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Nanofiber-mediated chiral radiative coupling between two atoms
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We investigate the radiative coupling between two two-level atoms with arbitrarily polarized dipoles in the
vicinity of a nanofiber. We present a systematic derivation for the master equation, the single- and cross-atom
decay coefficients, and the dipole-dipole interaction coefficients for the atoms interacting with the vacuum of the
field in the guided and radiation modes of the nanofiber. We study numerically the case where the atomic dipoles
are circularly polarized. In this case, the rate of emission depends on the propagation direction along the fiber axis
and, hence, the radiative interaction between the atoms is chiral. We examine the time evolution of the atoms for
different initial states. We calculate the fluxes and mean numbers of photons spontaneously emitted into guided
modes in the positive and negative directions of the fiber axis. We show that the chiral radiative coupling modifies
the collective emission of the atoms. We observe that the modifications strongly depend on the initial state of the
atomic system, the radiative transfer direction, the distance between the atoms, and the distance from the atoms

to the fiber surface.
DOI: 10.1103/PhysRevA.95.023838

I. INTRODUCTION

Radiative coupling between two atoms (or molecules) has
been a topic of great interest for the past several decades. The
range and strength of the coupling can be enhanced by means
of dressing the environment. A typical nonradiative Forster
energy transfer range of <10 nm was surpassed by use of lo-
calized plasmons, whispering gallery modes, or microcavities
[1-12]. Very fast (on the picosecond time scale) energy transfer
was recorded in systems with quantum dots [13] and strongly
bound excitons [14]. Plasmon-assisted communication was
demonstrated between donor-acceptor pairs across 120-nm-
thick metal films [15] and between fluorophores on top of a
silver film over distances up to 7 um [16]. The recent directions
of research on dipole-dipole interaction now encompass areas
of few-atom spectroscopy [17,18], near-field optics [19], and
subwavelength-resolution nano-optics [20]. The effects of a
nanosphere on the dipole-dipole interaction have been studied
[21,22]. A form of telegraphy on a dielectric microplanet has
been proposed [3]. It is clear that the range of such telegraphy
can be increased arbitrarily if one uses nanofibers.

The effects of a nanofiber on spontaneous emission of
a two-level atom [23,24], a multilevel atom [25], and two
two-level atoms [26] have been studied. It has been shown
that spontaneous emission and scattering from an atom with
a circular dipole in the vicinity of a nanofiber can be
asymmetric with respect to the opposite axial propagation
directions [27-32]. These directional effects are the signatures
of spin-orbit coupling of light [33—37] carrying transverse spin
angular momentum [37,38]. They are due to the existence of a
nonzero longitudinal component of the nanofiber guided field,
which oscillates in phase quadrature with respect to the radial
transverse component. The possibility of directional emission
from an atom into propagating radiation modes of a nanofiber
and the possibility of generation of a lateral force on the atom
have been pointed out [31]. The direction-dependent emission
and absorption of photons lead to chiral quantum optics [39].
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It has been shown that substantial coupling between two
atoms can survive over long interatomic distances due to
guided modes [26]. The chiral coupling between atoms has
been studied in the framework of one-dimensional waveguide
bath models [40—-46], where radiation modes were completely
[40-44] or partially [45,46] neglected. In closely related
studies, the chiral effect in spontaneous emission of a single
atom [47] and the radiative transfer between two atoms [48]
in front of a dielectric surface have also been investigated.

In this paper, we study radiative coupling between two two-
level atoms with arbitrarily polarized dipoles in the vicinity of a
nanofiber. Unlike Ref. [26], our treatment incorporates rotating
induced dipoles. In addition, our treatment is more general
than the previous studies [40—42,44,45] in the sense that we
use a three-dimensional fiber model and take into account
the effects of radiation modes on the decay rate coefficients
and the dipole-dipole interaction coefficients. We focus on the
case where the atomic dipoles are circularly polarized and,
consequently, the rate of emission depends on the propagation
direction and the radiative interaction between the atoms is
chiral. In order to get insight into this chiral coupling, we look
at the decay behavior of the atoms as well as the fluxes and
numbers of photons emitted into guided modes.

The paper is organized as follows. In Sec. II we describe
the model of two two-level atoms with arbitrarily polarized
dipoles in the vicinity of a nanofiber. In Sec. III we derive
the basic equations for the interaction between the atoms
and the field in guided and radiation modes. In Sec. IV we
present the results of numerical calculations. Our conclusions
are given in Sec. V.

II. MODEL
A. Quantization of the field around a nanofiber

We consider a fiber that has a cylindrical silica core of
radius a and refractive index n; > 1 and an infinite vacuum
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FIG. 1. (a) Two two-level atoms in the vicinity of a nanofiber.
(b) Chiral emission of an individual atom with a dipole rotating in
the meridional plane. (c¢) Chiral coupling between two atoms with
dipoles rotating in the meridional plane.

cladding of refractive index n, = 1 [see Fig. 1(a)]. We use the
Cartesian coordinates {x,y,z} and the cylindrical coordinates
{r,p,z} with z being the fiber axis. In view of the very low
losses of silica in the wavelength range of interest, we neglect
material absorption.

The continuum field quantization follows the procedures
presented in Ref. [49]. In the presence of the nanofiber, the
positive-frequency part EP of the electric component of the
field can be decomposed into the contributions E(gg) and ES;)
from guided and radiation modes, respectively, as

EC =K +E). (1)

Regarding guided modes, we assume that the single-mode
condition [50] is satisfied for a finite bandwidth of the
field frequency w around a characteristic atomic transition
frequency wy. In this case, the nanofiber supports only
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the hybrid fundamental modes HE;; corresponding to the
wavelength A = 2mc/w [50]. We label each guided mode by
an index u = (wfl), where f = +,— denotes the forward
or backward propagation direction, and / = +,— denotes
the counterclockwise or clockwise polarization. When we
quantize the field in the guided modes, we obtain the following

expression for Eg) in the interaction picture:

oo hw / .
E) =i / do) [~ P geeioris=io  (g)
0 TT€Q
fl

Here, B is the longitudinal propagation constant, 8’ is the
derivative of B with respect to w, a,, is the respective photon
annihilation operator, and ) = e (r,¢) is the electric-field
profile function of the guided mode w in the classical problem.
The constant g is determined by the fiber eigenvalue equation

(Al). The operators a, and aL satisfy the continuous-mode

bosonic commutation rules [au,al,] = 8(w — )8 sp 8. The
normalization of e is given by

2 0
f dy f nZe e )Prdr = 1. (3)
0 0

Here, n.t(r) = ny for r < a, and n.t(r) = n, for r > a. The
explicit expression for the guided mode function e is given
in Appendix A.

Unlike the case of guided modes, in the case of radiation
modes, the longitudinal propagation constant 8 for each value
of w can vary continuously, from —k to k, where k = w/c is
the wavelength of light in free space. We label each radiation
mode by an index v = (wfml), where m = 0, =1, £2,... is
the mode order and / = &+ is the mode polarization. When
we quantize the field in the radiation modes, we obtain the

following expression for EEL) in the interaction picture:

k
E(+) =i fmdw/ d,B Z ho ave(V)efi(wtfﬂzfmw)_
rad o 4 ~ 47T€0

4)

Here, a, is the respective photon annihilation operator, and
e = e"(r,p) is the electric-field profile function of the
radiation mode v in the classical problem. The operators a,
and a] satisfy the continuous-mode bosonic commutation rules
[a‘,,ai,] = 8(w — &)8(B — B)8m 8. The normalization of
e is given by

2w 00 ,
/ de / n2: € 5_p e 1=y dr = 8(0 — o).
0 0

)

The explicit expression for the radiation mode function e is
given in Appendix B.

B. Two atoms interacting with the field

Consider two two-level atoms with the identical transition
frequency wg. We label the atoms by the index j = 1,2.
The atoms are located at points Ry = {r,¢;,z;} and R; =
{r2,92,20} [see Fig. 1(a)]. In the interaction picture, the electric

dipole of atom j is given by D; = dj‘.aje”""“’ —i—djo;ei‘“‘]’.
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Here, the operators o; = [—);;{+| and o} = [+);;{—]| de-
scribe respectively the downward and upward transitions of
atom j, and d; is the corresponding dipole matrix element.
The notations |+); and |—); stand for the upper and lower
states, respectively, of atom j. In general, the dipole matrix
element d; can be a complex vector. The basis states of
the two-atom system can be written as |s152) = [s1)1 ® [$2)2,
where 51,5, = +.

For brevity, we use the index o = u,v as a common
label for the guided modes p and the radiation modes v. In
addition, we use the notation , = >+, where ) =

f do >y and 37, = Jodo ffk B3, are generalized
summations over guided and radiation modes, respectively.
In the interaction picture, the Hamiltonian for the atom-field
interaction in the dipole approximation can be written as

H,. = —ih Z(Gajo-jaae—i(w—wo)t —Hc)
aj
—ili Y (Gojojage” T — He). (6)
aj

Here, the coefficient G; characterizes the coupling of atom

J with mode « via the corotating terms oj

la, and oja]. The
expressions for G,; with o = p,v are

!
wp [dj . e(“)(r_,-,gﬁj)]ei(fﬂzj+l<p’),

G, =
W drthey

Gy = [d; - eV gl e (D)

4nﬁeo

The coefficient Gaj describes the coupling of atom j with
mode o via the counterrotating terms o;a, and a}al. The

expressions for G ; with o = p,v are obtained from Egs. (7)
by replacing the dipole matrix element d; with its complex
conjugate df]*-, that is,

~ wp’ ;
G . e(u) ri0; el(fﬂZij/)’
w 4711160 rj-;)]
G = | o 1] €01 P (8
J 4hey 7 I

III. BASIC EQUATION

A. Master equation for the atoms

We call O an arbitrary atomic operator. The Heisenberg
equation for this operator is

O = Z(Gaj [O‘;,O]Clae_i(w_wo)t
aj
+ Gotj [O_j , O]aae—i(w+w0)t
4 G* [O Gj]ez(w wo)t

Otjot

+G2al[0.0]]e o). ©)

Otjot
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The Heisenberg equation for the photon annihilation operator
ay 1s

a, = Z G O' el(w wo)t + Z G T 1(w+w0)t (10)
o aj j
J
We integrate Eq. (10). Then, we obtain

t
aa(t) = aot(tO) + Z GZ] / dl‘/ O'j(t/)ei(w_wo)t/
J

]
~ l + . ’
+ ZG;@[I dr’ ol (e @, (11)
j 0

where 1, is the initial time.

We consider the situation where the field is initially in the
vacuum state. We assume that the evolution time ¢ — 7y and
the characteristic atomic lifetime 7, are large as compared
to the optical period 27 /wy and the light propagation time
IR, — Ry|/c between the two atoms. When the continuum
of the guided and radiation modes is regular and broadband
around the atomic frequency, the effect of the retardation is
concealed [51], and the Markov approximation ¢;(t') = o;(t)
can be applied to describe the back action of the second and
third terms in Eq. (11) on the atom. Under the condition ¢ —
to > 27 /wy, we calculate the integrals with respect to ¢’ in the
limit t — #y — oo. Then, Eq. (11) yields

ag (1) = ax(ty)

) 1
. i(w—awp). .
+ E Gioj(t)e’ ™" [nS(w — wp) — le — wo]
J
1
2 :G t i(w+wo)t y ,
+ aj j()e |:jT (w+w0) +(1)()i|
(12)

where the notation P stands for the principal value. We insert
Eq. (12) into Eq. (9) and neglect fast-oscillating terms. Then,
we obtain the Heisenberg-Langevin equation

1
=5 2_vilo].Olo; +5/10.0])
ij
+i ) Qlo]0;.0] + fo. (13)
ij

Here, the coefficients

Vij =27 Y GuiGl8(e — wp) (14)

and

Gai G:tj 5 GZ;‘ Gaj
N P;[w—wo—i_( D a)+wo:| ()
describe the decay rates and frequency shifts, respectively, and
&o is the noise operator.
Let p be the reduced density operator for the atomic system.
When we use the Heisenberg-Langevin equation (13) and
the relation Tr[O(t)(0)] = Tr[O(0)p(t)], we find the master
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equation
o1 P i
p =5 vQo;p0] —alojp — pojo)
ij

— iy Qijlofo;.pl. (16)

ij

In deriving the above equation, we multiplied
Eq. (13) with p(0), took the trace of the result,
replaced the form Tr[O(t)O()O,(t)p(0)] by the form
Tr[O1(0)O(0)O,(0)p(2)], transformed to move the operator
O(0) to the first position in each operator product, and
eliminated O(0).

Note that y;; = y;; and Q;; = €27;. The single-atom coef-
ficients y;; and 2;; are real parameters. However, the cross-
atom decay coefficient y, and the dipole-dipole interaction
coefficient 2|, are generally complex parameters in the case
of arbitrarily polarized dipoles.

For two identical atoms with linearly polarized dipoles in
free space, the cross-atom decay coefficient y;, and the dipole-
dipole interaction coefficient €2, are real. In this case, the pop-
ulations of the superradiant and subradiant superposition states
decay with the rates yy + |y12| and yo — |y12|, respectively
[52]. Here, yy is the rate of single-atom decay in free space.
Meanwhile, the energy splitting between the superradiant and
subradiant states is determined by the dipole-dipole coupling
coefficient 21, [52].

The above interpretation remains valid when the cross-
atom decay coefficient yj, and the dipole-dipole interaction
coefficient 21, are complex parameters but have the same
phase. Indeed, we can perform an appropriate transformation
for the atomic operators to remove the phases of y;, and
if these phases are equal to each other.

When the cross-atom decay coefficient y;, and the dipole-
dipole interaction coefficient 2;, are complex parameters
and have different phases, it is not easy to interpret the
physical meaning of these coefficients individually. Indeed,
the imaginary part of the complex cross-atom decay coefficient
y1» may affect the energy splitting between the superradiant
and subradiant states, while the imaginary part of the com-
plex dipole-dipole interaction coefficient €2;, may affect the
collective decay of atomic population.

The roles of the absolute value and phase of the cross-atom
decay coefficient y;, can be seen when we neglect the dipole-
dipole interaction coefficient €21,. In this case, the phase of
y12 determines the relative phases between the component
states | + —) and | — +) in the superradiant (symmetric) and
subradiant (antisymmetric) superposition states, which decay
separately from each other in the collective atomic dissipation
process. Meanwhile, the absolute value of y;, determines
the modifications of the decay rates of the superradiant and
subradiant states, caused by the collective effect.

The roles of the absolute value and phase of the dipole-
dipole interaction coefficient €2}, can be seen when we neglect
the cross-atom decay coefficient y,. In this case, the phase of
1, determines the relative phases between the component
states | + —) and | — +) in the one-excitation dressed states,
which are defined as the eigenstates of the dipole-dipole
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interaction operator. Meanwhile, the absolute value of i,
determines the energy splitting between these dressed states.
In order to get deeper insight into the roles of the
absolute values and phases of the complex collective coupling
coefficients y;, and €25, we perform the following analysis.
Let y12 = |yi2] exp(i¢, ) and Q1 = |21 exp(i¢pg), where
¢, and ¢q are the phases of the complex coefficients
y12 and Q1,, respectively. We introduce the transformations
61 = o1 exp(igo) and 5, = o, expli(¢, + ¢o)], where ¢y is an
arbitrary parameter. Then, we can rewrite Eq. (16) as

.1 I e At~
p=3 Y 726,06 — 65,0 — p55))
i

— iy l5]5,.p], (17)
ij

where 75 =vj;, Qj =R, P2=lynl, and Q=
[212] expli(pq — ¢, )]. It is clear that p;;, 2;;, and P, are
real. However, when~ [212] #0 and ¢ — ¢, # 0, £ 7, the
imaginary part of €, is nonzero. It can be shown that
the expression on the right-hand side of Eq. (17) contains the
different direction-dependent excitation transfer terms 6IT 62

and &) 6, p with the different coefficients 7, — 2Im(S;,) and
V2 + ZIm(le),respectively. When 7}, # 0and Im(1,) # 0,
the left-right symmetry is broken. Thus, when |yj»| # 0,
[12] # 0, and po — ¢,, # 0, &7, the interaction between the
atoms through the field depends on the direction of energy
transfer, i.e., it is chiral [40—45]. We note that, in the particular
case where ¢q — ¢, = m/2 and Q2] = |y12|/2, we have
Im(Q,) = 712/2. In this case, the expression on the right-hand
side of Eq. (17) contains the forward (left-to-right) excitation

transfer term 6; &1p but not the backward (right-to-left)

excitation transfer term &, 6,0 [40-45].

The chirality in spontaneous emission and scattering from
an atom with a circular dipole in the vicinity of a nanofiber
has been studied in detail [27-32]. The origin of the chirality
in these effects is that the nanofiber guided field has a nonzero
longitudinal component, which oscillates in phase quadrature
with respect to the radial transverse component. Due to this
fact, at an arbitrary position on the x axis, the local polarization
of the x-polarized modes is elliptical in the meridional plane
zx [see the left part of Fig. 1(b)]. This leads to a nonzero
local density of transverse spin angular momentum of light.
Due to spin-orbit coupling of light [33-38], the sign of the
local transverse spin density and, consequently, the sign of
the local polarization ellipticity in the meridional plane zx
are opposite for opposite propagation directions along the
z axis [see the left part of Fig. 1(b)]. Note that the signs
of these local characteristics for the x-polarized modes are
also opposite for opposite sides of the x axis. Meanwhile,
the local polarization of the y-polarized modes at an arbitrary
position on the x axis is exactly linear and is aligned along
the y axis. When an atom is located on the x axis and has a
dipole rotating in the meridional plane zx, the symmetry of the
combined nanofiber-atom system with respect to the opposite
propagation directions along the fiber axis z is broken [see the
right part of Fig. 1(b)]. Since the dipole vector of the atom is
orthogonal to the local polarization vector of the y-polarized
modes, the atom couples exclusively to the x-polarized modes.
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Due to the breaking of the symmetry, the coupling is not
symmetric with respect to the opposite propagation directions
along the fiber axis. The atom emits predominantly a photon
into the forward- or backward-propagating x-polarized mode
that has a larger overlap between the electric field vector and
the atomic electric dipole vector [see the right part of Fig. 1(b)].
In general, the asymmetry of the spontaneous emission rate
with respect to opposite propagation directions, that is, the
chirality in spontaneous emission, occurs when the ellipticity
vector of the atomic dipole polarization overlaps with the local
ellipticity vector of the field mode polarization at the position
of the atom [27,47]. This condition implies that both the local
polarization vector of the field and the dipole matrix element
vector of the atom are complex vectors.

In the case of two atoms with arbitrarily polarized dipoles
in the vicinity of a nanofiber, the chirality appears not only
in the emission of individual atoms but also in the interaction
between them via the field [see Fig. 1(c)]. In this case, the effect
of chirality in emission of the two atoms occurs at two levels:
in emission of the individual atoms and the in cooperation
between them.

In order to proceed further, we write

(®) (r)
Vi =Y + Vi

Q= +Qf (18)

ij
where the pair of yi(j and Q(g) and the pair of yl(r) and Q(r)

describe the contributions from guided and radlatlon modes
respectively. The coefficients yl(g) and yl(r) are given by

(g)
vij =27 ZGW 1oj*

yl(]r) = 27'[/ dap Z GvoleoJ’ (19)
ko

where g = (wo, f,1) and vy = (wy, B,m,l) label the resonant
guided and radiation modes, whose frequencies coincide with

the atomic frequency wy. The coefficients fo) and ij) are
given by

a)flt wflj S wfltwalj
P d 1yby —m
/ a)Z[ e  + wo }

r wﬁmll wﬂml]
QY = —p / d / d
wZ Bl o
G*, .G opmii
n (_1)51IM:|. (20)
w + wo
@ f

The directional components y;;* of the decay rate coeffi-

cients yi(].g) for guided modes are given as

v =21 Gaypii Gl - (1)
l
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(£

The directional components y,; " of the decay rate coefficients

i(j) for radiation modes are given as

YO =27 / dp Z GuiG} ).
0

v =2m / dﬂZGW " (22)

We note that, when the atoms are in free space, the decay
rate coefficients and the dipole-dipole interaction coefficients
are given as [52-54]

(vac) w3 R R
vy = 5= [did} = 3(d; - R;))(d; - R;))]

T 2nhiege
(coskoR,»j sinkoRij>
X 2p2 1303
kORij kiR
N R . sin OR,] )
+ 15— @ Ry)@ - Ry =2 (3)
and
Qe a)3 [d; d* 3(d; - R;j))d* - R;;)]
i Vi) T dxhegc? POUHAT T

% Sil‘leRij n COSkoR,’j
ko R}, ko R},

R;j)] 20T °°Sk°R” } 24)

—[d;id* —
[d;d] Kok,

(d; - Rij)d -

Here, we have introduced the notation R;; = R;;/R;; and

= |R;;|, where R;; = R; — R;. According to Eq. (23), the
smgle atom free-space coefficients 7/(‘"i ) are real. It is clear
from Egs. (23) and (24) that, when the two atoms have the
same dipole matrix element, that is, when d; = d, = d, the
cross-atom free-space coefficients y(vac) and Q7 are also
real. Thus, the interaction between the atoms with the identical
dipole matrix element in free space is not chiral. The spatial
dependencies of the coefficients y3*” and Q{7 for various
orientations of the atomic dipoles have been studied in detail
in Refs. [52,53].

B. Dipole-dipole interaction

As already mentioned above, the coefficients €2;; describe
the frequency shifts of the two-atom system. The diagonal
coefficients €2;; describe the shifts of individual atoms. These
shifts contain the Lamb shift and the surface-induced potential.
The Lamb shift can be formally incorporated into the bare
frequency wp. When the atoms are not very close to the
surface, the surface-induced potential is small. We are not
interested in the surface-induced potential in this paper.
Therefore, we neglect the diagonal coefficients €2;;. The
off-diagonal coefficients 2;; = jS, wherei # j, describe the
dipole-dipole interaction between the atoms.
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We calculate the coefficient Q;, = 3.
Egs. (20), we have

According to

Q® _ —P/oodwz <wa11GZfzz Gz)flléwf12>

2 0 7 ® — wo w+wy )

o0 k Ga) m GZ) m
Q) = —P/ doy dﬂ<—ﬁ £ opmi2
0 ml —k w — g
GZ) m Gw ml2
+ ’jr w’s ) 25)
0

We formally extend the field frequency w from the region
[0,00] to the region [—o00,00]. For guided modes, we use the
definitions f(—w) = —B(w) and e~/ = e /D* For ra-
diation modes, we use the definition e~ —#:—m0) = g(@.fm.Dx
These definitions are consistent with the time-reversal sym-
metry of the Maxwell equations. With the aforementioned
definitions, we have G_, ;_ llG_wf 2= _GZ)f“Ga)fZZ

and G- ®,—B,— valG—a),—ﬁ,—m,l,Z - _Ga)ﬂmlleﬂmIZ Then,
Egs. (25) become
G,
Q= _p / oy # (26a)
—00 Iz 0
(r) *© wﬂmll Gwﬂle
QY =-P | do)_ d,B—. (26b)
—0 — — Wy

ml

In the case of the waveguide bath models considered in
Refs. [40-42,45], the radiation modes are not taken into
account, a single polarization of guided modes is considered,
and the coupling coefficient G, f;; for guided modes is replaced
by 1/yf/27're"f ®Zj/V  Here, yr is the decay rate into the
direction f of the waveguide axis. In this case, the dipole-
dipole interaction coefficient is found from Eq. (26a) to be
[40-42,45]

eifwmz/v)z

1 oo
QP = ~Pf do— . (7
12l 2 Xf:yf —o0 - o @7

Here, z;; = z; — z; is the difference between the axial posi-
tions of atoms i and j. When we use the contour integral
method to calculate the integral over w in Eq. (27), we obtain
[40-42,45]

(1D)
le |Z1¢Zz

= =3 Y sen(fzoyyel el 28)
f

In the case of nanofibers, we can use the contour integral
method to calculate approximately the integral over w in
Eq. (26a) for Q(g) For this purpose, we need to choose an
appropriate close contour consisting of the line segments
(—R,wp — €) and (wy + €,R) and two semicircles C. and
Cr connecting the point wy — € with the point wy + ¢ and
the point R with the point —R, respectively. Here, € > 0
is a small real number and R > 0 is a large real number.
The semicircle Cy lies in the upper or lower half plane of w
depending on the asymptotic behavior of the integral kernel
Gornn Gy, ppp- According to Eq. (7), the product Gopn Gy, rp
contains the factor ¢//#¢1=22) We assume that z; # z» and that
the @ dependence of G,11 G, is mainly determined by the
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factor ¢//A@1=%2)_ With an appropriate choice of the half plane
to place Cg, we can make the integral over this semicircle
vanishing. The integral over the small semicircle C, can be
calculated by using the residue theorem. Then, we find

QF|, L., =7y sen(f21)Gu Gl (29)
1l
We can rewrite Eq. (29) in the form [40-42,45]

B, = —5 Z sen(fz)vs” (30)

where y(g /" is the cross-atom decay coefficient for the f

propagation direction. It is clear that Eq. (30) is in agreement
with Eq. (28). We can formally extend Eq. (30) for the case
of z; = z, by taking the limit z, — z; under the condition
22> 1.

We note that it is not easy to calculate the integral over w
in Eq. (26b) for Q(r) The reason is that the w dependence of
the integral kernel GwﬁmllG:,ﬁmlz is complicated.

C. Photon flux

The mean number of photons in guided modes propagating
the direction f = =+ is given by

o0
NG = Z/O (a} aup)do. (31)
1

The mean number of emitted guided-mode photons, summed
up over the propagation directions, is Ngg = Néj) + N, ;). The
flux of photons emitted into the guided modes in the direction
f = £ is given by

P =N} = Zf (@} 1w + alyaun)do.  (32)

We insert Eqgs. (10) and (12) into Eq. (32) and neglect the
fast rotating terms. Then, we obtain

P(f) Zyl(g)f G O_j (33)

that is,

©f

€]
o1)+1as ef

P(f) (g)f( ) (0,20_2>+y12

yll (g)f< JfO']).

((71 02)+Ya1 {0y
(34
In terms of the density matrix p, Eq. (34) can be rewritten as

(@2 (€3]
Pf _yﬁf

(Pt 4+ + P4— )
(®f
+ v (44 + ,0—+ -+)
7 oA o (39)

The flux Py = Pé; )+ Pg(g ) of photons emitted into guided
modes in the two directions f = = is given as

¢ (2)
Poa = VY (it it + Prmtm) + V33 Pttt + Pt —4)
+ )/1(§)P -t 7/21 Pt —+- (36)
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Similarly, the flux of photons emitted into radiation modes is
given by

Prad = V(P it + Pret=) + Va3 (Pt + P )
Sy SR (37)

The mean number of photons emitted into radiation modes is
t
Nraa(t) = ft Prad(t/)dt,-
The totaf flux Py = Peg + Prag of photons emitted into
guided and radiation modes is given as

Pot = Y1104+, 4+4 F 1= 4-) + Y2044 44+ + P4 —+)
+ V2P - + V2104 —+- (38)

The mean number of photons emitted into guided and radiation
modes is Ny (1) = ftf] Pioi(t)dt’. It can be shown that

Pt = _peXCv (39)

where pexe = p{L) + p@ with pif) = (aja ;) being the popu-
lation of the excited level of atom j.

Itis clear that the coefficients of the terms in the expressions
for the photon fluxes are the single- and cross-atom decay
coefficients. The dipole-dipole interaction coefficients do not

enter these expressions explicitly.

IV. NUMERICAL CALCULATIONS

In what follows, we present the results of our numerical
calculations pertaining to the decay rate coefficients, the
dipole-dipole interaction coefficients, the time dependencies
of the populations of the atomic excited states, and the fluxes
and mean numbers of emitted guided-mode photons. Since
the case of real dipole matrix elements has been studied [26],
we consider here the case where the dipole matrix elements
are complex vectors. In this case, spontaneous emission and
scattering of light may become asymmetric with respect
to the opposite axial propagation directions [27-32]. The
directionality of emission from a single atom occurs when
the atomic dipole matrix element vector is a complex vector
in the plane that contains the fiber axis and the atomic position
[27]. To be specific, we assume that the atomic transitions are
o, transitions with respect to the y axis, that is, the dipole
matrix elements of the atoms are d; = (d/ ﬁ)(z’,O, —1) for
j=12.

The experimental technique for the preparation of a linear
array of atoms with o transitions in a nanofiber-based trap
has been described in Ref. [29]. This technique is based
on the use of optical pumping, microwave 7 pulses, and a
fictitious magnetic field to selectively excite a linear array of
trapped cesium atoms on one side of the fiber to one of the
outermost Zeeman states |F’ = 5,M’ = %5) of the hyperfine
level 6P3»F' =5 of the excited state 6P3/,. On decay from
the Zeeman state |F' = 5,M’' = 5)or |F' = 5,M' = —5), due
to the selection rules, the atom can make only the o} or
o_ transition, respectively, to the Zeeman state |F = 4,M =
4) or |F =4,M = —4), respectively, of the hyperfine level
6512 F = 4 of the ground state 65| >.

Regarding optical pumping to transfer the atomic popu-
lation to the state |F =4,M =4) or |F =4,M = —4), one
might be concerned by the fact that the polarization of the

PHYSICAL REVIEW A 95, 023838 (2017)

evanescent field at the position of the atom on the x axis is not
perfectly circular in the zx plane when a x-polarized guided
field is used for optical pumping. However, optical pumping
can still work very well in this situation because the wrong
polarization component only couples weakly to the atom due
to the 45/1 ratio of the corresponding transition strengths. In
addition, the wrong polarization component is small compared
to the right polarization component. Alternatively, one can
always use an external circularly polarized light field that
propagates along the y axis in order to implement optical
pumping, thereby circumventing any imperfection in the
preparation of the state |FF =4,M = 4) or |F =4,M = —4).

One might also be concerned by the fact that, if an
x-polarized guided field is used to excite the state |F' =
5,M' =5)or |F'=5,M = —5) from the state |F = 4,M =
4) or |F =4,M = —4), respectively, this field drives not
only the desired transition but also the undesired tran-
sition |F =4,M =4) — |F' =5,M' =3) or |F =4,M =
—4y — |F' = 5,M’ = —3), respectively. However, the wrong
transition is strongly suppressed due to the 45/1 ratio of the
corresponding transition strengths. In addition, the excitation
field component with the wrong polarization is small compared
to the component with the right polarization. Moreover, one
can always apply a real offset magnetic field that detunes the
undesired transition and, thus, further suppresses the undesired
coupling. Alternatively, one can also use an external circularly
polarized light field that propagates along the y axis in order
to excite the state |[F' =5,M" =5) or |[F' =5 M = -5).

We emphasize that the assumption of the o, transition
concerns only the atoms but not the nanofiber modes. Indeed,
the real polarization of the nanofiber modes is used in our
calculations, and consequently, an atom with the o transition
can emit a photon not only in the direction f = + but also in
the direction f = —.

In our numerical calculations, we take the fiber radius
a = 250 nm and the wavelength of the atomic transition Ay =
852 nm. The refractive indices of the fiber and the surrounding
vacuum are n; = 1.45 and n, = 1, respectively. The single-
and cross-atom decay coefficients will be compared to the
decay rate yp = wjd?/(3nhieoc’) of a single atom in free
space.

A. Decay rate coefficients

We calculate the single-atom decay rates y;f) and y;;) into

guided and radiation modes, respectively, and the cross-atom

decay coefficients y1(§) and yl(? into guided and radiation

modes, respectively, as functions of the radial and axial

positions of the atoms. We plot the single-atom decay rates

y;f) and y;;) in Figs. 2 and 3, respectively. We plot the

absolute values of the cross-atom decay coefficients )/1%)
and yl(? in Figs. 4 and 5, respectively. We also plot the

directional components y ;j?')f and y;;)f of the rates y ;f) and y"

i’
respectively, in Figs. 2 and 3, respectively, and the absolute

values of the directional components yl(;é)f and yl(;)f of the

rate coefficients 7’1(? and yg), respectively, in Figs. 4 and

5, respectively. Parts (a) and (b) of Figs. 2-5 stand for the
dependencies of the rate coefficients on the radial and axial
positions of the atoms, respectively. The dotted blue, dashed
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FIG. 2. Decay rate y;f) into guided modes (solid black lines) and

its directional components y_;f)f for f = + (dashed red lines) and
f = — (dotted blue lines), relative to the free-space spontaneous
decay rate y, as functions of (a) the radial position r; —a and
(b) the axial position z; of atom j. One coordinate of the atom is
varied, while the two others are fixed as (a) ¢; =0 and z; = 0 and
(b) rj =a and ¢; = 0. The dipole matrix element of the atom is
d; =(d/ V2)(@i,0, —1), corresponding to the o -polarized transition
withrespect to the y quantization axis. The fiber radiusisa = 250 nm.
The refractive indices of the fiber and the surrounding vacuum are
n; = 1.45 and n, = 1, respectively. The wavelength of the atomic
transition is Ao = 852 nm.

red, and solid black curves refer to the rate coefficients for the
negative (f = —) direction, the positive (f = +) direction,
and the sum of the rate coefficients for the two opposite
directions, respectively. Comparison between the dashed red
and dotted blue curves shows that the rate coefficients are
different for the opposite axial directions f = + and f = —.
As already mentioned, the asymmetry is due to the existence
of a nonzero longitudinal component of the nanofiber field,
which is in phase quadrature with respect to the radial
transverse component [27-32]. This asymmetry occurs when

2.0 @ ()
(=) 4
s
=
g )
b=
<
> h
S S
3:}:3 0.5 “Timmeesnia e 4
0.0 ‘ ‘ ‘ ‘
0 500 1000 O 1000 2000
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FIG. 3. Decay rate y}? into radiation modes (solid black lines)
and its directional components yj(;)f for f =+ (dashed red lines)
and f = — (dotted blue lines), relative to the free-space spontaneous
decay rate yy, as functions of (a) the radial position r; — a and (b) the
axial position z; of atom j. Other parameters are as for Fig. 2.
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FIG. 4. Absolute value |yl(§) | of the coefficient of the cross-atom
decay into guided modes (solid black lines) and its directional
components |yl(§)f | for f = + (dashed red lines) and f = — (dotted
blue lines), relative to the free-space spontaneous decay rate yy, as
functions of (a) the radial position r, — a and (b) the axial position
7, of atom 2. The position of atom 1 is fixed at r; = a, ¢; =0, and
z1 = 0. One coordinate of atom 2 is varied, while the two others are
fixed as (a) ¢, = 0 and z; = 0 and (b) r, = a and ¢, = 0. The dipole
matrix elements of both atoms are d; =d, = (d/ V2)(i,0, —1),
corresponding to the o -polarized transitions with respect to the y
quantization axis. Other parameters are as for Fig. 2.

the ellipticity vector of the atomic dipole polarization overlaps
with the ellipticity vector of the field polarization [27,47]. The
directional spontaneous emission is a signature of spin-orbit
coupling of light carrying transverse spin angular momentum
[33-38]. We observe from Fig. 2(a) that, for the parameters
of the figure, we have ){}f” > y;]g)_, that is, spontaneous
emission into guided modes in the positive direction f = +
is stronger than that in the negative direction f = —. The
dominance of spontaneous emission into guided modes in the
direction f = 4 occurs for any radial distance r in the case

2.0 @ (b)

154 f=+ A

1.0

054"

Yy and [0/ | fy,

1000 2000
z, (nm)

0.0 M T
0 500 1000 0

r,-a (nm)

FIG. 5. Absolute value |y,(£)| of the coefficient of the cross-atom
decay into radiation modes (solid black lines) and its directional
components |y1(;)f | for f = + (dashed red lines) and f = — (dotted
blue lines), relative to the free-space spontaneous decay rate yy, as
functions of (a) the radial position r, — a and (b) the axial position
7, of atom 2. Other parameters are as for Figs. 2 and 4.
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considered. Meanwhile, Fig. 3(a) shows that, in spontaneous

emission into radlatlon modes, both the possibilities y(m'

y ] ~ and y(r)Jr < y, ; may appear, depending on the radial

distance r [31] The dependencies of the rate coefficients
yj(jr)f and y,, O for radiation modes (see Figs. 3 and 5) on the
emission direction f are, in general, weaker than those of the
rate coefficients y(g)f and y(g)f for guided modes (see Figs. 2
and 4), respectlvely Careful inspection of Figs. 2 and 3 shows
that the sum of the single-atom decay rates for the positive
direction f = 4 and the negative direction f = — gives the
total single-atom decay rate for the two directions. Since the
cross-atom decay coefficients are complex parameters, the sum
of the absolute values of the cross-atom decay coefficients for
f =+ and f = — may be different from the absolute value
of the total cross-atom decay coefficient for the two directions
[see Figs. 4(b) and 5(b)].

The results presented in Figs. 2 and 3 are in perfect agree-
ment with the results of Refs. [27,31]. The steep reductions
of the decay rate coefficients y(g) and y2 with increasing
radial distance in Figs. 2(a) and 4(a), respectively, are the
consequences of the evanescent-wave nature of the field in
the guided modes. The single-atom decay rates y(g) and y(r)
do not depend on the axial position z; [see Flgs 2(b) and

3(b)]. Meanwhile, the cross-atom decay coefficients y(é’) and

y,(; oscillate with increasing axial separation between the
atoms [see Figs. 4(b) and 5(b)]. It can be easily discerned
from Figs. 4(b) and 5(b) that the effect of guided modes
on the cross-atom decay persists over arbitrarily large axial
separations between the atoms while that due to the radiation
modes decays to zero. Thus, the guided modes of the fiber
play a crucial role in maintaining the coupling over large
distances [26]. It is clear that one can control the coupling
between the atoms by varying the separation between them
with maximum coupling at certain locations. We observe from
Fig. 4(b) that the cross-atom guided-mode-mediated decay
coefficient y(g) oscillates with increasing axial separation
but does not cross the zero value axis. This behavior is a
consequence of chiral coupling between the atoms. Indeed,

in the case considered, we have |y(g)+| > |y(g) |. Meanwhile,

y,(§)+ and y(g) are complex parameters, whose dependencies

on the axial coordinates of the atoms are given by the factors
exp(ifozi2) and exp(—iByz12), respectively. Since |)/(’°)Jr
525 ®- |, the interference between y(g) * and y(g) can never be

completely destructive. Thus, in the case of chiral coupling,
(2

| >

the cross-atom guided-mode-mediated decay coefficient y;5
is nonzero for arbitrary values zj;. It is worth noting that
in the case of nonchiral coupling [26], yl(zg) vanishes when
Boz =7/2+ nmw, wheren =0,1,2, ...

As already mentioned, in the case where the dipole matrix
elements d; are complex vectors, the cross-atom decay

coefficients 7/1(5) and yl(? into guided and radiation modes,
respectively, are, in general, complex parameters. In order to
illustrate this feature, we plot separately the real and imaginary
parts of y(g) in Fig. 6 and the real and imaginary parts of y(r)
in Fig. 7. In addition, we plot in Fig. 8 the absolute value |y5|
and the phase ¢, of the total cross-atom decay coefficient

PHYSICAL REVIEW A 95, 023838 (2017)

0.50+ (@) 1 (b)

0.25+

Re(v®))/y, and Im(y&)/y,

0.00
— Re (¥}
-0.254 12
****** Im (vg)
-0.50 T 1 T .
0 500 1000 0 1000 2000
r,-a (nm) z, (nm)

FIG. 6. Real (solid red lines) and imaginary (dashed blue lines)
parts of the coefficient yg) for cross-atom decay into guided modes,
relative to the free-space spontaneous decay rate y;, as functions of
(a) the radial position r, — a and (b) the axial position z, of atom 2.
Other parameters are as for Figs. 2 and 4.

Vi = yl(g) + y Flgures 6(a) and 6(b) show, respectively, the

evanescent-wave behavior of the radial dependence and the
oscillatory behavior of the axial dependence of the cross-atom

coefficient y(g) of decay into guided modes. We observe

from Fig. 6(b) that the real and imaginary parts of y(g)

oscillate periodically with different phases along the fiber
axis. Figure 7 shows that the cross-atom coefficient yg)
of decay into radiation modes oscillates in the radial and
axial directions and that the amplitude of oscillations reduces
with increasing separation between the atoms. Figure 8(a)
indicates the possibility of the channels of decay into guided
and radiation modes to act out of phase, leading to y;, = 0 at
certain points. We observe from Figs. 8(c) and 8(d) that the

N
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% ffffff Im (Y(‘))
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FIG. 7. Real (solid red lines) and imaginary (dashed blue lines)
parts of the coefficient y,(? for cross-atom decay into radiation modes,
relative to the free-space spontaneous decay rate yy, as functions of
(a) the radial position r, — a and (b) the axial position z, of atom 2.
Other parameters are as for Figs. 2 and 4.
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FIG. 8. Absolute value |y, | (top row) and phase ¢, (bottom row)
of the total cross-atom decay coefficient y;, as functions of the radial
position r, — a (left column) and the axial position z, (right column)
of atom 2. Other parameters are as for Figs. 2 and 4.

phase ¢, of the total cross-atom decay coefficient |, depends
on the positions of the atoms.

B. Dipole-dipole interaction coefficients

We plot in Fig. 9 the real and imaginary parts of the
guided-mode-mediated dipole-dipole interaction coefficient
Q(lgz). Figures 9(a) and 9(b) show, respectively, the evanescent-
wave behavior of the radial dependence and the oscillatory
behavior of the axial dependence of the coefficient Q(]gz) . We
observe from Fig. 9(b) that the real and imaginary parts of
Q(l%) oscillate periodically with different phases along the fiber
axis.

The expression (26b) for the radiation-mode-mediated
dipole-dipole interaction coefficient Q(lrz) contains a double

©
N
|
|

(a) (b)
S Re@
L— Im(@Qg) 1},

e
N
1

Re(Q(]gz))/yO and Im(Q(lgz))/yO
o o
- o

o
N

0 500 1000 0 1000 2000

r,-a (nm) z, (nm)

FIG. 9. Real (solid red lines) and imaginary (dashed blue lines)
parts of the guided-mode-mediated dipole-dipole interaction coeffi-
cient Q(lgz), relative to the free-space spontaneous decay rate yy, as
functions of (a) the radial position r, — a and (b) the axial position
7, of atom 2. Parameters used are as for Figs. 2 and 4. In (a), we
formally take the limit z, — z; under the condition z, > z;.

PHYSICAL REVIEW A 95, 023838 (2017)

0.2+

0.1+

(=]
=T
2. I\ N
Sa 00 \_/
c \/
-0.1-
-0.2 : : : .
0 1000 2000 3000 4000
z,, (nm)

FIG. 10. Free-space dipole-dipole interaction coefficient {5,

relative to the free-space spontaneous decay rate yp, as a function
of the distance z; = zo — z; between the atoms along the axis z.
The other coordinates of the atoms are r; = r, and ¢; = ¢,. The
dipole matrix elements of the atoms are d; = d, = (d/ V2)(i,0, —1),
corresponding to the o -polarized transitions with respect to the y
quantization axis. The dotted line is the zero horizontal axis and is a
guide to the eye.

integral and a double sum of Bessel functions. It is not easy to
calculate numerically this coefficient. When the atoms are not
too close to the fiber surface, the effect of the fiber on Q(lrz) isnot
serious. In this case, Q(lrz) is close to Q(l‘;ac), where Q(l‘;ac) is the
dipole-dipole interaction coefficient for atoms in free-space.

®, 1)

We use the approximation Q') ~ Q%9 /"y /v Here,

we have added the factor /y,7y\5 /¥ to take into account

the effect of the fiber on the mode density of radiation modes.
As already mentioned in the previous section, the free-space
dipole-dipole interaction coefficient Q{% is real in the case
where the two atoms have the same dipole matrix element
(d; = d, = d). We plot in Fig. 10 the coefficient Q{7 as
a function of the distance between the atoms. We depict in
Fig. 11 the absolute value |2)2| and the phase 6, of the
total dipole-dipole interaction coefficient 2, = Q(lgz) + Q(lrz)
Figure 10 shows that the free-space dipole-dipole interaction
coefficient Q' oscillates and decays with increasing sep-
aration between the atoms. Figure 11(a) indicates that Q2
becomes close to zero at certain positions of the atoms along
the radial direction. This feature is due to the existence of
zeros of Q% (see Fig. 10) and the quick reduction of Q'
with increasing distance of one of the atoms to the fiber surface.
We observe from Figs. 11(c) and 11(d) that the phase 0, of
the total dipole-dipole interaction coefficient €2}, depends on
the positions of the atoms. Comparison between Figs. 8(c) and
11(c) and between Figs. 8(d) and 11(d) shows that the phases
@12 and 6y, of the coefficients y;, and 2, are, in general,
different from each other.

C. Dynamics

We solve the master equation (16) for different initial
states. We use the solutions of this equation to calculate
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FIG. 11. Absolute value |€2,| (top row) and phase 8, (bottom
row) of the total dipole-dipole interaction coefficient €2}, as functions
of the radial position r, — a (left column) and the axial position z,
(right column) of atom 2. Other parameters are as for Figs. 2 and 4.

the populations pé{g = (o;aj) of the upper levels of atoms

Jj = 1,2, the fluxes P(df ) of photons emitted into guided modes
in the direction f = &£ along the fiber axis, and the mean

number Ng) of photons emitted into guided modes in the

direction f. We also calculate the total flux Pe =), Pg(({)

and the total mean number Nog = >/ N, ég ) of photons emitted
into guided modes. We study first the cases where an atom is
initially excited and the other atom is initially in the ground
state and then the cases where the two atoms are prepared in a
symmetric or antisymmetric superposition state.

1. An excited atom in the presence of a ground-state atom

We first study the cases where an atom is initially excited
and the other atom is initially not excited. In these cases,
the initial state of the two-atom system is |y (0)) = |¥) or
[Y2), where Y1) = | + —) and |Y») = | — +). The direction
of radiative transfer in the case of the initial state |y ) or |,) is
from atom 1 to atom 2 or from atom 2 to atom 1, respectively.

We plot in Figs. 12—14 the results of numerical calculations
for the case where the coordinates of the atoms are r; —
a=ry—a=200nm, ¢; = ¢ =0, and z5 — z; = 150 nm.
Figure 12 shows the time evolution of the populations ,oé{z of
the excited states of the atoms in the cases where the initial
state of the two-atom system is [1/(0)) = |¥) (solid red lines)
or |yr) (dashed blue lines). We observe in both cases that a
part of the atomic excitation is transferred from the excited
atom to the ground-state atom, and then is slowly released by
emission. Comparison between the solid red and dashed blue
lines of Fig. 12 shows that, except for the changes of the roles
of the atoms, the differences between the results for the cases
of the initial states |y (0)) = |v) and | (0)) = |y,) are very
small. Comparison between the solid red line of Fig. 12(a)
and the dashed blue line of Fig. 12(b) shows that the decay
of p&z in the case of |¥(0)) = |¢) is almost the same as the
decay of p2) in the case of [{(0)) = |v2). Meanwhile, a close
inspection shows that the peak of the transferred excitation
) in Fig. 12(b) (see the solid red line of this figure) is

exc
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FIG. 12. Time evolution of the populations (a) p{) and (b) p2
of the upper levels of atoms 1 and 2, respectively, in the cases where
the initial state of the two-atom system is [ (0)) = |v) (solid red
lines) or |y,) (dashed blue lines). The coordinates of the atoms are
ry—a=r,—a=200nm,¢; = ¢, =0,andz, — z; = 150 nm. The
dipole matrix elements of the atoms ared; = d, = (d/ V2)3i,0, —1),
corresponding to o -polarized transitions with respect to the y

quantization axis. Other parameters are as for Figs. 2 and 4.

slightly different from the peak of the transferred excitation
o) in Fig. 12(a) (see the dashed blue line of this figure). Our
additional calculations, which are not shown here, indicate
that, depending on the parameters of the system, the peak
of the transferred excitation p{Z) in the case of the initial state
|1) [see the solid red line of Fig. 12(b)] may be slightly larger
or smaller than the peak of the transferred excitation p{}) in
the case of the initial state |y,) [see the dashed blue line of
Fig. 12(a)].

- 0.04-_.. initial state $; (a)
T 0.024 z,, =150 nm
s o T I S
0.00 e -
0.004 ~
= (b)
T 0.0024X;
Q‘tﬂ
0.000
0.04 -
S
0024
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0.00 : - - !

0 1 2 3 4 5

Evolution time v,

FIG. 13. Time evolution of the photon fluxes (a) Pg(;r), (b) Pg(g ),
and (c) Py in the cases where the initial state of the two-atom system
is |Y¥(0)) = |¢1) (solid red lines) or |1,) (dashed blue lines). Other
parameters are as for Figs. 2, 4, and 12. The fluxes are normalized to
the decay rate y, of a single atom in free space. For comparison, the
results for the case of a single excited atom are shown by the dotted

black lines.
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FIG. 14. Time evolution of the photon fluxes (a) P.q and
(b) Py in the cases where the initial state of the two-atom system
is |Y(0)) = |¢1) (solid red lines) or |yr,) (dashed blue lines). Other
parameters are as for Figs. 2, 4, and 12. The fluxes are normalized
to the decay rate y, of a single atom in free space. The dotted black
lines are for the case of a single excited atom.

Figure 13 shows the time evolution of the fluxes Pg(d+ ) and

Pg(; ) of photons emitted into guided modes in the positive
and negative directions of the fiber axis, respectively, and the
total guided-photon flux Py, calculated for the cases where
the initial state of the two-atom system is |(0)) = |¢) (solid
red lines) or |y») (dashed blue lines). For comparison, the
corresponding results for the case of a single excited atom
are shown by the dotted black lines. Comparison between
the scales of the vertical axes in Figs. 13(a) and 13(b) shows
that the photon flux Pg ) for the positive direction is about

one order larger than the photon flux P(;) for the negative
direction. Furthermore, we observe that the photon fluxes for
the initial states |y;) (solid red lines) and |y,) (dashed blue
lines) are substantially different from each other. Thus, the
photon fluxes depend on the direction of propagation of light
and the direction of radiative transfer between the atoms. We
emphasize again that this is a chiral effect and is a signature
of spin-orbit coupling of light [33-38]. This effect results
from the existence of a nonzero longitudinal component of
the nanofiber field, which is in phase quadrature with respect
to the radial transverse component [27-32].

Comparison between the solid red, dashed blue, and
dotted black lines of Fig. 13 shows that the presence of a
ground-state atom in the vicinity of an excited atom may
increase or decrease the fluxes of photons emitted into guided
modes. Thus, the collective emission into guided modes can
be enhanced or suppressed depending on the direction of
propagation of light and the direction of radiative transfer
between the atoms. We note that the flux of emitted photons
depends on not only the single-atom excited populations p{!)
and p{2) but also on the cross-atom interference. In addition,
the atoms can emit not only into guided modes but also into
radiation modes.

The variation of the total atomic excitation pexe = p{L) +
o) in time is proportional to the total flux P of photons
emitted into guided and radiation modes [see Eq. (39)]. We
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FIG. 15. Same as Fig. 12 except for z, — z; = 100 nm.

plot in Fig. 14 the time evolution of the flux P4 of photons
emitted into radiation modes and the total photon flux Py for
the parameters of Fig. 13. We observe that, unlike the flux
Pyq into guides modes, the flux P,q into radiation modes and
the total flux Py do not depend significantly on the direction
of excitation transfer. In addition, we observe that, when the
interaction time is not zero and not too large, the fluxes Prq
and P, from two atoms in the initial state | (0)) = |)
(solid red lines) or |y;) (dashed blue lines) are smaller than
the corresponding fluxes from a single excited atom (dotted
black lines). Such reductions of P,,q and Py are a consequence
of the excitation transfer between the atoms. The effect of the
cross-atom interference on the fluxes P.,q and P, is not as
strong as that on the flux Pgq.

As already mentioned, when we reduce the distance
between the atoms, the dipole-dipole interaction increases.
When this interaction is strong enough, we may observe
oscillations in the time dependencies of the excited-state
populations p{!) and p2) and the photon fluxes Pg(; ), Pg(d_ ) and
Pyq. In order to illustrate such a situation, we plot in Figs. 15
and 16 the results of calculations for the quantities presented in
Figs. 12 and 13, respectively, using the same parameters except
for z; — z; = 100nm. We observe clearly oscillations in the
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FIG. 16. Same as Fig. 13 except for z, — z; = 100 nm.
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FIG. 17. Same as Fig. 12 except for z, — z; = 960 nm.

time evolution of the calculated quantities. For the parameters
used, we do not see oscillations in P,q and Pi.

In the limit z,; — o0, the cross-atom radiation-mode-
mediated coefficients .5 and ') tend to vanish. In this limit,
the collective effects are mainly determined by the cross-atom
guided-mode-mediated coefficients 1,2 and '8, which are,
in general, finite. In order to illustrate such a situation, we plot
in Figs. 17 and 18 the results of calculations for the quantities
presented in Figs. 12 and 13, respectively, using the same
parameters except for zo — z; = 960nm. We observe from
Fig. 17 that the transfer of excitation between the atoms is
negligible. Figure 18 shows that the differences between the
results for the cases |(0)) = |¥) (solid red lines) and |[y,)
(dashed blue lines) are small but not negligible.

The mean numbers Ngfj), Ngf;) , and Ngq of photons emitted
into guided modes in the positive direction, the negative
direction, and both directions, respectively, are determined by
the integrations of the fluxes Pg), Pg(g ), and Py, respectively,
over the evolution time ¢. We plot in Figs. 19 and 20 the
dependencies of the mean emitted guided photon numbers
on the axial atomic separation z;; and the atom-to-surface
distance r — a, respectively. The results for the cases of the
initial states | (0)) = |¥) and |y,) are shown by the solid red
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FIG. 18. Same as Fig. 13 except for z, — z; = 960 nm.
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FIG. 19. Dependencies of the mean emitted photon numbers
(a) N;dﬂ, (b) N;;), and (c) Ny on the axial separation z,; between
the atoms in the cases where the initial state of the two-atom system
is |¥(0)) = |¥) (solid red lines) or |y,) (dashed blue lines). The
radial and azimuthal coordinates of the atoms are ry —a =r, —a =
200nm and ¢; = ¢, = 0, respectively. Other parameters are as for
Figs. 2, 4, and 12. The dotted black lines are for the case of a single
excited atom.

lines and the dashed blue lines, respectively. For comparison,
we plot the corresponding results for the case of a single excited
atom by the dotted black lines.

Comparison between the scales of Figs. 19(a) and 19(b) and
between the scales of Figs. 20(a) and 20(b) shows that the mean
photon number N, é:f) for the positive direction is about one

order larger than the mean photon number N, g(;) for the negative
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FIG. 20. Dependencies of the mean emitted photon numbers
(a) N;;’), (b) N;; ) and (c) Ngq on the distance r — a from the atoms
to the fiber surface in the cases where the initial state of the two-atom
system is |(0)) = |v) (solid red lines) or |v,) (dashed blue lines).
The coordinates of the atoms are r\ =r, =r, ¢, = ¢, =0, and
Zp — z1 = 150nm. Other parameters are as for Figs. 2, 4, and 12.
The dotted black lines are for the case of a single excited atom.
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direction. It is clear from the figure that the mean emitted
guided photon number Ny and its directional components
Ng(:f) and Ng(;) depend on the axial atomic separation z»i,
the atom-surface distance r — a, and the direction of radiative
transfer between the atoms.

When we compare the solid red and dashed blue lines of
Fig. 19 with the dotted black lines of this figure, we see that,
depending on the axial atomic separation z,; and the radiative
transfer direction, the presence of a ground-state atom may
enhance or suppress the probability for an excited atom to
emit a photon into guided modes. In addition, we observe
that, depending on z;, the values of N(:), N;g), and Ny
in the case of the initial state |y(0)) = |v;) (solid red lines)
may be larger or smaller than the corresponding values in the
case of the initial state |4(0)) = |v¥») (dashed blue lines). For
Z21 in the region from 25 to 400 nm, Ngqg and its directional

components Ng(d+) and N;g) for the two-atom case (see the
solid red and dashed blue lines) are significantly larger than
the corresponding values for a single excited atom (see the
dotted black lines). These differences are signatures of the
collective effect in spontaneous emission into guided modes.
We note that the total number of emitted photons is fixed as
given by the total initial excitation of the atoms. Therefore,
an increase or a decrease in the mean number of photons
emitted into guided modes is associated with a decrease or an
increase, respectively, in the mean number of photons emitted
into radiation modes.

The interaction of the atoms prepared in the state |(0)) =
|[Y1) or |¢p) with the vacuum of the field may lead to
entanglement between the atoms. The entanglement can be
characterized by the concurrence C [55]. For two two-level
atoms, the density matrix elements are denoted as p,g, where
a,fp=eg.abwithle) =|++),[g) = ——).la) =+ —),
and |b) = | — +). It can be shown from Eq. (16) that, in the
case where the matrix elements peq, Ocb, Pga> Pgb are equal to
zero at the initial time, they remain equal to zero for any time.
In this case, according to Tana$ and Ficek [56], the concurrence
C of the two-atom system is C = max(0,C;,C,), where
C1 = 2((0eg| — v/BaaPo) and Cs = 2| pus| — /Peeigg)-

We plot in Fig. 21 the time dependence of the concurrence
C for three different values of z,;. We observe that the vacuum
of the field can produce entanglement between the two atoms.
Figures 21(a) and 21(b) show that, when the atoms are close
to each other, the magnitudes of the entanglement produced
in the cases | (0)) = |y) (solid red lines) and |v,) (dashed
blue lines) are significant and almost equal to each other, and
almost equal to that produced by atoms in free space (see the
dotted black lines). The reason is that, when the separation
between the atoms is small enough, the effect of radiation
modes on the entanglement is dominant with respect to that
of guided modes. We observe from Fig. 21(c) that, when the
separation between the atoms is large enough, the magnitudes
of the entanglement produced in the cases | (0)) = |v) (solid
red lines) and |y,) (dashed blue lines) are small but not
negligible, and differ significantly from each other and from
the corresponding value that is produced by two atoms in free
space (see the dotted black lines). We observe from Fig. 21 that,
for the parameters used, the presence of the nanofiber reduces
the peak value of the generated concurrence C. However, our
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FIG. 21. Time evolution of the concurrence in the cases where
the initial state of the two-atom system is | (0)) = |v) (solid red
lines) or |y,) (dashed blue lines). The coordinates of the atoms are
ry—a=r,—a=200nm, ¢; = ¢, =0, and z; — z; = 100 nm (a),
150 nm (b), and 960 nm (c). Other parameters are as for Figs. 2 and
4. The dotted black lines are for the case of two atoms in free space.

additional calculations that are not shown here indicate that,
depending on the parameters, the presence of the nanofiber
may reduce or increase the peak value of C (see also Fig. 22).

When the separation between the atoms is much larger
than the wavelength of light, the effect of radiation modes on
entanglement becomes negligible while the effect of guided
modes survives. In order to illustrate the ability of the vacuum
guided light field to produce entanglement between two atoms
with a large separation, we plot in Fig. 22 the time dependence
of the concurrence produced in the case where z; = 100 pwm.
We observe from the figure that, even though z,; is very
large as compared to the wavelength of light, the vacuum
guided field can produce a finite entanglement. The peak value
of the produced concurrence (see the solid red and dashed
blue lines) is substantially larger than the corresponding
concurrence produced by the vacuum free-space field (see
the dotted black line). Comparison between the solid red and
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FIG. 22. Same as Fig. 21 except for z, — z; = 100 pum.
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FIG. 23. Time evolution of the populations (a) p{) and (b) p2)
of the upper levels of atoms 1 and 2, respectively, in the cases where
the initial state of the two-atom system is |1/(0)) = [¥ym) (solid red
lines) or |r45ym) (dashed blue lines). The coordinates of the atoms are
ry—a=r,—a=200nm,¢ = ¢, =0,andz, — z; = 125nm. The
dipole matrix elements of the atoms ared; = d, = (d/ﬁ)(i,O, -1,
corresponding to the o-polarized transitions with respect to the y
quantization axis. Other parameters are as for Figs. 2 and 4.

dashed blue lines shows that the magnitude of the produced
entanglement depends on the excitation transfer direction
specified by the ordering of the excited and unexcited atoms
in the initial atomic states |v;) and |y,). We emphasize that
chirality is not required to generate entanglement between
the atoms. Indeed, according to the dotted curves in Fig. 21,
entanglement between the atoms can be generated even when
the atoms are in free space. This entanglement decreases
quickly with increasing separation between the atoms. Due
to the cooperation between the atoms through the guided
modes, a substantial entanglement can be generated even
when the atoms are far away from each other. Due to
the chirality of the interaction, the produced entanglement
depends on the excitation transfer direction (see Fig. 22).
Our results are consistent with the results of Ref. [45] for
spontaneous generation of entanglement between two qubits
chirally coupled to a one-dimensional waveguide.

2. Symmetric and antisymmetric superposition states

We now consider the cases where the initial state
of the two-atom system is [¥(0)) = |Yym) OF |Vasym)-
Here, W/sym> = (I + _> + e—l(ﬂ12| - +>)/‘/§ and h//asym) =
(| + =) —e o] — +))/f2 are the symmetric and antisym-
metric superposition states, with ¢, being the phase of the
cross-atom decay coefficient yj;.

We plot in Fig. 23 the excited-state populations p{!) and

) of atoms 1 and 2, respectively, calculated for the cases
where the initial state of the two-atom system is |Y(0)) =
[Wsym) (solid red lines) or |vusym) (dashed blue lines). The
two atoms are aligned along the fiber axis with the separation
221 = 22 — 21 = 125 nm. We observe from the figure that the
decay of the excited-level populations of the atoms in the case
of the initial state |v/gym,) (solid red lines) is much faster than
that in the case of the initial state |1/,sym) (dashed blue lines).
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FIG. 24. Time evolution of the photon fluxes (a) Pg(;r ) (b) Pg(; ),
and (c) Pyq in the cases where the initial state of the two-atom system is
[¥(0)) = |¥sym) (solid red lines) or |/,sym) (dashed blue lines). Other
parameters are as for Figs. 2, 4, and 23. The fluxes are normalized
to the decay rate y, of a single atom in free space. The dotted black

lines are for the case of a single excited atom.

Comparison between Figs. 23(a) and 23(b) shows that the
decay of p{l) is almost the same as the decay of p2) in the
both cases.

We plot in Fig. 24 the time evolution of the fluxes Pg(;')

and Pg(d_ ) of photons emitted into guided modes in the positive
and negative directions of the fiber axis, respectively, and the
total guided-photon flux Pyq, calculated for the cases where the
initial state of the two-atom system is [¢(0)) = [Yym) (solid
red lines) or [1,sym) (dashed blue lines). We observe that the

photon flux Pg(;; ) for the positive direction [see Fig. 24(a)]

is about one order larger than the photon flux P(; ) for the
negative direction [see Fig. 24(b)]. We also observe that the
photon fluxes for the initial states |{ym) (solid red lines) and
[asym) (dashed blue lines) are different from each other. At the
onset of the evolution, the photon fluxes in the cases of [/sym)
(see solid red lines) and |Y,ym) (see dashed blue lines) are,
respectively, larger and smaller than the photon fluxes in the
case of a single excited atom (see the dotted black lines). When
the time is large enough, the opposite relationships hold true.
Thus, the states |[¥sym) and |asym) correspond to superradiant
and subradiant states [52,57,58] for guided modes in the case
considered.

We plot in Fig. 25 the time evolution of the flux Pyg of
photons emitted into radiation modes and the total photon
flux Py for the parameters of Fig. 24. We observe that the
fluxes Prq and Py in the case of [/(0)) = [sym) (solid red
lines) are different from those in the case of |asym) (dashed
blue lines). When the interaction time is short enough, the
values of Py, and Py, in the case of [¥(0)) = |¥sym) (solid red
lines) are larger than the corresponding values in the case of a
single excited atom (dotted black lines). Meanwhile, when the
interaction time is not too long, the values of Py,q and P in the
case of [Y(0)) = |[¥asym) (dashed blue lines) are smaller than
the corresponding values in the case of a single excited atom
(dotted black lines). Thus, the superposition states |/¢ym) and
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FIG. 25. Time evolution of the photon fluxes (a) P.g and
(b) Py in the cases where the initial state of the two-atom system is
[¥(0)) = [Ysym) (solid red lines) or [4sym) (dashed blue lines). Other
parameters are as for Figs. 2, 4, and 23. The fluxes are normalized
to the decay rate y, of a single atom in free space. The dotted black
lines are for the case of a single excited atom.

|asym) are also superradiant and subradiant states [52,57,58]
for radiation modes in the case considered.

It is interesting to note that an atomic superposition state
can be a superradiant state for radiation modes but a subradiant
state for guided modes. In order to illustrate such a situation,
we plot in Figs. 26-28 the results of calculations for the
case where zp; = 300nm. Figure 26 shows that the decay
of the excited-level populations in the case of [Ygy,) (solid
red lines) is faster than that in the case of |,ym) (dashed
blue lines). Meanwhile, according to Fig. 27, the fluxes of
photon emitted into radiation modes in the cases of the
initial states |sy,) (solid red lines) and [asym) (dashed blue
lines) are, respectively, weaker and stronger than those in
the case of a single excited atom (dotted black lines). Thus,
the superposition states |Ysym) and |,sym) are, respectively,
subradiant and superradiant states for emission into guided
modes. The result of Figs. 26 and 27 do no contradict the
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FIG. 26. Same as Fig. 23 but for z;; = 300 nm.
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FIG. 27. Same as Fig. 24 but for z,; = 300 nm.

energy conservation law. Indeed, as already mentioned above,
in addition to emission into guided modes, there is emission
into radiation modes. According to Fig. 28, the fluxes of
photon emitted into guided modes in the cases of the initial
states |¥sym) (solid red lines) and |Ya5ym) (dashed blue lines)
are, respectively, stronger and weaker than those in the case
of a single excited atom (dotted black lines). This result
means that the superposition states |sym) and [Yaem) are,
respectively, superradiant and subradiant states for emission
into radiation modes as well as for the total emission into both
types of modes. These collective effects are opposite to those
collective effects occurring in emission into guided modes. The
difference is caused by the action of cross-atom interference
on the emission rate.

We plot in Figs. 29 and 30 the dependencies of the mean
emitted guided photon numbers on the axial atomic separation
Z71 and the atom-to-surface distance r — a, respectively. We
observe from Figs. 29 and 30 that the mean photon number
N, g(j) for the positive direction is about one order larger than the

mean photon number N, (g) for the negative direction. It is clear
from the figures that the mean emitted guided photon number
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Prad /YO

Ptot/ YO
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FIG. 28. Same as Fig. 25 but for z;; = 300 nm.
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FIG. 29. Dependencies of the mean emitted photon numbers
(a) N, é;’), (b) Ngf;), and (c) Ny on the axial separation z,; between the
atoms in the cases where the initial state of the two-atom system is
[¥(0)) = [Ysym) (solid red lines) or [Yusym) (dashed blue lines). The
radial and azimuthal coordinates of the atoms are ry, —a =r, —a =
200nm and ¢; = ¢, = 0, respectively. Other parameters are as for
Figs. 2, 4, and 23. The dotted black lines are for the case of a single
excited atom.

Ngq and its directional components Ng) and N;;) depend
on the axial atomic separation z;;, the atom-surface distance
r — a, and the initial superposition state. When we compare
the solid red and dashed blue lines of Fig. 29 with the dotted
lines of this figure, we see that, depending on the axial atomic
separation z; and the initial superposition state, the probability
of emitting a photon into guided modes may be enhanced or
suppressed. We observe from Fig. 29 that, depending on z,;,
the values of N, g), N, };), and Ngq in the case of the initial state
[¥(0)) = [¥sym) (solid red lines) may be larger or smaller
than the corresponding values in the case of the initial state
[¥(0)) = |asym) (dashed blue lines). We observe from Fig. 29
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FIG. 30. Dependencies of the mean emitted photon numbers
(a) N;;’), (b) N;;), and (c) Ngq on the distance r — a from the atoms
to the fiber surface in the cases where the initial state of the two-atom
system is [(0)) = |¥gym) (solid red lines) or [Yyeym) (dashed blue
lines). The coordinates of the atoms are ry =r, =r, ¢ = ¢, =0,
and z; — z; = 150 nm. Other parameters are as for Figs. 2, 4, and 23.

The dotted lines are for the case of a single excited atom.
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that there exist regions of z»; where Ngq and its directional

components N, (:,r) and N, (5) for the two-atom case (see the
solid red and dashed blue lines) are several times larger than
the corresponding values for a single excited atom (see the
dotted black lines). Also, there exist regions of z; where
Ngq and its directional components Ngfj[) and Nég) for the
two-atom case are almost zero. These features are signatures
of the collective effect in spontaneous emission into guided
modes. We emphasize again that, since the total number of
emitted photons is fixed as given by the total initial excitation
of the atoms, an increase or a decrease in the mean number
of photons emitted into guided modes is associated with a
decrease or an increase, respectively, in the mean number of
photons emitted into radiation modes.

V. SUMMARY

In this paper, we have studied the coupling between two
two-level atoms with arbitrarily polarized dipoles in the
vicinity of a nanofiber. We have derived the master equation
for the atoms interacting with the vacuum of the field in
the guided and radiation modes of the nanofiber. We have
obtained the expressions for the single-atom and cross-atom
decay coefficients and their directional components. We have
also got the expressions for the dipole-dipole interaction
coefficients. We have studied numerically the case where the
atomic dipoles are circularly polarized and, consequently, the
rate of emission depends on the propagation direction and
the radiative interaction between the atoms is chiral. We have
examined the time evolution of the atoms for different initial
one-excitation states. We have calculated the fluxes and mean
numbers of photons spontaneously emitted into guided modes
in the positive and negative directions of the fiber axis. We
have shown that the chiral radiative coupling modifies the
collective emission of the atoms. We have observed that the
modifications strongly depend on the initial state of the atomic
system, the radiative transfer direction, the distance between
the atoms, and the distance from the atoms to the fiber surface.
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APPENDIX A: GUIDED MODES OF A NANOFIBER

Consider a nanofiber that is a silica cylinder of radius
a and refractive index n; and is surrounded by an infinite
background medium of refractive index n,, where n, < n;.
The radius of the nanofiber is well below a given free-space
wavelength A of light. Therefore, the nanofiber supports only
the hybrid fundamental modes HE;; corresponding to the
given wavelength A [50]. The light field in such a mode is
strongly guided. It penetrates into the outside of the nanofiber
in the form of an evanescent wave carrying a significant
fraction of energy [59]. For a fundamental guided mode HE;
of a light field of frequency w (free-space wavelength A =
27 ¢ /w and free-space wave number k = w/c), the propagation
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constant 8 is determined by the fiber eigenvalue equation [50]

Jo(ha) _ n%—l—n% Ki(ga) 1
haJy(ha) 2n?  qaKi(qa)  h*a®

B (n%—n% K{(qa) )2
Zn% qgakKi(qa)

52 1 L \2 1/2
+n%k2<q2a2 + h2a2> } . (AD

Here, the parameters h = (n3k* — p?)Y/? and ¢ = (B* —
n%kz)l/ 2 Characterize the fields inside and outside the fiber,
respectively. The notations J, and K, stand for the Bessel
functions of the first kind and the modified Bessel functions
of the second kind, respectively.

According to Ref. [50], the cylindrical-coordinate vector
components of the profile function e(r) of the electric part
of the fundamental guided mode that propagates in the
forward (+2) direction and is counterclockwise quasicircularly
polarized are given, for r < a, by

_.~q4Kiga) B
o =10 T [(1 = 5)Jo(hr) — (1 + $)J2(hr)],
K
€y = —C% Jll((gz)) [(1 = 5)Jo(hr) + (1 + 5)J2(hr)],
_2q Ki(ga)
e;=C 5 Tiha) Ji(hr), (A2)
and, for r > a, by
er = iC[(1 = 5)Ko(gr) + (1 + 5)K2(gr)],
e, = —C[(1 —5)Ko(gr) — (1 + 5)K2(qr)],
2q
e, = CFKl(qr). (A3)
Here, the parameter s is defined as
2.2 2.2
1/h*a” 4+ 1/q°a (A4)

* = Jl(ha)/hal\(ha) + K|(qa)/qaK(qa)

The parameter C is the normalization coefficient. We take C to
be a positive real number and use the normalization condition

2 [eS)
f dgo/ ncle’rdr = 1.
0 0

Here, n.s(r) = n; for r < a, and ny(r) = n, for r > a. We
note that the axial component e, is significant in the case of
nanofibers [59]. This makes guided modes of nanofibers very
different from plane-wave modes of the field in free space and
from guided modes of conventional (weakly guiding) fibers
[50,59].

We label quasicircularly polarized fundamental guided
modes HE;; by using a mode index u = (w, f,/), where w is
the mode frequency, f = +1 or —1 (or simply + or —) denotes
the forward (42) or backward (—2) propagation direction,
respectively, and [ = +1 or —1 (or simply + or —) denotes
the counterclockwise or clockwise circulation, respectively,
of the transverse component of the polarization around the
axis +Z. In the cylindrical coordinates, the components of the

(AS5)
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profile function e“(r) of the electric part of the quasicircularly
polarized fundamental guided mode p are given by

e, =ée,
el = le,, (A6)
ei”) = fe,.

Consequently, the profile function of the quasicircularly
polarized mode (w, f,I) can be written as

D = @ 1 gl 4 o@D

=fe, +[pey, + fie,, (A7)

where the notations = Xcosg + ysing, ¢ = —Xsing +
¥ cos ¢, and Z stand for the unit basis vectors of the cylindrical
coordinate system {r,¢,z}. Here, X and § are the unit basis
vectors of the Cartesian coordinate system for the fiber
transverse plane xy.

We have the following symmetry relations:

@ FD — @ =fD) _ lonfioD),

(@, f.) _ Jo—f) _ _ (. f=])
¢, =e, =—e, , (A8)
egwqf,l) — _egw-*fql) — egw»fﬁl)’
and
eiﬂ)* — _eﬁll-), e;“)* — e;ﬂ-)’ egll-)* — eé,u)' (A9)

APPENDIX B: RADIATION MODES OF A NANOFIBER

For the radiation modes, we have —kn, < 8 < kn,. The
characteristic parameters for the field in the inside and

outside of the fiberare h = vVk’n? — B2 and g = Vk’n3 — B2,

respectively. The mode functions of the electric parts of the
radiation modes v = (wpBml) [50] are given, for r < a, by

r

e((p\)) — L |:iméAJm(hr) — ha)/,L()BJn;(/’lV)i|, (BD)
h? r
e = Adu(hr),
and, for r > a, by

i , . Wl ;
=3 [ﬁchH,g”(qr)+zm7DjH,2”(qr>]v
j=12

i . B ; ;
=252 [W;CjH&”(qr)—qwuoDjH,if)’(qr)}
j=1,2

J
e =Y CiHP(qr). (B2)
j=12

Here, A and B as well as C; and D; with j =1,2 are
coefficients. The coefficients C; and D; are related to the
coefficients A and B as [60]

: 2
1mqgra
C;=(-1) 4Z2 (AL; + ijocBV)),
2
_gyimda _BM.
D; = (~1)7 T GecAV, — BM).  (B3)
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where
mkB o o j
Vi = ———(n} — n?)J,(ha)HY* (qa),
j ahzqz(nz ”1) (ha)H,})"(qa)
L ()= ! G
szzjm(ha)H,,i (qa)—;]m(ha)H,,; (qa), (B4

2
L= 1 J) (ha)H* (qa) —

m

2

n .
ij(ha)H,(,{)*/(qa).

We specify two polarizations by choosing B = inA and B =

—inA for [ = 4+ and [ = —, respectively. We take A to be a
real number. The orthogonality of the modes requires

2
f de / 2 [ s_p ey rdr = Ny8ip(w — o).

(B5)
This leads to
2 2 2
ns| V= + Ll
=€y, | ——————. B6
TN WV a2 im (B6)
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The constant N, is given by
87ra) ) 2
N, = 7 2|C | + ID |

We use the normalization N, = 1.
We have the following symmetry relations:

(B7)

e’(’w,ﬂ,m,l) — _eia),—ﬂ,m,—l)’

(w,B.m,l) _ _ (w,—B,m,—=])
ew = e?’ s

(B8)

(w,Bm,0) __ (w,—B,m,—I)
ez - ez 9

eﬁw,ﬂ,m,l) — (_l)meﬁw,ﬁ,fm,fl)’

e((pw,ﬁ,m,l) — (_1)m+le((pw,ﬁ,7m,7l) (B9)

(wﬂml) =(— 1)m (0,8, m—l)

and

e = V), ef;)* = e(”) e = el (B10)
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