds, indicated in Figure 1(b), and the droplet diame-
ter D was measured from a photograph taken when the droplet
was at the working distance dw of the camera lens. The camera
recorded 60 frames per second (FPS) with a macro lens (1:1
reproduction ratio). Each frame contains 1920 × 1080 pixels.
To minimize the error involved in measuring Ds, the bath was
filled slightly above the rim to achieve an almost eye-level
camera angle. Calibration was done by placing a ruler in front
of the camera at dw. To capture the dynamics of droplet depo-
sition and self-propulsion, droplets were also recorded with
an iPhone 5s and a high-speed camera. Top view recording

FIG. 1. (a) The experimental setup showing the working distance dw .
(b) Schematic of a perfectly non-wetting rigid spherical droplet of mass den-
sity ρ3 and diameter D levitating above a liquid substrate with surface tension
γ12. Far from the sphere, the surface of the liquid substrate is planar. Within
a circle of radius r0, the surface of the liquid substrate is separated from the
sphere by an infinitesimally small gap and thus has the shape of a spherical
cap. The edge of that cap is at a depth d0 relative to the height of the planar
portion of the liquid surface. Its unit tangent-normal is denoted by t and is
at an angle β relative to the horizon. The cone angle of the cap is denoted
by 2ψ. The numerals 1, 2, and 3 refer to air, the liquid substrate, and the
spherical droplet, respectively. The vertical unit basis vector is denoted by
ez . The weight Fg of the droplet is balanced by the upward component Fs
of the resultant force distributed on the edge of the spherical portion of the
liquid surface and the buoyancy force Fb exerted by the liquid on the droplet.
The distance between apex of the droplet and the planar portion of the liquid
surface is denoted by Ds.

at 200 FPS allowed for measurement of the horizontal com-
ponent sh of the displacement s as a function of time t. The
respective horizontal components vh and ah of the velocity v
and the acceleration a in the direction of s were obtained from
sh and presented after using a Savitzky–Golay filter with a
window of 9 data points (45 ms) and a polynomial order equal
to unity.

To record fluid flow, high-speed camera imaging at
2500 FPS was performed. Spherical hollow micro balloons
of approximate diameter 50 µm (supplied by SIG Mfg. Co.
Inc.) were used as tracer particles in an acetone droplet or on
a liquid substrate. Outside the droplet, an aerosol was used to
visualize the gas flow. The aerosol was produced by holding
dry ice in the vicinity of the droplet, leading to the conden-
sation of water from air. For these experiments, the droplets
were also illuminated from the side or from above so that the
camera, the bath, and the light source formed an angle of 90◦.

Table I shows the lowest temperatures of substrates on
which acetone droplets are deposited and can subsequently
hover in a LS. These values were obtained by depositing
droplets as close to the substrates as possible and with D ≈ 2lc,



032103-3 Janssens, Koizumi, and Fried Phys. Fluids 29, 032103 (2017)

TABLE I. Dynamic Leidenfrost temperatures of acetone droplets deposited
on several substrates (± 5◦C). A: Rough sanded aluminium (Al); B: particle
blasted Al; C: polished Al. Liquid substrate temperatures for which the Leiden-
frost state is obtained in this work are also provided. D: 85% glycerol/water;
E: water.

Substrate Aa Ba Ca Db Eb

T (◦ C) 160 155 135 95 65

aFrom Bernardin and Mudawar.8
bThis work.

where lc =
√
γ13/ρ3g= 1.7 mm denotes the capillary length

of the droplet at 56 ◦C, with ρ3 and g being the mass den-
sity of the droplet and the gravitational acceleration on earth,
respectively.

III. NON-COALESCENCE

Figure 2(a) (Multimedia view) depicts an acetone droplet
with tracer particles hovering on 75 ◦C water. This image is
from a sequence of images obtained at 2500 FPS. The associ-
ated movie is slowed down by a factor of 250. The majority
of the tracer particles that are in focus when the edge in the
middle of the droplet is in focus travel from top to bottom in
nearly straight line trajectories. Due to lensing effects, only
those particles which pass through the center of the droplet
can be observed clearly. The tracer particles have a velocity of
about 20±5 cm/s. When the front of the droplet is in focus, the
particles move from bottom to top. The tracer particles have a
velocity of about 15±5 cm/s. When this motion is caused by a
thermocapillary effect, the tracer particles follow the thermal
characteristic Marangoni flow with speed vM , which scales as

vM ∼
∆γ

µ
, (2)

where ∆γ is the magnitude of the difference in surface tension
caused by a temperature difference ∆T over the droplet and µ
is the dynamic viscosity of the liquid comprising the droplet.
For acetone close to T sat , µ = 0.2 mPa s and for vM = 15 cm/s,
we have ∆γ = 30 µN/m, which yields ∆T ≈ 0.3 K. Tokugawa
and Takaki30 showed that a temperature difference in this

FIG. 2. Acetone droplets (D ≈ 2.9 mm) hovering on 75 ◦C water. The pictures
come from a sequence of images obtained at 2500 FPS. The dashed line
indicates the position of the undisturbed water surface and the scale bar applies
to both images. In (a) the micro balloon tracer particles are inside the acetone
droplet and move in the center of the droplet from the top to the bottom with
a velocity of about 20 ± 5 cm/s. In (b) the aerosol which is made from small
water droplets surrounds the droplet. By tracing the small water droplets, it is
possible to visualise the gas flow close to the acetone droplet and the liquid
substrate. (Multimedia view) [URL: http://dx.doi.org/10.1063/1.4977442.1]
[http://dx.doi.org/10.1063/1.4977442.2]

order is typically obtained for a LD in which a Marangoni
thermocapillary flow is present.

Figure 2(b) (Multimedia view) depicts an acetone droplet
surrounded by an aerosol. This image is from a sequence of
images obtained at 2500 FPS. The associated movie is again
slowed by a factor of 250. This aerosol makes it possible to
visualize the gas flow close to the surfaces of the support-
ing layer and the droplet. Figure 3 shows the streamlines and
velocity vt of six small water droplets of the aerosol imaged
in Figure 2(b) (Multimedia view), which are easily traced.
Assuming that the no-slip boundary condition holds, the gas
flow on the outside of the acetone droplet follows the expected
poloidal flow in the droplet, as might be expected from the
analysis of the tracer particles in the droplet. The gas close
to the substrate is directed away from the evaporating ace-
tone droplet. This could be due to gas emission from the gap
between the droplet and the surface of the water substrate.
Alternatively, it could stem from a Marangoni solutocapillary
flow at the surface of the substrate. This flow would orig-
inate from the mixing of acetone vapour and water on the
liquid surface. Under these circumstances, the surface tension
of the liquid substrate close to the evaporating droplet would be
lower than elsewhere in the bath and this would generate a flow
which is directed away form the droplet along the surface of the
substrate.

Our observations show that floating particles in the vicin-
ity of the droplet move strongly away from the droplet, indicat-
ing that a solutocapillary flow is indeed present. To investigate
if the presence of acetone vapor can induce a solutocapil-
lary Marangoni flow, a controlled experiment with an acetone
droplet which hangs on the tip of an uncharged needle and
with a water bath which is packed with micro balloons, both at
room temperature, was conducted. The micro balloons cover
about 10% of the total surface of the liquid substrate and are
almost evenly spaced. The micro balloons strongly move away
from the evaporating acetone droplet, thereby opening a hole
on the surface of about 2 cm in diameter. When the acetone
droplet is replaced by a water droplet, no hole forms. If the
liquid surface in the vicinity of a liquid droplet can have a
surface tension value which is lower than the surface tension
value of water, then only a small number of acetone molecules
are needed to fully cover the surface of the liquid substrate.

FIG. 3. Flow and velocity v t of six small water droplets of an aerosol near
the acetone droplet (D≈ 2.9 mm) depicted in Figure 2(b) (Multimedia view).
The speed vt = |v t | of the tracer particles scales with the length of the
arrows.

http://dx.doi.org/10.1063/1.4977442.1
http://dx.doi.org/10.1063/1.4977442.2
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Since acetone and water are miscible, they mix in all propor-
tions. After removing the acetone droplet, the micro balloons
slowly close the previously created hole in a process which
takes several seconds. This indicates that the adsorbed ace-
tone molecules evaporate in air and/or mix with the liquid
substrate. In Subsection IV B, additional evidence is pro-
vided to show that the surface tension of the liquid substrate
strongly decreases in the vicinity of the evaporating acetone
droplet.

In Figure 3, the flow of aerosol particle 3 indicates that
a strong gas flow towards the gap between the droplet and
the substrate is present. This flow seems to be mostly gen-
erated by the solutocapillary Marangoni flow. Gas emission
from the gap between the droplet and the water substrate can
be reasoned to have a small impact on the observed flows
because we were not able to observe the strong gas flow
towards and away from the gap between an acetone LD and
a solid substrate. Figure 4 (Multimedia view) shows an ace-
tone LD (D≈ 6 mm) on a polished copper substrate with a
temperature of ≈ 200 ◦C. The associated movie is slowed by
a factor of 83. No clear signs of a horizontal flow generated
by gas emission from the gap between the droplet and the
copper substrate are present. The gas flow in the vicinity of
the droplet seems to be mostly generated by the Marangoni
flow in the droplet. Additionally, Le Merrer et al.29 reasoned
that for a liquid nitrogen droplet hovering on water, which
evaporates much more forcefully than the acetone droplets
considered in this work, the emitted gas has an escape speed
of 1 cm/s. This is about 30 times lower than the most rapid gas
flow observed in our experiments. Finally, the schematic in
Figure 5(a) summarizes the observations and shows that non-
coalescence for acetone droplets hovering on a liquid substrate
at a higher temperature is established in a different way than
in Figure 5(b), which represents classical non-coalescence by
self-lubrication. As mentioned above, Marangoni thermocap-
illary flows in liquid bodies, which originate from thermal
gradients, can prevent coalescence. Savino et al.17 showed that
the surface of the liquid substrate moves towards the droplet
and causes gas to flow towards the gap between the droplet
and the liquid substrate, whereby coalescence is prevented
due to the presence of a self-lubricating layer. It is also worth
mentioning that in our work non-coalescence is only observed

FIG. 4. Acetone droplet (D ≈ 6 mm) in a Leidenfrost state hovering on
a polished copper substrate with a temperature of ≈ 200 ◦C. The pic-
ture comes from a sequence of images obtained at 2500 FPS. An aerosol
which is made from small water droplets surrounds the acetone droplet. The
reflected pattern on the surface of the droplet is from a basket containing
the dry ice which is used to generate the aerosol. (Multimedia view) [URL:
http://dx.doi.org/10.1063/1.4977442.3]

FIG. 5. (a) Schematic depicting the flows of gas and liquid generated by
an acetone droplet hovering on 75 ◦C water. The Marangoni solutocapil-
lary flow on the substrate points away from the droplet and the gas flow
points towards the gap between the droplet and the substrate. The extent to
which the latter flow influences non-coalescence is unclear. (b) Schematic
depicting the flows of gas and liquid generated by placing a cold droplet
above a hot liquid substrate. The Marangoni thermocapillary flow of the
substrate points towards the droplet and causes classical non-coalescence by
self-lubrication.

for TS > Tsat . As explained in the Introduction, this is a charac-
teristic condition which must be met for an LD to exist. Savino
et al.17 showed that non-coalescence of droplets by thermo-
capillary effects, a consequence of which is self-lubrication,
can be obtained for TS < Tsat , with the condition that a
temperature difference between the droplet and the surface
exists.

With the obtained evidence, it is possible to conclude that
non-coalescence is not caused by classical non-coalescence
by self-lubrication but at least partly by the Leidenfrost effect.
For this reason, some of our discussion is given in the light of
the LE. So far, the extent to which the strong air flow towards
the gap between the droplet and the substrate influences non-
coalescence is unclear.

IV. STATICS
A. Theory

Consider a droplet of diameter D formed by a liquid of
mass density ρ3 hovering above a liquid substrate of mass
density ρ2, as depicted in Figure 1(b). If all effects associated
with the surface tension of the liquid surface are neglected and
the droplet is modeled as a rigid sphere that is immersed by a
distance D −Ds > 0, then the volume V s of the portion of the
droplet above the undisturbed surface of the substrate can be
expressed as

Vs =
πD3

6

(
1 −

ρ3

ρ2

)
. (3)

Equating (3) to the expression πD2
s (3D − Ds)/6 for the vol-

ume of a spherical cap of height Ds cut from a sphere of
diameter D > Ds, we find that Ds/D must satisfy the cubic
equation (

Ds

D

)3

−
3
2

(
Ds

D

)2

+
1
2

(
1 −

ρ3

ρ2

)
= 0. (4)

Granted that ρ3 < ρ2, (4) can be solved analytically and
gives only one physically acceptable root. In particular, for
a rigid sphere with the mass density of acetone floating on
water, we have ρ2(T = 70◦C)= 970 kg/m3 and ρ3(T =Tsat)
≈ 750 kg/m3 and (3) gives Ds/D ≈ 0.31.

http://dx.doi.org/10.1063/1.4977442.3
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If, alternatively, the surface tension γ12 of the liquid sub-
strate, which is assumed to be uniform, is taken into consider-
ation while continuing to model the droplet as a rigid sphere,
it is still possible to determine Ds/D. To obtain Ds for a given
choice of D, we used an iterative numerical scheme developed
by Rapacchietta and Neumann31 for approximating the depth
d0 and the angle ψ of the effective contact line of a perfectly
non-wetting sphere. Each iteration involves three steps. In the
first step, we choose ψ and with a fixed-point shooting method
find d0 by integrating the static axisymmetric Young–Laplace
equation

γ12




z′′(
1 + z′2

)3/2
+

z′

r
(
1 + z′2

)1/2



= (ρ2 − ρ1) gz, (5)

where ρ1 denotes the mass density of the air and a prime
denotes differentiation with respect to the radial coordi-
nate r, subject to the respective near-field and far-field
conditions

z′(r0) = tan β(r0) and lim
r→∞

z′(r)→ 0. (6)

The geometrical relations r0 = (D/2) sin ψ and β(r0)=ψ
then provide the additional information needed to deter-
mine all unknown quantities. Before integrating, (5) and
(6) are first parametrized with the angle β to avoid
numerical problems involving large values of r. In the sec-
ond step, we evaluate the vertical component Fz = F · ez

of the resultant force which acts on the droplet, account-
ing for the weight Fg = Fgez = − ρ3g(πD3/6)ez of
the droplet, the upward component Fs = 2πr0γ12(t · ez)ez

= 2πr0γ12(sin ψ)ez of the resultant force distributed on the
edge of the spherical portion of the liquid surface, and the
buoyancy

Fb =
π (ρ2 − ρ1) gD3

8

(
2
3
− cos ψ +

1
3

cos3 ψ +
2d0

D
sin2 ψ

)
ez,

(7)

of the droplet. In the third step, we use a fixed-point method
to update the value of ψ given the previously determined
value of Fz, towards obtaining a vertical force balance. The
three steps are repeated until a satisfactory value for ρ3 is
obtained Fz/Fg = 0 ± 10−3. In the final step, the geometri-
cal relation Ds = (D/2)(1 + cos ψ) − d0 is used to determine
Ds/D.

Viscous forces can be ignored since the capillary number
of all considered flows is much smaller than unity. By calculat-
ing We for the flows we can estimate the impact of inertia. Due
to the low mass density of the air, We for the air flow is well
below unity and inertia of the gas can be ignored. The inertia
of the liquids is difficult to estimate. The characteristic length
might be described as the thickness of a liquid layer close to

the liquid–air interface which moves due to Marangoni flow.
If we guess that such a layer is of thickness on the order of
1 mm and has an average velocity of approximately 15 cm/s,
We = 1. This indicates that inertia might play a role. How-
ever, as a first approximation we ignore forces induced by
hydrodynamic effects.

B. Slowly propagating acetone droplets on water

It is possible to measure Ds immediately after deposition,
when the velocity of an acetone droplet is low relative to the
velocity that induces gravity-capillary waves on the surface
of the liquid substrate. Figure 6 (Multimedia view) shows a
number of acetone droplets on a 70 ◦C water bath. It is evident
that these droplets sink deeper beneath the undisturbed sur-
face and become less spherical with increasing D. In Figure 7,
the measured values of Ds/D versus D/(2lc), where lc denotes
the capillary length, are represented by the unfilled triangles.
It is noteworthy that the ratio D/(2lc) is the square root of
the Bond number Bo, with characteristic length D/2. Mahade-
van and Pomeau32 and Aussillous and Quéré33 showed that
on a solid substrate, two situations may arise: for D/(2lc)< 1,
droplets exhibit essentially spherical shapes; for D/(2lc)> 1,
droplets form puddles. For a droplet on a liquid substrate and
D/(2lc)> 1, sphericity is strongly affected. This is expressed
by the error incurred by measuring Ds/D for the droplet with
the largest diameter D. Values for larger droplets are omit-
ted since their shapes deviate significantly from spherical.
Recently, Ooi et al.34 used a model to predict the geometry of
super-hydrophobic droplets, in the form of liquid marbles, on
a liquid substrate. However, since that model underestimates
Ds/D for D/(2lc) below unity, it is not useful in the present
context. For D/(2lc) greater than unity, when the sphericity of
the droplet is strongly affected, that model might be useful.
Whereas the filled triangles in Figure 7 represent the numer-
ical values of Ds/D for perfectly non-wetting spheres, with
the mass density of acetone, on a 70 ◦C liquid substrate with
the mass density of water, the black triangles are for a liquid
substrate which only contains water (γ12 = 64 mN/m) and the
blue triangles are for a liquid substrate which contains a high
concentration of acetone (γ12 ≈ 20 mN/m). When a surface
tension gradient is taken into consideration, we assume that
the value of Ds/D falls between those for the black and blue
triangles. The result of a force analysis in which an acetone
droplet is modeled as a non-wetting perfect sphere provided
in Figure 7 generates an approximation for the force needed
to support a droplet in the LS. The unfilled circles stand for
Fs/Fg and the filled circles stand for Fb/Fg. The analysis shows
that, in our experiments, Fb is dominated by Fs. The horizon-
tal line in Figure 7 at 31% is Ds/D if γ12 is ignored and, as
expected, for large values of D/(2lc) the numerical values of
D/Ds, which are included for completeness, tend toward this
value.

FIG. 6. Acetone droplets in a Leidenfrost state on a
70 ◦C water bath. The dashed line indicates the posi-
tion of the undisturbed water surface and the scale bar
applies to all four images. (Multimedia view) [URL:
http://dx.doi.org/10.1063/1.4977442.4]

http://dx.doi.org/10.1063/1.4977442.4
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FIG. 7. The unfilled triangles represent Ds/D for experimental values of ace-
tone droplets in a Leidenfrost state and the filled triangles are theoretical values
for non-wetting spheres with the same mass density of acetone on a 70 ◦C liq-
uid substrate. For D/(2lc)< 1, with lc being the capillary length, droplets
exhibit essentially spherical shapes. The horizontal dashed line is the theoret-
ically predicated value of Ds/D in the absence of surface tension. The unfilled
circles and the filled circles show the respective theoretically predicted values
of Fs/Fg and Fb/Fg.

Figure 7 shows evidence indicating that the surface ten-
sion of the liquid substrate in the vicinity of the droplet is
close to that of acetone and, thus, below the surface tension
of water. The distance around the droplet which most strongly
influences D/Ds is lc. Since this distance is ∼2 mm, acetone
can induce a strong effect on D/Ds without migrating signif-
icantly. The mixing of acetone with water is expected as a
consequence of Raoult’s law, which dictates that if acetone
vapor is present above water it should mix with water. This
additionally suggests the presence of a strong Marangoni solu-
tocapillary flow on the liquid substrate. The steeper slope of
the experimental data points compared to the theory can be
attributed to low acetone vapor production of small droplets
and to deviation from spherical of large droplets. A low ace-
tone vapor production can lead to values of γ12 approaching
64 mN/m. Because our theory neglects the flattening of the
droplets present in experiments, we overestimate the values of
D/Ds.

C. Effective surface tension

Focusing on situations in which D/(2lc)< 1, we next pro-
pose a simple way to tentatively evaluate the thickness e of
the vapor layer for a LD hovering above a liquid substrate.
We begin by considering the pressure P exerted by a droplet
on a liquid surface. The surface and the droplet are separated

FIG. 8. Schematic representations of droplets with surface tension value γ13
on substrates with surface tension value γ12.

by a thin gaseous layer and do not interact across the associ-
ated gap. In the event that γ12� γ13, as depicted in Situation
1 of Figure 8, pressure P can be approximated by the pressure
which is exerted by a LD on a flat and rigid surface. For this
situation, Biance et al.20 reasoned that P can be approximated
with the Laplace pressure PL for a sphere,

PL =
4γ13

D
. (8)

For the opposite situation γ12 � γ13 depicted in Situation 3 of
Figure 8, P is generated solely by buoyancy. Due to the small
value of the associated lift force per unit area relative to the
Laplace pressure, we may assume that P ≈ 0 and neglect devi-
ations from sphericity. For the intermediate situation γ12 ≈ γ13

depicted in Situation 2 of Figure 8, a value for P between those
of Situations 1 and 3 should be obtained. Also, the sphericity
of the droplet should be less significant than in Situation 1
but more significant than in Situation 3. To evaluate P in con-
junction with (8), we introduce the effective surface tension
γ, which depends on γ12 and γ13. As a first approximation
the deformation in the vertical direction of the liquid surface
and the droplet scales with the vertical component of the force
acting on the droplet and the surface. Hence, it is reasonable
to represent a droplet and a substrate by two springs in series.
The effective spring constant for springs in series can be writ-
ten as 1/k = 1/ks + 1/kd with ks and kd the respective spring
constants of the substrate and the droplet. If we then assume
that ks = Cγ12 and kd = Cγ13, with C > 0 being a scale factor,
a simple expression for γ results

1
γ
=

1
γ12
+

1
γ13

. (9)

Situations 1, 2, and 3 correspond respectively, to choosing
γ12� γ13 (so that γ ≈ γ13), γ12 ≈ γ13 (so that γ ≈ γ13/2), and
γ12� γ13 (so that γ ≈ γ12). Using γ in (8) shows that P is
reduced by a factor two for Situation 2 compared to Sit-
uation 1 and confirms that (9) is a potential candidate to
describe γ.

Biance et al.20 showed that the rate of evaporation J
through the surface of a LD obeys scaling relations J ∝ A/e,
with area A of the droplet in close proximity to the substrate,
and J ∝ e3P, from which we deduce that e ∝ 4

√
A/P. Since P is

inversely proportional to A, we infer that e ∝ 1/
√

P and, with
reference to (8) and (9), obtain

e ∝

√
D
γ

. (10)

A simple consequence of (10) is that e increases as γ dimin-
ishes for fixed values of D. On this basis, it is possible to
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conclude that the value of e for a liquid substrate is larger
than that for a solid substrate. This occurs simply because
liquid substrates are more compliant than hard solid sub-
strates. This suggests that the presence of a thicker vapor layer
makes a droplet hovering on a liquid substrate more stable
than one hovering on a solid substrate. In our experiments,
a radially outward Marangoni flow can nevertheless pump
gas out of the vapor layer, thereby reducing the magnitude
of e.

Antonini et al.35 showed that when the evaporation rate
across a surface is large enough, levitation can be enhanced.
Therefore, it is essential to note that a water substrate at a
temperature TS = 70 ◦C at which most of our experiments are
performed has a saturated vapor pressure of approximately
0.3 atm. As a first approximation we can scale the saturated
vapor pressure of a liquid with its evaporation rate. Assum-
ing that the acetone droplet has a temperature of 30 ◦C during
impact and the liquid substrate (pure water) a temperature of
70 ◦C, the ratio of water evaporation rate over acetone evapo-
ration rate is ≈0.7. This shows that evaporation of the liquid
substrate can enhance levitation and plays a significant role in
our experiments.

V. DYNAMICS
A. Deposition

A sequence of images depicting the impact of a 2 mm
diameter acetone droplet on 70 ◦C water is shown in
Figure 9(a). This droplet is at room temperature before it
absorbs heat from the substrate. The droplet rebounds after
initially sinking and experiences a damped oscillation with-
out losing contact with the substrate. This behavior was also
observed by Lee and Kim,36 who described two additional
regimes. In the second of these regimes, which occurs when
the impacting speed vi of a sphere exceeds a certain value, the
sphere bounces cleanly off the substrate. To reach the third
regime, vi must be large enough so that the sphere sinks.
The boundaries of the three regimes are determined by a
dimensionless relationship of the form

WeBo3/2 = n

(
ρ2

ρ3

)2
, (11)

where n > 0 is a prefactor and the Bond and Weber numbers
Bo and We are defined according to

Bo =
ρ2gD2

γ12
and We =

ρ2v
2
i D

γ12
. (12)

Lee and Kim scale vi by 1/ρ3, which explains the appear-
ance of ρ3 in the denominator on the right-hand side of (11).
To distinguish the three regimes, two values of n need to be
measured. By increasing vi, we also observed bounce-off. In
Figure 9(b), acetone droplets (D = 2 mm) with vi = 45±5 cm/s
(left) and vi = 70± 5 cm/s (right) bounce cleanly off 75◦C
water. The corresponding values of We are approximately
equal to 14 and 35, respectively. We also noticed that for vi

between 45 and 65 cm/s, the chance of successfully depositing
droplets with a diameter of 2 mm was lower than for val-
ues ranging between 0–50 cm/s and between 65–70 cm/s. For
a series of experiments with D= 1.6–2.8 mm, we observed

FIG. 9. Deposition of acetone droplets (D = 2 mm) on a 70-75 ◦C water bath.
In (a), a droplet is deposited with a relatively low impact velocity. The scale
bar applies to all four images presented in (a). The water substrate deforms
heavily under impact and the droplet undergoes a damped oscillation. On
the left hand side of (b), the droplet bounces cleanly off the substrate after
impacting it with a speed of 45 ± 5 cm/s (We ≈ 14). On the right hand side
of (b), the droplet bounces cleanly off the substrate for an impact speed of
70 ± 5 cm/s (We ≈ 35). For higher impacting velocities the droplets coalesce
with the water bath. The scale bar applies to both images presented in (b).

bounce-off for all droplets if vi is between 65–70 cm/s. For
this range of vi, larger droplets tend to disintegrate, which is
evident from the formation of two droplets, one significantly
smaller than the other. A summary of these findings appears in
Table II. It is clear that for larger droplets a forbidden regime
for vi exists, namely vi between 45−65 cm/s. In that regime,
droplets coalesce with the substrate. The mechanisms underly-
ing these observations remain uncertain. For future reference, a
potentially useful resource concerning impact-induced coales-
cence is the work of Planchette et al.,37 who used a geometric
criterion to describe the transition between non-coalescence
and coalescence of droplets with armored interfaces. It is
important to note that liquid droplets bouncing on solid
substrates can exhibit remarkable elasticity, as Richard and
Quéré38 showed, which possibly enhances bounce-off in our
experiments.

As reported by Tran et al.,24 the dynamic Leidenfrost tem-
perature TLd rises steeply as We increases. This might stem
from higher values of P during impact. This potential explana-
tion is supported by the experiments conducted by Baumeister
et al.19 and Ng et al.,18 who reported that substrate vibra-
tions are detrimental for the LS. Also, Quéré2 noticed that

TABLE II. The behavior of acetone droplets after impacting a 75 ◦ C water
substrate as a function of impact speed and diameter. The errors on these
quantities are ±0.05 mm and ±5 cm/s, respectively. A = damped oscillation;
B = bouncing; C = disintegration; and D = coalescence.

vi (cm/s) 0-45 45-65 65-70 >70

D (mm)
1.6–2.0 A B B D
2.0–2.4 A B/D B D
2.4–2.8 A D B/C D
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the dynamic pressure of a droplet exceeds the value of P
for We> 1 and thereby emphasized that dynamic levitation
is more difficult to achieve than static levitation. Consistent
with the discussion in Sec. IV, the enhanced compliance of
liquid substrates leads to lower values of P. As depicted in
Figure 9(a), the shape of a liquid surface changes significantly
during droplet impact. We therefore assume that values of P in
our experiments are lower than those in experiments on hard
solid substrates. This might explain why such low values of
T s can accommodate acetone droplets in a LS.

B. Self-propulsion and drag

After formation, we observed that hovering droplets
exhibit self-propulsion, accelerating in rectilinear trajectories.
The direction in which a droplet travels can be imposed by
imparting it with an initial velocity with a chosen magnitude
and orientation. It is noteworthy that an LD can be deflected
by the wall of the bath. Figure 10 shows the respective hor-
izontal components sh, vh, and ah of the displacement s, the
velocity v, and the acceleration a of a 3.0 ± 0.1 mm diameter
droplet on a 79 ± 1 ◦C water bath in the direction of s and
as a function of time t. The droplet accelerates and reaches a
maximum and essentially constant speed of ≈18 cm/s. For t
between 0 and 0.4 s, the horizontal component jh of the time
derivative of ah is ≈1 · 102 cm/s3. For t between 0.4 and 0.6 s,
jh ≈ −3 · 102 cm/s3, and for t > 0.6 s, jh and ah are ≈0. The
values of jh are obtained with simple linear fitting. From all

FIG. 10. The respective horizontal components sh, vh, and ah of the displace-
ment s, the velocity v, and the acceleration a of a 3.0±0.1 mm diameter droplet
on a 79± 1 ◦C water bath in the direction of s and as a function of time t. The
slope of each dashed line represents the horizontal component jh of the time
derivative of ah and is obtained with simple linear fitting.

acetone droplets observed in this work (D < 2lc), which are
found to hover on water with substrate temperatures between
70–80 ◦C, we typically obtain curves as Figure 10 shows. No
significant change of D is observed during the experiments,
from which we assume that droplets do not lose mass. In what
follows, we give provisional explanations for our observations.

Linke et al.39 and Dupeux et al.40 showed that under cer-
tain conditions objects in a LS are known to be self-propelled.
Burton et al.41 demonstrated that the thickness of the lubri-
cating vapor layer of an LD on a flat substrate may exhibit
non-axisymmetric features. Snezhko et al.28 speculated that
this effect can lead to self-propulsion. They observed “bal-
listic” flights, with fixed directions of less than 2 cm with
a maximum vh of less than 2 cm/s, of small liquid nitrogen
LDs on low viscosity liquids and assumed that the directional
instability of the vapor layer abruptly changes the direction
of propagation. Since the values of vh observed in our experi-
ments are an order of magnitude larger and changes in direction
are not seen, another mechanism appears to be operative.
Recently, Bormashenko et al.42 observed self-propelled alco-
hol containing liquid marbles (70% alcohol in water) on water,
moving in rectilinear trajectories. Propulsion was reasoned to
be a consequence of the Marangoni effect. The effect can be
induced by the condensation of alcohol, evaporated from the
liquid marble on the water substrate. This causes a surface ten-
sion gradient proximate to the droplet, manifested by a lower
surface tension behind the droplet than in front of the moving
droplet. This model was experimentally confirmed by Oshima
et al.,43 who measured the surface tension in the front of and
behind self-propelled hexanol droplets on an aqueous phase.
It is important to bear in mind that hexanol is only slightly
soluble in water and thus that a hexanol droplet does not have
to be in the LS to float on a substrate. Bormashenko et al.
assumed that vh is equal to the solutocapillary characteristic
Marangoni flow which can be expressed as ∆γ/µ, where ∆γ
is the magnitude of a surface tension difference and µ is the
viscosity of the liquid substrate. The highest value of vh mea-
sured for the liquid marbles is approximately 15 cm/s. The
lower values of vh found in the experiments of Bormashenko
et al. can be expected since the acetone droplets evaporate
more, which makes ∆γ increase. Additionally, granted that
the droplets used in the experiments reported here were in the
LS, this might lead to a significant reduction of drag.

To explain our observations, we considered a two-
dimensional model of which a schematic is depicted in
Figure 11. This model yields a horizontal resultant force FM

on an infinitely long cylinder (and measured per unit length of
that cylinder). The sum

γf cosψf − γb cosψb (13)

of γf tf · ex = γf cos ψf and γbtb · ex = −γb cos ψb gener-
ates this force. Moreover, −FM = (γb cos ψb − γf cos ψf )ex

can be interpreted as the force that would be needed to fix
the horizontal position of the cylinder. Since the surface of
a liquid substrate with a lower surface tension bends more
easily than the surface of a liquid substrate with a higher
surface tension, we assume that ψb > ψf if γb < γf .
Therefore, FM =FM · ex of FM should be positive, which
partly explains how a surface tension imbalance can cause a



032103-9 Janssens, Koizumi, and Fried Phys. Fluids 29, 032103 (2017)

FIG. 11. Schematic of a non-coalescing droplet is represented by a non-
wetting solid cylinder. The surface tensionγf at the leading edge of the droplet
is lower than that, γb, at the trailing edge of the droplet. The vectors tf and tb
are of unit length and are tangent to the surface of the liquid substrate. The
orthonormal basis vectors ex and ez correspond to the axes of a rectangular
Cartesian coordinate system. In the scenario envisioned, a resultant force FM ,
measured per unit length cylinder, propels the cylinder perpendicular to its
axis in the direction of ex . Definitions of the remaining symbols appear in the
caption of Figure 1.

hovering object to move on a quiescent liquid substrate. With
the mass of the droplet taken as constant, by neglecting water
drag, and by assuming that ψf ≈ψb, we then obtain that
ah ∝ ∆γ. Figure 10 shows that for t between 0 and 0.4 s,
also ah ∝ vh, assuming that the amount of evaporated ace-
tone is constant in time. Then, we obtain that ∆γ ∝ vh. So far,
a simple model for predicting this relation is to the best of our
knowledge unknown.

We now investigate whether the negative value of jh for
t between 0.4 and 0.6 s in Figure 10 can be caused by wave
drag. Raphaël and de Gennes44 derived that wave drag steeply
increases when the dimensionless number α = vh/cmin, with
cmin = (4gγ12/ρ2)1/4, reaches unity. They did this with a dis-
persion relation that capillary-gravity waves travel at minimum
velocity cmin so that a stationary wake of capillary-gravity
waves forms for α > 1. These waves carry energy away from
the moving droplet, resulting in wave drag. In our experi-
ments, cmin ≤ 22 cm/s, which for vh = 19±1 cm/s yields α = 0.9
and α = 1.1 for pure water and pure acetone substrates, respec-
tively. The left-hand image in Figure 12(a) shows a relatively
slowly moving droplet and its reflection at the bottom of the
water bath. For a relatively rapidly moving droplet in the image
on the right of the same figure, the reflection clearly shows a
large wave-like feature around the droplet. The conventionally
expected wave radiation wedge does not seem to form, which
indicates that in our experiments α remains slightly less than
unity. Since the region in which the deflection of the surface
of the substrate noticeably extends far around the droplet, it
is reasonable to infer that the regions with low acetone con-
centrations are curved. Therefore, α can take a value slightly
smaller than unity. We note that the value of α is most proba-
bly affected by a Marangoni flow. However, we can conclude
that the negative value of jh cannot be explained by wave drag
according to the model of Raphaël and de Gennes44 since drag
clearly appears for values of α below the threshold α = 1 at
which wave drag becomes important.

We further investigate the behavior of the droplets in an
effort to find the phenomenon which underlies the negative

FIG. 12. Acetone droplets in a Leidenfrost state (D = 2 mm) on a 75 ◦C water
bath. The arrows indicate the direction of the velocity of the droplets. The scale
bars apply to the left-hand and the right-hand frames. In (a), the reflection on
the bottom of the bath is depicted together with the droplet. On the left-hand
side of (a) the velocity of the droplet is relatively low and on the right-hand
side of (a) the velocity of the droplet is relatively fast. The formation of a
large feature in the vicinity of the droplet is clearly evident. On the left hand
side of (b), a droplet with a velocity close to zero, which accelerates due to a
Marangoni effect, is depicted. On the right-hand side of (b), the droplet passes
the same location as on the left-hand side of (b) after being deflected by the
wall of the water bath and approaches a maximum velocity of 19 ± 1 cm/s.
The surface of the water bath deforms in a vicinity of the droplet. On the left
hand side of (c), a rapidly propagating droplet reaches the wall of the water
bath. Immediately after the droplet is deflected the velocity of the droplet is
strongly reduced and the droplet becomes less immersed, as shown on the
right-hand side of (c).

values of jh that arise for t between 0.4 and 0.6 s, as indicated
in Figure 10. In the left-hand image of Figure 12(b), a hovering
acetone droplet with α close to zero accelerates due to the
Marangoni effect. After bouncing against the wall of the water
bath, the droplet accelerates in the opposite direction and
reaches vh = 19 ± 1 cm/s, as depicted in the left-hand image
of Figure 12(b). In both images of Figure 12(b), the droplet
is located at approximately the same position but a strong
deflection of the surface is clearly observable in the right-hand
image. In the left-hand image of Figure 12(c), a droplet
reaches the wall of the water bath with vh = 19 ± 1 cm/s.
After deflection, α decreases significantly and, as is evident
from the dashed guidelines, the droplet is positioned distinctly
higher relative to the undisturbed surface than previously. This
shows that droplets that propagate sufficiently rapidly become
immersed beneath the undisturbed water surface. These exper-
iments were verified for a droplet in the middle of the water
bath with an experimental setup involving two cameras: one
to trace the in-plane position of the droplet and the other to
detect the height of the droplet. Figure 13 illustrates the grad-
ually immersion of an acetone LD as a function of the time
after deposition. This demonstrates that a moving pressure
field induced by a non-wetting sphere is accompanied by the
gradual formation of a depression under the undisturbed water
surface. As a consequence, it is not surprising that the energy
induced by a Marangoni effect is converted to an energy nec-
essary to maintain the depression so that FM is balanced by
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FIG. 13. A self-propelled acetone droplet (D = 2 mm) which gradually becomes immersed in a 75 ◦C water bath and which moves away from the camera. At
0.4 s, the droplet has a horizontal velocity of ≈14 cm/s and that velocity increases as a function of time. The change in light intensity is caused by flickering of
the light box.

the drag Fd due to the formation of a depression. Therefore,
the gradual formation of the depression for increasing values
of vh should lead to a negative value of jh.

Apart from water drag, Fd might contribute to the drag
on self-propelled liquid marbles, since the possibility exists
that Fd is present at vh = 15 cm/s, which is approximately the
maximum speed observed in the work of Bormashenko and
coworkers.42

Diorio et al.46 showed that air flow deforms the surface.
Moreover, the associated deflection deepens as α increases and
for α > 1, the conventionally expected wave radiation wedge
forms. The deepening deflection as a function ofα corresponds
to the immersion of the acetone droplet in our work.

As experiments reported by Le Merrer et al.29 show, wave
drag steeply increases for decelerating liquid nitrogen LDs
on a water substrate when α lowers and reaches unity. They
use the model of Raphaël and de Gennes44 to explain their
experimental observations. Still, drag is clearly observed for
values of α below unity, for which no explanation is given. On
the basis of the work presented here, we infer that this drag
might be caused by the formation of a depression.

Burghelea and Steinberg45 experimentally investigated
drag on an immersed rigid sphere and observed a gradual
decrease in drag as a function of horizontal velocity, after sub-
tracting viscous drag. The lowest drag was recorded atα ≈ 0.9.
For higher values of α, drag strongly increased due to the for-
mation of gravity-capillary waves. In contrast to their work,
the distance di between the moving object and the undisturbed
surface of a liquid substrate is not fixed during the experi-
ments reported here. Therefore, to theoretically describe or
experimentally measure drag on a small sphere or other small
moving objects supported by a liquid substrate, it is crucial to
leave di free.

VI. CONCLUSIONS

This exploratory work shows that non-coalescent droplets
of acetone can be formed on liquid substrates. Remarkably,
droplet deposition, subsequent hovering, and self-propulsion
appear at low substrate temperatures and evidence for non-
coalescence by the Leidenfrost effect is present. Despite the
low temperature of the liquid substrate, it is found that the
non-coalescence of acetone droplets is not a consequence of
classical self-lubrication. Still, strong air flows which are gen-
erated by Marangoni flows are observed and their effect on
non-coalescence remains unclear.

A case study suggests that small acetone droplets can be
described by a simple model for a non-wetting rigid sphere

hovering on a liquid substrate. To qualitatively evaluate the
thickness of the vapor layer separating a small droplet and a
liquid substrate, a notion of effective surface tension is intro-
duced. On this basis, it is found that the vapor layer on a liquid
substrate should be thicker than on a solid substrate. This is
attributed to the greater compliance of the liquid substrate and
partly explains why droplets can be formed on liquid sub-
strates with low temperatures, even at relatively high impact
velocities. By carefully observing these impacting droplets, it
is possible to record bounce-off from the substrate.

Self-propulsion of droplets in straight line trajectories
can be attributed to a solutocapillary Marangoni effect. When
self-propelled droplets accelerate, they gradually become
immersed. This is reasoned to cause drag at velocities below
those needed to induce wave drag.
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44É. Raphaël and P.-G. de Gennes, “Capillary gravity waves caused by
a moving disturbance: Wave resistance,” Phys. Rev. E 53, 3448–3455
(1996).

45T. Burghelea and V. Steinberg, “Wave drag due to generation of capillary-
gravity surface waves,” Phys. Rev. E 66, 051204 (2002).

46J. Diorio, Y. Cho, J. H. Duncan, and T. R. Akylas, “Gravity-capillary lumps
generated by a moving pressure source,” Phys. Rev. Lett. 103, 214502
(2009).

http://dx.doi.org/10.1039/c3sm51608c
http://dx.doi.org/10.1209/0295-5075/110/24001
http://dx.doi.org/10.1063/1.868811
http://dx.doi.org/10.1017/s0022112002003610
http://dx.doi.org/10.1039/c4sm02272f
http://dx.doi.org/10.1063/1.1572161
http://dx.doi.org/10.1016/j.crme.2012.10.034
http://dx.doi.org/10.1103/physreve.90.053011
http://dx.doi.org/10.1021/la302181f
http://dx.doi.org/10.1103/physrevlett.108.036101
http://dx.doi.org/10.1073/pnas.0914059107
http://dx.doi.org/10.3938/jkps.58.1628
http://dx.doi.org/10.1021/acs.langmuir.6b00574
http://dx.doi.org/10.1088/1367-2630/10/4/043034
http://dx.doi.org/10.1073/pnas.1106662108
http://dx.doi.org/10.1143/jpsj.63.1758
http://dx.doi.org/10.1016/0021-9797(77)90051-0
http://dx.doi.org/10.1063/1.870107
http://dx.doi.org/10.1098/rspa.2005.1581
http://dx.doi.org/10.1039/c4sm02882a
http://dx.doi.org/10.1103/physrevlett.111.014501
http://dx.doi.org/10.1103/physrevlett.111.014501
http://dx.doi.org/10.1021/la702437c
http://dx.doi.org/10.1063/1.4801320
http://dx.doi.org/10.1209/epl/i2000-00547-6
http://dx.doi.org/10.1103/physrevlett.96.154502
http://dx.doi.org/10.1063/1.4807007
http://dx.doi.org/10.1103/physrevlett.109.074301
http://dx.doi.org/10.1021/acs.jpcc.5b01307
http://dx.doi.org/10.2116/analsci.30.441
http://dx.doi.org/10.1103/physreve.53.3448
http://dx.doi.org/10.1103/physreve.66.051204
http://dx.doi.org/10.1103/physrevlett.103.214502

