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Abstract

We employ a state-of-the-art microfabrication technique (selective laser-induced etching, SLE) to produce microfluidic cylinder

geometries that explore new geometrical regimes. Using SLE, two microchannels are fabricated in monolithic fused silica substrate

with height H = 2 mm and width W = 0.4 mm (aspect ratio α = H/W = 5) containing cylinders of radius r = 0.02 mm (blockage

ratio β = 2r/W = 0.1), centered at the channel mid-width, W/2. An ‘sc’ channel contains a single cylinder, while a ‘dc’ channel

contains two axially-aligned cylinders separated by a distance L = 1 mm (L = 50r). Compared with cylinder geometries fabricated

by soft lithography (which typically have α � 1 and β . 0.5), these rigid glass devices provide a quasi-2D flow along the direction

of the cylinder axis and also more clearly reveal the effects of the strong extensional wake regions located at the leading and trailing

stagnation points. Using flow velocimetry and quantitative birefringence measurement techniques, we study the behavior of a

well-characterized viscoelastic polymer solution in flow around the cylinders. The small cylinder radii result in low inertia and

very high elasticity numbers El ≈ 2400. For the sc device, we report strong flow modification effects around the cylinder as the

flow rate is incremented. This is associated with the deformation of polymer molecules primarily in the upstream wake region,

leading to the onset of a purely elastic flow asymmetry upstream of the cylinder. Stretched polymer molecules are advected around

the cylinder and relax downstream of the cylinder, resulting in an extremely long elastic wake extending for > 300r downstream.

In the dc channel, at lower flow rates, similar flow modification effects are observed to develop around, and downstream of, both

cylinders. However, at higher flow rates the wake of the first cylinder extends > 50r downstream, and begins to interact with the

second cylinder. The second cylinder becomes encapsulated by the wake of the first and is effectively obviated from the flow field.

The results will be of relevance to understanding practical applications of viscoelastic fluids, for example in particle suspension and

porous media flows, and also for benchmarking against numerical simulations using viscoelastic constitutive models.
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1. Introduction

The creeping flow of viscoelastic fluids around cylinders

has long been considered a benchmark system in non-Newtonian

fluid dynamics [1]. Being a two-dimensional model for flow
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around a sphere, flow around a cylinder represents a fundamen-

tal example of flow past an obstacle, presenting strong exten-

sional kinematics due to streamwise stagnation points in both

the upstream and downstream wake regions, curvature of stream-

lines and regions of strong shear around the sides of the ob-

ject. Experimental measurements made under these conditions

of mixed kinematics are of great utility for benchmarking vis-

Preprint submitted to Journal of Non-Newtonian Fluid Mechanics August 16, 2018



coelastic constitutive equations used in numerical simulations

[2–5], and are of direct relevance to optimizing a range of prac-

tical uses of viscoelastic fluids such as polymer processing ap-

plications, flows though porous media, suspension of particles,

etc. The extensional kinematics in the up-and downstream wakes

of obstacles are a particularly prominent feature of these flows,

leading to large microstructural deformation (e.g. elongation

of polymer molecules), and resulting in strong flow modifica-

tion due to the localized enhancement of the stress [6–11]. The

experimental study of viscoelastic flows around macroscopic

cylinders has a long history [5, 6, 12–17], and in recent years,

this study has been extended into the realm of microfluidics

[11, 18–27]. Due to the extremely small characteristic length

scales involved (cylinder radii, r ∼ O(100 µm)), microfluidics

provide a window into an interesting regime in which inertia

is negligible (Reynolds numbers Re � 1) but elasticity is high

(Weissenberg numbers Wi > 1). Microscopic viscoelastic flows

past cylinders may lend insight into processes such as biolog-

ical motions of cilia and flagella [28], impregnation of fibrous

media by viscoelastic matrix fluids (i.e. formation of compos-

ite materials) and coating of e.g. optical fibers with polymeric

cladding.

To date, most microfluidic studies of flow around cylinders

have focussed on the generation of elastic flow instabilities,

i.e. the generation of instability due to elastic forces in the ab-

sence of significant inertia. Elastic instabilities typically arise

when there is a combination of streamline curvature coupled

with high elastic stresses [29–34] and are particularly preva-

lent in microfluidics due to the high elasticity numbers (El =

Wi/Re). Geometrically, a cylinder confined inside a rectangu-

lar microchannel can be characterized by two ratios of length-

scales: (1) the aspect ratio of the channel α = H/W (where H

and W are the channel height and width, respectively), and (2)

the degree to which the cylinder blocks the channel, i.e. the

blockage ratio β = 2r/W (where r is the cylinder radius). The

aspect ratio of the cylinder itself can also be considered, and

this is given by AR = H/2r = α/β. Due to limitations conferred

by the soft polydimethylsiloxane (PDMS) materials normally

Figure 1: Schematic drawings of (a) the single cylinder (sc) and (b) the double

cylinder (dc) devices. Both devices have channel width W = 0.4 mm and

height H = 2 mm (aspect ratio α = H/W = 5). All cylinders have a radius r =

20 ± 2 µm. The cylinders themselves have an aspect ratio AR = H/2r = 50 and

provide a blockage ratio β = W/2r = 0.1. The centre-centre spacing between

cylinders in the dc device is L = 1 mm (= 50r). The origin of the indicated

Cartesian coordinate system is defined as the centre-point of the most upstream

cylinder.

used to fabricate microfluidic cylinder devices, their geometries

are restricted to rather low aspect ratios (α < 1) and also high

blockage ratios (typically β ≥ 0.5) [11, 18, 21, 23, 25]. The

low aspect ratio means the flow field is inhomogeneous through

the channel height, so the problem becomes three-dimensional,

while the high blockage ratio results in the formation of nar-

row gaps between the sides of the cylinder and the channel

walls. In this case, viscoelastic fluids respond most strongly

to the squeezing flow through the gaps, resulting in the gener-

ation of elastic instabilities and recirculations upstream of the

cylinder [18, 21, 23], which are highly reminiscent of the insta-
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bilities seen with flows into simple plane or hyperbolic contrac-

tions [35–37]. Other important aspects of the flow around the

cylinder, such as the up- and downstream wake regions, feature

much less prominently. It is recognized that to clearly observe

the extensional flow in the cylinder wake regions, the block-

age ratio should be much lower than β = 0.5 [12]. This can

be achieved in PDMS microfluidics simply by increasing the

channel width W [11, 25], however this further compounds the

problem of the low aspect ratio.

In this work, we employ the technique of selective laser-

induced etching (SLE) [38] to fabricate glass microfluidic cylin-

der devices in a new geometrical regime featuring both a high

aspect ratio and a low blockage ratio, see schematic drawings in

Figure 1. We study the flow of a well-characterized dilute vis-

coelastic polymer solution, and its viscous Newtonian solvent,

around a single cylinder radius r = 20 µm (Figure 1a), and also

around two identical cylinders aligned on the flow axis and sep-

arated by a significant distance L = 50r (Figure 1b). The small

radius means the Reynolds number remains low (Re . 0.023)

and the creeping flow occurs at high elasticity number (El ≈

2400). The flow field is characterized in significant detail us-

ing micro-particle image velocimetry (µ-PIV) and we also per-

form flow birefringence measurements to provide complemen-

tary information about the regions of high polymer stretching

and elongational stress. For viscoelastic creeping flow around

the single cylinder, as we increment the Weissenberg number,

we observe the growth of elastic stresses in a wide region around

the cylinder, accompanied by a significant modification of the

flow field compared with the Newtonian case. While the flow

remains essentially steady and time-independent, we observe

the development of a strong flow asymmetry upstream of the

cylinder and a strikingly long downstream wake, which can

extend for more than 300 cylinder radii. The results for flow

around two aligned cylinders provide insights into the nature

of interactions that can occur between objects moving in vis-

coelastic fluids (e.g. settling particles or swimming organisms)

and will be of relevance to understanding flows past sequences

of objects, such as around clusters of cilia, in porous media, etc.

Figure 2: Transmitted light micrographs of the sc and dc microfluidic cylinder

devices captured from both end-on and side-on orientations.

The results from both geometries should be of value for bench-

marking numerical simulations using viscoelastic constitutive100

models.

2. Materials and Methods

2.1. Microfluidic device fabrications

The microfluidic cylinder devices depicted schematically in

Figure 1 and photographically in Figure 2 were fabricated by

SLE in fused silica glass using the state-of-the-art “LightFab”

3D printer (LightFab GmbH, Germany) [39]. The SLE fabri-

cation technique is highly precise, with surface roughness and

imperfections of around ±1 µm. The two channels, one contain-

ing a single cylinder (sc) and the other containing two cylinders

(dc), both have dimensions of W = 400 µm and H = 2 mm.

This provides a reasonably high aspect ratio α = 5, and hence

3



a good approximation to a two dimensional flow, as will be

confirmed in later experiments. The cylinders all have a ra-

dius r = 20 µm, which results in a low blockage ratio β = 0.1

and a cylinder aspect ratio AR = 50. The centre-centre sepa-

ration between cylinders in the dc geometry is L = 1 mm (or

L = 50r). Unlike PDMS microfluidics, the single-piece rigid

glass construction of each device means the cylinders can be

made so long and slender without deforming under an imposed

flow. Indeed, in the experiments to be described in the follow-

ing sections, no measurable deflection of the cylinders was reg-

istered. Additional advantageous features of the SLE fabrica-

tion method are: amenablity to organic solvents, and optical

access to both the xy and xz planes (see Figures 1 and 2).

2.2. Test fluids

The viscoelastic test solution is composed of a high molec-

ular weight (Mp = 6.9 MDa), low polydispersity (Mw/Mn =

1.09) sample of atactic polystyrene (a-PS, Agilent Technolo-

gies) dissolved in the viscous organic solvent dioctyl phthalate

(DOP, Sigma Aldrich) at a concentration of c = 0.07 wt%.

The overlap concentration for this polymer-solvent system is

c∗ ≈ 0.5 wt% [34, 40], so the fluid is considered dilute. The

viscosity of the polymeric solution (and the DOP solvent) have

been measured in steady shear using an Anton-Paar MCR 502

stress-controlled rheometer fitted with 50 mm diameter 1◦ cone-

and-plate geometry, and the results have been presented in a

prior publication [34]. The viscosity of the solvent is ηs =

59 mPa s and the zero shear viscosity of the polymer solution is

η0 = 71 mPa s. The polymer solution is essentially non-shear-

thinning over 3 decades in shear rate. The relaxation time of

the polymer solution is λ = 13 ms, which was determined by

flow birefringence measurements made in an idealized elonga-

tional flow device, the optimized shape cross-slot extensional

rheometer (or OSCER) [34, 41]. This value for the relaxation

time compares well with that estimated using the formula pro-

vided by Zimm [42], which yields λZimm ≈ 14 ms [43].

2.3. Flow control and dimensionless numbers

Flow through the sc and dc cylinder devices is driven using

two high precision neMESYS syringe pumps (Cetoni, GmbH)

with 29:1 gear ratios and operating at no less than twice the

minimum specified ‘pulsation free’ dosing rate. The pumps are

fitted with 10 mL Hamilton Gastight syringes with one pump

infusing fluid into the device at controlled volume flow rate Q,

while the other pump withdraws fluid at an equal and opposite

rate from the downstream outlet. Connections between the sy-

ringes and the microfluidic devices are made using chemically-

resistant viton tubing and stainless steel tubing connectors.

We define two different Reynolds numbers to describe the

relative strength of inertial to viscous forces in the microfluidic

cylinder devices. The Reynolds number for flow in the rectan-

gular channel is:

Rech =
ρUDh

η
, (1)

where U = Q/HW is the average flow velocity, Dh = 2WD/(W+

D) is the hydraulic diameter of the channel. The density of the

fluid ρ = 981 kg m−3 is taken to be the same for both the solvent

and the polymer solution, and η is the fluid viscosity.

We also define a Reynolds number for flow around the cylin-

ders:

Re =
ρUr
η
. (2)

We use a characteristic Weissenberg number to describe the

relative strength of elastic to viscous forces for polymeric flow

around the cylinders, which is defined:

Wi =
λU
r
, (3)

where U/r is a characteristic deformation rate for the flow.

The elasticity number describes the relative strength of elas-

tic to inertial forces in the polymeric flow:

El =
Wi
Re

=
λη

ρr2 . (4)

For the non-shear-thinning polymer solution employed here,

the elasticity number does not depend on the flow rate and is

4



a function of the fluid properties and the geometry only, with

a value El ≈ 2400 that indicates inertial effects can be mostly

neglected.

2.3.1. Microparticle Image Velocimetry

Flow velocimetry in the cylinder geometries is performed

using a volume illumination µ-PIV system (TSI Inc., MN). The

test fluid of interest is seeded with 2 µm diameter (concentra-

tion cp ≈ 0.02 wt%) fluorescent melamine resin tracer parti-

cles (MF-FluoOrange-1240, microParticles, GmbH) with exci-

tation/emission wavelength 560/584 nm. The flow geometry is

placed on the stage of an inverted microscope (Nikon Eclipse

Ti) and the plane of interest (either z = 0 or y = 0 plane) is

brought into focus. For most of the experiments, to obtain the

largest possible field of view, a 4×, NA= 0.13 numerical aper-

ture Nikon PlanFluor objective lens is used. With this combi-

nation of microparticles and objective lens, the measurement

width over which microparticles contribute to the determina-

tion of the velocity field is δm ≈ 160 µm [44]. In some of the

experiments, to obtain higher spatial resolution and lower mea-

surement width, higher magnification, higher numerical aper-

ture objectives are used. The fluid is illuminated through the

objective using a dual-pulsed Nd:YLF laser with a wavelength

of 527 nm and a time seperation between pulses ∆t. Pairs of

images of the fluorescing particles are captured in synchronicity200

with the pairs of laser pulses using a high speed 1280×800 pixel

CMOS imaging sensor (Phantom MIRO) operating in frame-

straddling mode. At each flow rate examined, the time ∆t is

set so that the average displacement of particles between the

two images in each pair is around 4 pixels. Since the flows ex-

amined are steady, 50 image pairs are captured and processed

using an ensemble average PIV algorithm (TSI Insight 4G). A

recursive Nyquist criterion is employed with a final interroga-

tion area of 16 × 16 pixels to enhance the spatial resolution and

obtain velocity vectors spaced on a square grid of 16 × 16 µm

(with the 4× objective). Further image analysis, generation of

contour plots and streamline traces is performed using the soft-

ware Tecplot Focus (Tecplot Inc., WA).

2.3.2. Flow-Induced Birefringence

Measurements of flow-induced birefringence (FIB) in the

microfluidic cylinder geometries are made using a state-of-the-

art Exicor MicroImagerT M (Hinds Instruments Inc., OR). The

system uses a combination of two photoelastic modulators and a

stroboscopic monochromatic light source to determine the rel-

evant Mueller matrix components and provide fully quantita-

tive, spatially resolved measurements of the sample retardance

δ (in nm), and the angle of the slow optical axis θ [45, 46].

The instrument is equipped with a 2048 × 2048 pixel 12-bit

CCD imaging sensor and various objective lenses. A 2× objec-

tive provides the largest field of view of 5 × 5 mm and hence a

spatial resolution of approximately 2.5 µm/pixel. A 5× objec-

tive is used in some experiments and provides a field of view

of 2 × 2 mm and hence a spatial resolution of approximately

1 µm/pixel.

The birefringence ∆n is related to the retardance δ by the

optical pathlength through the material, and can hence be ap-

proximated by:

∆n =
δ

H
, (5)

which assumes that the flow is completely uniform through the

channel height, i.e. that the flow is two-dimensional (2D).

Birefringence arises in flowing polymer solutions due to the

optical anisotropy caused by the orientation of polymer chain

segments. This occurs as the equilibrium Gaussian coils be-

come strained in velocity gradients in the flow field. Strain-

ing can be particularly high in elongational regions of the flow

field where streamwise velocity gradients arise, such as near

streamwise stagnation points [9, 47–49]. In many polymeric

systems, for a range of deformations, it is found that the bire-

fringence is directly related to the principal stress difference

(∆σ = σxx −σyy) in the fluid via the stress-optical rule [34, 49–

54]:

∆n = C∆σ, (6)

where the constant of proportionality C is called the stress-
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optical coefficient. For polystyrene solutions, the stress-optical

coefficient has a value of C ≈ −5 × 10−9 Pa−1, which has been

shown to hold valid even in strong elongational flows and up

to high extensional rates [49, 53–55]. Clearly, to some approxi-

mation, the spatially-resolved measurements of δ obtained from

the Exicor MicroImagerT M can be considered directly propor-

tional to the elastic tensile stress fields in the flowing polymer

solution.

3. Results and discussion

3.1. Newtonian flow characterization

Before proceeding to examine viscoelastic flow in the mi-

crofluidic cylinder geometries, we first attempt to confirm our

expectations of the flow field within the two devices using the

pure Newtonian solvent, DOP. This will confirm the accuracy

both of our channels and of our measurement methods, and pro-

vide a benchmark for comparison against the subsequent mea-

surements made with the non-Newtonian polymer solution.

In Fig. 3 we present flow field measurements made for the

Newtonian solvent in the sc channel some distance upstream

of the cylinder. Fig. 3(a) shows a contour plot of the nor-

malized x-component of the velocity (u/U), as visualized in

the z = 0 plane of the device at a channel Reynolds number

Rech = 0.024. Fig. 3(b) shows profiles of u/U (averaged over x)

for various Rech taken across the channel width, demonstrating

the expected parabolic form. The experimental data agrees well

with an infinite series analytical solution for fully-developed

Poiseuille flow in a rectangular channel of AR = 5 [56]. In

contrast to PDMS microfluidics, our devices can simply be ro-

tated through 90◦ in order to measure the velocity field in the

orthogonal (y = 0) plane. In Fig. 3(c), we present an example

of such a measurement, again showing contours of u/U for the

Newtonian solvent at a channel Reynolds number Rech = 0.024.

Profiles of u/U (averaged over x) for various Rech taken through

the channel depth are shown in Fig. 3(d), again in comparison

with the analytical prediction. Clearly the flow is quite uniform,

with almost constant flow velocity about the channel mid-depth

for −0.5 . z . 0.5 mm. Note that the experimental data in

Fig. 3(d) lie slightly below the analytical prediction over most

of the range of z, while the data in Fig. 3(b) lie much closer to

the predicted curve. This is most likely explained by the mea-

surement depth of the µ-PIV (δm ≈ 160 µm), which is 40% of

the channel width, but only 8% of the channel depth.

Newtonian flow around the microfluidic cylinders is illus-

trated in Fig. 4. In Figs. 4(a) and 4(b) we show examples

of velocity fields with superimposed streamlines for flow at

Re = 0.0007 around the cylinders in the sc and dc devices,

respectively. As expected for Newtonian flow at low Re, a high

degree of symmetry in the flow field around the cylinders is

demonstrated by these contour plots. We also note that in the

dc device, the flow becomes essentially fully developed in the

≈ 1 mm gap between cylinders 1 and 2. In Figs. 4(c) and 4(d)

we show normalized velocity profiles of u(x)/U taken along

the line y = 0 over a range of Re in the sc and dc devices, re-

spectively. The experimental data collapse and also compare300

well with a 3D finite volume numerical simulation performed

using ANSYS Fluent. We would point out that the highest

Reynolds number shown for the Newtonian characterization in

Fig. 4 (Re = 0.073) is approximately 3× larger than the maxi-

mum Reynolds numbers reached in the subsequent experiments

with the viscoelastic polymer solution.

Lastly, in Fig. 5 we examine the flowtype parameter [57–60]

for creeping Newtonian flow around a cylinder. The flowtype

parameter is defined:

ξ(x, y) =
|γ̇̇γ̇γ| − |ΩΩΩ|

|γ̇̇γ̇γ| + |ΩΩΩ|
, (7)

where |γ̇̇γ̇γ| =
√

1
2 D : D and |ΩΩΩ| =

√
1
2ΩΩΩ : ΩΩΩ are the magnitudes

of the deformation rate tensor D = 1
2 (∇v+∇vT) and the vorticity

tensor ΩΩΩ = 1
2 (∇v−∇vT), respectively, which can be locally eval-

uated using the components of the velocity vectors v= (u, v,w)

obtained by µ-PIV [34].

The flowtype parameter varies between −1 and 1, with val-

ues of −1 corresponding to purely rotational kinematics, val-

ues of 0 corresponding to simple shear and values of +1 corre-

sponding to purely extensional kinematics. Figure 5 shows the
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Figure 3: Characterization of the Newtonian flow field in the channel, in a region upstream of the cylinder in the sc device. (a) Contours of the normalized x-velocity

component (u/U) in the xy plane at z = 0 at a channel Reynolds number Rech = 0.024. (b) Normalized profiles of the streamwise velocity taken across the transverse

direction u(y)/U for various channel Reynolds numbers 0.0024 < Rech < 2.4, showing a parabolic form. (c) Contours of the normalized x-velocity component

(u/U) in the xz plane at y = 0 at a channel Reynolds number Rech = 0.024. (d) Normalized profiles of the streamwise velocity taken along the axial direction u(z)/U

for various channel Reynolds numbers 0.0024 < Rech < 2.4, showing essentially 2D flow within the central region of the channel for −0.5 < z < 0.5 mm. The solid

lines in parts (b) and (d) show an infinite series analytical solution for creeping Newtonian flow in a channel of AR = 5 [56].
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Figure 4: Characterization of the Newtonian flow field around the cylinders in the xy plane at z = 0. Contours of the normalized velocity magnitude in (a) the sc

device, and (b) the dc device at Re = 0.0007. Profiles of the normalized streamwise velocity u(x)/U taken along y = 0 over a range of Re in (c) the sc device, and

(d) the dc device. The solid lines in parts (c) and (d) are obtained from a three-dimensional finite volume simulation of the flow field performed at Re = 0.001.

Figure 5: Flowtype parameter around a cylinder at Re = 0.0007, determined

from µ-PIV measurements made in the sc device.

local flowtype around the cylinder of the sc device computed

from the velocity field shown in Fig. 4(a) at a Reynolds num-

ber of Re = 0.0007. There are regions of strong extensional

flow immediately up- and downstream of the cylinder, joined

together by a ring of extensionally-dominated kinematics with

a radius of w/2. The rest of the flow field is largely dominated

by shear, with symmetric lobe-like regions of slightly stronger

rotation either side of the cylinder. The spatial variation of the

flowtype parameter around the cylinder is consistent with re-

cent 2D numerical simulations for Newtonian flow past linear

arrays of ‘widely spaced’ cylinders separated by 6 radii [60].

3.2. Polymeric flow around a single cylinder

In this section, we proceed to examine the flow of the dilute

polymeric test solution (0.07 wt% of 6.9 MDa a-PS in DOP)

around the single microscopic cylinder contained inside the sc

flow channel.

The normalized flow velocity magnitude field measured by

µ-PIV performed in the z = 0 plane of the sc device is shown in

Fig. 6(a)-(e) for a range of Weissenberg numbers 1.35 ≤ Wi ≤

54.2 and for low Reynolds number Re ≤ 0.023. For low Wi

(see e.g. Fig. 6(a) for Wi = 1.35), the flow field appears Newto-

nian like (compare with Fig. 4(a)). However, as Wi is progres-

sively increased through Figs. 6(b)-(e), an increasing degree of

fore-aft asymmetry develops, with an extended wake develop-

ing downstream of the cylinder. Such extended downstream

wakes have been reported for polymeric flows around cylinders

and spheres before and are attributed to the effects of polymer

deformation in the high velocity gradients that are achieved at

the downstream stagnation point [2, 7–9, 25]. However, the

downstream wakes observed here are particularly dramatic by

any standards; in Figs. 6(d) and (e) a fully-developed parabolic

flow profile across the channel has still not been acheived even

at a distance of 1.9 mm (95r) downstream of the cylinder. Ad-

ditional features to note from Figs. 6(a)-(e) as Wi is increased
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Figure 6: Flow field characterization around the cylinder in the sc device for a 0.07 wt% solution of PS7 in DOP. (a) to (e) Contours of the normalized velocity

magnitude measured at the Weissenberg and Reynolds numbers indicated. (f) Normalized profiles of the streamwise flow velocity along the centre-line u(x)/U, and

(g) normalized profiles of the streamwise velocity gradient (r/U)∂u/∂x for various Weissenberg numbers. The solid lines in (f) and (g) represent the behaviour of a

Newtonian fluid at Re = 0.001.
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are: (1) increasingly significant modification of the flow field

upstream of and laterally to the cylinder (as apparent from the

increasingly large region of low velocity magnitude around the

cylinder), and (2) increasing divergence of streamlines upstream

of the cylinder around the region of low velocity magnitude.

By extracting velocity profiles from Figs. 6(a)-(e) along the

y = 0 axis, the increasing degree of flow modification with Wi

in the up- and downstream wake regions can be clearly quan-

tified, see Fig. 6(f). The spatial derivative ∂u/∂x of the data in

Fig. 6(f) gives the extensional rate along the flow axis. For each

imposed Weissenberg number, this spatial derivative has been

calculated numerically based on a central difference scheme

and behaves as shown in Fig. 6(g). Upstream of the cylin-

der, there is a negative minimum in the extension rate due to

the compressive flow leading to the upstream stagnation point.

Downstream of the cylinder, there is a positive maximum in

the extension rate due to the elongational flow leading away

from the downstream stagnation point. In the Newtonian case

(solid line), the upstream minimum and the downstream max-

imum rates are essentially equal and opposite. In the polymer

solution, as Wi is increased, the modification of the flow field

leads to a particularly severe reduction in the magnitude of the

maximum extension rate measured downstream of the cylinder,

which decays almost to zero. There is also a reduction in the

magnitude of the upstream minimum rate, though significantly

less severe. In Fig. 7(a) and Fig. 7(b) we show how the value of

the downstream maximum and the upstream minimum in ex-

tension rate vary with the imposed Weissenberg number. In-

terestingly, when the velocity gradient is normalized using the

polymer relaxation time λ (Fig. 7(b)) the maximum value in the

downstream reaches a plateau of λ∂u/∂x ≈ 0.5, as shown by the

dotted black line. However, the minimum value measured up-

stream of the cylinder continues to scale approximately linearly

with the imposed Weissenberg number, as shown by the dot-

ted red line representing λ∂u/∂x = −0.2Wi. Fig. 7(c) provides

the up- and downstream locations of the minima and maxima,

respectively.

The flowtype parameter around the cylinder is also modi-

Figure 7: a) Value of the velocity gradient (non-dimensionalized by r/U) mea-

sured at the downstream maximum and the upstream minimum and (b) the

same velocity gradient non-dimensionalized by λ. (c) Non-dimensionalized

x-location of the downstream maximum and the upstream minimum velocity

gradient as a function of the imposed Weissenberg number.
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Figure 8: Flowtype parameter for polymeric flow around a cylinder as the Weis-

senberg number (indicated) is progressively increased through parts (a) to (e).

Determined from µ-PIV measurements made in the sc device.

fied significantly as Wi is increased, as shown by Fig. 8. At

lower Wi (Fig. 8(a)), the flowtype parameter is Newtonian-like,

as expected (compare with Fig. 5). As Wi is increased, the ex-

tensional region upstream of the cylinder is maintained, but the

extensional region in the downstream wake is all but lost and re-

placed by shear-dominated flow (Fig. 8(b,c)). At higher Wi the

upstream region of extension dominated flow becomes enlarged

and shifts upstream, with a small region of shear flow appearing

at the leading surface of the cylinder (Fig. 8(d,e)). Here, in these

slightly zoomed-in images, the emergence of a flow instability

upstream of the cylinder is apparent. This is particularly clear

in Fig. 8(e), with a significant distortion of the streamlines that

select a preferential path around the bottom side of the cylinder.400

Similar upstream buckling of streamlines has been reported re-

cently for flow of high molecular weight poly(acrylamide) so-

lutions in a microfluidic cylinder device (α = 0.4, β = 0.2)

[25]. However, in that case the instability was time-dependent

and fluctuating, while in the present case the instability remains

steady (at least on the timescale and within the spatial resolu-

tion of the measurement).

Flow-induced birefringence measurements for flow of the

polymer solution around the single cylinder are shown in Fig. 9.

Clear FIB signals could only be measured for rather higher

Weissenberg numbers Wi & 13.5. The most striking feature

of the images shown in Fig. 9 is the growth of the extremely

elongated downstream wake as the Weissenberg number be-

comes large. At Wi = 27.1 the birefringence persists for some

3 mm (150r), while at Wi = 54.2 the birefringence persists

for at least 6 mm (300r) into the downstream. Taking the av-

erage flow velocity at Wi = 54.2 (U = 83.3 mm s−1) a flow

time of 6/83.3 = 0.072 seconds can be estimated, which is ap-

proximately 5 relaxation times of the polymer (λ = 0.013 s).

However, given the severe reduction in the centerline flow ve-

locity apparent from Figs. 6(e) and (f), the true transit time of

fluid elements from the rear stagnation point to a location 6 mm

downstream will be significantly greater than the estimate of

72 ms. By integrating over the flow velocimetry data provided

in Fig. 6(f), it can be estimated that a fluid element would re-
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Figure 9: Flow-induced birefringence around and in the downstream wake of the single cylinder as the Weissenberg number (indicated) is progressively increased

through parts (a) to (c). The colour scale bar indicates the retardance, R, in nanometers.

quire ≈ 0.38 s (i.e. ≈ 30λ) for transport over the first 1.9 mm

along the centreline downstream of the cylinder.

Apart from the striking downstream wake region, close in-

spection of the birefringence images in Fig. 9 reveals the pres-

ence of birefringence both upstream and around the sides of the

cylinder (this is especially apparent in Fig. 9(c)). The regions

where birefringence is measured correspond to regions where

polymer molecules become oriented by the strong velocity gra-

dients in the flow field, and the magnitude of the birefringence

is indicative of the magnitude of the elastic tensile stress. The

locations and magnitudes of the stress observed in Fig. 9 are

clearly commensurate with the degree of flow modification ob-

served in Fig. 6. On close inspection of Fig. 9(b,c) it can also

be noticed that there is some lateral asymmetry of the birefrin-

gence in the downstream wake, with a strand of higher intensity

birefringence appearing to originate from below the cylinder

(i.e. from negative y). This is most likely explained by the up-

stream flow instability shown in Fig. 8(d,e), in which it is seen

that streamlines become concentrated around the bottom side

of the cylinder due to their selection of a preferential flow path.

Taken together, the results presented in Figs. 6-9 clearly in-

dicate that the stretching of polymers in higher Wi flows is ini-

tiated in the extensional flow upstream of the cylinder, and not

at the trailing stagnation point as generally supposed and pre-

dicted by models (e.g. Ref. [2]). The effect of the upstream

stretching of the polymer, and the advection of the stretched

molecules around the cylinder, effectively cloacks the cylinder

in a jacket of highly stressed, locally viscosified fluid. This has

the effect of making the cylinder radius appear to increase with

the Weissenberg number. Hence, as Wi is increased, the leading

edge of the cylinder is effectively shifted upstream, displacing

the region of extensional flow upstream also, and streamlines

diverge more significantly around the expanded circumference

of the cylinder. The already stretched polymer molecules are

subsequently advected around the cylinder into the downstream

wake where they begin to relax. The downstream stagnation

point is largely screened from the flow field by the strands of

highly stressed fluid entering the downstream wake and the large

extensional flow region downstream of the cylinder is lost (as

shown in Fig. 8). There is some addition stretching of poly-

mer close to the flow axis in the downstream wake, where a

localized region of extensional flow remains (see Figs. 8 and

9). The subsequent slow relaxation of the polymer strain and

elastic stress in the downstream is most likely explained by

coil→stretch hysteresis [61–64], resulting in flow modifcation

extending many cylinder radii (and many relaxation times) down-

stream. We note that ours are the first FIB measurements to be

made for polymer solutions flowing around microfluidic cylin-

ders, which is made possible here by the relatively large height,

H, of our SLE-fabricated device. However, direct observations

of polymer orientation in flow around a microscale cylinder

were presented by François et al [11], by visualizing fluorescently-
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Figure 10: Contours of the normalized velocity magnitude measured in the xz plane at y = 0 as the Weissenberg number (indicated) is progressively increased

through parts (a) to (e).

Figure 11: Normalized profiles of the flow velocity along the axial (z) direction

taken 0.0768 mm (3.84r) downstream of the cylinder: (a) streamwise velocity

component u(z)/U, (b) axial velocity component w(z)/U.

labelled long chain DNA tracer molecules contained in solu-

tions of poly(ethylene oxide). Their data clearly show the strong

stretching of the DNA molecules upstream of the cylinder and

their advection in the already stretched state around the sides

of the cylinder and into the downstream, supporting the asser-

tions made here based on our own results. While François et al

[11] did not examine the effects of the macromolecular defor-

mation on the flow field around the cylinder, they showed that it

resulted in a significant increase in the drag force on the cylin-

der. This would also be expected given the increasingly large

polymeric stress that is evident as the Weissenberg number is

increased in the birefringence images that we present in Fig. 9.

Previous authors using ‘macroscopic’ cylinder geometries

with radii r > 1 mm have described the existence of an elas-

tic wake instabilty resulting in the development of 3D cellular

structure immediately downstream of a cylinder during steady

viscoelastic flow at Wi > 1 [12, 13]. The spatially periodic

structure is evident in variations of the axial and streamwise

velocity components measured along the axis of the cylinder

and has a wavelength that scales closely with the cylinder ra-

dius, r [12, 13]. Given the possibility to measure such velocity

components in our SLE-fabricated devices, we decided to in-

vestigate the formation of any similar cellular structure in the500

downstream wake of our single microfluidic cylinder (sc) de-

vice. Fields of the normalized velocity magnitude (
√

(u2+w2)
U )
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measured in the y = 0 plane bisecting the circumference of the

cylinder are shown for a range of Wi in Fig. 10. The stream-

wise and axial velocity components u and w have been ex-

tracted from these fields along the z-direction at a distance of

≈ 4r downstream of the cylinder, and the results are shown in

Fig. 11(a) and (b), respectively. We observe rather homoge-

neous flow (perhaps surprisingly so) through the height of our

device over the range of Wi examined, see Fig. 10. There is

some evidence of slight inhomogeneity in u(z) at higher Weis-

senberg numbers, see Fig. 11(a). There is also evidence of

slight axial velocity components (w(z)) directed away from the

top and bottom channel walls (though only of around 0.05U

at most), see Fig. 11(b). However, our measurements do not

indicate the existence of any regular structure in the wake. It

is important to mention here, that the µ-PIV results shown in

Figs. 10 and 11 were obtained using a 5× NA= 0.15 objec-

tive lens, which is the highest magnification for which the en-

tire height of the channel can be visualized. Using this lens,

the measurement width through y is δm ≈ 124 µm [44] and

vectors are obtained spaced at 12.8 µm intervals in x and z.

Assuming the wavelength of the cellular structure continues to

scale with the radius as the cylinder becomes very small, the

spatial resolution of our velocity field measurements may not

be sufficient to accurately resolve it. Furthermore the averag-

ing of the velocity field over the significant measurement width

δm ≈ 6r would serve to mask any small periodic variations in

the velocity immediately behind the cylinder axis. Therefore

our attempts here to examine this cellular wake instability phe-

nomenon for the first time in a microfluidic cylinder geometry

have unfortunately proven inconclusive. We have performed

additional measurements utilizing a 10× NA= 0.3 objective,

for which the measurement width is δm ≈ 39 µm (i.e. ≈ 2r) and

the spatial resolution is also improved, however with this sys-

tem we also did not observe any evidence of period structures

in the wake (data not shown).

3.3. Polymeric flow around two aligned cylinders

In this section we examine polymeric flow in the dc chan-

nel, which contains two axially-aligned cylinders of radius r =

20 µm widely spaced by a centre-centre distance of L = 1 mm

(i.e. L = 50r). The problem is relevant to understanding inter-

actions that take place in viscoelastic flows around repeated se-

quences of objects such as settling particles, for which anoma-

lous differences in drag between up- and downstream particles

have been reported [9, 10, 65–67]. This experiment is also rel-

evant to understanding flows of polymer solutions through pe-

riodic arrays of cylinders, which are frequently used as models

for porous media flows [60, 68–73].

First, in Fig. 12, we examine how the flow field around the

two aligned cylinders depends upon the imposed Weissenberg

number. At fairly low Wi = 1.35 (Fig. 12(a)) the flow field ap-

pears Newtonian-like, as expected (compare with the result for

purely Newtonian creeping flow shown in Fig. 4(b)). At sightly

higher Wi = 6.77 (Fig. 12(b)), non-Newtonian flow modifica-

tion effects become evident and each of the two cylinders devel-

ops an extended downstream wake. At this Wi, the wake behind

cylinder 1 decays in the gap between the two cylinders and the

flow field largely redevelops its parabolic profile before reach-

ing cylinder 2. The wake around each cylinder is similar and

also comparable with that observed around the cylinder in the

sc device at the same Wi (see Fig. 6(b)). As Wi is increased fur-

ther (Fig. 12(c-e)), the wake downstream of cylinder 1 reaches

all the way across the gap as far as cylinder 2. Now, an in-

creasing disparity between the wakes around cylinders 1 and 2

emerges with increasing Wi; flow modification around cylinder

2 appears to be significantly weaker than around cylinder 1.

We have attempted to understand and quantify these wake

effects by examing the velocity profiles taken along the flow

axis (y = 0), as shown for the dc geometry in Fig. 12(f). In

this plot, it is visually obvious that for low Wi = 1.35 (black

squares), the flow profile for the polymer solution closely matches

the numerical prediction for creeping Newtonian flow (Re =

0.001, solid line). At Wi = 6.77 (red circles), the profiles be-

hind cylinders 1 and 2 are both similar, however at higher Wi
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Figure 12: Flow field characterization around the cylinder in the dc device for a 0.07 wt% solution of PS7 in DOP. (a) to (e) Contours of the normalized velocity

magnitude measured at the Weissenberg and Reynolds numbers indicated. (f) Normalized profiles of the streamwise flow velocity along the centre-line u(x)/U, and

(g) a comparison between the flow profiles obtained in the sc and dc geometries under equivalent conditions. The solid lines in (f) and (g) represent the behaviour

of a Newtonian fluid at Re = 0.001.
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Figure 13: Flow-induced birefringence in the dc geometry as the Weissenberg

number (indicated) is progressively increased through parts (a) to (c). The

colour scale bar indicates the retardance, R, in nanometers.

the profiles behind each cylinder begin to differ. In fact for

Wi = 27.1 (blue triangles) and Wi = 54.2 (magenta stars), the

flow profile develops almost continuously from behind cylinder

1, with only a fairly minor dip at the location of cylinder 2.

The observations outlined above can be demonstrated more

clearly by subtracting the wake profiles measured in the dc de-

vice from those measured in the sc device, as shown in Fig. 12(g).

In the region upstream of cylinder 1, and in the gap between

cylinders 1 and 2, this subtraction results in a collapse of the

data close to zero, indicating that the wake around cylinder 1 in

the dc device is very similar to the wake around a single cylin-

der (as might be expected). For the Newtonian fluid, there is a

peak in the data at the location of cylinder 2, due to the reduc-

tion in the flow velocity around cylinder 2, which is absent in

the sc geometry. The data for Wi = 1.35 closely follows the

Newtonian curve, as expected. For Wi = 6.77 and Wi = 13.5,

however, there is a clear extra wake behind cylinder 2 that is

not present for Newtonian fluids and is also not present at these

Weissenberg numbers in the sc device. Most interestingly, for

Wi = 27.1 and Wi = 54.2 the subtraction behind cylinder 2

yields a value close to zero, showing that again the wake in the

region behind cylinder 2 is similar to the wake behind a single

cylinder. It appears as if (at these high Weissenberg numbers)

cylinder 1 generates a wake similar to that of a single isolated

cylinder, and that this wake relaxes continuously with distance600

downstream without being affected very much by the presence

of the second cylinder.

Flow-induced birefringence measurements (shown in Fig. 13)

lend support to the above discussion. At Weissenberg numbers

Wi ≥ 13.5 where birefringence can be detected, the signal in the

downstream wake of cylinder 2 is significantly weaker than it is

downstream of cylinder 1. Additionally, there is little or no bire-

fringence evident immediately upstream of cylinder 2, as there

is upstream of cylinder 1. The image obtained at Wi = 54.2

(Fig. 13(c)) shows most clearly that the highly stressed fluid

originating from cylinder 1 is simply advected around cylinder

2 and continues to relax in the wake downstream of cylinder

2. Effectively, at higher Wi it appears as though cylinder 2 be-

comes encapsulated by the wake of cylinder 1 and ceases to

play a significant role in the flow field.

Finally, in Fig. 14 we present the flowtype parameter around

cylinder 2 of the dc geometry for a range of Wi. At low Wi

(Fig. 14(a)), the flowtype parameter around cylinder 2 is quite

similar to that around a single cylinder at the same Wi (Fig. 8(a)),

which itself is similar to the flowtype measured around a sin-

gle cylinder for creeping Newtonian flow (Fig. 5). As Wi is

progressively increased (Fig. 14(b-e)), the extensional flow re-

gion downstream of cylinder 2 is lost (as it is in the down-

stream wake of a single cylinder, see (Fig. 8(b-e)). However,

for cylinder 2, as Wi is increased there is also a signifcant and

progressive diminishing of the upstream extensional flow re-

gion, which is not the case for flow around a single cylinder. At

higher Wi (e.g. Wi = 54.2, Fig. 14(e)) the flow field around

cylinder 2 is almost completely dominated by shear, with only

very weak and localized extensional regions remaining. We

also point out that at the higher Weissenberg numbers exam-

ined (Fig. 14(d,e)) streamlines diverge significantly less around

cylinder 2 (Fig. 14(d,e)) than they do around the single cylinder

(Fig. 8(d,e)). The buckling of streamlines reported upstream of

the single cylinder (Fig. 8(d,e)) is also not observed upstream of

cylinder 2. All of these observations confirm that as the wake of

cylinder 1 begins to interact with cylinder 2, the role of cylin-
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Figure 14: Flow type parameter around cylinder 2 in the dc device as the Weis-

senberg number (indicated) is progressively increased through parts (a) to (d).

der 2 in the flow field becomes of decreasing importance as

the Weissenberg number is incremented further. In these high

Wi flows, because cylinder 2 distorts the flow field very weakly

compared with cylinder 1, and contributes much less to the gen-

eration of polymeric stress, it can be reasonably supposed that

the non-Newtonian drag on cylinder 2 is also reduced compared

with cylinder 1. This provides a possible explanation for some

of the anomalous terminal velocity effects observed for the set-

tling of spheres in viscoelastic fluids when falling along a com-

mon path [66, 67] and will also have relevance to understand-

ing flows around e.g. clusters of cylindrical cilia and through

porous media.

Conclusions

Using a state-of-the-art microfabrication technique, selec-

tive laser-induced etching, we have for the first time acheived

the fabrication of microfluidic cylinder geometries that com-

bine both high aspect ratios (α = 5) and low blockage ratios

(β = 0.1). Two devices have been produced, one containing a

single cylinder of radius r = 20 µm (sc device), and the sec-

ond containing two axially cylinders (r = 20 µm) separated

by a distance of 50r (dc device). The devices are rigid, com-

pletely transparent and also resistant to organic solvents. Creep-

ing flow of a viscous Newtonian fluid through the devices has

been characterized using micro-particle image velocimetry (µ-

PIV). The resulting flow profiles measured across the channel

width and height show excellent agreement with the analytical

prediction for Poiseuille flow in a rectangular channel of α = 5.

Flow profiles measured along the flow axis passing through the

cylinders also compare well with finite volume numerical sim-

ulations performed at low Reynolds number. These controls

confirm both the accuracy of our device fabrication method and

also of our flow velocimetry technique.

Some intriguing behaviours are reported for the flow of a

viscoelastic dilute solution of high molecular weight polystyrene

through the cylinder geometries. Due to the small length scale

r, the Reynolds numbers for the viscoelastic flow remain small

Re . 0.023, while the Weissenberg numbers can be high Wi .
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54, so that the flow occurs at high elasticity number El = Wi/Re ≈

2400. For flow in the sc device, as Wi is increased, we observe

the growth of elastic stresses around the cylinder and in an ex-

tremely elongated downstream wake region (> 300r in length),

which is accompanied by strong modification of the velocity

field compared with the Newtonian case. We consider that de-

formation of the polymer occurs principally in the extensional

flow dominated region upstream of the cylinder. This highly

stressed elastic fluid is advected around the sides of the cylin-

der and finally into the downstream wake where it commences

to relax. The region of strong extensional flow normally present

in the downstream wake of the cylinder becomes screened from

the flow field and and is replaced by shear-dominated kine-

matics. As Wi is increased, the extensional rate dowstream of

the cylinder becomes significantly and progressively reduced.

However, upstream of the cylinder extensional kinematics re-

main present and the extensional rate remains high. An elastic

flow asymmetry becomes apparent upstream of the cylinder as

the Weissenberg number becomes high.

For viscoelastic flow around two aligned cylinders we find

for low to moderate Wi the two cylinders are effectively in iso-

lation from each other and have a similar impact on the flow

field. However, for higher Weissenberg numbers the down-

stream wake of the first cylinder begins to interact with the

second cylinder and consequently the two cylinders begin to

show a strongly unequal response to the imposed flow. Our re-700

sults indicate the upstream cylinder is dominant and that the

downstream cylinder becomes effectively encapsulated in its

extended downstream wake, playing only a minor role in the

flow. Our results are expected to provide a useful comparison

for benchmarking of viscoelastic constitutive models used in

numerical simulations as well as being of fundamental interest

and relevance to widespread applications.
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